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Abstract—For the calculation of torque in brushless (BL) alter-
nating current motors a local method is proposed, based on the
Maxwell stress theory and the filtered contributions due to the har-
monics of the magnetic vector potential in the motor air gap. By
considering the space fundamental field only, the method can ef-
ficiently estimate the average synchronous torque for a variety or
motor topologies, including concentrated winding designs. For BL
direct current motor analysis a global method is introduced, based
on the virtual work principle expressed in terms of energy compo-
nents in various motor regions. The method leads to simplifications
in the average torque calculation and enables the direct identifi-
cation of the cogging and ripple components. The mathematical
procedures have been validated against experiments and other nu-
merical techniques.

Index Terms—Brushless (BL) permanent-magnet (PM) motor,
cogging torque, electric machine simulation, finite-element anal-
ysis (FEA), ripple torque, synchronous machine.

I. INTRODUCTION

THE problem of accurate and efficient computation of the
torque, based on the results of electromagnetic field finite-

element analysis (FEA), was widely studied and a large number
of numerical procedures have been proposed by other authors,
e.g., [1]–[6]. Most of the techniques are generally applicable to
electromagnetic devices and neither exploit the particularities of
rotating electrical machines nor provide the kind of insight into
the motor parameters and performance, which would directly
help with the selections involved in a practical design process.

Other FE methods were especially developed for electrical
machines, e.g., [7]–[9], and, on this subject, the present paper
brings in further original contributions by proposing two new
formulations, one local, based on a version of the Maxwell stress
applied to the magnetic field in the motor air gap and, another
one global, derived from the variation of the magnetic energy
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stored in different motor regions. The two methods have been
developed in conjunction with and as an aid to the design and
optimization of some innovative motor constructions, but the
procedures are generally applicable to brushless (BL) perma-
nent-magnet (PM) motors and, for best demonstration, typical
examples of conventional machines are employed throughout
the paper. The application to the study of BL alternating current
(BLAC) and BL direct current (BLDC) motors, respectively, is
discussed both from a computational efficiency point of view,
a minimum number of FE solutions being sought, and from
a motor engineering point of view, the assessment of various
torque components being accomplished.

II. BLAC MOTORS

A. Maxwell Stress Harmonic Filter (HFT) Method

The electromagnetic torque in the motor air gap, on a
closed surface of radius , can be calculated by integrating the
Maxwell stress tensor. For two-dimensional electromagnetic
field models

(1)

where and are the radial and tangential components of
the flux density and is the active axial length of the electrical
machine.

First-order triangular elements are used in the common prac-
tice of electromagnetic FEA, in order to ensure the highest com-
putational speed. Satisfactory accuracy is achieved in this case
for the magnetic vector potential , while the flux density solu-
tion is an order less accurate, since it is obtained by differen-
tiating the trial functions of

(2)

Because is described by a linear function over each finite
element, the components of are piecewise constant within
each element and significant errors can arise in the calculation of

, especially in the elements adjacent to an interface between
different materials [2].

To improve the accuracy of the Maxwell stress calculation, an
equivalent formulation of (1), as an explicit function of , will
be derived. Within the motor air gap, we define two concentric
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Fig. 1. Explicative for the Maxwell HFT method for computing torque based
on the harmonics of the magnetic vector potential in the motor air gap.

circles of radius and , respectively, and force on them non-
homogenous Dirichlet boundary conditions, with the values of

determined by the FEA solution. The main elements, involved
in the computations performed on a pair of poles, are schemat-
ically represented in Fig. 1, with the fundamental magnetic po-
tential waveform exemplified and plotted with continuous line
and its sine and cosine components plotted with dotted lines.

The magnetic vector potential within the cylindrical shell de-
limited by and (with ) can be analytically de-
scribed in cylindrical coordinates as [1]

(3)
The magnetic vector potential on the two circular boundaries
can be expressed in Fourier series

(4)

(5)

and, by writing (3) for and , the cross products of the
coefficients are identified as

(6)

(7)

(8)

(9)

where

(10)

Fig. 2. FE model of a six-pole IPM motor prototype with three-phase
short-pitched distributed windings.

and it has been taken into account the fact that in balanced
BLAC machines without homopolar flux, the DC components

are equal to zero.
Substituting (6)–(10) in (3), employing discrete formulations

for (1), (2), and considering the symmetries present in a motor
with pole pairs, a new computational formula is derived for
the electromagnetic torque

(11)

Most notably, this equation illustrates the mechanism of
torque production by the interaction of same-order air-gap
field harmonics. A certain harmonic will provide a nonzero
torque contribution if the sine and/or cosine coefficients of
the magnetic vector potential waves on the two boundaries are
different, respectively. Physically, this would be caused by a
change in the field direction, i.e., a variation of the radial and
tangential flux density components, under the provisions of the
Gauss law of magnetic flux conservation.

Other authors [3]–[5], using different approaches based on
the coefficients , , , and of (3), have developed for-
mulas equivalent, in principle, with (11). Our approach, beyond
its advantage of a simpler and easier to implement formula-
tion, which can be used in conjunction with any general-pur-
pose electromagnetic FEA software package, also enables in-
sights into the torque components of a BLAC motor.

The method based on (11), which resembles a harmonic filter
and is, therefore, referred to as Maxwell HFT, has been imple-
mented in the scripting language of an FEA software package
[10] and was validated on a number of example prototype BL
PM motors manufactured especially for this purpose. A BLAC
motor of the interior PM (IPM) type (Fig. 2) was built with the
stator lamination of a 184-frame three-phase induction motor.
The 36-slot core was wound with a 5/6 short-pitched double-
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Fig. 3. Experimental and computed standstill (static) torque for the BLAC
IPM prototype motor of Fig. 2. (The prototype has no rotor–stator axial skew.)

Fig. 4. Experimental and computed cogging torque of the BLAC IPM
prototype motor of Fig. 2.

layer distributed winding. The rotor was made using rectan-
gular PM blocks of NdFeB. In order to enable a fair comparison
of measured and FEA results, the prototype has no rotor-stator
axial skew and was tested at standstill (statically) with DC cur-
rent excitation, equivalent to an instantaneous AC current distri-
bution having the current in two phases equal to half the value,
and the opposite direction of the current in the third phase. The
results of this test at 15-A DC source current (Fig. 3), as well
as those of the cogging measurements (Fig. 4) indicate satis-
factory agreement of the Maxwell HFT results with the exper-
imental data, as well as with two other conventional and well
established numerical methods, namely, the Maxwell stress [2]
and the virtual work as per Coulomb–Meunier special FEA for-
mulation [6].

From a computational point of view, the Maxwell HFT
method is advantageous due to its reduced sensitivity to finite
element meshing, especially in the air gap. On the other hand,
the Maxwell HFT method is sensitive to parameters such as the
maximum order of the harmonics considered for summation.
For example, only 71 harmonics were required for the conver-
gence of the electromagnetic torque calculation of Fig. 3 and

Fig. 5. Computed electromagnetic torque versus rotor position for the
prototype IPM motor of Fig. 2 operating at rated load.

a larger number of 151 harmonics was needed for the cogging
torque calculations of Fig. 4. Such numerical aspects have been
discussed for example in [4] and [5]. The following sections
are concentrated on aspects related to the torque components
in a BLAC motor, which have not been previously studied in
conjunction with the Maxwell HFT numerical method.

B. Average Synchronous Torque Estimation

The resultant rotating magnetic field under load operation is
determined by both the rotor permanent magnetization and the
stator armature currents and has a space fundamental compo-
nent, which travels at synchronous speed in the motor air gap
and is responsible for the production of the average torque. The
open-circuit flux density high-order space harmonics produced
by the rotor magnetization also travel at synchronous speed, but
their contribution to average torque is zero because their polarity
is different to that of the fundamental space harmonic of the ar-
mature magnetomotive force (MMF), which is the only one of
the stator harmonics that rotates at synchronous speed.

The combination of this rationale with the Maxwell HFT for-
mulation indicates that the average torque component can be
estimated by limiting the summation in (11) to the first elec-
trical harmonic only. Fig. 5 shows the results of such a numer-
ical exercise for the FEA model of the IPM motor of Fig. 2 run-
ning synchronously at rated current and a torque angle of 110 .
The stator currents have been considered to be purely sinusoidal
(free of switching ripple) and the motor operation was simu-
lated through a succession of magnetostatic “snap-shots.” The
total electromagnetic torque, inclusive of harmonic ripple com-
ponents, has been calculated with (11) and . The torque
has also been evaluated with the formulation

(12)

where the flux linkages and currents have been de-
termined at each rotor position by applying the Park transfor-
mation to the phase quantities.

The torque curve calculated by the Maxwell HFT with
contains a relatively small peak to peak ripple of 3.4%, which is
comparable with the ripple of the torque computed with the
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equation (11). Several factors should be considered in the expla-
nation of this torque ripple. As the rotor moves, the air-gap per-
meance varies and the PM operating point oscillates around an
average value, a phenomenon that has been studied for example
in [8] in relation with the cogging torque production. As a con-
sequence, the equivalent MMF of the PM and the fundamental
air-gap field vary and the rotor positions of zero cogging are
more likely to provide the basis for average torque estimation.
The motor magnetic circuit is shared by the stator armature field
and local saturation can also play a role in the oscillations of the
average torque calculations. Of the two types of zero-cogging
position, the one corresponding to the alignment of the rotor
inter-pole axis with the center of a slot opening (15 electrical
degrees for this example motor) not only enjoys a much smaller
derivative of the cogging torque but also exhibits a favorable
alignment of the stator MMF.

For this example motor, the torque calculated with Maxwell
HFT and at 15 and 45 electrical degrees, has been found
to be less than 1% different of the average value of the total
electromagnetic torque. The effect of saturation on the estima-
tion has been examined by simulating motor operation between
25%–200% of rated load and agreement within 1% has been
observed.

The comparison of the Maxwell HFT equation (11), written
for the contribution of the fundamental wave only, and of (12),
which is based on the theory, points out a similarity in that
waveforms placed in quadrature are responsible for torque pro-
duction. Unlike the theory, which identifies the sources of
torque as flux linkages and currents, the Maxwell HFT method
indicates as the torque source, the spatial shift of the total mag-
netic field along the air-gap radius.

From a theoretical point of view, the theory is confined
to perfectly sinusoidally distributed windings and excitation.
While for the IPM motor of Fig. 2 this could be an acceptable
engineering assumption, it is certainly not valid for BLAC mo-
tors with concentrated windings—a design that is gaining large
popularity in industry. Such a three-phase six-pole example with
nine slots and with coils wound around each tooth is shown in
Fig. 6. This motor, although it exhibits a rather large harmonic
content, still has a rotating magnetic field in the air gap and the
considerations regarding the calculation of average torque with
the Maxwell HFT method, which were stated in the analysis of
the previous example, are valid. The FEA results from Fig. 7
show that in this case the Maxwell HFT method with has
a smaller ripple than the approximation and also provides a
good estimation, within 1%, of the average torque in the most fa-
vorable positions of 0 and 60 electrical degrees. Again, the esti-
mation of the average torque maintains a satisfactory precision,
within 2% for loads between 25%–200% of rated value. Other
motor designs, with concentrated windings, three slots per each
pole pair, different polarity and electromagnetic loading, have
been simulated with satisfactory results.

The method of average torque estimation, with the Maxwell
HFT equation applied only for the fundamental magnetic vector
potential waveform, is remarkable, as it requires only one FE so-
lutionatasuitablyselectedrotorpositionandcurrentdistribution.
This can be extremely useful, especially in the early stages of de-
signing a new motor, when computational speed is of the essence.

Fig. 6. FE model of a six-pole IPM motor design with three-phase
concentrated windings. One pole pair is used in the simulations.

Fig. 7. Computed electromagnetic torque versus rotor position for the IPM
motor design of Fig. 6 operating at rated load.

C. Pulsating and Average Torque Components

The Maxwell HFT method can also be used in conjunction
with the “frozen” permeability technique [11], which consists
of nonlinearly solving by FEA the electromagnetic field with all
sources (PM and currents) present, calculating the value of per-
meability within each element, and then fixing and using these
values for a linear FEA, where only some of the sources are
present. Through this approach, the average and ripple torque
components [12], [13], associated with various field sources and
motor design parameters, can be separated. The results can pro-
vide valuable insight into electrical machine optimization, and
will be exemplified here using four IPM designs employing the
same stator lamination (Fig. 8).

Motors A and D use the same conventional IPM rotor. The
rotor of motor B has sinusoidally profiled poles and the rotor of
motor C has slits, which act as -axis flux barriers. The same
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Fig. 8. Four IPM motor designs used for comparison. (a) Conventional rotor
and 5/6 short-pitched stator windings. (b) Rotor poles with sinusoidal profile.
(c) q-axis rotor slits. (d) Conventional rotor and fully pitched stator windings.
Only one phase winding is shown.

Fig. 9. Computed total electromagnetic torque versus rotor position for the
four IPM designs of Fig. 8.

short-pitched winding pattern is employed in all examples, ex-
cept motor D, which has a fully pitched winding. The magnet
length in the direction of magnetization has been maintained and
the number of turns has been adjusted so that the motors have
approximately the same torque constant. The physical dimen-
sions of the motors and the torque output are comparable with
those of the prototype of Figs. 2–4.

The comparative results of the torque components for rated
current and a torque angle of 120 are shown in Figs. 9–11.
The largest peak-to-peak ripple of the total electromagnetic
torque stands at 28% and is exhibited by design D, which
points to the higher harmonic content of the stator MMF as
a major cause. Of the other three designs—in which the fifth
and seventh stator MMF harmonics and their multiples are
greatly reduced—motor C has the largest electromagnetic

Fig. 10. Computed reluctance torque versus rotor position for the four IPM
designs of Fig. 8.

Fig. 11. Computed alignment torque versus rotor position for the four IPM
designs of Fig. 8.

ripple caused by the distortion of the field due to the rotor slits,
which are placed in the path of the -axis armature flux.

The rotor slits are also responsible for greatly reducing the
magnetic saliency and therefore the average reluctance torque,
as well as for introducing a large ripple into the reluctance torque
waveform of Fig. 10. The reluctance torque was computed with
the “frozen” permeability technique by setting the PM magneti-
zation to zero. For a real IPM motor, this has resulted in a virtual
synchronous reluctance motor, which can be imagined as oper-
ating concurrently on the same shaft with another virtual motor,
which produces only alignment torque. The alignment torque
data of Fig. 11 have been calculated as the difference between
the total electromagnetic torque and the reluctance torque.

The modification of the air-gap permeance function, due to
rotor pole profiling in design B, has resulted in reduced ripple
for all torque components. Also, the equivalent “on-load” cog-
ging torque, which was calculated with the “frozen” perme-
ability technique, by setting the stator currents to zero, has been
reduced to approximately half of the value corresponding to the
other three motors. However, keeping the global design picture
in mind, it should be noted that motor B has its own drawbacks,
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requiring, in order to produce the same output torque, a reduced
minimum air gap and/or having increased copper losses.

III. BLDC MOTORS

A. Virtual Work Method With Separation of Torque
Components (SCO)

According to the virtual work principle, the electromagnetic
torque equals the derivative of the magnetic co-energy
with respect to angular position at constant current. Combining
this method with the Legendre transformation, which states that
in a conservative system the variation of the input energy
equals the sum of the variation of magnetic energy and
magnetic coenergy , leads to

(13)

By expressing the input energy into a BLDC motor as a func-
tion of the flux linkages and currents through the coils,
and after mathematical manipulations, a formula for the elec-
tromagnetic torque developed by an ideally commutated BLDC
motor with square-wave currents, which are assumed constant
between two commutation switches, is derived as

(14)

where is the magnetic energy stored in the system less
the magnetic energy stored in the coils and includes components
from the air gap, magnets, rotor and stator steel and any other
motor regions which are not part of the coils. The formulas em-
ployed for energy calculations are listed in the Appendix.

The integral over an electrical cycle of the first term from the
right-hand side of (14) provides the average torque , as can
be demonstrated, for example, with the theory of the flux-MMF
diagram [7]. At any given moment in time, this term contains the
contributions due to the back-electromotive-force (EMF) har-
monics to a ripple torque component, which we define as

(15)

At zero current (i.e., open circuit) the second term of (14) is
nothing else than the cogging torque, which is due to the variable
permeance of the magnetic circuit, and by analogy we define an
“on-load” cogging torque

(16)

Coulomb proposed a stable method that enables the direct
computation of the total electromagnetic torque by a virtual nu-
merical displacement [6], rather than through a derivative as in
(15), (16). However, our technique—which enables the separa-
tion of the pulsating torques and is therefore referred to as the
virtual work SCO method—quantifies the ripple and cogging
components and can provide valuable engineering support in a
BLDC motor design optimization process.

Fig. 12. FE model of a 12-pole BLDC prototype motor with a distributed fully
pitched stator winding and a rotor with surface-mounted ferrite arcs.

Fig. 13. Experimental and computed standstill (static) torque for the BLDC
prototype motor of Fig. 12.

The virtual work SCO method has been implemented in the
scripting language of an FEA software [10] and was validated
on a number of example prototype brushless PM motors man-
ufactured especially for this purpose. A BLDC motor has been
made using the stator core of a 48-frame induction motor, which
was wound with a 12-pole fully pitched three-phase winding
(Fig. 12). The experimental rotor was built by gluing 12 pre-
magnetized ferrite arcs on a cylindrical core of laminated steel.
In order to enable a fair comparison of measured and FEA re-
sults, the motor has no stator-rotor axial skew and was tested
at standstill with DC current excitation that is representative of
BLDC operation, i.e., two phases connected in anti-series and
the third left open.

This test and the cogging measurements indicate satisfactory
agreement of the results provided by (14), with the experimental
data, as well as with the Maxwell stress and the Maxwell HFT



IONEL et al.: ASSESSMENT OF TORQUE COMPONENTS IN BLPM MACHINES 1155

Fig. 14. Experimental and computed cogging torque for the BLDC prototype
motor of Fig. 12. (The prototype has no rotor–stator axial skew.)

calculations (Figs. 13 and 14). The results of the cogging torque
computation, which is known as a challenging procedure, il-
lustrate the numerical noise—influenced by the combination of
mesh discretization and rotation step—which is present in the
Maxwell stress output and, to a much lesser extent, in the vir-
tual work SCO results.

The results shown in Figs. 13 and 14 were also compared with
those calculated using a method that integrates the Maxwell
stress over the entire cross-sectional area of the air gap [14]
and which has gained acceptance for practical applications, e.g.
[15], [16]. For the particular mesh employed in the numerical
example, the differences between the results of this integral
method and those of Maxwell HFT calculations were within
2%.

B. Average Torque Calculation With the Diagram

The current regulated BLDC operation of the IPM motor ex-
ample of Fig. 2 was simulated and the results have been used
to draw the per-phase electrical cycles in the plane of
Fig. 15. This example was selected also in order to illustrate the
effect of variable reluctance on the operation with square-wave
currents. It can be observed that, under the assumptions of ideal
BLDC operation (simulated in Fig. 15 with a fixed rotational
step of 3 electrical degrees), the diagram can be greatly simpli-
fied to a version that requires only eight points and is referred
to as . The eight points (corners) are clearly marked
in Fig. 15 and they correspond to the on/off phase commutation
moments (roman numerals: I, II, III, and IV) and to the moments
immediately before or after the phase commutation (arabic nu-
merals: 1, 2, 3, and 4). The symmetries for positive and negative
current of an phase diagram enable the reduction of in-
formation requirements for the simplified version to only four
points.

To compute, for example, the half cycle with positive cur-
rents, the rotor is positioned where the switching on of the
studied phase occurs and an FE mesh is generated. This mesh is
solved, considering the PM excitation and the current distribu-
tion just before the instant commutation, to calculate the phase

Fig. 15. Example of an i � 	V 8 diagram for the IPM motor prototype of
Fig. 2 operated as a BLDC motor.

flux linkage , and it is also separately solved, considering the
PM excitation and the current distribution just after the instant
commutation, to calculate the phase flux linkage . The
rotor is then moved by an angle equal to the phase conduction
period, typically 120 eletrical degrees, to the position where
the switching off of the studied phase occurs and another FE
mesh is generated. This second mesh is solved, considering
the PM excitation and the current distribution just before the
instant commutation, to calculate the phase flux linkage ,
and it is also separately solved, considering the PM excitation
and the current distribution just after the instant commutation,
to calculate the phase flux linkage . This newly described
procedure results in remarkable savings of computational effort
as only two FE meshes and a total of four FE solutions are
required.

It has been previously demonstrated that the area of the flux
MMF [7] or diagram [9] is proportional to the average
electromagnetic torque. In the case of the simplified
diagram, this leads to

(17)

where is the number of phases and is the set-point phase
current.

Further simplification could be possible, in principle, by as-
suming that the flux linkage difference equals

. In the example calculation of Fig. 15 the electric loading
and the magnetic saturation have been selected on purpose to
high levels to illustrate that this is not necessarily an acceptable
approximation and a per-case judgment should be made. How-
ever, (17) is generally valid, under the stated assumption of ideal
BLDC square-wave currents, and provides the average electro-
magnetic torque as function of only the phase flux linkages at
the beginning and the end of a conduction period, without any
restrictions regarding the shape of the flux linkage or back-EMF
waveform. Furthermore, the cycles plotted in Fig. 15 suggest
that, due to curve intersection and area compensation, the
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Fig. 16. Effect of phase advance on the i�	V 8 diagram for the IPM motor
prototype of Fig. 2 operated as a BLDC motor.

Fig. 17. Experimental and computed standstill (static) average torque versus
phase advance for the IPM prototype of Fig. 2 operated as a BLDC motor.

approximation could compare satisfactorily with the av-
erage torque output under realistic current switching motor op-
eration, which is modeled through a significantly more compu-
tationally extensive time-stepping procedure.

The graphics of Fig. 16 are selected from a set of compu-
tations studying the effect of the phase advance angle on the
torque produced by a variable reluctance PM motor, represented
by the IPM prototype of Fig. 2, and illustrate the shape and offset
changes in the diagram. The average torque calcula-
tions have been satisfactorily compared with experimental data,
which was collected from an IPM prototype motor with skewed
rotor, and with results computed by other methods (Fig. 17).

C. Direct Calculation of Ripple and Cogging Torque

Using the average torque calculated with (17), the ripple and
the cogging torque components of the pulsating torque, can be
directly assessed at any given rotor position with (15) and (14),
respectively. The results of such a study for the BLDC proto-
type of Fig. 12 are displayed in Figs. 18 and 19. The increase
in current loading from 6 to 9 A causes a slight reduction of the
“on-load” cogging torque, which can be physically explained
through a small modification of the equivalent slot opening due

Fig. 18. Total electromagnetic torque computed for the prototype BLDC
motor of Fig. 12.

Fig. 19. Cogging and ripple torque components computed for the prototype
BLDC motor of Fig. 12.

to tooth tip saturation. On the other hand, at overload, the torque
ripple component due to the back-EMF harmonics is increasing
in approximately the same ratio as the current loading, an ef-
fect related the global saturation of the magnetic circuit. Also
interesting to note is the fact that the cogging and the ripple
components are close to being in anti-phase, which explains the
relatively low peak to peak total ripple observed in the total elec-
tromagnetic torque.

Such a nonlinear analysis can be helpful in selecting the
most appropriate design features, such as number of slots per
pole, winding pattern, “dummy” notches in the stator teeth,
rotor magnetization, relative axial skew of rotor to stator, etc,
which will mitigate one or both of the pulsating BLDC torque
components.

IV. CONCLUSION

The methods introduced are geared toward the specifics of
the electromagnetic field in brushless PM motors. For BLAC
motors, the new Maxwell HFT formulation provides better ac-
curacy for a given mesh and, when used in conjunction with the
“frozen” permeabilities technique, yields the separation of the
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Fig. 20. Explicative for computing the magnetic energy in (a) soft-magnetic
materials (e.g. laminated electric steel) and (b) PMs with a rigid demagnetization
characteristic (e.g. rare earth or ferrite).

alignment, reluctance and cogging components out of the total
electromagnetic torque. By considering only the contribution of
the fundamental wave of the magnetic vector potential in the air
gap, and by selecting a rotor position dependent on the motor
topology, the average torque can be estimated from a single FE
solution, an approach that is beneficial in the early stages of a
practical design process when fast computation is of the essence.

For BLDC motors, the new virtual-work SCO formulation en-
sures the basis of ripple and cogging torque identification and
provides engineering support in selecting the design methods to
be used for the mitigation of parasitic torque effects. In combi-
nation with a simplified version of the diagram, and under
the assumptions of ideal BLDC operation, the method can pro-
vide an estimation of the average torque with as little as two FE
solutions. Due to the global field approach, a coarser mesh can
be used for this average torque calculation, resulting in further
computational savings and making the method highly suitable
for application in an industrial design environment.

APPENDIX

The volume density of magnetic energy in a domain with a
linear characteristic (i.e., constant permeability), such
as an air-filled region, is calculated as

(18)

For soft-magnetic materials (e.g., laminated electric steel) the
magnetic energy density (Fig. 20) can be estimated by

(19)

and in isotropic hard-magnetic materials (i.e., PMs) [17], [18]

(20)

where is the remanent flux density, and are the
components of flux density and and are the relative per-
meabilities parallel and transversal to the axis of easy magneti-
zation.
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