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Abstract. We analyse the RHESSI photon spectra of four flares that exhibit significant deviations from power laws — i.e.
changes in the “local” Hard X-ray spectral index. These spectra are characterised by two regions of constant power law index
connected by a region of changing spectral index — the “knee”. We develop theoretical and numerical methods of describing
such knees in terms of variable photon spectral indices and we study the results of their inversions for source mean thin target
and collisional thick target injection electron spectra. We show that a particularly sharp knee can produce unphysical negative
values in the electron spectra, and we derive inequalities that can be used to test for this without the need for an inversion to be
performed. Such unphysical features would indicate that source model assumptions were being violated, particularly strongly
for the collisional thick target model which assumes a specific form for electron energy loss. For all four flares considered
here we find that the knees do not correspond to unphysical electron spectra. In the three flares that have downward knees we
conclude that the knee can be explained in terms of transfferte through a region of non-uniform ionisation. In the other

flare, which has an upward knee, we conclude that it is most likely a feature of the accelerated spectrum.

Key words. Sun: X-rays, gamma rays — Sun: flares

1. Introduction particular, Brown (1971) first recognised the interpretation of
Solar flare hard X-rayX10 keV) spectra have long been recog-XR spectra as an inverse problem and obtained an analytical
nised (e.g. Brown 1971; Lin & Hudson 1976) as importarinversion for the Bethe-Heitler cross-section for thin target and
diagnostics of acceleration mechanisms for electrons andcoflisional thick target cases. Brown & MacKinnon (1985) dis-
their substantial role in impulsive flare energy transport. A feaussed analytically theffects of generalised energy loss func-
ture present in many HXR spectra is a downward bend tiens for thick target spectra and specific cases were consid-
ward higher spectral indexy(= —dInJ/dIne) at increasing ered by Brown et al. (1998), Haydock et al. (2001), Emslie
photon energy. Such bends, or “knees”, were recorded earti¢ral. (2001). Brown & Emslie (1987) discussed analytic re-
even with low resolution instruments and the first high resolgtrictions on the properties dfe) for them to be interpretable
tion spectrum (Lin & Schwartz 1987) indicated that the knds terms of thin, thick, and thermal models, particularly in the
was fairly sharp. First data from the RHESSI mission (Lin &ase of the Kramers cross-section approximation (their find-
Dennis 2002) confirm that many flares do not conform toiags being generalised to other cross-sections in Brown et al.
single power law in the 20-100 keV photon energy range adfi03). Thompson et al. (1992), Johns & Lin (1992), Piana et al.
the 1 keV energy resolution now permits detailed investigati¢h995), Piana & Brown (1998), McArthur (2000) have carried
of spectral “knees”. Since the photon spectrl@) is an in- out numerical inversions of the first real high resolution data
tegral of the inverse mean electron spectif(&) convoluted (Lin & Schwartz 1987) for thin and thick target models and
with the “wide” bremsstrahlung cross-section, abrupt kneesRiana et al. (2001) for a thermal model with a distribution of
I () imply very sharp features i (E) (which is essentially the temperatures. The specific issue of spectral knees, their sharp-
derivative ofl (¢)). In the case of the thick target model (Browmess, and their relation to features in the source and injection
1971), F(E) results from the further convolution of theelectron spectra was first discussed by Brown et al. (1991).
“injection spectrum’Fo(Ep) with the energy loss rate along the  In Sect. 2 we outline the mathematical framework of how
electron stopping path. Then the impli€d(Eo) has to have electron and photon spectra are related, noting in particular
extremely sharp corresponding structures (since it is essenti&ltyv any feature in the photon spectrum must correspond to a
the second derivative dfe)). sharper feature in the electron spectrum. In Sect. 3 we develop
In this paper we address the implications of RHESSI spette theory to deal with knee spectra in the Kramer's cross-
tral knee data, building on previous work on the problem. ksection approximation and then go on in Sect. 4 to apply this
theory in interpreting spectra observed by RHESSI. Section 5
discusses the results and their implications for electron accel-
eration and transport in solar flares.
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2. Basic theory to the collisional rat/E in a fully ionised target (cf. Brown
2.1. Source average equivalent thin target electron 1971; Emslie 1978). Here we discuss only the collisional case
spectra R(E) = 1 Then one can write, for injection over aréa(cf.

Brown 1971)
Here we wish to relate the observed photon specti(h

(number of photons cm keV?) to the electron spectruf(E) QomeC?A r r
(flux of electrons cr? keV-1) averaged over the flaring re-!(€) = 4 =3~ IQ(E’ E)IFO(EO)dEodE ©6)
gion. For an ion-summed electron-ion bremsstrahlung cross- € E

sectionQ(e, E), differential in photon energy, at electron en- Comparing (2) and (6) we see that, for the thick tarﬁ_(:E) is

ergyE, written as related toFo(Eo) for the samé (€) (Brown & Emslie 1987) by
Qomec? o
e,E) = ———q(e, E). 1) . —
AR T e D RvEE =45 [ FuEga )
The optically thin photon flux spectruiife) at a distanceD, E
can always be written as (Brown 197fikglecting all the ef- g that the injected spectrum can be related to derivative of the
fects except collisions thin target spectrum according to
_ Qomec? NpV r F_(E) En(Eq) = KnpV _1 _F_(E) . 8
I(e) = e f = q(e, E)dE (2) Fo(Eo) A E\E e, (8)

€

Note that this relationship is independentéd, E).
where the averages are defined over the flaring volume: P P Bef. E)

2.3. Kramer’s cross-section

The Kramer’s approximation means tltg, E) = 1 forE > €
andq(e, E) = 0 for E < e. Under this assumption (4) leads to

whereny(r) is the density ané (E, r) is the electron flux spec- 4 simple relationship between the (normalised) observed spec-
trum at pointr within the flaring volume/. Note (cf. Brown &  trymn(e) and the averaged photon flEE):

Emslie 1987) thaf(E) canalwaysbe defined foany source
model — Brown et al. (2003). = E)=-

For mathematical convenience we will work with the nor-
malised spectrurh(e) defined so as to remove all non-energ
dependent factors in (2)

fp = % f ne(r)dv  F(E) = ﬁpiv f F(E,nnp(rav  (3)
\Y

\%

dh
E&]E—E (9)

¥nd we can use (6) witR(E) = 1 to write the injected spec-
tra as (remembering the restrictive thick target assumptions;

D2 f F_(E) Brown 1971)
he) = el (€) =——= = q(e. E)dE. 4) KnpV [ c?h

So, given knowledge di(e, E), we can obtain the electron flux
spectrum fromh(e) as long as the integral equation solutio
exists.

The rigorous mathematical implications of a more realistic
Qross-section are beyond the scope of this paper. However, it is
important to realise that the finite discontinuity in the Kramer’s
cross-section aE = € cannot be the sole cause of sharp fea-
tures in the inverted electron spectrum discussed in this paper.
Here we wish to relate the injected electron flux spedhis is supported by the fact that electron spectra with sharp
trum Fo(Eop) to the observed photon flux spectruge). To do knee features lead to very similar photon spectra irrespective
this a restrictive model interpretation is introduced tRgE) of whether Kramer's or the Bethe-Heitler cross-section, which
arises by “injection” of a flux spectrumo(Eo) of electrons of has no such discontinuity, are used. Itis also worth noting that,
initial energiesEy and that all these electrons stop in a “thick@s pointed about by Johns & Lin (1992), more accurate cross-
target region in times shorter than the data integration tim&gctions also have a finite discontinuitymat e.

emitting bremsstrahlung atuntil Eq < €. It is also generally
assumed that the energy loss rate per unit column deNsit >k
for an electron of energf is the same for all electrons of3-1. Definitions

the sameE, and so in general can be written as (Brown &yithout any loss of generality, any photon spectrtife) can

2.2. Thick target with general energy losses

>;3. Knee spectra theory

MacKinnon 1985) be written in the form

dE K -¥(€)

ue n €

= REE ®) hee =h, (E—) (11)

. S
whereN is the plasma column dens@g npds along the elec- wheree, is a knee energy parameter. Note that the form(ef
tron path K = 27e*A, and R(E) is the ratio of energy loss ratén general depends on our choiceef We choose to define
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the knee energy as that where the rate of change of spectral@guire that the spectral indices vary significantly away from
dex (dy/de]) is maximum, which in turn means that the secorithe knee energy. Case 3 is only a problem for knees that are
derivative must be zero {gl/de? = 0). It is important to realise infinitely sharp (a discontinuity of the first kind), which cannot
the variable spectral indexe) is not equal to the gradient of occur in reality. (Mathematically the knee needs to be not only
the spectrum on a log-log plot —i(€) = —dlogl/d loge un- infinitely sharp but be so in particular way. Specifically, writing
less the gradient is constant. The relationship between log-tog €. + de, for smallde the derivative dIry/d Ine must have
gradient and is discussed further in the Appendix along witta term in §e)™" wheren > 1.) So, in summary, we expect that
methods of estimating them from discrete spectra with noisehe thin target expression fé1(E) in (14) will be physical for

We need not be concerned with the precise meaningedf cases where variation in spectral index is localised to a knee,
other than its use in defining two properties of a spectra knesen for very sharp knees.
its size Ay and its widthAe. For the spectra of interest here
we can define these properties using a smooth parametric f@s8. Collisional thick target

for :
79 For the thick target modeR(E) = 1), (10) with expression (11)
B Ay gives
FY(E) =N + 1+ e—(E—E*)/AE ’ (12) B
Knp,V
This form has the following properties i is much smaller Fo(Eg) = Ap h(Eo)g(Eo) (16)

than the energies of interest(0) ~ 7y1, y(e0) = 72, and
v. = y(&) = (y1+v2)/2. It also satisfies the above derivawhere
tive definitions of the knee energy. In working with observed 1) 2 d
spectra, we will use (11) together with (12) to find the set g{E,) = 7’(7: ), 2 (ym £ _ 1) &y
parametersy, y2, Ae andh, that minimize the following re- € € & de
ducedy? on a set oM energy bins +( € )2 (dy)2 (I € ) dzy}

e=Ep

M ) In € de?
XZ — 1 Z [HI - h(E|)] . (13)
M-4 & o? For photon energies far from the knee the first and second or-
) o ) der derivatives ofy tend to zero and the above electron spec-
For spectra considered in this paper we used 1 keV-wide enefgiy, tends towards the standard thick target results: the injected
bins between 20 keV and 100 keV (il = 80) to evaluate g|actron spectrum has a power law indeswef2. We now turn

2 2 H H
our x°. In every casg” ~ 1 was achieved. (Problems intro-,, attention to cases wheFe(Eo) is unphysical at the knee

duced by thermal components in the spectrum were avoided rgy, specifically wherg(Ey) < O. At the knee energy, by

using a minimum energy of 20 keV, but they still preventéd definition, the logarithm and the second derivative is zero, so
from coming as close to unity as a degrees of freedom Of find that fore =

M — 4 = 76 would suggest.)

de

€

¥(€o)
62

*

[(y +1)- 2d'ﬂ} : 17)

3.2. Thin target 9(e) = dine

Th? thln targ(it slo_luélon de(ItE) (9) gli/en the deflnt|t|ort1 of the In contrast with the thin target case 3, thg/de term is non-
variable spectral index spectrum (11) (we are not ye assumil, at the knee so a large rate of change(i#) results in a

a specific form o) is large contribution td=o(Eg = €.). The contribution is positive
e\diny for an upward knee (decreasippand negative for a downward

1+ '”(E—) d |n€] : (14) knee (increasing). In the latter case, it/ increases rapidly
' <=E enough,g(Eo) can become negative aroufid = e and so

Away from the knee, wherg tends towards constant valuesgive an unphysicaFo(Eg). Specifically, the condition om(e)

this solution reproduces the well-known thin target formula réer this to happen is, by (17)

sults: the electron flux spectruR{E) has the same index as the

photon energy spectrurh(e) « €l (e). We now wish to exam- d'ﬂ i +1 (18)

ine (14) for unphysical behaviour namely whé&E) becomes dlIne 2

negative as a result of variation.s in. spectrgl index. Negativilt)ySing the parametric form foy() (12) we can derive the fol-

problems occur when the following inequality is true lowing inequality which, if true, tells us that the thick target
e\dIny spectrumo(Ep) has become negative:

In — < -1 (15)

e)dne Ac Ay
—_ < _— .
This will occur in the following three cases: 1) increasing & 2y.(y. +1)

below the knee energy, 2) decreasyamnmaabove the knee . . . .

S ) ” On this basis, a spectrum with a knee at 50 keV which steepens
energy 3)_ the log-log derivative of goes to—co fastfar than fromy1 = 3 t0 72 E 5 must have a\e greater than 2.5 keV tg
th? logarithm goes to zero at the knee energy. Since the I% _ﬁure thaF, is positive. The results of this section generalise
arithm factor goes to zero at the knee energy, cases 1 an[ Sse of Brown et al. (1991) for a special case

F(E) = h(E)y(E)

(19)
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Table 1. Properties of analysed knee flares.

20/02/2002 20022002 17032002 06082002

Time interval 0957:33.41 — 1105:56.9 - 1928:08 — 1256:24:00 —
0958:21..04 1106:35.9 1928:57 1257:40

GOES CLASS M4.3 C7.5 M4.0 C7.9

Emission measure M 0.1159 0.57 0.031

(10 cm3)

Plasma temperature /N 1.568 1.45 1.56

KT (keV)

Knee photon fluxH. 0.52 0.48 2.7 0.83

(stem?keVv)

Y1 7.4 35 35 3.6

Knee energy. 37 49 44 36

V2 3.9 4.2 43 43

Ay -3.5 0.7 0.8 0.7

Ae (keV) 3 4 18 12

Aégrir (keV) - 1.2 1.1 0.86

Energy where Flare

Backgroung? (keV) 57 79 >100 66

Energy where Flare

BackgroundlO (keV) 45 52 81 47
4. Application to RHESSI data A summary of flare properties is given in Table 1. The
4.1. RHESSI spectra and y profiles emission measure, plasma temperatdreand knee energy.

RHESSI (Lin & Dennis 2002) has nine detectors that indivirj’,lre %btainled froﬂnj| the dSPEX tr}ermalhpll:.s _doubflehpower e
ually record the arrival times and energies of incident photo 3 T, efva ue? 0 h aln Ae are from t N Attlng of the parr]r_al-h
These data are relayed to the ground allowing choices of b etric form ofy. The last two rows give t € energy at whic
ning strategy in time and photon energy to be made during background—subtracted flare spectrum is equal to twice and
analysis. For this work we required RHESSI's highest resoli?—n times the background spectrum (the background spectrum
tion of 1 keV bins in the 10-100 keV range, which forced S Ways very hard compared to the flare spectrum). For the
to omit data from detectors 2 and 7 because they have a podfé} 1argest flares in terms of GOES class, 20 Feb. 02 0958 and
resolution than intended (Smith et al. 2002). We chose timd Mar. 021728, we have applied a correction for pulse pile up

bins equal to RHESSI's rotation period (as given for the tinfe?Tection to their HXR spectra. Theffiirence between pile-

of the flare) because this ensured that there would be no mHH_corrected and uncorrected spectra was slight and, for the

ulation from the imaging grids. Before spectral analysis can Brposes of this dp{:lper:, mat()jle r:co significalrﬁagénces to.ﬂf
performed it is necessary to correct the data for the followifjCPerties quoted in the table (for example the power indices

effects: detector energy response, detector livetime, attenu (5] unchanged and the knee energy was alteredkeV).

transmission, and imaging grid transmission and pulse pile-up
(see below). These steps were performed by standard software 1 o0 Fep. 2002, 0958 UT
using the most up to date information on the instrumental cali-
bration (as of 21 February 2003). We then subtracted the batkis flare’s spectrum is very steep (indeX) until 40 keV at
ground by using the SPEX package to interpolate between twhich there is a very pronounced upward knee. This is in con-
background intervals, one before and one after the flare.  trast to the other three flares presented here that all have down-
Figures 2 to 4 show the spectra of four flares that exhibitard knees. Despite being a reasonably sized flare in overall
knees. For each spectra (in panel b) we present two versionsadints and despite hardening (indeX) at higher energies, the
they profile. To construct these we first used valuesgfy;, low energy softness means that the background does become
e. andH, from the SPEX fitting of the flare spectrum with asignificant over the upper few decades of energy, becoming
thermal plus double power law model. These values were thegual to half the flare spectrum at 82 keV. Fortunately the cir-
used as the starting point in fitting the parametric model foumstances of this flare allowed a very good background spec-
v (12) for parameters,, y», H. andAe. Using onlyH, and trum to be estimated from intervals in the surrounding minutes
e. we could then construct the values and their error barsof the peak, especially for higher energies. With this confidence
for each energy bin according to the method described in tinghe background spectrum we were able to verify that the knee
Appendix. cannot easily be explained by supposing that the background



A. J. Conway et al.: RHESSI knee spectra 729

10000. g
1000. E
7
3 100 ;
< [
~ 6
£ [
O L
> 10 N
~ ¥
[} L
C L
2 5
o ¥
a 1. ¥
4F
0.100 [
0.010 3:”‘\”‘\”‘\”‘\‘”
10 0 20 40 60 80 100
Energy (keV) Energy (keV)
(a) (b)

Fig. 1. a) The energy spectrum for the 20 February 0958 UT flajelhey profile: the points with error bars come from the logarithmic ratio
method; the smooth curve shows the parametric fit; and the horizontal lines indicate the power indices obtained from the SPEX fitting. Points
where error bars exceed the plot range are omitted.
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Fig. 2. a) The energy spectrum for the 20 February 1106 UT fley&hey profile.

10

spectrum is under-subtracted, which would produce hardevith multiplying the background spectrum by a constant factor
ing at higher energies. Firstly, the index of the background &nd subtracting it from the observed spectrum. Doing this with
much harder than this flarejs, = 4.2 and the flare'sy pro- the restriction of keeping the background line prominence to
file (Fig. 1b) shows little variation over this upper 60 keMthe noise level could not “remove” the knee. We therefore con-
range. Since the addition of two power laws does not produdede that the upward knee of this flare is a real feature of the
a power law, it would be hard to explain this profile as th#are and not a background artifact.

flare plus some unsubtracted background. Secondly, althoughThe other distinguishing feature of this flare is that there
some residual line structure can be seen, it is comparablgdjirtually no thermal component; the profile is quite flat

the noise amplitude in size, and indicates, if anything, a slighémpared to that of the other flares below 20 keV. The best
over-subtraction because background lines look like downwajguple power law fit hag? = 1.1 whereas the best thermal
pointing “absorption” lines. As a further test, we experimentgglys power law fit had/? = 3.3. The absence or weakness
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Fig. 3. a) The energy spectrum for the 17 March 1930 UT flameThey profile.
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Fig. 4. a) The energy spectrum for the 6 August 1256 UT fldameThey profile.

of the thermal emission in this flare allows us to see that the Figure 1b shows that there are smalffeliences between
spectral index o7 continues down to RHESSI's minimumthe parametric and logarithmic ratio methods for estimaging
observable energy of 3 keV (shown on thprofile, but notthe This is surprising because baogtprofiles correspond to photon
spectrum itself). Variations from this overall trend are appaspectra that fit the observations to within given uncertainties.
ent and are significant in terms of the error bars. Jipeofile However, the fact that the ratio method’s values are overesti-
clearly shows evidence of the iron lines below 10 keV and afates below the knee energy and underestimates above it sug-
another sharp feature just above 10 keV, followed by a hurgpst that the dierences are due to the bias inherent in the ratio
extending to about 20 keV. The spikes either side of the kneeethod (see the Appendix). This can be seen to some extent in
energy are an artifact of the logarithmic method of estimatitige y profiles for other flares, though in those thEeet of the

v which is discussed in the Appendix. thermal component is more pronounced.
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4.1.2. 20 Feh. 2002, 1106 UT of the thin (14) and collisional thick (16) target to provide

This flare occurred near the limb and has attracted much attlf curves plotted with the points. These spectra represented

tion due to its interesting spatial structure (Vilmer et al. 20023,Nghly smoothed form of inversion but would still show any
51phy5|cal behaviour (the spectra being negative) due to sharp

The spectrum clearly shows a softening and a thermal com;g lear] h behavi in th |
nent at low energies. The spectrum has a power law of index 55 €S- Clearly we can see no such behaviour in these plots

from about 20 keV until the knee just below 60 keV. Thereaft(within the data error limits. This can also be seen from the in-

the index is approximately 4.3, though noise becomes Signﬁelguality condition on negativity in the collisional thick target
cant on they profile above 60 keV. electron spectra (19). It places the lower limiig,; given in

The background subtraction in this case was probleme:é%blgol ;N f;lcgzaggsaévf\:a)r/sr:n ucnh ISSIS thsn Me‘oritesch flr?re ward
due to a brush with the edge of the SAA just before the flal N €p- arehasnovajue because fthas an tupwa

The dfect was to cause an apparently decreasing backgrob(rrl‘ge)'

during the main peak of the flare. We therefore chose the be- Although there_ are no negativity problems, itis possible to
see that the knee in photon spectrum corresponds to more com-

TZ{;r?r\:\(/joitjerat:a}gggioil;ns;ptteé\é?rlzCﬁ;??:\;hgelga?;gl'nttre;sé)l_ex features in the knee of the collisional thick target spectra.
' ' or example, in the 20 Feb. 02 0958 flare (Fig. 5) the curve

in the background. This SAA problem together with the facthOWS a slight upward bump just before the knee. In contrast

that this is a small flare makes the background a more deliy i 4 T b"05") 106 are (Fig, 6) shows a sight down.
cate issue than was the case for the 0958 flare. Specifically, the . .
ward bump just before the knee. For a sharper knee, that is for

downward knee could be the result of too much backgroupar erAy or smallerAe. this sliaht downward bump would be-
being subtracted. However, based on background subtract@gc -7 & 9 P

o come a negative spike.
tests similar to those performed on the 0958 UT flare we bé Another discrepancy common to all flares except 20 Feb.

lieve that the knee is a real feature of the flare. In fact, care ) . . . '
. : : : 0958 is that the thin targetfit inversion is consistently
inspection of Fig. 2a shows that the high energy backgroun . AT . g

reater than the numerical derivative inversion. This is because

. . _ g
lines are perhaps slightly under-subtracted. the y? fit for y (13) is contaminated by the thermal component

which increases the value ¢f. This is further aggravated by
4.1.3. 17 Mar. 2002, 1930 UT fact that low energy photon spectrum values have very small
This flare is similar to the 20 Feb. 0958 flare in GOES class hurticertainties and so are weighted heavily inhe

by virtue of its harder spectrum it is a brighter hard X-ray flare. ]

The constancy (within the noise) pf~ 4.1 is apparent at ener- - Discussion

gies above about 45 keV, though the strong thermal compon&vé can conclude from the results presented here that the
hides non-thermal emission below about 10 keV. From 10 kepectral knees observed by RHESSI do not challenge the va-
to 30 keV there is a constant power law of index 3.2, followeliity of thin or collisional thick target models of hard X-

by a gradual softening leading up to the knee energy at 40 ke&ys production in solar flares. This comes as no surprise for
The background is not significant with this flare as it is alwaythe thin target model because nothing is assumed about the

more than a factor of ten less than the flare spectrum. acceleration or transport of the electrons. If we had found an
unphysical feature in the thin target inverted electron spectrum,
4.1.4. 6 Aug. 2002, 1256 UT specifically a negative value, then the only assumptions that

This flare’s spectrum is similar to the 17 Mar. 1930 flare, WitFiOUId be questioned are the HXR bremsstrahlung cross-section

. ... used, the bremsstrahlung process as HXR source, or that the
a dominant thermal component below 10 keV, an initial mde‘s)%urce is optically thin
of 3.4, and a knee at about 40 keV leading to a slightly steeper For the collisional thick target model two important as-

index of 4.2. Despite the growing error bars from low energies . . . .
. . . .Y sumptions are made. Firstly, a quasi-steady state is assumed
towards the knee, there is a clear rising trengt imnd no evi-

X ; . L in the electron injection and loss to the thermal background. It
dence of a region of constantindex. If there is one, itis Presulll-. . ed that electrons are iniected with a s eCHulEo)
ably less than 3.5 and completely masked by the strong thermal. J P 0

component. The background is not a problem with this flare and that all electrons subsequently lose their energy according

S . o .
it is more than a factor of ten less than the flare at the knee. f% the same function descn_bmg energy loss ber unit column
depth. Secondly, for a quasi-steady state, the timescale of any

variation of Fo(Ep) and the life times of the electrons should

be less than the integration time of the photon spectrum. Our
Figures 5-8 show the inverted electron flux spectra for tivgegration times were all about 40 s (ten rotation of RHESSI),
four flares. The points on thin target spectra are obtainethich is longer than the 13.7 s that a 100 keV electron takes to
by taking the numerical derivative of the dath according lose all its energy in a coronal density of*@m3. The fact

to (9). Likewise the points for the collisional thick target spedhat our thick target inverted spectra contained no unphysical
tra are obtained from a double numerical derivative accordifeptures therefore gives us no reason to question these assump-
to (10). Since these derivatives involve onlyfdiencing with tions concerning electron injection and transport.

no smoothing, i.e. k/de ~ (Hi;1 — Hi)/(6:1 — §), the noise There are physical processes that lead to the spectral knees
renders their results meaningless at higher energies. As aneakn if the injected electron spectrum is a perfect power law.
ternative we used the parametric fit fpin the analytic forms Firstly, we observe not only hard X-ray emission from the

4.2. Inverted spectra
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Fig. 5. The electron spectra for the 20 February 0958 UT flare. The points are a simple direct inversion and the curve is an inversion base
the parametrig fit.
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Fig. 6. The electron spectra for the 20 February 1106 UT flare.

source in the chromosphere and corona but also emissioninéegrated RHESSI spectra. Typically, the larger flares produce
flected from lower, denser layers of the atmosphere. Soldgher values of plasma density as a result of chromospheric
albedo can be up to 40% of the direct hard X-ray emissioevaporation (Kontar et al. 2003) with equivalent knee energies
depending primarily on the spectral index and source positiaf;up to 150 keV while smaller flares have values in the range
the albedo being greater for harder spectra and lower sourdesn 30 to 60 keV. The typical change in spectral index from
Typically albedo produces deviation from power law in thiow to high energies is about0.6. Note that there is always
range between 30-60 keV (Alexander & Brown 2002). a decrease in spectral index and so non-uniform ionisation can
Apart from albedo, the allowance for non-uniform ionisa0nly explain downward knees.

tion in the chromosphere can change a spectrum significantly. Perhaps the most interesting result is the upward knee ob-
The resulting spectrum has a knee in the energy range depved in the 20 Feb. 02 0958 UT flare. Not only was this
dent on the column depth of the transition region. It was showme only example of such a knee, it was also the sharpest and
by Kontar et al. (2002) thatfiects of non-uniform ionisation largest knee (smallesgte, largestAy) of the ones we studied.
can explain observable deviations from power-law in spatialys discussed in Sect. 4.1.1, the large spectral index from 3 to
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Fig. 7. The electron spectra for the 17 March 1930 UT flare.
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Fig. 8. The electron spectra for the 6 August 1256 UT flare.

40 keV (y ~ 7) cannot be interpreted as being thermal becauben-thick target explanation to produce a much more gradual
it does not decrease with increasing energy. Also, the hard spetee. In the absence of any other explanations, we therefore
trum (y ~ 4) above 40 keV cannot be readily explained as unenclude that this upward knee is most likely to be a feature of
dersubtracted background because the index is too large #radaccelerated electron distribution itself.

it does not appear to vary (within the noise) up to 100 keV. If - A importantissue in the data analysis was the definition of

we accept that the knee is a real feature of the flare, then iLiga iaple spectral index. We considered the gradient index, the
hard to explain itin terms of transpotfects. Electrons travers- o jient of the spectrum on a log-log plot, and the exponent in-
ing a region of non-uniform ionisation cannot explain it Simplyey \yhich measures the gradient of the line between the energy

because it is an upward knee, unléssis very low. Another ¢ jnterest and the knee energy. The advantage of the gradient
transport explanation is that the electrons are magnetically bQigey is that it is intuitive and can be applied to any form of

tledinthe corona, so thatthe low energy electrons are in a thighs otym. Its drawbacks are the large errors involved in numer-
target, whereas the high energy are in a thin target. HOWever) gerivatives, and also that it does not generally correspond
if this were the case then we could expeetano less that-2 4 5 simple analytic form for the spectrum itself. By contrast,

whereas the spectra hag = -3.0. Also, we would expect the the exponent index can be estimated with much smaller errors
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and, by definition, it has a convenient analytic form. The expepectral indeX's; can be obtained by fierencing successive
nent index’s main disadvantage is the large errors and the biaties. Doing so and using (23) together with realising that
introduced near the knee energy. Also, although it was noeaors are small, i.e;; < H; (true at all but the highest energies
problem in this paper, the exponent index, as we have defidedspectra in this paper), gives following

it, can really only be used with knee spectra, i.e. for spectra  Inh(g,1) - Inh(e)  ais1/h(es1) — @i /h(e)
with one localised, monotonic increasing or decreasing charfgez - - :

?n spectral index. A parametric {inalytic for_m_ for the_expone%e first term is the log-log (negative) gradient between bins
!ndex?f was used to proy|de thin and .COH'S'OHQI thick targeénd the second terms is the error, which increases for decreas-
inversions. The assumption of a analytic forffeetively acted .neq separations between energy bins

as the r_egu_lansatlon n these |nverS|o.ns..However, unlike th The estimate of the exponent spectral index can be written
smoothing introduced in other regularisation methods, the ap-

alytic form ensured that any negativity problems caused by t ea similar fashion by replacingwith H in (21)
knee were not ‘smoothed’ away in the solution. This kind qf, = _Inh(e) ~Inh(e) _ ai/h(e) - a./h(e)
inversion technique is therefore ideal for identifying potential Ine —Ine. Ine —Ine.

unphysical features indicated by features in observed photdie first term is the log-log (negative) gradient between the
spectra. spectrum at energy binand the knee energy. So at energies
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ing the spectra. However, the exponent indexfers from another problem in
thatits errors are biased byr./[h(e.) In €.+1/ In €.] because the
spectrum’s value at the knee energy is used for estimatifog
everyi. This bias reverses over the knee which means that the
In working with the theory of spectral knees there are two coaverall change in gammay, will also be biased. Thisfiect of
venient definitions for a variable spectral index: the gradietite bias, which is not large, can be seen most clearly in Fig. 1b.
index and the exponent index. The former is perhaps more rhe presence of the bias will be most pronounced where,
tuitive as it is simply the gradient of the spectraimn alog-log and so spikes are seen near the energy in plol$ @Figs. 1b
plot: to 4b). The fundamental reason for this problem is that the as-
dInh sumed form fory (11) permitsy(e) to take any finite value.

dlne

Less intuitively, but more convenient for the theory, we cafexander, R. C., & Brown, J. C. 2002, Sol. Phys., 210, 407
Brown, J. C. 1971, Sol. Phys., 18, 489

(24)

Ings1—Ing Ings1 —Ing

(25)

Appendix: Variable spectral indices

Ys(e) = - (20) References

define an exponentindex (the exponent ) as Brown, J. C., & MacKinnon, A. L. 1985, ApJ, 292, L3I
Inh/h, Brown, J. C., & Emslie, A. G. 1987, ApJ, 331, 554

v(e) = — (21) Brown, J. C., MacKinnon, A. L., van den Oord, G. H. J., & Trottet, G.
Ine/e. 1991, AA, 242, 13

where * denotes values at the knee. For a Spectrum of ﬁf@wn, J. C., McArthur, G., Barrett, R. K., McIntosh, S. W., & Emslie,

form (11), we can see that two are related by A. G. 1998, Sol. Phys., 179, 379 _
Haydock, E. L., Brown, J. C., Conway, A. J., & Emslie, A. G. 2001,

€ Sol. Phys., 203, 355
Ys=v+ d—z In = (22) Emslie, A 6. 1975, Apd, 224, 241
Emslie, A. G., Barrett, R. K., & Brown, J. C. 2001, ApJ, 557, 921
The indices become equal in regions of constant log-log slopghns, C. M., & Lin, R. P. 1992, Sol. Phys., 137, 121
which means that away from the knée<{ e.| > A€), both will  Kontar, E. P., Brown, J. C., & McArthur, G. K. 2002, Sol. Phys., 210,
tend towards the same value. For downward knees in which the 419

log-log slope increases monotonically we can see from (32 ntsr'f'g'i_ﬁrgsgﬁ'ﬁ' g"g%vnégi %H)elz;alégogg,gApJL,submltted

thatys <y belo_vv the k.n.ee energy and > y above the knee |y R p. & Schwartz, R. A. 1987, ApJ, 312, 462
energy. These inequalities simply reverse for upward kneesi il§, R. P., Dennis, B. R., & The RHESSI team 2002, Sol. Phys., 210,
we had not defined. to be the knee energy these statements 3

would not be true angt andys could difer even in regions of McArthur, G. K. 2000, Ph.D. Thesis, University of Glasgow
constant slope. Piana, M. 1994, A&A, 288, 949

o . Piana, M., Brown, J. C., & Thompson, A. M. 1995, A&A, 156, 315
We can now compare these two definitions and examine i§na, M.. & Brown, J. C. 1008, A&A. 132, 291

effect of errors on their estimates from real data by consideripgma, M., Barrett, R. K., Brown, J. C., & Mclntosh, S. W. 2001,

a spectrum of the form Inverse Problems, 15, 1469
Thompson, A. M., Brown, J. C., Craig, |. J. D., &ubeér, C. 1992,
Hi = h(g) + o (23) A&A, 265, 278

Vilmer, N., Krucker, S., Lin, R. P., & The RHESSI team 2002, Sol.

wherei denotes an energy bin of average ener@nda; is the Phys.. 210, 261

error on the true spectruin(g). The estimate of the gradient
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