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Subluminal and superluminal propagation

In the context of spectral hole-burning, normal dispersion with subluminal propagation is usually observed in
the spectral hole-burning depth region. However, anomalous dispersion can occur in the continuous absorption
peak region, which leads to superluminal light propagation. In this paper, we report an unusual behavior
of dispersion at discontinued absorption kink regions. We demonstrate both normal dispersion at the kink

absorption region and anomalous dispersion at the spectral hole-burning depth region. The unusual dispersion
leads to a positive group index in the absorption kink region and a negative group index in the spectral
hole-burning depth region. The spectral hole-burning is due to variation of magnetization rather than the
molecular distribution. The outcomes of our work offer promising applications in communication technologies

and storage devices.

Introduction

The development of laser technologies has resulted in extraordinary
advances in quantum optics, photonics, and plasmonics [1]. The use
of coherent atomic media has enabled researchers to introduce the
phenomenon of practical interests like electromagnetically induced
transparency (EIT) [2], four-wave mixing [3], Kerr nonlinearity [4],
electromagnetically induced absorption (EIA), and so on. Coherent
control of the group index of light in an atomic medium is one of the
very important phenomena. Recently, the study of light propagation in
coherent media has attracted much attenion because of its potential
applications in high-speed optical switching [5], photon controlling
and storage [6,7], nonlinear optics [8], sensing [9,10] and quantum
communication [11,12].

The group velocity of a light pulse may exceed the speed of light in a
vacuum and may also slow down [13,14]. The group velocity can even
be negative in transparent materials. A lot of efforts have been devoted
to tune and control of the group velocity of light from one regime to
the other [15]. It has been reported that at the resonance the group
velocity can be tuned from subluminal to superluminal regime [16-
18]. More interestingly, a balance between linear and non-linear effects
in coherent media resulting in optical soliton with a negative group
index has been reported [19,20]. Sahrai et al. [21,22] studied tunable
control of the group velocity of a weak probe pulse varying from ultra-
slow to ultra-fast propagation through the variation of the relative
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phase and intensity of the driving field. The enhanced effects of ultra-
fast and ultra-low propagation have been experimentally demonstrated
based on EIT and EIA [23]. The tunability of the group index of light
is studied extensively in various media such as atomic media [24],
semi-metals [25] and photonic-crystals [26].

Spectral hole-burning (SHB) [27,28] is a phenomenon wherein a
saturating field induces a hole within the population distribution of
an inhomogeneous medium. This phenomenon has widespread appli-
cations in the realms of atomic, molecular, and solid-state physics
[29,30]. It offers promising prospects for the development of robust
devices for functions such as data storage (in the form of optical
memory) and signal processing [31,32]. Additionally, SHB finds utility
in frequency stabilization [33], optical tomography [34] and spectral-
spatial correlation studies [35]. Dong and Gao reported the observation
of coherent SHB within a Doppler broadening medium by employing
coupling and saturating laser beams [36]. In contrast, a comparative
analysis of coherent holes in various atomic mediums shows that SHB
exhibits dominance within the A-type atomic configuration [37].

The tunability of light propagation from one to the other regime is
still a topic of concern. Over recent years, numerous works have been
focused on achieving tunable control of group velocity using various
techniques and methodologies. The tunable control of group velocity
within the SHB regions is remarkably a largely unexplored domain
within the field of the high magneto-optical atomic medium [38,39].
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Fig. 1. Schematics of a five-level high magneto-optical atomic medium driving by
coherent electromagnetic probe and control fields, as visualized in 3D. Five-level
scheme showing various couplings. The two ground states are taken in superposition.
The electric and magnetic components couple the transitions [2)-|5) and |1)-|3),
respectively.

The primary motivation driving this paper is the exploration of tran-
sitions between different modes of light propagation at SHB regions
which is a matter of considerable significance within the research
community. We have achieved the group velocity’s modulation through
precise control of system parameters such as phase, Rabi frequencies,
and detuning. Our research unveils the presence of both single and
double SHB regions, wherein both normal and anomalous dispersions
have been investigated. The group index and delay time are also studied
to support our results. An observation of particular significance is the
unusual behavior of dispersion within these regions. Moreover, normal
dispersion occurs at the kink absorption region, while anomalous dis-
persion manifests the SHB depth region. Furthermore, it is important to
emphasize that this SHB phenomenon is not attributed to the molecular
distribution but rather it is due to the variations in magnetization. Con-
sequently, the five-level high magneto-optical atomic medium might
offer advantages over other atomic media. The significance of this study
goes beyond pure scientific inquiry as it carries the potential for a wide
range of applications in the fields of communication technology and
storage devices.

Model of the atomic system

As shown in Fig. 1, a high magneto-optical medium composed of
five-level atoms is considered for the tunable control of subluminal
to superluminal propagation of probe beams at the SHB regions. An
electric probe field denoted as E,, characterized by its Rabi frequency
Q, and detuning 4,, is employed to couple the states [2) and |[5).
Simultaneously, a magnetic probe field denoted as B, with its Rabi
frequency £,, and detuning 4,,, is applied to induce transitions between
states |1) and |3). Control field E; having Rabi frequency ; and
detuning 4; is driving between different levels as shown in Fig. 1. By
employing the dipole and rotatory wave approximations, we derive
the Hamiltonian for the proposed high-magneto-optical medium in the
interaction picture.

H, = —g[Qme_iA'"’ 1) (3] + 2,741 12) (5] +
Q7 A1) (4] + Qe 12) (4] +
Q5747 |3) (5|1 + H.c. (€]

The atomic states resonance frequencies o,; are related to the detunings

of the probe and control fields by 4, = ;; — w;, where o; is the
angular frequency of the driving field. Moreover, H.c is the hermitian
conjugate of each term. The dynamics of the proposed atomic system
is studied using the general master equation in terms of the interaction

Hamiltonian as [40-42]:

L 1 + ¥ +
p==lo. Hil = 5 D7 eo+ ps'c = 26pch). @
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Where p is the density operator, ¢' is the raising operator, ¢ is the
lowering operator, and y;; is the decay rate. By putting the interaction
Hamiltonian in Eq. (2), taking the summation over all the decays y;; and
using p = p; je‘iA", we obtained the following coupled rate equations
which describe the dynamics of the proposed system.

~ ~ i ~ ~ ~ ~
P13 = Aoz + S 1820 (p33 = P11) + 21045 — Q1p15],

~ ~ i ~ ~ ~ ~
P15 = Aopis + S 12np3s + 21045 = 2pp10 — 23013,

~ ~ i ~ ~ ~ ~
Pas = Azpys + E[QTPIS + 2055 — 2,040 — 230431,

~ i ~ ~ ~ ~
pas = Aypys + E[Qp(pSS = P) + 25 P45 — 230731,

~ SO - - o~
P33 = Aspyz + E[Qpp53 + 25043 — 2,021 — 230551,

~ ~ i ~ ~ ~ ~
P43 = AgPyz + E[QT/’B + 23023 — Q2,041 — £23025],

where A, is given in the appendix. Initially, the atoms are prepared in
the ground states |1) and |2). Therefore, we consider their superposition
as, |¥) = a|l) + b|2). The co-efficients are given as a = \/; and
b = ¢/?4/1 — x. We construct the zeroth order density matrix using the
definition 5 = |¥) (¥| and obtained the matrix elements i.e., /7(101) =x,
70 = e 9/x(1 = x), 5 = e#/x(1 = x), 5% = 1-x and all other matrix
elements are zero. To obtain the coherences, the above rate equations
have been solved by the integral L(f) = fjm e~St-"Qqy" = ¢-1Q. Here,
both £(r) and Q are represented as column matrices, and G is a square
matrix. After simplification, we get the electric and magnetic probe

) . 1 1 :

field coherences i.e. ;725) and E(]; respectively.

~ _ B2, + B,22, 3)

Pys = B, ’

) B, + BsQ,

P13 B : @
6

The parameters B; are given in the appendix. To determine the electric
susceptibility, we express the polarization of the medium as P = ¢, 7, E.
Additionally, considering the coherence of the electric probe field, the
polarization takes the form P = N |525|,5(215), where o,5 represents the
electric dipole matrix element, defined as o,5 = (3heyyspA’/872)!/2,
and N denotes the atomic density. By comparing these relationships,
we derive the complex electric susceptibility of the medium, which is
presented below.

_ 2Noy5(Bypy3 + ¢ Byoys)
e eohcB; ’

The atomic medium is also driven by a magnetic weak probe field. The
magnetization caused due to this weak probe field in terms of magnetic
dipole moment i.e. y 5 = c(3heyys 4> /87%)!/? and magnetic coherence
5(113) is given by M = N /413,0(1]3). Similarly, the induced magnetization
is related to magnetic susceptibility y,, by the relation y, = M/H.
Using B, = jo(M + H) along with B, = E, /c, we obtained the magnetic
susceptibility as:

()

. Beh
Bgh — N py3(Bypty3 + ¢ Bsos)o

Im =1 (6)

We calculated the permittivity of the medium from electrical suscepti-
bility as ¢, = 1 + y,. Similarly, from magnetic susceptibility the relative
permeability of the medium is obtained as y, = 1+ y,. Given that
the refractive index of a high-magneto optical medium is a complex
function that can be calculated by using n, = \/e,p,. For a five-level
atomic medium, it takes the following form.

Bg(1 + R)h

n = ( )72, @
" " Bgh — Nuy3(Bypyz + cBsoas)iy
where R is written as:
2N B +cB
R = 0p5(Bipyz +¢ 2‘725). ®

ceghB;
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The wave-vector k is dependent upon the refractive index as k =
kon,. The wave-vector of the propagating weak probe fields therefore
becomes k = kq/e,#,. The equation that governs the relation between
group index n, and refractive index n, of the system is given below.
ng =n, + w%, ©)]
where 0n, /dw is the slope representing the dispersions. The delay time
1, is the difference of time in the medium 7, to the time in vacuum ¢,
at the same length L that is written as 7, = t,, —,, where 7, = L/c and
tw = L/v, and v, = c/n,. Plugging these values in delay time, we get
t, = L(n, — 1)/c. This relation shows that the delay is positive if n, > 1.
Under this condition, ¢,, > #,, and hence the speed of light in a medium
is lower than the speed of light in a vacuum. If n, < 1 or 7, is negative
then 7,, < 7, then the speed of light in the medium is faster than that
of vacuum.

Results and discussion

We have traced plots representing the real and imaginary compo-
nents of the wave vector, denoted as k, which have been normalized
to the reference wave vector k. The results for the group index and
delay time are also simulated as functions of the normalized probe
field detuning, 4,/y. The imaginary part of the wave vector, denoted
as Im(k), governs the absorption spectrum of the weak probe field. On
the other hand, the real part of the wave vector, Re(k), is associated
with the dispersion spectrum of the probe field, which describes how
the phase velocity of the wave changes with frequency. Generally,
superluminal propagation is reported at probe field frequencies at
which high absorption occurs, and subluminal propagation in regions
characterized by SHB (Low absorption) as evident from literature [43].
In this paper, we report two distinct SHB regions, there is superluminal
propagation of light in one of these regions while subluminal propa-
gation in the other region. More importantly, we report a distinctive
phenomenon that we have referred to as “kink-type SHB” in the region
where there is a discontinuity at the absorption peak. In this region,
the absorption of light exhibits unusual behavior i.e., the results show
alternating subluminal and superluminal propagation of light pulses in
the kink and SHB regions. To obtain our results, we assumed an atomic
decay rate of 1 GHz and scaled all other frequency-related parameters
accordingly, relative to this decay rate y. Additional parameters utilized
in simulation include the magnetic decay rate, y;; which is taken as
(2/137)y, angular frequency w set to 10*y [21] and wavelength A is
calculated as 2zc/w.

In Fig. 2, the absorption (Im(k)) is plotted as a function of the
normalized probe field detuning, 4,/y. The imaginary part of the wave
vector is normalized by the reference wave vector k,. The SHB is the
selective frequency bleaching within the absorption spectrum [44,45].

Our analysis focuses on two distinct types of SHB theoretically
associated with the absorption spectrum i.e., the holes that appear after
the “discontinuous absorption kink” and the “continuous absorption
hole”. Our primary objective is to identify the presence of these SHBs
in the absorption spectrum and subsequently categorize them as either
“discontinuous kinks” or “continuous absorption holes”. We examined
the dispersion behavior of these two types of SHB in the subsequent
plots presented in Fig. 3. The absorption is studied at various strengths
of the control field. When the Rabi frequency || = 3y, the absorption
spectrum exhibits two depths, precisely at probe field detunings of

4, = =2y and 4, = ly. The values of parameters are adjusted to
4y = 09y, 4, = =08y, 43 = —0.6y, |2),| = 3y, ¢ = 7, ¢, = 7/12,
@, = n/2, and @3 = =/15. Notably, the SHB at 4, = -2y occurs

after a discontinuous absorption kink region, while the other SHB at
4, = ly is reported after a continuous absorption region. The presence
of these kinks and sharp peaks is clearly illustrated in Fig. 2a. Under
an alternative set of parameters, 4; = —0.6y, 4; = —0.6y, |2, 53| = 0.3y,
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Fig. 2. The absorption is plotted against the normalized probe field detuning 4,/y. (a)
A spectral hole-burning after discontinuous kink at 4,/y = -2 and 1, respectively. (b)
Spectral hole-burning in continuous absorption spectrum at 4,/y = —1,-0.5,0,0.5, 1. (c)
Spectral hole-burning after kinks in the absorption at 4,/y = -5,3.

¢ = —xn/6, ¢ = —x/2, $p = —x/6, and ¢; = —x /4, a single SHB is
reported within a continuous absorption spectrum. Without changing
the peak value of absorption, the frequency at which this SHB appears
depends upon the relative value of the detuning 4,, as can be seen in
Fig. 2b. Tuning the controlling parameters to 4, = —0.1y, 4, = —0.9y,
(2,31 =4y, =0, ¢, =0, ¢, = —7/8, and ¢; = —x/7, the occurrence of
kinks in the absorption spectrum are reported, accompanied by SHBs.
These SHB after kinks manifest at probe field detunings of 4, = -5y
and 4, = 3y as shown in Fig. 2c. In this case, the peak of absorptions
shows an alternate behavior with 4;, it can be seen that as the peak
value of one kink reduces, the peak value of other kink regions starts
to enhance with 4;.

In Fig. 3, we have plotted the real component of the normalized
wave vector k/k, against the normalized probe field detuning. Normal
dispersion is associated with a positive group index and hence slow
light propagation.

Conversely, anomalous dispersion corresponds to ultra-fast prop-
agation (superluminality) and is characterized by a negative group
index. We studied the dispersion profiles of both types of SHBs, namely
the “discontinuous kink” and “continuous absorption spectral-hole”.
We maintain the same parameters as used in Fig. 2, for which the
corresponding SHB in the absorption spectrum were observed. When
using the same parameters as Fig. 2a, alternate normal and anomalous
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Fig. 3. The dispersion Re(k/k,) is plotted against the probe field detuning 4,/y. (a)
Normal and anomalous dispersion can be observed at the discontinuous kink and
spectral hole-burning, respectively. It can be seen that the dispersion profile for the
values of 4,/y between -3 and -1 is totally opposite from the other two results. (b)
Usual steep and normal dispersion at the spectral hole-burning. (c) Dispersion profile
of kinks at both the negative and positive frequencies.

dispersions are reported, specifically, when | 23 |= 3y. It is noteworthy
that these dispersive behaviors align with the absorption kink and
SHB regions, respectively. This observation deviates from the typical
behavior. However, in the region of the second SHB, which is re-
ported after continuous absorption, we observe anomalous and normal
dispersions at the continuous absorption peak region and SHB depth
region, respectively, as depicted in Fig. 3a. In a scenario using the same
parameters as similar to Fig. 2b, where SHB occurs within continuous
absorption, the dispersion slope is steep and normal, as demonstrated
in Fig. 3b. Under the same parameters as Fig. 2c, where we observed
alternating kinks in absorption and SHB at 4, = -5y and 4, = 3y,
the unusual dispersion for both negative and positive frequencies are
reported, as illustrated in Fig. 3c.

To validate the above results it is important to look for the behavior
of the group index and delay/advance time at those frequencies where
such SHB is reported. Therefore, in Fig. 4, we plot the group index,
denoted as n,, as a function of the normalized probe field detuning. It
is important to note that the behavior of the group index is tied to the
dispersion properties of the medium. Specifically, during steep normal
dispersion, the group index assumes a positive value, and this value is
notably enhanced. In contrast, in the region of anomalous dispersion,
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Fig. 4. Group index is plotted vs. 4,/y, using the same parameters as Fig. 2. (a)
Positive group index at the kink frequency and negative group index at the spectral
hole-burning region, while the group index is positive at the continuous absorption
frequency. (b) Positive group index at the continuous spectral hole-burning frequency.
(c) Conversely, positive group index in the kink frequency and negative group index
in the spectral hole-burning region.

the group index attains a large but negative value. In the SHB region,
specifically at 4, = -2y as depicted in Fig. 2a, we investigate a rather
unconventional dispersion behavior.

In the absorption kink region, the group index exhibits a highly
positive value, while in the SHB depth region, it takes on a significant
negative value. However, in the continuous absorption region normal
dispersion leads to an enhancement of the positive group index, as
demonstrated in Fig. 4a. Under the same parameters as in Fig. 2b,
where a single SHB takes place at various values of 4, within a
continuous spectrum, the group index experiences a significant boost,
but positive. This increase in the group index leads to a reduction in
the group velocity, as illustrated in Fig. 4b. With parameters matching
those of Fig. 2c¢, where unusual dispersion arises due to the discon-
tinuous absorption kink and SHB depth region, the group index is
alternately positive and negative at negative detuning, and its value
changes from negative to positive at positive probe field detuning. But
the same behavior as Fig. 4a seems to be valid in this case as shown in
Fig. 4c.

In Fig. 5, the results are traced for delay time as a function of the
normalized probe field detuning, represented as 4,,/y. It is important to
note that the behavior of delay time is closely associated with the group



A. Khan et al.
x107®
sk —|Q3|=37’A3=_0.6ry i
—|Q3|=4Y,A3=0Y

D
E
=
8
=
z 0.0 J
B v A '
>
=
D
[=)

-1.5 F b

-5 0 5
Normalized detuning (A,/y)

Fig. 5. Delay time 7, have been plotted against the normalized probe field detuning
4,/y for medium of length L = 0.06 m. Considering the black curve, 7, is positive at the
kink frequency and negative at the spectral hole-burning region, similarly ¢, is positive
at the continuous spectral hole-burning region. The ¢, is positive at the kink frequency
and negative at the spectral hole-burning region at both negative and positive probe
detuning as evident from red curve. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

index. Specifically, when the group index is negative, the group velocity
v, also becomes negative. In this situation, 7,, is less than #,, indicating
negative group velocity which leads to superluminal propagation. By
utilizing the same parameters as those in Fig. 2a, which corresponds
to the region of unusual dispersion associated with SHB, we report
a delay time of approximately +1.5 ps. In contrast for the typical
dispersion region, the delay time is 0.5 ps, which is significantly shorter
as illustrated in Fig. 5 (black curve). Using the same parameters as
Fig. 2c, which pertain to the unusual dispersion behavior observed in
the regions of absorption kink and SHB depth at 4, = -5y and 4, = 2.5y,
the 7, are approximately +0.3 ps and +1 ps, respectively, as presented
in Fig. 5 (red curve).

Conclusions

In this paper, the spectral hole-burning and related subluminal/
superluminal propagation of probe are controlled and modified in a
high magneto-optical medium. The density matrix approach is used
as the underlying theory for the calculations of the refractive index
of the high magneto-optical medium. The unusual behavior of dis-
persion is investigated at the discontinued absorption kink region. At
the kink absorption region, normal and spectral hole-burning depth
region anomalous dispersion is observed, which shows a contrasting
behavior in the case when spectral hole-burning occurs in a continuous
absorption region. Due to unusual dispersion positive group index in
the absorption kink region and a negative group index in the spectral
hole-burning depth region are reported. It is important to note that the
spectral hole-burning is reported due to magnetization variation, which
offers an advantage of this medium over the other schemes of spectral
hole-burning. The results reported in this manuscript have potential
applications in communication technology and storage devices.
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Appendix

The parameters A; and B; for the coupled rate equations and coher-
ences are given by the following expressions.

. 1
A =i, — E(V41 +731 +753)

. 1
A, = i(43+4,,) - 5()’31 +741)s
Ay = i(4, + 4y — 4)),

. 1

Ay =id, - 5(7’42 +¥s2)s
. 1

As = i(4, - 4;) - 5(7’42 + Y52 +753),
. 1

Ag = i(4, — 4 - 7753

iexp(gy/x(1 —x))
) ,

Ag = i(1 —x)

iexp(—1p/x(1 — x))
2 s

By = —2i(Ag|2,1*12;] + Ag|2,*|23 02 + Ag
12310,04)e'®3 — |2, | £2,]|823] x @3+ 42=01)
+4e' 97010, (1250014 + 19257016 + 127015

B, = —4AsAg|Q,|* + 44545271, P12, |
—4A5Ag| 2,70, — 4A5A50,04 — €12 |
(19217013 + 16A5(Ay A3 Age'®1 2| — A, Ag
010) + 4012125 ),

B; = (|2, |201 + 02(403|92|2 + |-Qz|4 +0401)
+212, 1720512, * + 0,06)),

By = 2i0gAge' 1|02, |1925]7 - 2iAg| @20y x - 2iA,
040X — 2ie792(A4| 2,112,107 — Ay 12,0,
— 44,142, 03).

Bs = —8i(0,; Age'®! | Q|| — 034,¢'*2 Ry) — 2ie s
1211701019231 — 2ie™" 249910, 0| 24]
— Age'?1102,12517 +
2iA7e_i¢3 12 |2|Q3|01 - 2I'A7e_id’3 [23]040,,

B = (|1€, |401 + 02(403|92|2 + |-Qz|4 + 0401)
+212,* 20512, > + 0,05))-

Where g, is given by the following relations

0 = 4A4As + 252,
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0y = 44, A, — |25]7,

03 = A3A, + AsAg,

04 = 44346 — 12517,

05 = AjAy + AyAs,

06 = 2A,A5 +2A, Ag + |52,

07 = 2iAge1 Q| + €22, |x,

05 = 2iA3A4Age' | Q)| + (A3A4|2;|x + A5 Ag
12, ]x)e'?2,

09 = Ay — Ay + Ag,

010 = —Aseid” 12| + A7e'%2|Q,,

011 = Ay(Az + As) + A5 Ag,

01n = 2A5A4|R2,1€1 + (A| + A3 — A5)A;|2, ]2,

013 = 4A) Ag| Q[P + 44 A7|2, ]2,

014 = —2i(ay A5 + A  Ag)Ag| 2, € + (Ay(As — A3)
+ A5 Ag)|2,|xe'¥2,

015 = 2iA9|.Ql||.Q3|ei(¢1+¢3) + |92||.Q3|xei(‘/’2+¢3),

016 = —4iAg|2, 10231 P179) — |, ||25]xe P29,
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