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We determine the rate for D — Dg~ for the first time from lattice QCD and include the full
effect of u, d and s sea quarks. The valence quarks are implemented using the Highly Improved
Staggered Quark (HISQ) formalism and we normalise the vector current nonperturbatively. We
obtain M(D3;) — M(D;) of 148(4) MeV, in good agreement with experiment. The value of the
decay constant of the D; we find to be 274(6) MeV, so that fp:/fp, = 1.10(2). For the radiative
decay we find I'(D; — Dsvy) = 0.066(26) keV. Given the experimental branching fraction for this
decay we predict a total width for the D} of 0.070(28) keV, making this the longest lived charged
vector meson. We also determine the branching fraction for D} leptonic decay to be 3.4(1.4) x 1077,
putting it within the range of possible detection at next generation flavor factories.

INTRODUCTION.

Lattice QCD calculations offer the prospect of increas-
ingly accurate results for both hadron masses and sim-
ple hadronic matrix elements, decay constants and form
factors, that give information about the hadron’s inter-
nal structure. The hadronic matrix elements can be di-
rectly connected to experiment since they control the
rate for simple weak and electromagnetic processes. For
weak processes the connection to experiment involves an
element from the Cabibbo-Kobayashi-Maskawa (CKM)
matrix and we can use this to determine the CKM ele-
ments. For electromagnetic processes there is no CKM
factor and so the comparison is more direct. Where elec-
tromagnetic decay rates have been measured experimen-
tally, they then provide strong tests of the calculation of
QCD matrix elements that are very similar to the ones
that appear in weak decays.

For the electromagnetic decays of charged charmed
vector mesons we have a particularly interesting situa-
tion in which there is significant destructive interference
between radiation of the photon from the ¢ quark and
from the light quark. This makes the results very sen-
sitive to the different contributions to the decay matrix
element and therefore a stringent test of the calculation.

Here we study D} — Dy~ decay using lattice QCD for
the first time. We are able to calculate the rate for the
decay accurately by using gluon field configurations that
include the full effect of u, d and s quarks in the sea at
two values of the lattice spacing, by having a formalism
for the quarks with very small discretisation errors and
because we are able to normalise the current that couples
to the photon fully nonperturbatively. As described be-
low, we find that the total form factor for the D} decay
is only 20% of that for photon emission from the s quark
alone, so that the total rate for the electromagnetic de-
cay is very highly suppressed. It nevertheless represents
94.2(7)% of the branching fraction [1] and so we find that

the total width of the D} is the narrowest of any of the
vector mesons containing a ¢ quark. Only the B} is ex-
pected to be narrower.

We also provide further important tests of QCD
through our accurate determination of the D} mass and
its decay constant. The mass determination adds to
the growing set of gold-plated meson masses from lat-
tice QCD that are tested at the few MeV level against
experiment. The decay constant allows us to determine
the leptonic annihilation rate for the D}, which is much
larger than that of the Dy because it is not helicity sup-
pressed. The rate is (only) 5 orders of magnitude smaller
than the electromagnetic decay rate. Although small,
this is the largest branching fraction for annihilation to
a W boson for any vector meson.

LATTICE CALCULATION

For the lattice QCD calculation we use the Highly Im-
proved Staggered Quark action [2] for all the valence
quarks. This action has very small discretisation errors,
making it an excellent action for both ¢ and s [2-5]. We
calculate HISQ propagators on gluon field configurations
generated by the MILC collaboration that include u, d
and s sea quarks using the asqtad formalism [6]. Ta-
ble I gives the parameters of the ensembles of configura-
tions we use, with two different lattice spacing values and
two different u/d sea quark masses. Analysis of results
from [4] shows that this is a good set of ensembles to
capture at the few percent level the lattice spacing and
sea quark mass effects expected here.

To tune the s and ¢ quark masses to their correct
physical values we use the pseudoscalar n, and 7, me-
son masses [4, 8. The n; is a fictitious s5 pseudoscalar
that is not allowed to decay in lattice QCD, and so does
not correspond to a particle in the real world. It is useful
because its mass can be accurately determined in lattice



Set r1/a auom;®? augm2*? Ly/a x Li/a ncrq T/a

1 2.647(3) 0.005 0.05 24 x 64 2088 12,15,18
2 2.618(3) 0.01 0.05 20 x 64 2259 12,15,18
3 3.699(3) 0.0062 0.031 28 x 96 1911 16,20,23

TABLE I: Ensembles (sets) of MILC configurations used here.
Sea (asqtad) quark masses m;*? (£ = u/d) and m%*? use
the MILC convention where ug is the plaquette tadpole pa-
rameter. The lattice spacing, a, is given in units of r; after
‘smoothing’ [6]. We use r1 = 0.3133(23) fm [7]. Sets 1 and
2 are ‘coarse’ (a &~ 0.12 fm) and set 3, ‘fine’ (a ~ 0.09 fm).
The lattice size is given by L3 x L;. We use 4 time sources on
each of the n.yq configurations and 3 values of T'/a (Fig. 2).

QCD as 0.6858(40) GeV [7]. For the ¢ quark mass here
we use the 7, mass [4] in a world without electromag-
netism or ¢ sea quarks: M, =2.985(3) GeV [9].

The HISQ s and ¢ quark propagators calculated on
these gluon fields are combined to make meson corre-
lators for DY and Dy mesons. For the D, we use the
local pseudoscalar operator which, in combination with
the quark mass, is absolutely normalised [4]. For the D
we use the local vector operator, whose normalisation
can be determined fully nonperturbatively as described
in [8]. The Z factors from [8] are reproduced in Table II.
The correlators are fit to a multi-exponential form us-
ing a Bayesian approach [10] so that we can include sys-
tematic errors from the presence of higher excitations in
the correlator when extracting the ground-state mass and
amplitude. The excited state parameters are loosely con-
strained by prior values and widths; splittings between
excited states are given a prior of 600(300) MeV and am-
plitudes are given priors of 0.01(1.0). The ground-state
masses obtained from a 6-exponential fit are given in Ta-
ble II along with the decay constants determined from
the ground-state amplitude as discussed in [4, 5].

The mass difference between D? and D; and decay
constant ratio are plotted in Fig. 1, showing mild depen-
dence on the lattice spacing, a, and almost none on the
sea quark mass. We fit the lattice results to:
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(1)
allowing for a-dependence controlled by m. [4] (consis-
tent with that seen) and sea-mass dependence expected
from chiral perturbation theory. dz,, is the discrepancy
between the sum of sea quark masses, 2m; + ms, and
their physical value in units of the physical s quark mass
(from [4]). Dividing by 10 converts the denominator to
be close to the scale of corrections in chiral perturbation
theory (47 fr = 1 GeV). We have checked that allowing
for separate dependence on sea m; and m, makes no dif-
ference. We take priors on ¢; and x; to be 0.0(1.0) apart
from ¢; which we take to be 0.0(0.3) since a? errors are
suppressed by «a; for the HISQ action [2]. Constrain-
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FIG. 1: Upper plot: The difference in mass between the cs
vector D and pseudoscalar D, as a function of a®. The exper-
imental result [1] is shown as a black burst. The red shaded
band gives the lattice result with its total error in the contin-
uum and chiral limits from the fit described in the text.
Lower plot: A similar plot for the ratio of D} and Dy decay
constants. The blue shaded band shows the physical result
obtained from the corresponding fit.

ing the c; allows us to include 5 terms in a® and take
fully into account systematic errors from higher order
a-dependence; similar results (and errors) are obtained
from only including two terms. The final error on the
physical value, fy, is dominated here by the a — 0 ex-
trapolation error and is roughly proportional to the width
of the ¢; and independent of the other priors.

The physical result that we obtain for M Dr — Mp, is
148(3)(2) MeV, where the first error is from the extrapo-
lation and the second from the (correlated) uncertainty in
the lattice spacing determination [7] which has a double
impact on hyperfine splittings because of their sensitivity
to tuning the quark masses [5]. This is in good agree-
ment with the experimental average of 143.8(4) MeV [1].
Note that there are no additional systematic uncertain-
ties from missing electromagnetism or charm-in-the-sea
because the leading effects of these, already small, cancel
between between D} and Dy [4, 5].

Our physical result for fp:/fp, is 1.10(2), clearly



Set ams ame aMp, aMp: afp,

afD: /ch VC(O)/Z(‘(‘ Vs (O)/Zse Les Lee Ass

T 0.0489 0.622 1.18976(17) 1.2800(7) 0.15435(18) 0.1765(9) 1.21(9) 3.02(15) 1.027(3) 0.9896(11) 1.007(12)
2 0.0496 0.630 1.20209(21) 1.2942(9) 0.15641(24) 0.1793(11) 1.33(6) 3.24(12) 1.020(10) 0.9894(8) 1.003(9)
3 0.0337 0.413 0.84701(12) 0.9112(5) 0.10790(11) 0.1202(5) 1.22(7) 2.95(18) 1.009(2) 1.0049(10) 1.009(11)

TABLE II: Results for the masses of the Ds and D} mesons and the Ds and D} decay constants in lattice units for the HISQ
valence ¢ and s masses given in columns 2 and 3. Columns 8 and 9 give the vector form factors at ¢ = 0 for the cases where
the photon couples to the ¢ or s quarks. We also give the Z factors we need to include for the ¢s, éc and §s vector currents.

FIG. 2: A schematic diagram of the 3-point function for D} —
Dy decay. J is a vector current which can couple either to
the s quark or the ¢ quark in the Dj.
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FIG. 3: The vector form factor for D} — Ds~v at q2 =0 for
a transition via a ¢¢ current (denoted V.(0)) and via an s3
current (denoted V;(0)). The form factors are plotted against
a®. We also show V;(0) —2V,.(0) which is three times the total
form factor which appears in the rate for D; — Dy (eq. 4).

greater than 1. Combined with our earlier result for fp,
of 248.0(2.5) MeV [4] (with which we agree here but with
larger errors) we predict fp: = 274(6) MeV.

A 3-point correlation function that allows us to calcu-
late the D} to Dy transition matrix element is sketched
in Fig. 2, with J representing the vector current that
couples to the photon. Writing the relevant piece of the

electromagnetic current as

2e e

J=—= cé_g S8

- ©)

shows that we have to consider two configurations. In
one, propagators 2 and 3 are ¢ quarks and 1 is an s quark.
In the second, 2 and 3 are s quarks and 1 is a ¢ quark.
Since the photon produced in D — Dgv decay is real,
we need to tune the momentum of the D, in the rest
frame of the D} so that the square of the 4-momentum
transferred, ¢2, is zero. This is done by calculating prop-
agator 3 with a ‘twisted boundary condition’ [11, 12], to
give it a small, tuned spatial momentum.

When making correlation functions with staggered
quarks we have a choice of operators because every meson
comes in 16 ‘tastes’ that differ by effects proportional to
a? [2]. In a 3-point function the taste combinations at the
3 points must cancel. Here, for D} — D7, we follow the
procedure developed for J/¢¥ — 1.7y [5]. We take the Dy
to be the ‘Goldstone’ pseudoscalar (in taste-spin notation
Y5 ® vs), the D} uses a 1-link operator (yov: ® Y0vi7;)
and then the vector current is a local vector v, ® ;. We
can normalise this vector current fully nonperturbatively
using the techniques described in [5, 8.

The 3-point functions for D} — D are calculated for
all ¢ values from 0 to T and for 3 values of T (see Table I)
so that the dependence of the function on ¢t and 1" can be
fully mapped out. Both 3-point functions are fit simul-
taneously with the 2-point functions for the D, and D}
using the operators discussed above at source and sink.
The fit functions have a multi-exponential form as given
in [5], and we use the same Bayesian approach and priors
described for the 2-point correlators above.

The quantity that we extract from the fit is the vector
current matrix element (DX|V|D,) between the ground-
state particles in the Ds and D7 channels for each current
in eq. 2. The corresponding vector form factor V(¢?) is
given by

2¢h Pt

Z(Di(p',e)|V"|Dy(p)) = enpspiV(g®), (3)

mp, +Mps

where we have allowed for a renormalisation of the lat-
tice vector current. Note that for a non-zero answer all
the vectors have to point in different directions. The

D is at rest so its momentum only has a component in



the ¢ direction. Results for emission from the s quark,
V5(0)/Zss, and from the ¢ quark, V,(0)/Z., are given
separately in Table II along with the appropriate Z fac-
tors from [5, 8]. The D¥ masses obtained from the fit are
consistent with those from the local vector operator but
with larger uncertainties.

To calculate the rate for D} — D,y decay we must
combine V; and V, into the decay amplitude. There are
two cancelling factors of (-1) in doing this. The D} con-
tains a quark and an antiquark with the same sign of
electric charge (so changing the relative sign in eq. 2).
The transition requires a spin-flip to convert a vector
(with symmetric spin configuration) into a pseudoscalar
(with antisymmetric spin configuration). This gives an-
other relative minus sign between the two contributions.
Thus the total form factor is V;ot(0) = [V5(0) —2V,(0)]/3
and the partial width for the decay is given by

4lq°
3(]\4[)S —|—MD:)2 9

L'(p:—p.y) = @QED

Here |q] is the magnitude of the momentum of the Dy in
the D} rest frame and takes value 138.9(6) MeV using
the experimental masses for D and D¥ [1].

Fig. 3 shows our results for V(0), V¢(0) and 3V;.(0)
as a function of lattice spacing. Very little dependence
on the lattice spacing or sea quark masses is seen. We
fit the results as a function of ¢ and éz,, to the form
given in Eq. 1, obtaining physical results V;(0)=3.07(17),
V.(0)=1.23(7) and 3V;0(0)=0.61(12). Correlations be-
tween V.(0) and V,(0) reduce the error in Vio;(0). Our
result for Vio(0) gives a partial width for the transition
of 0.066(26) keV. The error is dominated by the lattice
statistical error as the result of subtracting two form fac-
tors that almost cancel.

Fig. 3 shows several interesting features. One is the rel-
ative size of V.(0) and V;(0). Since the transition is an M1
transition we expect the form factor to be proportional
to the quark velocity in the meson. For a charm-strange
meson, if each of the quarks has momentum of O(Agep),
the s quark will be relativistic but the ¢ quark will have
a velocity of Agcp/m. =~ 1/3. We can therefore readily
explain the factor of around 3 between the two form fac-
tors. In fact the factor is less than 3 which means that
the destructive interference between the two form factors
is even more severe, given that the electric charge ratio is
2. We can also compare V,(0) here to that for J/¢ — 7.
decay where we obtained a value of 1.90(7) [5]. Here we
have a significantly lower result showing that the form
factor is pushed down by the presence of a lighter (here
s) spectator quark. This is consistent with the velocity
of a ¢ quark in J/v being higher than in a D?.

DISCUSSION/CONCLUSIONS

We find the partial width for electromagnetic decay of
the D* to be very small, 0.066(26) keV. The branching
fraction for this decay is measured to be 94.2(7)% [13],
giving a total width for the D¥ of 0.070(28) keV and a life-
time of 9.4(3.8) x 10~ 18s. Estimates for the D} radiative
decay width using a variety of non-lattice techniques give
a range of results [14] ranging from 0.06keV to 0.4keV.
Our calculation shows that the width is at the lower end
of this range. Only the B is likely to be longer-lived [14].
In that case the total form factor is a sum of V,(0) and
V5(0) but the kinematic factors reduce the rate.

The only other measured decay rate for the D} is
that to Dm0, a Zweig-suppressed isospin-violating P-
wave decay. This has the remaining 5.8% branching frac-
tion which, given our total width, corresponds to a par-
tial width of 4.0 x 1073keV. We can parameterise this
hadronic decay in terms of a D} Dsm coupling as

2
9D:Dyr 5

DD 5
Sam 03, P ()

I'prp.n0) =

where p, is the m momentum in the D} rest frame
(47.8(3.2) MeV [1]). This gives a result for gp-p - of
0.112(11)expt (24)1att, to be compared to that from the
Zweig-allowed D* to D transition of 12.7(1.3) [15].

For D** the electromagnetic decay has a much smaller
rate than the hadronic decay. Its total width [16] and
branching fraction [1] yield a partial width for the electro-
magnetic decay of 1.3(3) keV. This is 20(6) times larger
than the result we find for the D} and implies a much
weaker cancellation of V,(0) against V4(0) than that be-
tween V.(0) and V,(0) in the D¥. Comparison of V,(0)
for D* to that for J/¢ [5] indicate that V.(0) for the D*
could be lower still. It also seems likely that V4(0) for
D** will be higher than V;(0) for D* based on similar
arguments. 20% or larger shifts would be needed in both
of the two directions to reach the experimental result.
A direct calculation in lattice QCD for the D** can of
course now be done following the method we have given
here for the Dj}.

Our result for the D} decay constant shows it to be
10% higher than that for the Ds;. The ratio of vector
to pseudoscalar decay constants is predicted in Heavy
Quark Effective Theory to be less than 1 [17] in the infi-
nite heavy quark mass limit, but to be larger than 1 for
c and b quarks when 1/mg effects are included. A recent
value for fp-/fp, from QCD sum rules is 1.32(10) [18],
and from lattice QCD with u/d quarks (only) in the sea
is 1.26(3) [19] (statistical errors only). See also [20].

Our ratio of 1.10(2) for D¥/D; is closer to 1 than these
earlier expectations, and therefore we can expect the ra-
tio at b to be even smaller. Going down in mass to the
s quark, results in lattice QCD for the 7, [7] and ex-
periment for the ¢ [1, 8] show a consistent picture with



a larger ratio: fg/f,, = 1.26(2). Our decay constant
calculation is also complemented by the good agreement
with experiment of our accurate result for the D} mass,
to be expected of lattice QCD calculations with u, d and
s sea quarks for a gold-plated particle.

Our result fp- = 274(6) MeV can be used to determine
the weak leptonic decay rate from:

mg o mg
M,%;) (1+ 2MI%;).

(6)
Our result for fp- gives a partial width of 2.4(1) x 107°
keV for this decay (for e or u) and hence branching
fraction, using our determination of the total width, of
3.4(1.4) x 107°. This is only a factor of 200 smaller than
the branching fraction for Dy, — pv [1], and so detection
may be possible with the increased datasets expected at
the next generation of flavor factories, for example Belle
IT [21]. This then offers potentially the best prospect of
measuring a weak annihilation rate for a vector meson
for the first time.
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