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As they travel through space, some light beams rotate. Such light beams have
angular momentum. There are two particularly important ways in which a light
beam can rotate: if every polarization vector rotates, the light has spin; if the
phase structure rotates, the light has orbital angular momentum (OAM), which
can be many times greater than the spin. Only in the past 20 years has it been
realized that beams carrying OAM, which have an optical vortex along the
axis, can be easily made in the laboratory. These light beams are able to spin
microscopic objects, give rise to rotational frequency shifts, create new forms
of imaging systems, and behave within nonlinear material to give new insights
into quantum optics. c� 2011 Optical Society of America
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Orbital angular momentum: origins,

behavior and applications

Alison M. Yao and Miles J. Padgett

1. The Origins and History of Orbital Angular
Momentum

1.1. Electromagnetic Fields to Carry Angular Momentum

Most scientists realize that light carries a linear momentum equivalent
to h̄k0 per photon and, if circularly polarized, a spin angular momentum
(SAM) of ±h̄ per photon. In 1992, Allen et al. recognized that light beams
with an azimuthal phase dependence of exp(i�φ) carry an orbital angular
momentum (OAM) that can be many times greater than the spin [1] and
that such beams were readily realizable. This OAM is completely distinct
from the familiar SAM, most usually associated with the photon spin,
that is manifest as circular polarization [2]; see Fig. 1.

The relationship between linear and angular momentum is a simple one;
L = r × p, where r is the particle’s position from the origin, p = mv is its
linear momentum, and ×denotes the cross product. For example, a laser
pointer shone at a door can exert a torque about the hinge, albeit not
usually enough to open it! However, when we discuss orbital angular
momentum we refer instead to an angular momentum component
parallel to the propagation direction, z, and hence for which r × p is
notionally zero [3]. In relation to the door example given above, we seek
to identify an angular momentum capable of twisting the door knob.

Any angular momentum component in the z direction, by definition,
requires a component of linear momentum in the x, y plane, i.e., a light
beam with transverse momentum components. The angular momentum
density, j, is related to the linear momentum density p = ε0E×B through
j = r × p, where ε0 is the dielectric permittivity, and E and B are the
electric and magnetic fields, respectively. The linear momentum of a
transverse plane wave is then in the propagation direction, z, and there
cannot be any component of angular momentum in the same direction.
Hence it follows that, at the most fundamental level, an angular
momentum in the z direction requires a component of the electric and/or
magnetic field also in the z direction. One sees immediately that, even if
circularly polarized, a plane wave cannot carry an angular momentum of
any type. This last statement has led to some debate, but the resolution
of this seeming paradox is simply that the perfect plane wave is only
ever found in textbooks. Real beams are limited in extent either by
the beams themselves or by the measurement system built to observe
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Figure 1

The spin angular momentum (SAM) of light is connected to the polarization of
the electric field. Light with linear polarization (left) carries no SAM, whereas
right or left circularly polarized light (right) carries a SAM of ±h̄ per photon.

them, and this finite aperture always gives rise to an axial component
of the electromagnetic field [4]. For the case of circular polarization,
the axial component of the electromagnetic field is an unavoidable
consequence of the radial gradient in intensity that occurs at the edge of
the beam or the measurement system. A detailed treatment of these edge
effects, for any arbitrary geometry, always returns a value of the angular
momentum, when integrated over the whole beam, of ±h̄ per photon [4]
for right-handed and left-handed circular polarization, respectively.

Strangely, the origin of OAM is easier to understand. The simplest
example of a light beam carrying OAM is one with a phase in the
transverse plane of φ(r, φ) = exp(i�φ), where φ is the angular coordinate
and � can be any integer value, positive or negative. As shown in Fig. 2,
such beams have helical phase fronts with the number of intertwined
helices and the handedness depending on the magnitude and the sign
of �, respectively (� = 3 corresponds to a pasta fusilli). One can see
immediately that an electromagnetic field transverse to these phase
fronts has axial components. Equivalently, the Poynting vector, which
is at all times parallel to the surface normal of these phase fronts,
has an azimuthal component around the beam and hence an angular
momentum along the beam axis.

It was a breakthrough of the 1992 paper [1] that they recognized
that all helically phased beams carried an OAM equivalent to a value
of �h̄ per photon. However, perhaps what is most surprising is not
that helically phased beams carry an angular momentum—a simple
ray-optical picture suggests just that from the azimuthal component of
the momentum flow—but that this OAM, just like spin, should be in
units of h̄.

That the OAM should be quantized in units of h̄ follows from a simple
geometrical argument. At a radius r, the inclination of the phase front,
and hence of the Poynting vector, with respect to the beam axis is simply
�λ/2πr. This, in turn, sets the azimuthal component of the light’s linear
momentum as h̄k0�λ/2πr per photon [5], which, when multiplied by
the radius vector, gives an angular momentum of �h̄ per photon [6].
For comparison, we note that a circular path of circumference λ has a
radius of λ/2π . A linear momentum of h̄k0 directed around this circle
gives an angular momentum of h̄, i.e., the SAM of the photon. Within the
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Figure 2

Helical phase fronts for (a) � = 0, (b) � = 1, (c) � = 2, and (d) � = 3.

paraxial approximation the separation of the angular momenta seems
quite straightforward.

Of course, both the orbital and spin angular momenta of light can be
derived more formally from Maxwell’s equations, which, in the absence
of quantization, give an angular momentum to energy ratio of �/ω
for a helically phased wave, and σ/ω for a circularly polarized wave,
where σ = ±1 for right- and left-handed polarized light, respectively [3].
Assuming that the energy of each photon is h̄ω, this gives the
simple expressions for orbital and spin angular momenta of �h̄ and
σ h̄, as expected. This seemingly clear separation of orbital and spin
components is complicated in the presence of tight focusing [7–9], and
in such situations one needs to analyze the various components in terms
of angular momentum flux [10]. However, in most cases the orbital and
spin angular momenta remain distinct quantities and useful concepts
with which to analyze many experimental situations.

1.2. History of Spin and Orbital Angular Momenta

Although the detailed study of orbital angular momentum was initiated
by Allen et al.’s [1] discovery that OAM beams could be easily
generated, both SAM and OAM have a history prior to this. Indeed,
the SAM of light has a history dating back at least to Poynting in
1909 [11], who anticipated that circularly polarized light should have
an angular momentum to energy ratio of σ h̄. He proposed that any
transformation of the polarization state, say, from linear to circular, must
be accompanied by an angular momentum exchange with the optical
system. In 1936 Beth [12] was successful in demonstrating this transfer
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between polarized light and the rotational motion of a birefringent wave
plate suspended on a filament.

The OAM of light also has a history prior to 1992. Most atomic
transitions are dipolar, meaning also that the emitted photon can carry
h̄ angular momentum. It has been recognized since at least the 1950s
that higher-order transitions, e.g., quadrupole, require the emitted light
to carry multiple units of h̄ angular momentum, and hence an OAM in
addition to the spin [13]. However, it seems that this OAM was always
considered to be a displaced linear momentum acting about a radius
vector, giving an angular momentum of the type we illustrated with the
example of a laser pointer opening a door.

The key point of Allen et al. in 1992 [1] was that this OAM was a natural
property of all helically phased beams, and hence could be readily
generated in a standard optics lab. What makes their discovery even
more remarkable is that helically phased light fields had themselves
been under study for a number of years without any recognition or
reference to their angular momentum. Prior to 1992, perhaps the main
source of interest was that the helical phase fronts require a phase
singularity running along the center of the beam and hence, at least
from a classical perspective, a line of total darkness. However, since
the line of singularity carries no energy, it has no momentum either,
and hence no angular momentum. Therefore, one emphasizes that the
angular momentum arises from the light surrounding the singularity, not
the singularity itself.

1.3. Orbital Angular Momentum and Phase Singularities

Within fields, lines of phase singularity had been recognized in the
1930s by Dirac, in his work on the discussion for the requirements
to obtain a magnetic monopole [14]. However, with respect to
singularities in electromagnetic field, it was Nye and Berry who, in
the 1970s, were considering the form of radio echoes reflected from
the underside of the Antarctic ice sheet [15]. To simulate this they
used ultrasound scattered from a rough surface and noted that the
spatial form of the returned signal contained intensity nulls around
which the phase of the signal changed by 2π . Undoubtedly it was this
identification of phase singularities within randomly scattered fields
that inspired the present day interest in phase singularities and optical
vortices. Indeed, in 1979 Berry, Nye, and Wright reported the study
of phase singularity lines within elegant examples of multiple beam
interference [16]. In all of these examples the optical field contained
many lines of singularity, of both handedness, mapping out complex
three-dimensional topologies. Although the light surrounding each of
these lines could be considered to be carrying an angular momentum, the
angular momentum over any arbitrary cross section was approximately
zero. Possibly the first generation of a beam containing a single line
of phase singularity was reported in 1979 by Vaughan and Willets,
who examined the interferograms produced when the output from
a high-power, krypton-ion laser was interfered with its own mirror
image [17]. They deduced that the high-order Hermite–Gaussian modes
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Figure 3

Combination of Hermite–Gaussian modes HG01 and HG10 to produce a helically
phased Laguerre–Gaussian mode (LG01). Top, normalized intensity plots;
bottom, corresponding phase profiles.

HG01 and HG10 could combine to give a helically phased beam, as shown
in Fig. 3.

In this early work, what they did not seem to discuss was whether
the two modes were frequency degenerate and hence whether the
handedness of the helical phase fronts was maintained over time or not.
In 1988, Tamm considered a HeNe laser where the careful positioning
of an intracavity absorber could encourage the two modes to frequency
lock such that they combined to give a helically phased output of one
particular handedness [18]. The system was further refined, in 1990, such
that the sense of the helical phase was bistable [19]. Simultaneously,
spontaneous breaking of the cylindrical symmetry in the output of
a laser beam induced by helical modes was described by Lugiato
et al. in 1989 [20]. This work lead to the identification of “spatial
complexity” in multi-transverse-mode lasers [21] where helical modes
play a crucial role in the formation of phase singularities [22] and in
their dynamics [23,24]. The relevance and importance of Laguerre–Gauss
modes in laser dynamics was finally formalized by D’Alessandro and
Oppo [25]. In parallel with this work on laser modes, Coullet recognized
the mathematical similarity between the description of helically phased
beams and superfluid vortices, thereby coining the term “optical
vortex” [26].

As an alternative to obtaining these helically phased beams directly
as the output from a multimode laser, Soskin and co-workers, in
1990, reported that a simple diffractive optical element, comprising a
diffraction grating with fork dislocation centered on the beam axis, could
convert the fundamental Gaussian mode from any laser into a helically
phased mode [27]. This approach, based on diffractive optics, is now
largely the method of choice for producing helically phased beams.

However, optical vortices (phase singularities) are not solely a property
of specially prepared laser beams. As discussed, they were identified for
the acoustic case in the random scatter from a rough surface [15,28], and
optical waves are no different. The interference between three or more
randomly directed plane wave components of similar intensity always
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Figure 4

Complex paths of vortex lines form complicated topological features. These can
be unbounded (red) or loops (white).

results in a field cross-section containing many vortices [29,30]. The best
known example of this is laser speckle, observed whenever an expanded
laser beam is scattered from a rough surface; each of the observed dark
specks is, in fact, a phase singularity [31]. In three dimensions these
vortex lines map out complex paths that are fractal in nature [32] and
even form complicated topological features like loops and knots as
shown in Fig. 4 [33,34].

Despite all of these examples, however, prior to Allen et al. in 1992 [1],
none of this early work on naturally occurring or engineered optical
vortices recognized that such features could give rise to an angular
momentum within a light beam that was additional to, and independent
of, that associated with circular polarization and the photon spin. Recent
reviews on the subject of OAM include reference to their quantum and
classical applications [35,36].

2. Generation of Helically Phased Beams

2.1. Spiral Phase Plates

Perhaps the most obvious approach to the generation of a helically
phased beam is to pass a plane wave beam through an optical element
with a helical surface, as shown in Fig. 5. The optical thickness of the
component increases with azimuthal position according to �λθ/2π(n −
1), where n is the refractive index of the medium. Although this
is a seemingly simple idea, at optical wavelengths this approach
requires extreme precision in the pitch of helical surface. In the initial
demonstration, a spiral phase plate with a much larger physical step
was immersed in an index-matched fluid bath, the temperature of which
could be controlled to give precisely the index mismatch required to tune
the step height to the operating wavelength [37]. Although spiral phase
plates have now been manufactured to directly match the wavelengths
for millimeter wave [38] and even optical wavelengths [39,40], they are
not the only approach.

The spiral phase plate illustrates nicely why the resulting helically
phased beam should carry an OAM and how this is transferred from the
optical component to the light [38]. Consider the case of an incident light
ray striking the planar face of the phase plate at normal incidence. We
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Figure 5

A spiral phase plate can generate a helically phased beam from a Gaussian. In
this case � = 0 → � = 2.

see that upon exiting the helical face the ray is refracted in the azimuthal
direction. Thus the linear momentum of the light acquires an azimuthal
component that, when expressed with respect to a radius vector, gives
an angular momentum along the beam axis. At a radius r, the azimuthal
angle of the helical face is simply �λ/2πr(n − 1). The application of
Snell’s law then gives the angular deviation in the transmitted ray as
(n − 1)�λ/2πr(n − 1) = �/k0r. Multiplying this by the linear momentum
per photon, h̄k0, and the radius vector gives an angular momentum per
photon of �h̄.

2.2. Laguerre–Gaussian Modes

Helically phased light carries an OAM irrespective of the radial
distribution of the beam. However, it is useful to express most beams
in a complete basis set of orthogonal modes. For OAM carrying beams
this is most usually the Laguerre–Gaussian (LG) mode set; these modes
have amplitude distributions, LGp�, given by [3,41,42]

LGp� =
�

2p!
π (p + |�|)!

1
w(z)

�
r
√

2
w(z)

�|�|
exp

� −r2

w2(z)

�
L|�|

p

�
2r2

w2(z)

�
exp[i�φ]

exp

�
ik0r2z

2(z2 + z2
R)

�

exp
�
−i(2p + |�| + 1)tan−1

�
z

zR

��
(1)

where the 1/e radius of the Gaussian term is given by w(z) = w(0)[(z2 +
z2

R)/z2
R]1/2 with w(0) being the beam waist, zR the Rayleigh range, and

(2p + |�| + 1)tan−1(z/zR) the Gouy phase. L|�|
p (x) is an associated Laguerre
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Figure 6

Normalized intensity (top) and phase (bottom) plots of Laguerre–Gaussian
modes: LG01, LG11, and LG21 (left to right) showing the p + 1 concentric rings
and the effect on the phase pattern.

polynomial, obtained from the more familiar Laguerre polynomials by

L|�|
p (x) = (−1)|�|

d|�|

dx|�| Lp+|�|(x), (2)

� is the azimuthal index giving an OAM of �h̄ per photon, and p is the
number of radial nodes in the intensity distribution. In terms of their
intensity cross section, an LG mode with � > 0 comprises p+1 concentric
rings with a zero on-axis intensity. Figure 6 shows the intensity and
phase plots of LG modes LG01, LG11, and LG21. Other beam types
that can contain similar phase structure are high-order Bessel [43] and
Mathieu [44] beams.

When Laguerre–Gaussian beams interfere they produce vortex struc-
tures resulting in complex patterns of bright and dark regions, as shown
in Fig. 7.

2.3. Diffractive Optical Elements for Generating Orbital
Angular Momentum

As an alternative to making complex refractive optics, diffractive optical
elements are readily designed to mimic any refractive element of choice,
albeit only at a single wavelength. A helical phase profile exp(i�φ)
converts a Gaussian laser beam into a helical mode whose wave fronts
resemble an �-fold corkscrew, as shown in Fig. 8. In practice, the phase
distribution of the desired optical component is typically added to a
linear phase ramp and the sum expressed as modulo 2π , as shown
in Fig. 9. The result is a diffraction grating that produces the desired
beam in the first diffraction order. The components are effectively
holograms of the desired optical element and are thus often referred
to as “computer generated holograms.” To produce helical beams these
holograms can be either the “forked diffraction gratings” discussed in
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Figure 7

Normalized intensity (top) and phase (bottom) profiles of some superpositions
of Laguerre–Gaussian modes: LG01 + LG05, LG0−5 + LG05, and LG10 + LG05
(left to right).

Figure 8

A helical phase profile exp(i�φ) converts a Gaussian laser beam into a helical
mode whose wave fronts resemble an �-fold corkscrew. In this case � = 3.

Section 1 [27,45,46] or spiral Fresnel lenses [47]. The technique can be
easily extended to cover both the � and the p of the generated beams [48].
What makes the holographic approach particularly appealing is the
commercial availability of spatial light modulators (SLMs). These are
pixellated liquid crystal devices that can be programmed through the
video interface of a computer to act as holograms. Changing their design
is as simple as changing the image displayed by the computer interfacing
the device.

Computer generation of holograms and their implementation for the
generation of exotic beams is obviously not restricted to pure helical
modes; it is a general technique that can be applied to all complex beam
types or their superpositions. However, in general, the hologram design
is more complicated than simply that of a phase mask alone. Accurate
holograms are the complex far-field diffraction patterns of the desired
objects or beams and as such are defined in terms of both their phase
and intensity. For many simple beams it is sufficient to define only the
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Figure 9

A combination of the phase distribution of the desired optical component (left)
plus a linear phase ramp (middle) creates a forked diffraction grating (right),
which can produce a helically phased beam. In this case � = 3.

phase, assuming a uniform illumination, and in such cases the far field
(Fourier transform) of the hologram is a close approximation to the target
beam. For example, when a forked diffraction grating is illuminated
with a fundamental Gaussian beam from a conventional laser of radius
w0 the transmitted beam is a superposition of LG modes all with the
same � index. These predominantly have p = 0, but there is also a small
contribution of LG modes with higher p [49].

However, if precise control over the p of the resulting mode is needed,
then it is necessary for the hologram to define both the phase and the
intensity of the diffracted light. Unfortunately, SLMs are designed to
modify only one or the other. Various approaches are possible, including
the use of two SLMs in series: the first uses an algorithm such as
Gerchberg–Saxton [50] to create the desired intensity distribution, and
the second then adjusts the phase to that of the target beam [51]. This
approach is particularly suited to cases where the intensity distribution is
extremely localized in the hologram plane. For cases when the situation
is less localized, typical of the superpositions between simple modes, a
single SLM technique is possible. For diffracting holograms the efficiency
with which light is diffracted to the first order depends on the depth
of the blazing function, which for maximum efficiency is 2π . Varying
this depth over the cross section of the hologram allows the intensity
at various positions to be reduced, with any unwanted light being
directed into the zero order. This gives the precise control over both
phase and intensity that is required, albeit at a reduction in the overall
efficiency. This technique was used prior to any interest in OAM [52] but
has since been used effectively to create many precise superpositions,
including those associated with the generation of vortex lines, which are
themselves linked and knotted [53,54], or precise modal measurements
in quantum entanglement [55].

2.4. Mode Converters Formed from Cylindrical Lenses

Despite the present day ubiquitous use of holograms to produce OAM
beams, they were not the method used by Allen et al. in 1992 [1]. They,
instead, recognized that a specific design of cylindrical lens telescope
would transform between Hermite–Gaussian (HG) and LG modes. The
production of LG modes using mode converters is based on the fact
that an HG mode at 45◦ can be decomposed into a set of HG modes
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Figure 10

Combining Hermite–Gaussian modes to produce Laguerre–Gaussian modes. An
HG mode at 45◦ can be decomposed into a set of HG modes, and this same
set of HG modes, when rephased, can combine to form a particular LG mode:
−1
2 HG02 + i√

2
HG11 + 1

2HG20 = LG02.

and that this same set of HG modes, when rephased, can combine to
form a particular LG mode. The rephasing occurs because as each HG

mode is focused by the lenses it undergoes a different Gouy phase
shift depending on its mode indices and orientation with respect to the
cylindrical lenses. A general prescription for transforming combinations
of HG modes into any particular LG mode is given in [56], and an
example is shown in Fig. 10, where three HG modes are combined to
give the Laguerre–Gaussian mode LG02.

The cylindrical lens mode converters have two main forms: the π/2-
converter and the π -converter, as shown in Fig. 11. The π/2-converter
transforms any incident HG mode of indices m, n, oriented at 45◦ to
the cylindrical axis of the lens, into an LG mode with indices � = m −
n and p = min(m, n). The π -converter, on the other hand, transforms
any mode into its own mirror image and is optically equivalent to a
Dove prism [57]. These cylindrical lens converters are mathematically
analogous to the action on polarization of a birefringent λ/4 plate and
a λ/2 plate, respectively. Their advantage over holograms is that the
optical efficiency of conversion is much higher, limited only by the
quality of the antireflection coatings of the lenses.

2.5. Coherence Requirements for Beams Carrying Orbital
Angular Momentum

One is familiar with the fact that a pure polarization state can be both
spatially and temporally incoherent; e.g., it is possible to polarize the
light emitted from a tungsten bulb. We should expect OAM to be
different, since the very description of a helical phase front implies
a coherence of phase across the beam. However, it is still possible to
illuminate either a spiral phase plate or a forked diffraction grating with
an incoherent source. We first consider a spatially incoherent source
as an extended disc illuminating a spiral phase plate, as in Fig. 12.
Swartzlander and Hernandez-Aranda [58] showed that the properties of
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Figure 11

π/2 and π -converters.

Figure 12

An extended incoherent light source illuminating a spiral phase plate produces a
vortex beam with a nonzero on-axis intensity.

the resulting beam can be divided into various annular regions. At small
radii one can project a series of rays though the center of the spiral phase
plate. This creates a region of vortices in the far field that are incoherent
with respect to one other, such that the time-averaged intensity is not
zero. The azimuthal energy and momentum flow per photon has an
average value that is proportional to the radius, as with a solid body.
At larger radii the helical phase fronts produced by each source element
are similar and the azimuthal energy and momentum flow per photon
is similar to a normal vortex beam, with a value inversely proportional
to the radius. Whether a light source gives a vortex beam with a zero
or nonzero on-axis intensity is thus an indication of its spatial coherence.
Such incoherent vortices have similarities with fluid vortices, which have
central regions of lower angular momentum and have been referred to as
Rankine vortices [58]. Placing a detector on, or near, the beam axis allows
the examination of the light from an extended source while filtering
out an intense background from a point source. This forms the basis of
an innovative coronograph [59,60] also developed by Swartzlander to
potentially spot the light from dim planets in orbit near a much brighter
star.
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Figure 13

Illumination of a forked diffraction grating with a source with a broad spectral
bandwidth results in a white-light vortex.

Even if the light source is spatially coherent it may still have a broad
spectral bandwidth, as in white light. Scattered white light does not
give a noticeable speckle pattern; however, each spectral component
within the bandwidth does. These speckles tend to go unnoticed,
since the condition for destructive interference is met by the different
components at different positions and it is extremely unlikely that the
speckles from all the spectral components will overlap. White-light
diffraction from simple apertures results in a spectrally rich pattern [61],
where specific wavelengths destructively interfere to give an overall
distribution perceived as light’s complimentary colors [62]. The step
height of a spiral phase plate is designed for only one spectral component
and therefore works correctly only with monochromatic light. Similarly,
a forked diffraction grating introduces an angular dispersion between
the various spectral components. For optical vortices, the separation of
the vortices for each spectral component may only be slight, giving a
characteristic transition from cyan, to magenta, to yellow [63]. These
patterns can be observed in the diffraction of light from a forked
diffraction grating or, alternatively, the angular deviation of the different
wavelengths can be compensated by the introduction of a prism [64].
The result is a white-light beam with each spectral component having
helical phase fronts about a common beam axis, as in Fig. 13. For
polychromatic light, the hologram is perhaps the most interesting, as a
second dispersive component can be introduced to compensate for the
angular dispersion while maintaining the helical phase dependence for
every spectral component.

2.6. Orbital Angular Momentum beyond Light

The vast majority of the research in optical vortices and OAM has
been carried out in the optical region of the spectrum; however,
the phenomenon is obviously not restricted to that. The early work
on the rotational Doppler shift [65] (see below) was performed at
millimeter-wave frequencies where the longer wavelength relaxed the
mechanical precision needs for the alignment. The OAM was introduced
to the millimeter-wave beam by using a spiral phase plate made from
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Teflon with a step height of 10 mm [38]. Even longer wavelengths, radio
waves, are being considered for possible applications in astronomy or RF
communications where the helical phase fronts can be detected by using
an antenna array [66]. At these longer wavelengths it is possible to create
coherent arrays of emitters, each of which can be phase controlled to
create a beam with any complex phase front, e.g., helical. In many ways,
these phased arrays for detection and generation can be considered to
perform a function similar to that of the SLMs used at optical frequencies.

At the other end of the spectrum, diffractive optics have been positioned
in the output beam from a synchrotron light source to create an x-ray
vortex in its output. It may be that such beams find use in providing extra
information within x-ray diffraction for the determination of molecular
structure [67].

Moving beyond the electromagnetic spectrum, primitive spiral phase
plates have been positioned within the beam of an electron microscope,
and this may provide some form of edge detection for low-contrast
imaging [68]. Most recently, the creation of vortex electron beams making
use of a versatile holographic reconstruction technique in a transmission
electron microscope has been shown [69]. This technique demonstrates a
reproducible method of creating vortex electron beams in a conventional
electron microscope and their use in electron energy-loss spectroscopy to
detect the magnetic state of materials and describe their properties. The
phased array of transmitters has another obvious embodiment, namely,
acoustic loud speakers. A ring of loud speakers each driven at the same
frequency but with a phase of exp(i�φ) produces a helically phased
beam, carrying OAM [70,71], in a longitudinal wave system that has no
transverse polarization and therefore no possibility of carrying SAM.

3. Interaction of Helically Phased Beams with Matter

3.1. Observing the Angular Momentum of Light

Just as Beth was able to observe the SAM predicted by Poynting,
an important step was to observe the transfer of OAM to matter.
Initial efforts were directed at observing the reaction torque on the
cylindrical lens mode converter itself. Sadly, however, to date this has
proved to be too technically demanding. An alternative approach was
demonstrated in 1995 based on optical tweezers. Traditionally, optical
tweezers use tightly focused beams of light to trap microscopic particles
in three dimensions within a surrounding fluid. One notes that for a
particle of radius r its mass scales as r3 while its rotational moment of
inertia scales as r5. Consequently, when the size of the test particle is
reduced, it becomes easier to move, but even easier to rotate. Figure 14
shows how a particle is trapped in a circularly polarized beam (left)
or in a high-order Laguerre–Gaussian beam (right). In the original
experiment micrometer-sized graphite particles were illuminated by
a tightly focused LG beam with � = 3 [72]. Absorption of light, and
its angular momentum, caused the particle to rotate at several hertz,
and this was correctly attributed to the transfer of OAM from light to
matter. Such a transfer of angular momentum and the corresponding

Advances in Optics and Photonics 3, 161–204 (2011) doi:10.1364/AOP.3.000161 176



Figure 14

Transfer of angular momentum in optical tweezers. A trapped object can be
rotated either by the transfer of SAM from a circularly polarized beam (left) or
by the transfer of OAM from a high-order Laguerre–Gaussian beam.

torque on the particle essentially converts the optical tweezers into an
optical spanner or wrench. Later experiments used helically phased
beams that were also circularly polarized such that they contained both
OAM and SAM components. The helical beam was � = 1 so that its
total angular momentum (spin + orbital) could be set at h̄ + h̄ = 2h̄
or h̄ − h̄ = 0 depending on the relative handedness of the spin and
orbital terms. Initially using a beam in which the spin and orbital term
were additive, the partial absorption of the light by a micrometer-sized
Teflon particle set it into rotation. Inserting a λ/2 plate to reverse the
sense of the SAM gave a beam with zero total angular momentum
and, although the particle remained trapped, it ceased to rotate [73].
The ability to stop the particle in this way reinforced the idea that a
Laguerre–Gaussian mode with an azimuthal mode index � = 1 has a
well-defined OAM corresponding to h̄ per photon and that both the spin
and OAM have been transferred to the medium. The manipulation of
microscopic objects using optical tweezers has now been transformed
by the commercial availability of SLM’s that have photographically
produced optics and allow the generation of multiple traps at arbitrary
positions with complex spot spread functions [74].

3.2. Mechanisms for Angular Momentum Transfer

It is generally believed that OAM and SAM are independent when
light propagates in or through a homogeneous and isotropic transparent
medium, and therefore do not interconvert. However, it has been
demonstrated that SAM-to-OAM transfer can indeed occur in such
media when a Gaussian beam [9] or circularly polarized vortex beam [8]
is tightly focused through a high-numerical-aperture (NA) lens. The
observed equivalence of OAM and SAM in these “optical spanners” [75]
is also somewhat misleading. The equivalence of OAM and SAM breaks
down in a number of ways.
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The mechanisms for transfer of OAM and SAM are not the same. In these
early demonstrations the transfer mechanism for OAM arose from the
absorption of the light for which, at the macroscopic scale, the orbital
and spin components are indeed indistinguishable. However, whereas
birefringence converts circular to linear polarization and hence changes
the SAM causing a birefringent particle to spin [76], it does not change
the helical phase fronts and hence does not interact with the OAM. By
contrast, astigmatism does change the helical phase fronts and couples
to the OAM of the beam, but has no effect upon the polarization and
SAM.

The spatial distribution of the orbital and the spin angular momentum
is also different. Even the effects of absorption of the OAM and the
SAM can differ when the optical beam is large compared with the
size of the particle. For example, on an atomic level the SAM can
excite a sigma Zeeman transition, whereas the OAM cannot. Even at
a larger scale one observes two distinct forms of angular momentum
transfer, for example, when a small particle is introduced off-axis to a
larger, circularly polarized, helically phased beam. Each point in the
beam is circularly polarized, and hence a small birefringent particle
experiences a torque, causing it to spin around its own axis. However,
when sampled over a small, off-axis, region, the helical phase fronts
appear as a plane wave inclined with respect to the optical axis. A small
particle experiences a scattering force that has an azimuthal component,
leading, in many cases, to an orbiting of the particle around the axis of
the beam [77]. A further variant on the use of LG beams for rotational
control comes from interfering such a beam with its own mirror image
to produce an annular interference pattern. Shifting the relative phase
of the beam causes the pattern to rotate, thereby rotating the object(s)
trapped within [78].

By considering the energy h̄ω, momentum h̄k0, and angular momentum
(σ + �)h̄ of the photon one sees that the linear momentum is inversely
proportional to the phase velocity and that the angular momentum is
inversely proportional to the frequency. Neither of these scalings are
uniquely photon properties, and both apply to waves of all types, i.e., not
just electromagnetic. Moving beyond light, sound has a frequency ≈ 1012

times smaller than light and consequently can exert a torque sufficient
to rotate macroscopic bodies tens of millimeters in diameter [71]. Even
in optical systems, the relationship to the phase velocity means that
upon entering a medium with a negative index of refraction one expects
the angular momentum to reverse in sign [79]—an effect that might be
interesting to observe.

3.3. Optical Momentum to Drive Micromachines

Irrespective of whether it be SAM or OAM, or of the precise transfer
mechanism, the maximum torque that can be exerted by any optical
beam on a small particle of radius r is of order h̄k0r [80]. Nevertheless,
on the scale of a few micrometers and powers of hundreds of milliwatts,
rotation speeds can reach hundreds of hertz. Such motion is very
suggestive of a micromachine or pump. Early work on micromachines
predates the work using angular momentum. Miniature “windmills”
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were micromachined from silicon dioxide and held in optical tweezers.
The scattering of the light from the rotors exerted a reaction torque,
causing their rotation [81]. At a very basic level one can consider this the
introduction to the scattered light of an (ill-defined) OAM, but simple
azimuthal scattering is perhaps a less complicated explanation. The
appealing feature of an all optical approach is that the trapping force
creates an “axle” for the device that can never wear out!

Following the demonstrations of both SAM and OAM transfer, OAM
was also used as the driving torque for a micromachine, the advantage
over shaped rotors being that the direction of rotation could be controlled
by changing the sign of the angular momentum [82]. As an alternative
to micromachining the components by using lithographic techniques
it is also possible to use photopolymerization, which allows the same
optical system to be used both for fabrication of the components and
their drive [83].

Perhaps the most obvious micromachine to build is a micropump. An
array of beams, each carrying OAM, is used to create a circulation of
microparticles that, because of the Stokes drag, induces a fluid flow
through the array along which other particles are carried [84]. Alter-
natively, the SAM can be transferred to two microscopic birefringent
particles, causing them to spin in opposite directions on either side
of a microfluidic channel, thus creating a flow along the channel [85].
However, the scale of these devices is such that their induced flow rate
only amounts to a few tens of cubic micrometers per second, many
orders of magnitude less than frequently used even in the smallest of
microfluidic systems.

3.4. Orbital Angular Momentum and the Interaction with Cold
Atoms

As discussed in Subsection 3.2, whereas circular polarization and its
associated SAM play a role in atomic selection rules, OAM does not.
Even when compared with a tightly focused beam, the effective cross
section of the atom is extremely small; so the helical phase front
is locally indistinguishable from an inclined plane wave. An atom
interacting with a plane wave propagating in the z direction is subjected
to a light pressure force proportional to the wave vector kz. Thus the
absorption by a gas of photons from a particular direction followed
by an isotropic spontaneous emission generally results in a recoil of
the atoms or molecules away from the incident light. If, however,
the beam is helically phased it will have a wave vector kφ and an
associated force that, at any distance from the beam axis, will exert
a torque on the center of mass of the atom, resulting in a spiral-type
recoil [86]. If two counterpropagating beams are used, the axial recoil
time averages to zero, while the azimuthal recoil is maintained. Various
beam configurations have been considered, and the resulting motion
of the atoms or molecules calculated. For example, since the atoms or
molecules follow trajectories around the beam axis, this was recognized
as leading to a manifestation of the rotational Doppler shift [87].

Leaving aside the phase structure of these beams, the annular intensity
profile creates an enclosed dark region, ideal for blue-detuned atom
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trapping where the atoms experience a force attracting them to the dark
regions at the center of an LG or similar beam [88]. Furthermore, the
residual light scattering potentially pushes the atoms along the beam,
turning the annular beam into an “atom hosepipe” [89]. At a macroscopic
level, this is similar to the annular intensity distribution of an LG beam
being used to trap bubbles in optical tweezers, their low refractive index
meaning that the direction of the gradient force is reversed so that they
are held at the dark core of the beam, surrounded by light [90].

Finally, although individual atoms or molecules are too small to interact
with a sufficient area of a typical helically phased beam to sample
the OAM, a Bose–Einstein condensate is not. For example, OAM has
been transferred from counterpropagating beams to sodium atoms in
a Bose–Einstein condensate by using a two-photon stimulated Raman
process [91], and the topological properties of an induced vortex
motion can lead to longer storage times [92]. Recently, a new variety
of dissipationless fluid behavior was found in microcavities under
the optical parametric regime [93]. Metastable persistent polariton
superflows sustaining a quantized angular momentum have been
observed [93] along with the transfer of angular momentum to the
steady-state condensate.

4. Analogous Representation and Effects for
Helically Phased and Polarized Beams

4.1. Poincaré Sphere for Orbital Angular Momentum Modes

The perfect transformation of HG into LG modes that is possible with
mode converters based on cylindrical lenses stems from the fact that both
HG modes and LG modes are complete sets; thus any one mode can be
synthesized from the correct superposition of modes from the other set.
The analogy between OAM and SAM states is most readily understood
in the case of LG0,1 and LG0,−1 states. Adding these two modes together
produces an HG1,0 mode with an orientation that depends upon the
relative phase of the LG modes used to create it. This is completely
analogous to the addition of right- and left-circularly polarized states
that add together to form a linear state. In the case of polarization we are
familiar with its representation on the surface of the Poincaré sphere, but,
of course, the same geometrical approach can be applied to construct a
Bloch sphere for the representation of states within any two-dimensional
subspace, and OAM is no exception [94,95]. In both cases a particular
polarization or OAM state is represented by a vector from the center to
the surface of the sphere. In general terms, a state |a� can be written as

|a� = cos
�

θa

2

�
|�� + eiφa sin

�
θa

2

�
|−��, (3)

where a = (sin(θa) cos(φa), sin(θa) sin(φa), cos(θa)) is a vector with latitude
0 ≤ θa ≤ π and longitude 0 ≤ φa < 2π , as shown in Fig. 15. The
longitudinal position, φ, on the sphere gives the orientation of the mode
superposition. It is related to the azimuthal phase of the OAM mode
via φ = 2�ϕ, where ϕ is the azimuthal coordinate in real space for a
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Figure 15

Bloch sphere for OAM states. The pure state |a� is defined by its latitude (0 ≤
θa ≤ π) and longitude (0 ≤ φa < 2π) on the sphere. The poles (θa = 0, π)
represent the states |��, |−�� respectively, while around the equator (θa = π/2)
are the equally weighted superpositions of |�� and |−�� with no net OAM.

Laguerre–Gaussian mode. Hence the states |��, |−�� are represented by
the poles of the sphere (θa = 0, π), respectively, while equally weighted
superpositions of |�� and |−�� correspond to points around the equator
(θa = π/2), with the equatorial position determined by the phase term,
φa, between the two states.

For polarization, the action of a wave plate is modeled as a rotation of this
vector about an axis corresponding to the orientation of the wave plate’s
optic axis and through an angle that depends on the retardation of the
wave plate (e.g., 180◦ for a λ/2 plate and 90◦ for a λ/4 plate). For OAM
states exactly the same transformations are performed by the cylindrical
lens mode converters.

For LG modes with � > 1 the situation is more complicated. For modes
of order N, i.e., all modes with the same Gouy phase, (2p + � + 1) = N,
the number of orthogonal modes is N + 1 and �max = N. Therefore,
the equivalent Poincaré sphere can only represent a two-dimensional
subspace, most usually with the p = 0, � = ±N modes at the north
and south poles, respectively, which sum to give a 2N-fold rotationally
symmetric “petal” mode at the equator.

For cases where a full representation of the modal set is required,
then, although the equivalent to the Poincaré sphere is limited to two
dimensions, the equivalent to the Jones matrices is not. Each mode
is then represented by an N + 1 dimensional column vector, and the
optical operations, such as mode converters and beam rotations, by
(N + 1) × (N + 1) matrices [96].

As we have discussed, the OAM equivalent to birefringence is a phase
shift between the HG modes of the same mode order N. However, within
polarization we are also familiar with the concept of optical activity that
introduces a phase shift between the circular polarization states (polar)
and a corresponding rotation of the linear states (equatorial). However,
optically active media do not interact with the OAM [97]. With reference
to the Poincaré sphere equivalent, a relative phase shift, �φ, between the
±� polar states gives a rotation of the equatorial mode by �θ = �φ/2�,
i.e., a rotation of the mode.
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Moving away from defined laser modes toward general images, one
recognizes that any image can be synthesized from the appropriate
superposition of modes that form a complete basis set, e.g., LG modes.
One notes that, for a given phase shift, the rotation of the modes scales
as 1/� which, since the phase shift itself scales with �, means that all
modes rotate at the same rate and the image integrity is maintained—as
is indeed observed when viewing an image through a Dove prism [98].

4.2. Rotational Doppler Shift

The Doppler shift is a familiar concept within waves of all types. If the
velocity between source and receiver is v, then the light emitted from
a moving source undergoes a frequency shift given by �ω = ±ω0v/c,
positive when the source and the receiver are moving away from each
other. In the 1970s Garetz noted that for circularly polarized light there
was an analogous frequency shift for rotational motion between source
and observer given as �ω = ±σω [99,100], the sign depending on the
relative rotational motion, where ω is the angular velocity and σ = ±1
for right- and left-handed polarized light, respectively. In his case he
introduced a rotation in the optical beam by transmission through a pair
of λ/2 plates. Spinning one of them with respect to the other causes the
polarization state of the beam itself to be rotated at twice the speed of the
wave plate. This frequency shift is akin to changing the frequency of a
clock by rotating it so that the second hand moves around more quickly!

By analogy, one might expect a similar behavior for OAM, and indeed
one sees immediately that a single rotation of a helically phased beam
advances or retards the field by � cycles. The corresponding frequency
shift is given as �ω = �� [101], where ω is the frequency of the beam and
� is the angular velocity between source and observer. Experimentally
this is obtained not by λ/2 plates but by rotating mode converters either
in the form of cylindrical lenses or, more conveniently, Dove prisms [65].
For a beam comprising a superposition of modes with different � the
result is multiple-frequency sidebands, which could, in principle, be
used to deduce the OAM spectrum. This has potential applications for
communication systems at either the classical [102] or quantum [103]
level. When represented on the surface of the Poincaré sphere, and its
OAM equivalent, one can interpret the rotational frequency shift for
both SAM and OAM as examples of an evolving geometrical, or Berry,
phase [94]. For a fixed orientation, α, of the Dove prisms, the geometrical
phase shift is given by �φ = 2σα and �φ = 2�α, respectively.

Perhaps the most interesting aspect of these rotational frequency shifts is
what happens when the beam contains both SAM and OAM, i.e., when
it is both circularly polarized and helically phased. Plotting the vectorial
nature of the field cross section of such beams reveals an (� + σ )-fold
rotational symmetry. It follows that a single rotation of the beam around
the beam axis changes the phase by (� + σ ) cycles, and hence for a
spinning beam the rotational frequency shift is �ω = (� + σ )� [102]. For
example, a beam with � = 3 and σ = −1 exhibits the same rotational
frequency shift as a beam with � = 1 and σ = 1. This is one of the few
examples of where the SAM and the OAM components act equivalently
such that it is the total angular momentum that is of prime importance.
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4.3. Mechanical Faraday Effect and Image Drag

Another area in which transformations for polarization and helical phase
turn out to be completely equivalent is that of photon drag. In the 1970s
Jones and his colleagues studied in great detail the transformations of
light beams induced by moving media. Two effects are of note. First,
when light is transmitted through a spinning window, he predicted, and
confirmed, that the plane of polarization is rotated through a small angle
given by �θpol = �(ng − 1/nφ)L/c, where � is the angular velocity of
the dielectric medium, L is its length, and ng and nφ are the refractive
indices corresponding to the group and phase velocities, respectively, of
the light in the medium [104,105]; this is now known as the “mechanical
Faraday effect” [106]. Second, when a beam of light is transmitted
through a translating window it is displaced in the direction of motion
of the window by an amount �x = v(ng − 1/nφ)L/c, where v is the
translational velocity of the window [107]. For a rotating medium we
may consider the transverse velocity of the medium to arise from the
tangential component of the rotary motion of a glass rod, coaxial with the
axis of the light beam (v = �r, �x = r�θ ). If an image is considered to be
made up of a number of such light beams, we can conclude that it will be
rotated through the angle �θimag = �(ng − 1/nφ)L/c. Hence, a spinning
window rotates both the polarization and the image through the same
angle, as shown in Fig. 16, which can be interpreted as the equivalence of
spin and OAM [108]. To date this image rotation has proved too difficult
to observe; however, an equivalent experiment has been performed by
viewing a rotating image through a stationary window yielding the
anticipated result, albeit one that is complicated by the transformation
in the rest frame [109].

5. Orbital Angular Momentum in Nonlinear and
Quantum Optics

5.1. Optical Vortices and Orbital Angular Momentum in Kerr
Media

The study of optical vortices in nonlinear media slightly predates the
recognition of OAM. Nonlinear optical vortices were introduced by
Coullet and collaborators when studying a Ginzburg–Landau equation
for laser action [26]. It was then realized that for lasers with curved
mirrors, optical vortices (or phase singularities) could be found in simple
static [22] or dynamic [23] combinations of Laguerre–Gauss modes, the
natural basis of transverse laser modes [25]. Optical vortices (otherwise
known as spiral waves) can also form crystals and perform chaotic
motion, such as that shown in Fig. 17, by pure transverse confinement
in laser models [110] in a way similar to that of vortices in Bose–Einstein
condensates [111].

A Kerr medium is one in which the refractive index varies with the
incident intensity. This can lead to self-focusing or self-defocusing,
depending on whether an increase in intensity increases or reduces
the refractive index. The annular intensity of an OAM beam can
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Figure 16

The mechanically induced ether drag associated with a spinning cylinder rotates
both the polarization and the image through the same angle.

Figure 17

(a) (b) (c)

Behavior of spiral waves in lasers [110]. Spatial distribution of field in the
presence of (a) three and (b) five spiral defects; yellow corresponds to low
intensity, and blue to high intensity. Each phase singularity rotates around its
core, while the whole pattern rotates around the center. (c) Spatial distribution
of field with a total topological charge of 8. Seven defects rotate around a central
defect.

therefore induce a column of high-refractive-index material along which
a secondary beam can be guided [112]. Even without a secondary beam,
asymmetry in the system may cause the annular ring to distort and
the self-focusing to favor “hot spots,” causing the beam to break up
into individual transverse solitons. In this situation the original OAM
behaves more like a series of inclined plane waves, causing the solitons
to move tangentially with respect to the original ring, thereby conserving
angular momentum [113,114]. Solitons and similar features have proved
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Figure 18

Conservation of energy and momentum in spontaneous parametric downconver-
sion.

a rich area in which optical vortices and the OAM of light have led to
new insights [115].

5.2. Second-Order Nonlinear Interactions

Second-order nonlinear interactions involve three waves: two low-
frequency waves (1, 2) combine to exchange energy with a third wave (3)
of higher frequency. Unsurprisingly, the conservation of energy within
the optical fields sets the relationship between the three frequencies as
ω1 + ω2 = ω3. The process is much more efficient when momentum
within the optical fields is also conserved, i.e., k1 + k2 = k3, where
|k| = ωn(ω)/c (Fig. 18). This momentum conservation is made much
more complicated by the fact that the refractive index is itself a function
of the frequency. Within nonlinear optics this latter requirement is
called “phase matching,” since the direction of energy flow between the
low-frequency and the high-frequency waves depends on their relative
phase.

Early experiments involving OAM in second-order nonlinear optics
were on frequency doubling, where 2ω1 = 2ω2 = ω3. For further
simplicity, fields 1 and 2 are usually a single laser beam; e.g., a single
infrared laser beam at 1064 nm incident on a nonlinear crystal such as
KTP can be frequency doubled into the green at 532 nm. The KTP is
birefringent, and by setting the incident angle appropriately it is possible
to achieve phase matching. In a simplistic photon picture, two infrared
photons combine to form a green one. The original motivation behind
the investigation for the role that OAM may play in this process was
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that, since the Poynting and momentum (k) vectors have azimuthal
components around the beam axis, it was thought that this might change
(maybe preferentially) the phase-matching conditions. However, this
proved not to be the case; rather, the phase-matching conditions for the
helically phased incident beam were found to be identical to those for
a plane wave [116]. It transpires that this is a result of the conservation
of OAM within the optical fields, which is perhaps slightly surprising
since, in general, the SAM is not conserved in the optical fields (it is
usually transferred to the birefringent crystal). Conservation of OAM
in the frequency-doubling process is simply stated as �1 + �2 = �3.
One also observes that, since the skew angle of the Poynting vector
in a helically phased beam is �/(kr)φ̂, where φ̂ is a unit vector in
the azimuthal direction [5], then in the case of frequency doubling,
the doubling of the � value is a requirement of the Poynting vector’s
keeping the same direction. For the multiple-ringed, p > 0, modes the
situation is more complicated. The difference in the intensities of the
rings is accentuated by the frequency-doubling process (the efficiency
of which is proportional to the intensity), and thus the doubled mode
is no longer a pure LG mode, but is rather a superposition of modes
with different p but the same � [117]. This difference in mode order in
the resulting superposition means a difference in Gouy phase such that
the superposition changes form upon propagation. However, none of
these complications degrade the conservation of OAM within the optical
fields. Similar conservation of OAM occurs in the more general case of
sum-frequency mixing where ω1 �= ω2 [118].

5.3. Parametric Down Conversion with OAM Beams

Depending on the relative phase of the three interacting waves, it is
also possible to transfer the energy from the high-frequency wave to
generate two lower-frequency waves (Fig. 20). This is called “parametric
downconversion.” In this situation the outcome is less constrained in
that, from the conservation of energy, ω1 and ω2 may take a range of
different values so long as they sum to give ω3. The same flexibility
exists for the momenta k1 and k2, too, and, since the OAM arises from
the azimuthal component of k, it follows that �1 and �2 are similarly
flexible [48]. This is not a surprise since, for an extended incident beam,
the output beam arising from parametric downconversion has only a
limited spatial coherence and therefore can be expressed as an incoherent
sum of different spatial modes. In essence, the conservation of OAM
tells us that the output beams 1 and 2, although spatially incoherent, are
coherent with respect to each other, thus leading to the entanglement of
spatial modes [119].

Well-defined downconverted spatial modes can be achieved in stim-
ulated parametric downconversion [120] or in optical parametric
oscillators [121]. The stabilization of domain walls has been investigated
in a degenerate, type-I optical parametric oscillator pumped with a cw
LG mode [122]. A pump LG0� was shown to have a stable signal with
phase profile exp(i�φ/2). For even � the number of domain walls trapped
in the output signal is either zero or an even number. For odd � the
output is in a discontinuous state with fractional angular momentum.
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Figure 19

(a) (d)(c)(b)

Optical sprinklers: signals with a number of domain walls that rotate in time.
(a)–(c) are for � = 1; (d) is for � = 2.

This ill-defined phase induces one (or an odd number of) domain wall
with vanishing intensity in the radial direction, as shown in Fig. 19. This
state is unusual in that it is a mode with fractional OAM given by the
non-integer azimuthal index �/2 for � odd.

5.4. Quantum Entanglement of Orbital Angular Momentum

Parametric downconversion sources play a central role in experiments
to both show and apply the phenomenon of quantum entanglement.
The downconverted photons 1 and 2 are generated through a process
that conserves energy, momentum, angular momentum, etc. Therefore,
measuring one of these parameters for one of the photons gives
information about the same parameter of the other photon even though
the photons may, at the time of measurement, be highly separated
from each other. Such nonlocal correlations seem to follow naturally
from conservation but lead directly to the Einstein, Podolosky, Rosen
(EPR) paradox [123]. For example, it appears that strong correlations
should exist both for measurements of position (i.e., both photons were
generated at the same lateral position) and momentum (i.e., the momenta
of 1 and 2 sum to give the momentum of 3). However, if one considers the
case when the choice of whether to measure the momentum or position
of the first photon is not made until the last possible moment, it follows
that the second photon needs to be generated simultaneously with
both a precise position and momentum, in conflict with the uncertainty
principle. The EPR argument concludes that quantum mechanics is
either incomplete or nonlocal, and this has been demonstrated by using
a wide range of variables including, position–momentum [124] and
time–energy [125].

It follows from these previous examples that strong correlations in OAM
alone are not sufficient to demonstrate the EPR paradox. One has to
show that one also obtains strong correlations in a complimentary basis.
For OAM this was originally performed for specific superpositions of
states, obtained when one deliberately slightly displaces one of the
forked diffraction gratings transversely from the beam axis [126]. It
was observed that the strength of the correlation depended on both
the extent of the displacement and its direction—i.e., on both the
magnitude and the relative phase of the modes in the superposition.
This dependence on phase is exactly as required by quantum mechanics.
Other modal superpositions have also been tested, including those
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Figure 20

Spontaneous parametric downconversion produces entangled photons.

required in order to form helically phased modes but where the phase
step is half-integer [127]. This breaks the rotational symmetry of the
mode, leading to an angular sensitivity in the strength of the correlations.
Most recently, by using wedge-shaped apertures, it has been possible to
show strong correlations in angle that, when combined with correlations
of OAM, illustrate a complete angle/angular momentum version of the
original EPR paradox [128].

We described the EPR paradox as showing that quantum mechanics
was either incomplete (i.e., possesses hidden variables) or nonlocal
(i.e., measurement at one point can define the wavefunction over all
space). The possibility of hidden variables (i.e., quantities that exist
but cannot be measured) can be largely discounted through testing of
Bell’s [129] or other similar inequalities. The Bell’s inequalities were
famously violated in the 1980s for correlations in polarization [130], but
can also be tested in any two-dimensional space. As we discussed in
Subsection 4.1, the two-state space of polarization and its associated
SAM can be represented on the surface of a Poincaré sphere. It is
not surprising, therefore, that the Poincaré sphere equivalent for OAM
has been used to formulate the Bell argument for OAM and that it
too has been shown to violate the inequality, similarly discounting the
hidden-variable theory [131].
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One application of quantum entanglement is quantum cryptography, in
which the presence of an eavesdropper is always revealed. The interest
in using OAM for this purpose is that it represents a high-dimensional
state space, meaning that each photon can be encoded to carry much
larger amounts of information than if one were using polarization
alone [132,133].

5.5. Logic Operations with Orbital Angular Momentum

One interesting opportunity for light carrying OAM, particularly at the
single photon level, is its use in logic operations. OAM offers a multistate
system that can be combined with SAM or other degrees of freedom.
At a quantum level this may take the form of hyperentanglement,
which is simultaneous entanglement within different variables [134],
or hybrid entanglement, which is entanglement between different
variables [135,136].

Key to more complicated logical operations are gates that allow the
value of one variable to switch that of another, e.g., a CNOT gate,
which has been implemented for OAM states [137]. One component of
significance is the so-called q-plate [138], which sets the OAM of the
transmitted light at one of two values depending on the sense of incident
circular polarization. It is based on using liquid crystal to create a λ/2
plate whose optic axis rotates as a function of azimuthal position. The
transmitted beam undergoes a geometric phase shift proportional to the
angular position in the input beam such that the output beam has helical
phase fronts [139,140]. This transformation between SAM and OAM
using q-plates has been applied to quantum protocols such as quantum
cloning [141]. Most recently it was shown that liquid crystal droplets
held in optical tweezers could act as tiny components exchanging the
angular momentum between spin and orbital components [142].

6. Measuring the Orbital Angular Momentum of Light

6.1. Forked Diffraction Gratings to Measure Orbital Angular
Momentum

As we discussed in Subsection 2.3, the generation of helically phased
beams carrying OAM is widely performed by using a forked diffraction
grating which, when illuminated by a plane wave Gaussian beam,
produces a helically phased beam in the first diffraction order. The
process also works in reverse: a beam carrying an OAM of � illuminating
a forked diffraction grating with −� produces a plane wave Gaussian
beam, as in Fig. 21(top).

One way to ensure that the illuminating beam is a pure single-mode
one is to couple the laser light through a single-mode fiber, collimating
the output to illuminate the grating. Replacing the laser with a detector
transforms the same grating system into a mode detector—the target
mode is converted into a Gaussian mode, which is the only mode that
couples efficiently into the fiber and detector (Fig. 21, bottom). If the
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Figure 21

A diffractive optical element comprising a diffraction grating with fork
dislocation centered on the beam axis can convert a helically phased mode into
the fundamental Gaussian mode, which can then be coupled to single-mode
fiber.

detector is a high-quality photomultiplier or avalanche photodiode, then
modes, or complex superpositions of modes, can be measured even at the
level of single photons, and this has been used in various experiments of
the quantum entanglement of OAM [126]. However, all such holograms
can measure only one mode at a time, and if a large state space (as
in the case of OAM) is to be measured, one must test for each of the
modes in turn. It follows that the efficiency of such an approach can
never exceed 1/N, where N is the number of modes to be assessed. This
limit in efficiency negates many of the potential advantages that the large
state space of OAM may have offered. More complicated holograms can
be designed where different input modes produce Gaussian beams in
different angular orders [143–145]; however, in all of these the incident
energy is still split between the outputs, leading again to an approximate
1/N limit in efficiency.

6.2. Measuring OAM by Interferometry

In the early work on generation of optical vortices it was noted that when
a helically phased beam is interfered with a plane wave it produces a
spiral interference pattern with � fringes [146–148]. However, using such
a system as a measurement device, of course, depends on having many
photons in the same state and hence cannot be applied to single-photon
measurement.

In principle, the frequency sideband induced by the rotational frequency
shift could be used to measure � [102] (see Subsection 4.2). However,
the perfect rotation of a beam is not so straightforward, and it is
difficult to isolate the effects of rotation from those arising from slight
misalignment [149]. In fact it is easier to use a static approach in which
Dove prisms are introduced into each arm of an interferometer. If the
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angle between the prisms is �α then the phase shift between the arms is
given by �φ = 2��α. If �α = π/2, then all inputs with even values of
� will constructively interfere at one output port, and all those with odd
values of � will constructively interfere at the other output. A system
such as this is able to sort odd and even values of � even at the level
of single photons. Cascading additional interferometers with different
values of �α allows the modes to be further sorted, in principle N

different states requiring N − 1 interferometers [150]. Such a system was
shown for four states but to date has proved too challenging to engineer
for more states and “turnkey” operation.

Finally, it is also possible to introduce additional wave plates into the
interferometers such that, similar to the rotational frequency shift, they
sort on the basis of the total angular momentum rather than the OAM or
SAM alone [151].

6.3. Orbital Angular Momentum and Diffraction by Apertures
and Angular Uncertainty

Changing the phase structure of a beam modifies the diffraction pattern
produced by a subsequent aperture. For example, inclining a plane
wave prior to a diffraction grating translates the diffraction pattern. This
naturally leads to the question as to what happens when a diffraction
grating is illuminated with an LG beam. In the case of a single edge,
the azimuthal component to the momentum of an LG beam results in a
rotation of the light in the far field, with the direction depending upon
the sign of � [152]. For the cases of a single slit and Young’s double
slits, it has been observed that the helical nature of the phase front
gives rise to a displacement of the fringes that changes with vertical
position, thereby introducing a slight dogleg into the otherwise straight
fringes. The sense of the dogleg depends upon the sign of � [153,154].
More complex diffraction gratings, e.g., arrays of pinholes, give rise
to more complicated diffraction patterns, and again it is possible to
recognize the incident value of � from the patterns that result [155]. One
fascinating example is the diffraction of an LG beam by a triangular
aperture. The result is a triangular array of diffracted spots containing��+1

i=1 i = (� + 1)(� + 2)/2 local maxima, oriented at right angles to the
aperture with a sense that depends on the sign of � [156]. The value of �
is also directly related to external points of the lattice forming a triangle:
� = N − 1, where N is the number of points on any side of the triangle.
However, all of these variants require many photons in the same state in
order to form the characteristic fringe pattern and hence cannot be used
to measure the � of single photons.

An aperture of particular interest is one that either transmits or blocks
an angular sector of the beam. The relationship between the expression
of a field in terms of its OAM spectrum and an equivalent expression
in terms of its angular distribution is one of a Fourier series. One
would expect that variables that are related to each other by Fourier
transforms would lead to uncertainty relationships of the type typified
by position and linear momentum. The famous Heisenberg uncertainty
relationship states that the product of the variances �x�px > h̄/2. OAM
and angular position are also linked by a Fourier relationship [157];
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Figure 22

The uncertainty relationship for angle-angular momentum, analogous to that for
position and momentum.

however, the situation is quite complicated. Unlike linear position,
which is unbounded, angular position is periodic over the 2π range.
This means that, if calculated as an integral between ±∞, its standard
deviation is ill-defined. This 2π ambiguity has previously led to some
debate as to the form by which the uncertainty relationship can be
expressed for the angular variable [158]. However, if one restricts the
calculation of variance to a single 2π range, one obtains a practical
measure of angular uncertainty and can show that there exists a simple
uncertainty relationship for angular momentum, namely, ���φ > |1 −
2πPπ |/2 [159]. This allows one to calculate the minimum spread in � for
an aperture function of angular width, �φ, as in Fig. 22. Such angular
uncertainty relationships are also demonstrated at the single-photon
level for demonstration of the angular equivalent to the EPR paradox
mentioned above.

6.4. Measuring Orbital Angular Momentum by Image
Reformatting

A recently reported approach to measuring OAM at, potentially, the
single-photon level draws its inspiration from the ease with which plane
waves can be distinguished from each other in direction space. If focused
by a lens, each plane wave direction results in a bright spot in the
focal plane of the lens, with its transverse Y position related to the
angular direction of the incoming wave. Providing that the direction
change amounts to at least an additional phase change of 2π across the
beam, the separation of the spots corresponds to at least the Rayleigh
resolution criterion. For measuring OAM, the key optical component
required is one that transforms an azimuthal position in the input beam
into a transverse position in the output beam, i.e., an optical element that
transforms a helically phased beam into a transverse phase gradient. As
the � index is incremented by one, the azimuthal phase term changes
by 2π . Such components have been studied previously [160,161] and
use a shaped optical component to refract the incident rays such that
concentric circles in the input plane are reformatted to parallel lines at the
output. Unfortunately, the reformatting introduces a phase aberration
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Figure 23

Phase profiles of (a) the transforming and (b) the phase-correcting optical
element; d is the length of the transformed beam. In (b) only that part of
the phase-correcting element is shown that is illuminated by the transformed
beam. In the experiment, the phase profiles are displayed on the SLMs with 2%
phase modulation. (c) Schematic overview of the setup. SLMs are used both
to generate Laguerre–Gaussian beams (SLM1) and to create the desired phase
profiles for the transforming and phase-correcting optical elements (SLM2 and
SLM3, respectively). L1 is the Fourier-transforming lens, and lens L2 focuses
the transformed beams. Beam splitters ensure perpendicular incidence on the
SLMs.

that must be corrected in the output plane; i.e., an input plane wave
must remain a plane wave. A demonstration system, shown in Fig. 23,
has been built where the reformatter and phase corrector have been
implemented on SLMs. After the phase corrector, a simple lens focuses
each input mode to a specific lateral position where it can be recorded
with a detector array [162]. The complete system has been demonstrated
for the separation of 11 OAM states, with minimal cross-talk between
channels. However, the quest for high efficiency requires that, in the
future, the SLMs be replaced with real refractive components. Unlike the
various apertures and holographic schemes we have discussed above,
the image reformatter holds the potential to measure the � of single
photons and is far less technically demanding than the interferometric
approach.

6.5. Use of Orbital Angular Momentum in Imaging

The detection of the OAM components of an image creates a route to
contrast enhancement within different forms of imaging. For example,
the position of phase singularities can be identified by using a forked
hologram in the Fourier plane [46]. More complicated analysis of
the orbital angular spectrum from a specific point can reveal the
helicity of a surface or other phase gradients [163]. Many contrast
enhancement techniques exist in the field of optical microscopy, ranging
from dark-field and phase contrast to interference. Many of these
are achieved by inserting a phase mask into the image train of a
microscope. Rather than having dedicated phase masks for each imaging
modality, most of them can be implemented by using an SLM as
a diffractive optical component [164]. Of particular interest to us is
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Figure 24

Ghost imaging: coincidence measurements of two beams of entangled
photons—one of which interacts with an object and one of which doesn’t—can
be used to reconstruct a “ghost” image of the object.

when the phase mask corresponds to a spiral phase plate, effectively
transforming the point spread function of the microscope into a helically
phased ring. When viewing a phase object, regions of uniform phase
result in destructive interference, whereas phase edges appear as bright
lines—giving unidirectional edge enhancement. Changing the phase
mask to introduce a plane wave reference gives an interferogram, but
one where a surface curvature gives spiral fringes that are clockwise
or anticlockwise depending on the sign of the curvature [165,166]. This
last feature breaks the usual interferometric degeneracy associated with
distinguishing up from down! Most recently, the same technique has
been employed at the level of single photons within a ghost imaging
arrangement where the phase filter is nonlocal with respect to the
object [167], revealing in the images a violation of a Bell’s inequality. The
results are shown in Fig. 24.

When a highly localized object is viewed with a spiral phase plate, the
resulting image is a single ring. Such an arrangement allows one to look
for neighboring, but much less intense, sources [59]. As mentioned above
in Subsection 2.5, one example of this problem is in astronomy, where one
may wish to block light from a bright star so as to make orbiting planets
more visible. Such applications of spiral phase plates are currently under
investigation and trial [168,169].

Some thought has been given to the use of OAM in various other
astronomical opportunities [170]. A promising option seems to be in the
radio wave domain, where relative phase measurements over an array
of detectors may reveal OAM in the signals from distant sources.
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7. Reflections on the Contribution of and Future
Opportunities for Orbital Angular Momentum

Although OAM for light had been recognized as a requirement for
high-order transitions, the fact that OAM-carrying beams could be,
and indeed had already been, made in the laboratory was a major
contribution of Allen et al. [1]. Beyond the many high-class papers
that OAM has inspired, it may transpire that OAM becomes the
key to important applications in the micromanipulation, imaging, or
communication systems that we have discussed. However, perhaps
more important is that we could argue that OAM has taught us to think
differently about light. The requirement to control both the phase and
the intensity of light beams, often through the use of SLMs, has led to
the study of other beam types in both the optical and the nonoptical
regimes. OAM led to a vigorous interest in optical tweezers and new
manifestations of quantum entanglement. Phenomenologically the OAM
basis set has naturally led to a recognition of rotational frequency
shifts, angular uncertainty relations, and Poincaré sphere equivalents
for partial modes, all of which were possible in a rectangular basis but
sufficiently obscure to have been missed before OAM. Whether OAM
delivers the “killer application” we will have to wait and see, but it seems
without doubt that its story is set to continue for some time.
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