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Photorealistic visualization of imaging in canonical optical resonators
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We investigate the capability of open source freeware ray tracing rendering software to demonstrate
the imaging properties of canonical optical resonators. This software can directly visualize the
imaging properties of canonical resonators. We can also demonstrate effects such as the trapping of
light rays in geometrically stable resonators and the formation of fractal intensity patterns in the
eigenmodes of geometrically unstable resonators. © 2008 American Association of Physics Teachers.
�DOI: 10.1119/1.2970053�
I. INTRODUCTION

Ray tracing programs can create photorealistic images and
scenes. One popular scene for such visualization comprises
reflecting spheres; many examples can be found on the inter-
net �for example, see Ref. 1�. Such scenes contain many
surprises; four mirrored spheres in a hexagonal close-packed
structure, for example, exhibit chaotic scattering that can re-
sult in complex fractal images.2

A canonical optical resonator �or cavity�3 consists of a pair
of spherical mirrors facing each other �see Fig. 1�. Because
spherical mirrors are segments of reflecting spheres, canoni-
cal optical resonators �which we will call resonators in the
remainder of this paper� are closely related to the popular
reflecting-spheres scene. Resonators are of great technologi-
unstable resonators.

11 Such investigations would be of inter-
est in undergraduate physics labs.

II. PEEKING INSIDE SYMMETRIC RESONATORS

Resonators consist of segments of spheres of radii R1 and
R2, separated in the z direction �see Fig. 1�. The radii of
curvature can be positive or negative, corresponding to
concave/convex mirrors, respectively, with the mirror surface
being on the sphere’s inside/outside. The two mirrors respec-
tively have focal lengths f1=R1 /2 and f2=R2 /2. It is useful

3
to define the g parameters of a resonator as

991 Am. J. Phys. 76 �11�, November 2008 http://aapt.org/ajp
gj = 1 −
L

Rj
�j = 1,2� , �1�

where L is the separation between the mirror centers �see
Fig. 1�a��. For now we will restrict ourselves to symmetric
resonators, that is, resonators with g1=g2=g.

The top left frame of Fig. 2 shows the view from within a
symmetric resonator with g=−2. The frame is a computer
simulation of a photograph taken with an invisible camera
inside the resonator, pointing toward the first mirror. �Real
cameras are not invisible, but in a real experiment a similar
view could, in principle, be seen through the second mirror,
provided it was partially transparent.� The first mirror can be
seen in the center, surrounded by the checkered floor plane
and the sky. We will use the side length of the floor tiles as
the unit of distance. In the center of this first mirror is a
reflection of the second mirror, again surrounded by the
checkered plane and the sky. The reflection is inverted, so the
checkered plane appears to be above the second mirror and
the sky. Each subsequent reflection inverts once more.

Light rays originate at a light source and then are reflected,
scattered, refracted, etc. by objects. Only the light rays that
pass through a camera’s lens and hit the detector chip �or
film� contribute to a photo. Rendering based on ray tracing
considers only these light rays by geometrically tracing them

�, a uniform disk with a sharp bound-
ary can be seen in the center. This disk is yellow in the
output from our POV-Ray scripts; in print it is gray. With one
exception, we have chosen to give the mirrors a slightly
golden surface �using POV-Ray’s pigment and finish key-
words�, so that light that has experienced more mirror reflec-
tions has a more yellowish tinge. This central disk corre-
sponds to light rays that have bounced between the mirrors
many times. Its visualization requires POV-Ray to actually
trace light rays through a large number of reflections, which
can be ensured by setting the POV-Ray parameter
991© 2008 American Association of Physics Teachers



max�trace�level, which specifies the maximum number of in-
tersections with surfaces after which the program stops trac-
ing a ray any further,15 to values �50.

The existence of “trapped” light rays which bounce, in
principle, between the mirrors forever is the definition of a
resonator’s geometrical stability.16 A theoretical analysis17

reveals that resonators are geometrically stable provided that

0 � g1g2 � 1. �2�



images of any object between the mirrors, here the semi-
transparent letter “P.” Such a resonator is exactly at the edge
of stability �g=1�.

Figure 4�c� shows the more complex imaging that can
occur in stable resonators. Images of P now appear in various
sizes and orientations. Figure 5 demonstrates that ray tracing
can also be used to investigate the z positions of a few of
these images, and identifies these positions with the image
positions and orientations expected from simple geometric-
imaging theory after 1, 2, and 3 round trips.

Particularly interesting imaging properties of stable reso-
nators are associated with the limit of infinitely many round
trips through the resonator. It can be shown that in this limit
almost all stable resonators image every plane into every
other plane, which is the basis for a ray-optical explanation
of the structural stability of the eigenmodes of stable resona-
tors. �The conclusion that the previous argument holds for
“almost all stable resonators” is based on a subtle number-
theoretical argument discussed in Ref. 9.� The exceptional
resonators that do not image every plane into every other
plane instead image every plane into itself after a finite num-

a

ber of round trips through the resonator. It would be interest-
ing �but outside the scope of this paper� to demonstrate as-
pects of these properties using ray tracing with perfectly
reflecting mirrors and great recursion depths.

IV. IMAGING AND MAGNIFICATION IN
GEOMETRICALLY UNSTABLE RESONATORS

Unlike geometrically stable resonators, geometrically un-
stable resonators possess special planes that are imaged into
themselves after each round trip, with magnification �M �
�1.11 These planes are called self-conjugate planes. In con-
focal resonators, that is, resonators with L= f1+ f2, there are
two self-conjugate planes with round-trip magnifications M
=−f1 / f2 and M =−f2 / f1, respectively.20 �Confocal resonators
with f1= f2 have round-trip magnifications M =−1 and are on
the edge of stability; all other confocal resonators are un-
stable.� We restrict ourselves here to confocal resonators with
f1� f2, and study the self-conjugate plane with magnification
M =−f1 / f2. Because this magnification is negative, each im-
age is rotated through 180° with respect to its object; because
�M � �1, it is also stretched in the transverse direction.

The repeated transverse stretching of the light pattern in
the self-conjugate plane leads to an interesting effect. An
initial intensity pattern—the initial object—is provided by

the diffraction pattern in the self-conjugate plane due to any
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apertures in the resonator. Every resonator has such
tures; in the absence of any other light stop, the edges o
mirrors act as apertures. The diffraction pattern due to
apertures is particularly simple if one aperture cuts into
beam signiÞcantly more than all other apertures, in w
case it is given to a good approximation by the diffrac
pattern due to the one aperture. For example, if the
conjugate plane is in the near Þeld of a slit aperture
aperture diffraction pattern in the self-conjugate plane h
regular sinusoidal intensity variation.11 During each roun
trip through the resonator this aperture diffraction pat
gets stretched transversely. At the same time, becaus
beam passes through the aperture again during each
trip, the aperture diffraction pattern is recreated. This pro
leads to an eigenmode intensity cross section in the
conjugate plane that is fractal in nature.11,20

The emergence of fractal structure is surprising to m
people because fractals are patterns not commonly asso
with relatively simple machines, but with nature. A go
example of a fractal structure is a fern leaf, whose parts
like smaller, but complete, fern leaves, the parts of whic
turn look like complete, and still smaller fern leaves, and
on. In perfect, mathematical, fractals this self-simila
would continue to inÞnitely small size scales. In phys
fractals, such as ferns and light patterns, the self-simil
breaks down at some scale; in light patterns, this sca
usually given by the diffraction limit.

Because ray tracing does not include diffraction eff
and therefore cannot fully take into account the effect of
aperture which is so important to the creation of a fra
eigenmode structure, we cannot investigate this effec
rectly. However, the important functions of the aperture
fraction pattern can be mimicked. We can mimic the s
soidal intensity variation at the center of a slit apertu
near-Þeld diffraction pattern very crudely by placing into
self-conjugate plane a series of slightly absorbing blocks�see
Fig. 6�a�� that represent the dark bands in the diffrac
pattern �the gaps between them correspond to the b
bands�. Like an aperture diffraction pattern, this pattern
semitransparent blocks provides a pattern that is both
niÞed and recreated during subsequent round trips.

Figure 6�b� shows the view inside such a resonator.
pattern clearly has the expected fractal characteristic
horizontal brightness cross-section through the center�Fig.
6�c�� reveals a close similarity with the results of a full wa
optical simulation of the intensity cross-section in the s
conjugate plane through the eigenmode of a confocal
nator with a slit aperture.11 Given the crudeness of o
approximation of the generating pattern, the similarity is
markable.

V. TRAPPED LIGHT RAYS AND THE IMAGES
OF THE MIRRORS

We can now explain the emergence of the central dis
Figs. 2 and 3 in a different way. In Sec. II we explain th
central disk as light rays that are backprojected from
position of the virtual camera and that are then trapped
tween the mirrors. In terms of imaging, these trapped
rays occur along lines in which an observer who is p
tioned on the line and looks in the direction of the line wo
see nothing but mirrors or images of mirrors. This argum

suggests that the existence of trapped light rays, and there
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fore the distinction between stable and unstable reson
can be understood purely in terms of the position and si
the mirrors and their images.

In canonical resonators the images of the mirrors are
tered on the resonator axis. When seen from a view poi
the resonator axis, the mirrors and all their images ther
overlap in the direction along the resonator axis. Wheth
not the mirrors and their images overlap in any other d
tion depends on their angular size, which in turn is de
mined by their distance from the observer and absolute
-
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stable symmetric resonator is plotted as a function of
distance from the center of the resonator, all these poin
on a hyperbola; an example can be seen in Fig.5. The disk of
light rays trapped in stable resonators therefore has a
radius.

In unstable resonators any plane is eventually� in the limit
of inÞnitely many round trips� imaged into one particula
plane, namely the self-conjugate plane with magniÞca
�M � � 1 we mentioned brießy in Sec. IV.11 As a result of this
inÞnite imaging that reduces the size of the image��M � � 1� ,
the image of any object in the resonator is demagniÞed
eventually it has zero size. SpeciÞcally, the image of
mirror eventually looks inÞnitely small, and so trapped l
rays can occur only in the precise direction in which
size-zero mirrors are seen, that is, along the resonator
The disk of light rays trapped in unstable resonators th
fore has zero radius.

VI. SUGGESTIONS FOR STUDENT PROJECTS

Variations on our simulations could form the basis
projects appropriate for students. We suggest a few in
following.

The positions of images play an important role in sev
places in this paper. The most obvious place is Fig.5, which
visualizes the locations of individual images of an ob
placed inside a geometrically stable resonator by focus
on one image plane with a very short depth of focus.
positions of all images could be visualized simultaneousl
programing the camera to move left and right and obser
the parallax shift of the images. It would also be interes
to apply this technique to visualize the positions of the
ages of the mirrors for some of the resonators shown in
2.

A variation on the fractal pattern shown in Fig.6 would be
the creation of classic fractal patterns by mimicking diffe
aperture diffraction patterns and magniÞcations. Intere
combinations of aperture diffraction patterns and magni
tions which give rise to patterns closely related to the K
snowßake and the Sierpinski gasket are discussed in Re20.

Another variation is the effect of the longitudinal mag
Þcation in the creation of a fractal light structure in unst
resonators.21 It should be possible to observe this effect
inserting a semitransparent stripe pattern in the longitu
direction to mimic the diffraction pattern of a suitable ap
ture there.

Our Þnal suggestion is the extension to ring resonato
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