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A B S T R A C T

Pulmonary arterial hypertension (PAH) is a rapidly progressive and fatal disease, with right ventricular failure
being the primary cause of death in patients with PAH. This study aims to determine the mechanical stimuli
that may initiate heart growth and remodelling (G&R). To achieve this, two bi-ventricular models were
constructed: one for a control rat heart and another for a rat heart with PAH. The growth of the diseased
heart was estimated by warping it to the control heart using an improved large deformation diffeomorphic
metric mapping (LDDMM) framework. Correlation analysis was then performed between mechanical cues
(stress and strain) and growth tensors, which revealed that principal strains may serve as a triggering stimulus
for myocardial growth and remodelling under PAH. The growth tensors, estimated from in vivo images, could
explain 84.3% of the observed geometrical changes in the diseased heart with PAH by using a kinematic cardiac
growth model. Our approach has the potential to quantify G&R using sparse in vivo images and to provide
insights into the underlying mechanism of triggering right heart failure from a biomechanical perspective.
1. Introduction

Cardiovascular disease leads to nearly 74,000 deaths annually in
the United Kingdom, with an economic impact of £19 billion per year.
Pulmonary arterial hypertension (PAH) is a rapidly progressive and
fatal disease, with a median survival of 2.8 years if left untreated [1]. As
PAH progresses, the right ventricle (RV) undergoes significant growth
and remodelling, including hypertrophy, dilatation, and fibrosis [2].
Eventually, the RV becomes unable to pump adequate amount of
blood into the pulmonary arteries, resulting in death. The imbalanced
mechanical environment associated with PAH plays a critical role in
triggering RV growth and remodelling (G&R). However, there has been
limited focus on understanding the G&R of RV during the progression of
PAH [3,4], despite the importance of RV being equal to that of the left
ventricle (LV) [5,6]. Therefore, there is an urgent need to develop math-
ematical models that can accurately represent RV biomechanics under
both normal and pathological conditions, as well as the mechanisms
underlying its evolution.

The phenomenological volumetric growth theory has been exten-
sively utilized in cardiovascular research to model the growth and
remodelling of soft tissues [7–9]. However, this theory has limitations
in distinguishing between different biological constituents, including
myofibres (i.e. myocytes), collagen fibres and ground matrix, which
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are crucial for understanding the mechanics and mechanobiology of
the cardiovascular system. Mechanical stimuli, such as myofiber stretch
or stress, are commonly considered as triggers for G&R, leading to
two pathological conditions: eccentric and concentric growth [7]. More
recently, Guan et al. [10] studied a general hybrid growth of concentric
and eccentric patterns in LV triggered simultaneously by stress and
stretch by employing an updated Lagrangian constrained mixture ap-
proach. While validation of cardiac G&R requires carefully designed
experiments, even measuring G&R tensor can be problematic because
of tracking biological material points over weeks and months.

Advancements in imaging technologies, such as cardiac magnetic
resonance imaging [11,12] and ultrasound imaging [13,14], have fa-
cilitated the quantification of regional geometry in vivo. Deep learning
approaches have enabled automatic three-dimensional ventricular seg-
mentation of cardiac images, offering faster and more accurate methods
for extracting a large volume of 3D geometries [15–17]. This progress
has made it feasible to track heart growth in vivo by comparing the
geometries of the heart at different pathological states. For example,
O’Regan et al. [18] quantified LV remodelling by employing a 3D
co-registration approach based on intensity-based similarities and in
vivo cine and late gadolinium-enhanced images to monitor ventricular
expansion. In an eight-week long volume overload study in pigs,
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Costabal et al. [19] measured growth tensor with progression of vol-
ume overload, and quantified the correlations between the number of
sarcomeres and the expansion of myocytes through machine learning.
Meantime, Peirlinck et al. [20] transmit the experimental uncertainties
from the organ level down to the cellular scale via their computational
growth model, thereby quantifying the concordance between the ex-
perimentally observed changes and those predicted by computational
approach at the cellular level. They proposed that the elongation in
myocytes was predominantly triggered by stretch, and validated a
stretch-induced growth tensor elucidated 52.7% of the G&R observed
in myocyte morphology. In a recent study, Li et al. [21] proposed a
novel method to estimate the apparent growth tensor of the human
LV by co-registering four different LV geometries of the same patient,
reconstructed from in vivo cine magnetic resonance imaging and late
gadolinium-enhanced images at four different time points following
myocardial reperfusion.

The Large Deformation Diffeomorphic Metric Mapping framework
(LDDMM) is a widely utilized method for non-rigid registration of heart
geometries, known for its effective registrations and evolution routines
in physical modelling. LDDMM has been applied in various studies
investigating the computational anatomy of the heart [22–24] and the
brain [24–26]. Diffeomorphisms within the LDDMM framework are
regularized by a norm that maps a template geometry to a target geom-
etry, and an optimization procedure is used to determine diffeomorphic
routines, which enables statistical analysis of the registration results.
For instance, Beg et al. [23] employed LDDMM and geodesic shooting
to compute a digital 3D anatomical average atlas of the biventricles
from a collection of images, while Biffi et al. [22] utilized the LDDMM
framework to estimate the deformation from the mean shape of the
LV to different anatomical models of subjects. Guan et al. [5] recently
utilized the LDDMM framework to estimate the deformation of a heart
from a template shape to a target shape, facilitating the computation
of a deformed fibre structure. This approach enables a more reliable
estimation of local shape changes.

Shape analysis methods using in vivo non-invasive images for esti-
mating the apparent volumetric growth have been developed success-
fully in the literature [21]. However, it has not been shown that to
which extent the estimated apparent G&R tensor can be informative
to the actual myocardial growth. If it is informative, then how it will
correlate to imbalanced biomechanical homeostasis. This study aims to
develop experiment-informed G&R models to provide new insights into
RV failure under PAH. We aim to decipher the onset of adverse growth
and remodelling using controlled rat experiments. Firstly, rat heart
models with preserved main anatomical structures were reconstructed
from ultrasound images, including both the LV and RV. The anatomical
changes in the RV and LV at different stages were further qualitatively
computed using the LDDMM framework. Finally LDDMM-estimated
G&R tensor is validated through a volumetric growth model, and a
correlation analysis with biomechanical factors were also carried out.
In this work, our contributions include:

• Personalized biventricular models of PAH-affected rats from in
vivo ultrasound data;

• Improved LDDMM framework for estimating myocardial growth
and remodelling by taking into account soft tissue growth pattern
under PAH, such as primary growth along myofibire directions;

• Quantification of growth tensors by mapping a normal heart to a
diseased heart;

• Identification of a strong link between growth tensors and my-
ocardial strains, which can account for 83.4% of the geometric
change in the diseased heart.

The structure of the paper is organized as follows. Section 2 de-
ails the development of image-based PAH models, including both
he passive and active myocardial mechanics. Section 3 introduces
rowth tensor estimation from a control heart to a PAH heart with
n improved LDDMM approach. Section 4 firstly presents a correlation
2

c

Table 1
Abbreviations list.

Symbol Meaning Symbol Meaning

PAH Pulmonary arterial hypertension RV Right ventricle
LV Left ventricle G&R Growth and remodelling
LVFW LV free wall RVFW RV free wall
EDP End-diastolic pressure ESP End-systolic pressure
EDV End-diastolic volume ESV End-systolic volume
ES End systol ED End diastole
MCT Monocrotalin SEP Septum

LDDMM Large Deformation Diffeomorphic Metric Mapping framework

analysis between mechanical cues and estimated growth tensors, then
followed by a hypothesis test using a stress/strain-driven G&R model.
Section 5 further discusses how myocardium adapts under PAH. Finally,
concluding remarks can be found in Section 6. All abbreviations in this
study are listed in Table 1.

2. Personalized PAH model

2.1. Animal model of PAH and acquisition of in vivo data

Details on the animal model of PAH can be found in our previous
study [13]. In brief, to develop PAH, male Sprague Dawley rats received
a single subcutaneous injection of monocrotaline (MCT; 60 mg/kg). In
week 4 post injection, MCT rats developed severe PAH. Control rats
received phosphate-buffered saline (PBS; 2 mL/kg). In vivo pressure–
volume data were obtained via cardiac catheterization in closed-chest
rats using micromanometer, high-fidelity 1.9-F rat pressure–volume
catheter (Transonic, London, ON, Canada), as described [13]. Ultra-
sound images of long- and short-axis view of the hearts were obtained
using a high-frequency ultrasound system (Vevo 2100; Visual Sonics,
Toronto, ON, Canada), as shown in Fig. 1 for one MCT rat and one
control rat with manually delineated wall boundaries.

2.2. From image data to rat heart models

To reconstruct 3-D finite element bi-ventricular models, the two
ultrasound images (both the long-axis and short-axis images) were
first segmented manually as shown in Fig. 1, and then the boundary
contours were interpolated in the short-axis view by using in-house
developed MATLAB codes for further geometry reconstruction. The
detailed steps can be found in Appendix A. A rule-based fibre structure
for myocyte aggregation is generated for the reconstructed biventricle
with a fibre angle linearly rotated form 60◦ at the endocardium to
−60◦ at the epicardium [5]. Finally a lumped-parameter model for
the pulmonary and systemic circulation systems is attached to the
cavities of LV and RV in order to provide physiologically accurate
pressure boundary conditions, as shown in Fig. 2(a) and (b). The sets
of parameters in the lumped-parameter models are listed in Table A.1
in Appendix A.

2.3. Structurally constitutive law

In this study, we consider three main constituents in the my-
ocardium, which are the ground matrix, myofibres and collagen fibres.
Collagen fibres are the main unit to bear load when the heart is
passively loaded, myofibres provides active tension during cardiac
contraction. The total strain energy function for the myocardium is

𝛹 = 𝜙g 𝛹g + 𝜙m 𝛹m + 𝜙c (𝛹cf + 𝛹cs + 𝛹cn) (1)

here 𝛹g, 𝛹m, 𝛹c are the strain energy functions associated with
he ground matrix, myofibre, collagen fibres, while 𝛹c are further
ecomposed into three orthogonal responses, parallel to myofibre (𝛹cf),
ross to myofibre along the sheet direction (𝛹 ), and the sheet-normal
cs
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Fig. 1. The long- and short-axis views of the ultrasound images for control (a) and monocrotaline (MCT) rat hearts, respectively. The red curves outline the contours of ventricular
walls.
Fig. 2. Reconstructed rat heart models under control (b) and MCT (c) with simple circulation systems and rule-based myofibre structures. 𝐟0−𝐬0−𝐧0 is the local material coordinate
system, in which 𝐟0 is the local mean fibre direction, 𝐬0 is the sheet direction, i.e., transmural direction from endocardium to epicardium, and 𝐧0 is the sheet-normal direction.
MV: mitral valve; AV: aortic valve; RA: right atrium; TV: tricuspid valve; PV: pulmonary valve; LA: left atrium; RA: right atrium; AOR: aorta; and PA: pulmonary artery. 𝑅 is the
viscous resistance coefficient of the fluid exchange properties between two connected cavities [27], for example, the resistance between the right ventricle and the right atrium,
which effectively represents the pulmonary valve resistance. 𝐶 is the compliance and is tuned to provide the appropriate pressure–volume response for that cavity.
direction (𝛹cn), respectively. The detailed expressions of the functions
are described in Appendix B, and the volumetric fraction for each
constituent is 𝜙g = 0.274, 𝜙m = 0.7 and 𝜙c = 0.026. Finally, the total
elastic passive stress of the myocardium is

𝝈p = 𝐽𝐅 𝜕𝛹 (𝐅)
𝜕𝐅

− 𝑝𝐈, (2)

where 𝐽 = det(𝐅), 𝑝 is the Lagrange multiplier to ensure the incom-
pressibility of myocaridum, and 𝐈 is the identity tensor. The myocardial
active stress is defined by

𝝈a = 𝑇𝑎�̂�⊗ �̂�, (3)

where 𝐦0 is the myofibre direction, and �̂� = 𝐦∕|𝐦| with 𝐦 = 𝐅𝐦0,
and 𝑇𝑎 is determined by a well-established length-tension model [28].
Details of this active contraction model can be found in Appendix B.
Finally, the total Cauchy stress is

𝝈t = 𝜙g𝝈g + 𝜙m𝝈m + 𝜙c(𝝈cf + 𝝈cs + 𝝈cn) + 𝜙m𝝈a − 𝑝𝐈. (4)

Studies [3,29–31] have shown that the distinct mechanical prop-
erties of the LV and the right ventricular free wall (RVFW) lead to
different responses to PAH-induced pressure overload. For example, sig-
nificant RVFW remodelling and adaptation, involving myocardial hy-
pertrophy, increased intrinsic contractility and collagen fibrosis. There-
fore, it is necessary to divide the whole heart into two parts, LV
and RVFW, in order to capture these complex interactions and their
different growth and remodelling mechanism. As shown in Fig. 3(a),
we divide the heart into two domains in this study, the LV and the
RVFW, and further assuming the LV and RVFW can have different
material properties [3]. The detailed approaches to determine material
properties of LV and RVFW in the control and MCT hearts are explained
in Appendix B. The LV can be further divided in to LV free wall (LVFW)
and septum (SEP), as shown in Fig. 3(b)

2.4. Cardiac functions of the control and MCT hearts

Fig. 4(a) shows the simulated pressure–volume loops of the control
and MCT rat hearts, in which RV end-systolic pressure increases by
3

100% from 28.9 mmHg in the control heart to 58.2 mmHg in the
MCT heart. Reduced RV pump function can be found in the MCT
heart, almost halved ejection fraction in the RV (28.5%) compared
to the control heart (63.2%). The MCT heart also has a slightly de-
creased LV ejection fraction compared to the control heart, 56.3%
v.s. 66.6%, which may be caused by the dilated RV that pushes the
SEP towards the left side as shown in Fig. 1, and thus restrains the
diastolic filling in the LV. The deformed shapes at end systole (ES) and
end diastole (ED) are shown in Fig. 4(b) contoured by the myofibre
stress (𝝈ff). Compared to the control heart, MCT heart has much stiffer
myocardium, as evidenced by the material parameters in Table B.1,
with much stiffer RV free wall compared to the LV wall. Although
the maximum active tension for the MCT heart is twice of that of the
control heart, active stress at the ES in RVFW is similar. Interestingly,
higher 𝝈ff can be found in the SEP of the MCT heart. In general, the
two calibrated cardiac model can reproduce the main characteristics of
cardiac functions under control and MCT states, see Table 2 for detailed
comparison with measured data.

3. Growth tensor estimation

3.1. Growth estimation from the two heart models

Here, we estimate the amount of growth from the control heart to
the MCT heart by assuming the MCT heart grows from the control
heart. Deformetrica,1 an open-source package based on a large defor-
mation diffeomorphic metric mapping (LDDMM), is employed to warp
the control heart to the MCT heart as shown in Fig. 2. The loss function
() is defined by the varifold distance () between the surfaces of the
control (𝐶𝛼) heart and the MCT (𝐶𝛽) heart [32], see Appendix C for the
detailed definition of .

After warping 𝐶𝛼 into 𝐶𝛽 , the displacement fields for all nodes on
the surfaces of 𝐶𝛼 can be obtained, denoted as 𝐮Ex. The displacement

1 http://www.deformetrica.org/.

http://www.deformetrica.org/
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Fig. 3. (a) The division of LV and RVFW in the control and MCT hearts, and (b) the LV is further divided into LVFW and SEP.
Fig. 4. (a) Pressure–volume loops of the Control and MCT rat hearts. (b) Distribution of stress component along fibre direction (𝐒ff) in myocardium at end of systole (ES) and
end of diastole (ED).
Table 2
Comparison of hemodynamic data between computations (COM) and experiments (EXP).

Model Pressure (mmHg) Volume (ml)

LVEDP LVESP RVEDP RVESP LVEDV LVESV RVEDV RVESV

Control EXP 10.7 115.3 3.5 25.8 0.346 0.120 0.355 0.134
COM 10.7 115.8 3.5 28.9 0.341 0.114 0.353 0.130

MCT EXP 14 98 7.7 59.5 0.225 0.085 0.466 0.334
COM 14 103 7.7 58.2 0.240 0.105 0.467 0.334
vectors of interior nodes within the ventricular wall are then interpo-
lated by solving a Laplace system with Dirichlet boundary conditions,
that is

∇2𝐮 = 0, with 𝐮 = 𝐮Ex at external surface. (5)

Following the finite deformation theory, the mapping tensor of
warping the control heart into the MCT heart is defined as

𝐆 = ∇𝐮 + 𝐈. (6)

Note that 𝐆 and 𝐮 are associated with the control model, and det(𝐆)
represents the volumetric growth amount from the control heart to the
MCT heart. The growth amount along each material axis is 𝐺𝑖𝑗 = 𝐆 ∶
𝒊0 ⊗ 𝒋0 with 𝑖, 𝑗 ∈ {f, s, n}.

Because Eq. (5) only takes into account the distance between the
two surfaces, we further include two cues to improve the quality of
warped mesh network with an updated loss function, that is

 =  +  +, (7)

where  is the normalized volume variance of elements and  measures
the quality of each four-node tetrahedral element. Further details of 
and  can be found in Appendix C. To further quantify effects of ,
 and  when mapping from the control heart to the MCT heart, four
cases are introduced, they are
4

• Case 1:  = ;
• Case 2:  =  +;
• Case 3:  =  +  ;
• Case 4:  =  + +  .

3.2. Results: Improvement of LDDMM

Fig. 5(a) shows the mapping displacements on external surfaces
from Case 1, and Fig. 5(b) shows the mapped interior nodes within
the cardiac wall from Case 4 after the interpolation using Eq. (5).
Compared to Fig. 5(a), it can be seen that by including more cues in
the loss function , a much more homogenized element volume can be
found in Fig. 5(b). Fig. 5(c) illustrates the goodness of fit of each case
compared to the MCT heart (solid blue colour). All external surfaces
seem to match the targeted MCT heart, while final loss function varied
for each case as shown in Fig. 5(d). Although the least varifold distance
() is in Case 1, while the values of  and  in Case 1 are about the
twice of those from cases 2–4, indicating the mapped computational
mesh quality could be inhomogeneous, such as excessive squeezed or
distorted elements. Cases 2 and 3 have similar values in ,  and , by
including both  and  in the loss functions, it seems the improvement
is minor (Case 4). Interested readers refer to Appendix D for further
explanations. Fig. 6 further summarizes the volumetric growth ratio
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Fig. 5. From the control heart to the MCT heart, (a) warped heart by using the original LDDMM algorithm, which is a surface mesh, and (b) warped heart by using the updated
LDDMM algorithm, which is a tetrahedral mesh. (c) Fitness between the warped control heart and targeted MCT heart in the four cases, and corresponding values of each term
in the loss function (d).
(det𝐆) and element quality in LVFW, RVFW and SEP. Again, it can be
found that by including extra cues in the loss function, the variations of
det𝐆 and 𝑞 are reduced for each individual region though the difference
among different cues is minor. Given that Case 2 has the least loss
function  and the improvement of including  is minimal, therefore,
only  is included in the loss function in the following analysis (see
Table 3).

The growth tensors from the control heart to the MCT heart are then
estimated using Eq. (6), and further summarized for the representative
element sets from LVFW, RVFW and the SEP, respectively. The highest
growth occurs in RVFW with an average value of 𝐽 = 2.34, followed
by LVFW with 𝐽 = 1.22, whilst the least volumetric growth in the SEP
with 𝐽 = 1.15. Fig. 7 compares the mean value of each entry of the
growth tensor, in which growth mainly occurs along the fibre, sheet and
sheet-normal axial directions. Specifically, the LV has balanced growth
along three orthogonal axes, whilst RV grows mainly along the sheet
direction, i.e., thickening RVFW. The SEP may have complex growth
and remodelling process, for example, the shear growth components
5

Table 3
Summary of mean and standard error in the four cases.

Volume change ratio (det(G))

Case 1 Case 2 Case 3 Case 4

LVFW 1.2912 ± 0.4799 1.2166 ± 0.2780 1.2179 ± 0.2826 1.2154 ± 0.2764
RVFW 2.3036 ± 1.3414 2.3591 ± 1.0031 2.3574 ± 1.0140 2.3612 ± 1.0017
SEP 1.1336 ± 0.6405 1.1458 ± 0.5640 1.1525 ± 0.5652 1.1407 ± 0.5628

Quality (𝑞)

Case 1 Case 2 Case 3 Case 4

LVFW 0.6391 ± 0.1427 0.6797 ± 0.1256 0.6786 ± 0.1261 0.6799 ± 0.1256
RVFW 0.5458 ± 0.1710 0.6208 ± 0.1338 0.6181 ± 0.1351 0.6213 ± 0.1334
SEP 0.4590 ± 0.1533 0.5426 ± 0.1786 0.5418 ± 0.1773 0.5415 ± 0.1790

are much bigger than those of LVFW and RVFW when elements are
compressed along the sheet direction and stretched along the other two
fibre directions.
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Fig. 6. Violin plot of elementary volume change ratio (a) and elementary quality (b) at LVFW, RVFW and SEP, respectively, from the control to the MCT heart by using the
different total loss function in each case.

Fig. 7. Mean value of each entry in deformation tensors of elements at different regions in case 2.
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Fig. 8. (a) Distributions of myofibre stress component 𝝈ff (a) and logarithm strain component LEff (b) in the deformed synthetic heart model at ED and ES, respectively.
4. Stress/strain-driven G&R: hypothesis test

4.1. Correlation analysis

Existing studies have suggested that mechanical cues (stress and
stretch) can play a significant role in pathological myocardial growth
[7,9,10,33]. Here, we further carried out the correlation analysis be-
tween the changes in logarithm strain 𝛥LE𝑖𝑖 and stress 𝛥𝝈𝑖𝑖 along
the material coordinates and estimated growth quantities (𝐺𝑖𝑖). To
determine the mechanical cues, the boundary conditions of the MCT
heart were applied to the control heart, denoted as a synthetic heart
model, and the calculated mechanical cues minus the corresponding
values in the control state are denoted as 𝛥LE𝑖𝑖 and 𝛥𝝈𝑖𝑖. Spearman’s
rank correlation coefficient is employed here to assess how strong the
correlation between two variables is.

Fig. 8 presents the distributions of 𝝈ff and LEff within the deformed
synthetic heart model at both ED and ES phases. A comparison with the
loaded control heart depicted in Fig. 4(b) reveals notable distinctions.
The synthetic heart exhibits larger EDVs in both LV and RV, primarily
due to elevated EDPs associated with the MCT model. Notably, the RV
experiences a substantial increase in cavity volume, reaching 0.759 ml,
approximately double that of the control heart under normal EDP
conditions. Although the RV experiences much higher systolic myofibre
stresses, the synthetic heart only achieves a mere 14.8% ejection frac-
tion in the RV, a significant reduction compared to the control heart
(63.2%). The ejection fractions in the LV has a minor reduction in the
synthetic heart, reduced from 66.6% to 62.4%. In the synthetic model,
the RVFW experiences greater myofibre strain during passive filling
and reduced thickness at ES when compared to the control heart. Thus
those biomechanical changes in the myocardium would trigger its G&R
[20,34].

The correlation analysis (see Fig. 9) demonstrates that growth tensor
correlates with fibre stretch very well, in particular in LVFW. For ex-
ample, a high correlation coefficient of 0.75 (𝑝 < 0.005) occurs between
𝛥LEff and 𝐺ff in LVFW at the end of diastole, whilst the correlations are
not significant at RVFW and the SEP, shown in Fig. 9(a). 𝛥LEss exhibits
high correlations with the growth in LVFW at end of systole as shown
in Fig. 9(b), such as the correlation coefficient of 0.7 (𝑝 < 0.005) with
𝐺ss. Thicken RVFW is mainly positively correlated with the changes of
strain along the fibre direction (0.56) and negatively correlated with
𝛥LEss (−0.53). No high correlation is in SEP, and this may be due to
the complex growth tensor in the SEP with large shear components.

4.2. G&R triggered by mechanical cues

We define the growth tensor in the form of

G = diag(𝐆). (8)

Following the volumetric growth theory [7], all components share the
same total deformation gradient tensor 𝐅 from one compatible state
7

to another compatible state, and the total deformation tensor can be
decomposed into two parts,

𝐅 = 𝐅eG, (9)

where 𝐅e is the elastic deformation tensor. To model a stress-free
growth in this preliminary test, we reset the parameters in Eq. (B.1)
to 𝑎𝑖 = 0 and 𝑏𝑖 = 1 with 𝑖 ∈ {m, cf, cs, cn} while 𝑎g = 0.001 Pa and
𝑏g = 1.

To explore the possible growth path from the control heart to the
MCT heart, we compared three scenarios for G, which are

1. Every element is assigned with the corresponding Gff, Gss and
Gss from Eq. (6) directly.

2. The whole heart is firstly divided into two parts, LV and RVFW
as shown in Fig. 3, which are further divided into 17 parts
according to AHA17 definition [5], respectively. Mean values of
Gff, Gss and Gss of those elements in each part are applied to all
elements in that part.

3. The whole heart is divided into three parts, LVFW, RVFW and
SEP as shown in Fig. C.1, and mean values of Gff, Gss and Gss
of those elements in each part are applied to all elements in that
part, i.e. sharing the same G.

The overlapping index between the target heart and the grown
hearts is introduced to quantify to which extent the grown heart can
be explained by the estimated growth tensor G, that is

 =
2𝑉o

𝑉𝑎 + 𝑉𝑏
× 100%, (10)

where 𝑉o is the intersecting volume between volume 𝑉𝑎 and 𝑉𝑏. Here,
we consider three overlapping indices in terms of the biventricular
wall, the LV cavity and the RV cavity, denoted as wall, LV and RV,
respectively.

As shown in Fig. 10(a) where three diagonal entries in the growth
tensor (G) of each element are adapted from the corresponding map-
ping tensor (𝐆) directly, the grown control heart can reproduce 88%
of RV cavity volume, while the shape discrepancy mainly occurs at
the bulged SEP, overgrown RV at the middle and thinner RV wall at
the base. The overlapping indices are also high at the LV (LV = 83%)
and biventricular wall (wall = 82%). When all elements in each of 34
regions share the same average growth tensor (Fig. 10(b)), LV, wall
and RV are lower compared to the first scenario when each local mate-
rial point is assigned with different G. The poorer overlap is expected
since myocardial G&R is spatially heterogeneously. Interestingly, the
results from the third scenario (Fig. 10(c)) are similar to the second
scenario though the difference can be visually seen in the short-axis
view, i.e. excessive circumferential growth in the RV.

5. Discussion

Cardiac function is intrinsically tied to its mechanical properties,
with stress and strain being critical parameters in understanding the
myocardium’s response to various conditions [3,10,12,35]. Literature
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Fig. 9. (a) Correlation coefficients and distributions between the varying logarithm strains and growth amounts at the end of diastole (a) and end of systole (b), respectively.
studies, such as those by Avazmohammadi et al. [3,29,36], have docu-
mented elevated stress and altered strain patterns in RV, SEP, and LV
of PAH patients compared to control heart. Although there is general
consistency in the dilated RV cavity with increased stiffness of RVFW
while SEP shifts towards LV, achieving precise quantitative agreement
between computed and measured data remains challenging. Our com-
putational models not only align with these established patterns of
cardiac mechanical alterations but also demonstrate a commendable
congruence with the experimentally measured data, reinforcing their
validity and utility in the cardiac function studies. Understanding the
processes of cardiac G&R is essential for gaining insights into the
heart’s adaptive and maladaptive responses to both physiological and
pathological stimuli, with stress and strain being integral to these pro-
cesses [7,10]. Our models, calibrated using experimental data including
specific EDPs, ESPs, EDVs, and ESVs of LV and RV, have proven their
capability in accurately capturing the mechanical responses of the
myocardium. This robust alignment indicates that our computed stress
and strain values are not only reliable but also possess a high potential
in predicting and exploring the triggers for cardiac G&R, particularly
in the context of PAH-induced cardiac changes. The matching between
our simulation results and measurement data thereby demonstrates
our computational models as powerful tools in the cardiac research,
offering deep insights into the mechanics of myocardial adaptation and
transformation.
8

The LDDMM method is a well developed method for geometrical
mapping in computational anatomy, see examples in heart [24,25] and
brain [37]. It produces a nonlinear and smooth metric mapping with a
favourable topology-preserving one-to-one properties, and offers a low-
dimensional parameterization of diffeomorphisms of the ambient space
through control points and momenta. Unique correspondence between
the initial geometry and the grown geometry can be established from
the acquired diffeomorphism. While one limitation in existing LDDMM,
i.e. Deformetrica, is purely based on geometrical feature modelling of
the geometries, not considering constraints in specific applications,
such as regional homogeneous shape change or shape change along
specific directions. In this study, we have extended LDDMM-based
Deformetrica by including elementary quality and volume in the loss
function, estimated growth tensors from this improved LDDMM frame-
work seems correlating very well with mechanical cues, which is
consistent with stress/strain-induced soft tissue growth and remod-
elling theory. There are other frameworks which can map different
shapes, such as the statistical shape and appearance model [38], or
the simplified mapping scheme [21] where a template left ventricular
mesh was used for all subjects. Future studies are needed to decide the
most appropriate geometrical mapping methods for estimating growth
tensors from images.

To the best of our knowledge, this is the first study to quantitatively
estimate the growth tensor from a control rat heart to a heart grown un-
der PAH using LDDMM. Patient-specific heart models are reconstructed
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Fig. 10. Comparison between the grown control heart (blue) triggered by the estimated growth tensor (grey) under three different scenarios. (a) scenario 1: each element is
assigned with different growth tensors; (b) scenario 2, an average growth tensor is assigned in each of 34 regions; and (c) scenario 3, the heart is divided into three regions only
and each region has the same average growth tensor.
from ultrasound imaging data and validated by matching measured
hemodynamic data. However, the original LDDMM has limitations as
it only includes the surface distance between the template and target
geometries in the loss function, ignoring the deformation of internal
elements. To address this issue, two extra criteria, elementary quality
and volume variance, are added to the original loss function, which im-
prove the mapping routine and lead to more homogeneous elementary
deformation with higher elementary quality. The preliminary correla-
tion analysis between growth amount and mechanical cues indicates
that stretches along three orthogonal directions lead to primary growth.
Thus, the growth tensor is proposed by using the diagonal components
of LDDMM estimated tensors, which can in fact reproduce more than
82% of the growth of the MCT-induced PAH heart. The growth
tensor, induced by stretch and implemented by Peirlinck et al. [20],
accounted for a 52.7% mean agreement between the simulations and
experiments, lower than the 84.3% mean concordance observed in the
current study utilizing a point-wise growth approach, which employs
the apparent growth tensor derived from LDDMM. However, Peirlinck
et al. [20] elucidated a growth law, characterized by parameters that
possess explicit physical interpretations, with values calibrated from
experimental data. This growth law offers insightful explanations for
the mechanisms driving growth in myocytes and facilitates predictions
of growth under specified boundary conditions. The increased average
agreement in this study is attributed to the employment of the apparent
growth tensor, estimated solely on shape transformation from a control
heart to a MCT heart.

In the LDDMM framework, diffeomorphisms are regularized by
a norm that plays a significant role in determining the registration
quality and the subsequent statistical analysis. Typically, this norm
is associated with a kernel, and selecting an appropriate kernel scale
involves a trade-off between registration quality and regularity, given
that deformations may occur at different scales. In the mesh of the MCT
heart, which grows primarily in the RV, elements exhibit homogeneous
volumes with high elementary quality that the control heart should
replicate using LDDMM. However, applying the original LDDMM leads
to excessively stretched or squeezed surface mesh elements, indicating
9

its inability to account for the growth process of the heart. To address
this issue, two new criteria, namely elementary quality and volume,
are incorporated into the loss function of LDDMM. In order to enhance
the registration accuracy of LDDMM, [39] introduced a modification
using elastic energy as a new criterion to measure the deformation in
LDDMM. Elastic energy was interpreted as a distance in the space of
positive definite symmetric matrices, which could handle anisotropic
deformations and is inverse-consistent. As manual selection of kernels
is difficult, time-consuming, subjective, and prone to errors, Sommer
et al. [40] developed a generalization of LDDMM allowing multiple
kernels at different scales to be included in the registration process,
resulting in significant improvements. Furthermore, the sequential mul-
tiscale approach, which involves applying the standard LDDMM shape
deformation process at successively smaller physical scales, can also
achieve high precision in deforming a source shape into a target
shape [41]. The enhancements made in case 2 are similar to those in
cases 3 and 4 while only with the addition of the criterion of elementary
quality, suggesting elementary quality may play a critical role in the
warping routine. Moreover, the approach in case 2 can be employed to
deal with different local deformations in one region, where elementary
volume cannot be homogenized, which is a limitation of the methods
in cases 3 and 4.

We have demonstrated that the model incorporating the element
quality metric () alongside the varifold distance () – as seen in Case
2 – is most effective. This model strikes an balance between accurately
matching external surfaces and maintaining high quality in the internal
mesh, a critical factor in reliable cardiac modelling. Although Case 1,
relying solely on , can effectively match external surfaces, it falls short
in internal mesh quality. By adding normalized volume variance () to
, Case 3 achieves very similar results as in Case 2 but has slightly
higher total loss . The most comprehensive model, Case 4, which
incorporates both  and  with , does not significantly outperform
Case 2 or Case 3. Therefore, the combination of  and  seems a good
approach for mapping different cardiac geometries.

From a biomechanical perspective, it pertains to a desirable me-
chanical condition which is sought by various mechanobiological pro-

cesses, such as myocyte hypertrophy and fibrosis [7]. While much
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remains unclear, it has been established that mechanical stimuli like
stress/strain are significant factors in the G&R of soft tissues. In the
present study, alterations in myofiber stress and stretch were recorded
in the control heart when subjected to the boundary conditions of PAH,
and correlations were sought between mechanical stimuli and growth
amounts. The results indicate a strong correlation between myofiber
stretch and growth during both systole and diastole, whereas no such
relationship was observed for myofiber active stress, despite previous
studies suggesting its involvement in the computation of concentric
growth [7,10,33]. Given that growth is coupled to active tension gov-
erned by a function of sarcomere length, the original growth stimuli
can also be stretch. On the other hand, elastic strain and stress are
coupled through the constitutive relationship and are not mutually
independent. So a strain-driven law could also be used as well for
wall thickening. For example, Kerckhoffs et al. [42] proposed a single
strain-based G&R law to predict concentric and eccentric cardiac G&R,
specifically, the fibre strain was used for eccentric G&R, while the cross-
fibre strain was used for concentric G&R. The high correlation between
mechanical cues and growth mainly occurs along the three orthogonal
fibre directions, which are the primary growing direction, and this
finding is consistent with the assumption that growth mainly occurs
along the fibre direction [7–9,33].

In this study, we have employed Spearman’s rank correlation co-
efficient to assess the relationship between two variables, which is
particularly suited for non-parametric data common in biological and
medical research [43,44]. This method effectively identifies monotonic
relationships, crucial in studies where relationships might not be linear
but still consistently increase or decrease. Additionally, it offers robust-
ness against outliers, beneficial in the context of biological variability.
In this study, we find that this analysis revealed some correlations
between mechanical cues and growth patterns, such as between fibre
stretch and growth in the left ventricular free wall. Despite the absence
of a strong correlation between myofiber active stress and growth,
our findings underscore the complexity of biomechanical changes and
myocardial growth and remodelling. Other covariance analysis meth-
ods exist, such as maximal information coefficient [45]. Because our
ultimate aim is to explore the potential correlations between biome-
chanical cues and myocardial growth and remodelling, rather than
determining the exact correlation between them which is explored in
the nonlinear biomechanical growth and remodelling model, therefore,
Spearman’s method is appropriate in the present study.

At present, it remains uncertain whether average growth or point-
wise growth should be employed to simulate the growth process.
Point-wise growth appears to be a suitable choice from a phenomeno-
logical perspective, as it can effectively reproduce the grown heart
under PAH. Conversely, the use of average values for three regions,
namely LVFW, RVFW, and SEP, is more efficient since estimating
growth amounts from imaging data is more efficient than reconstruct-
ing and warping the geometry, although growth amounts at different
positions of RVFW may vary. The primary growth is concentrated at
RVFW, which exhibits a hybrid pattern of both eccentric and con-
centric growth, characterized by dilated RV cavity and increased wall
thickness. RV growth impels the SEP towards LV, particularly in the
long-axis view, resulting in a ‘‘D-shaped’’ profile in the short-axis view.
The bulge of the SEP with reduced thickness and increased surface area
may serve as an indicator of the severity of RV dilation. In contrast,
G&R of LVFW displays eccentric growth characteristics with a thicker
wall and a smaller cavity, suggesting that LV and RV may undergo
different growth stimulated by distinct growth factors [4]. The disparity
in shape between the normal and MCT hearts may be attributed to
the limited sample size utilized in our analysis and the fact that the
growth tensor estimated in this study is not the true growth tensor, but
rather a convenient apparent mapping tensor. Additionally, the data
utilized for mathematical modelling of growth from the control heart
to the MCT heart inevitably involve remodelling process, despite our
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efforts to minimize it by setting the strain energy function to a very
low value. Ideally, growth tensors should be estimated by tracking the
same material point at different times from the same heart. However,
since we only had one-time point data after PAH, this study serves as
a conceptual study that offers a novel approach for estimating growth
tensors from imaging data.

Finally, this study has certain limitations that need to be acknowl-
edged. Firstly, rule-based fibre structure is used in both models, neglect-
ing the remodelling of fibre structure with growth in the MCT heart,
as obtaining subject-specific myofibre structure from in vivo imaging
data remains a challenging task. Secondly, a simplified open-looped
circulation model is adopted, which cannot accurately simulate the
realistic blood flow like the one-dimensional model with rich arteries
and veins. The parameters in the loss function of LDDMM are not opti-
mized, and their impact on mapping results has not been systematically
explored. Thirdly, there is only one-time point data available after PAH,
which limits an in-depth exploration of the growing process of the rat
heart. Additionally, the modelled growth process is in a unloaded state
by minimizing the effect of growth-induced residual stress, which is
different from the actual growth that is under constant physiological
loading.

6. Conclusion

Mathematical modelling of cardiac G&R holds the promise for pre-
dicting heart failure and for optimizing treatment strategies to achieve
precision medicine in heart disease ultimately. However, the predictive
power of those G&R models remains unclear. In this study, we have de-
signed a framework of quantifying G&R in rat hearts under pulmonary
arterial hypertension by combining both in vivo imaging data and com-
putational simulations. An improved large deformation diffeomorphic
metric mapping framework has been developed to quantify apparent
growth tensors by warping a control heart to a diseased heart under
pulmonary arterial hypertension, we find that G&R mainly occurs along
the myofibre, the sheet and the sheet-normal directions with minimal
shear components, and is well correlated to certain myocardial strains.
We finally demonstrate that the estimated growth tensor could explain
84.3% of the observed geometrical changes in the diseased heart by
using a kinematic cardiac growth model. We have not validated our
G&R model in human, future studies shall explore its applicability
in patients with PAH-induced right heart failure. Nevertheless, our
approach has the potential to quantify myocardial G&R using sparse
in vivo data and to provide insights into the underlying mechanism of
triggering heart failure from a biomechanical perspective.
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Fig. A.1. A schematic illustration on generating a 3D biventricular model from short-axis and long-axis view slices.
Table A.1
Parameter values for the lumped circulatory model, and material parameters for passive
and active responses. 𝑅 is the viscous resistance coefficient of the fluid exchange
properties between two connected cavities [27], for example, the resistance between the
right ventricle and the right atrium, which effectively represents the pulmonary valve
resistance. 𝐶 is the compliance and is tuned to provide the appropriate pressure–volume
response for that cavity.

Lumped circulatory model parameters [5]

Model 𝑅𝑉 (MPa mm2 s∕tonne) 𝐶 (N∕mm)

𝑅AV
𝑉 𝑅TV

𝑉 𝑅PV
𝑉 𝑅MV

𝑉 𝐶AOR 𝐶RA 𝐶PA 𝐶LA

Control 350 200 280 400 0.22 0.005 0.15 0.005
MCT 400 600 2000 700 0.16 0.005 3.0 0.005
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Appendix A. Reconstruction of a 3D biventricular model

As shown in Fig. A.1. The interpolated boundary nodes in short-axis
views were estimated according to the longitudinal distance to the basal
plane. Specifically, In the long-axis view of the base plane, the distance
of the LV centre to the LV endocardium is denoted as 𝑑LV

base, while the
distance between the two sides of epicardial surface is 𝑑epi

base, and the
distance between the RV centre and the RV endocardium is denoted
as 𝑑RV

base. Then, for different 𝑧-axis position, 𝑑LV
𝑧 , 𝑑epi

𝑧 , and 𝑑RV
𝑧 could

be measured in the long-axis view (see Fig. A.1, the top left panel),
which were then used to scale the segmented short-axial boundaries
at the basal plane. For example, for a short-axial view with 𝑧 as the
longitudinal position, then its boundaries could be defined as follows,

𝑙LV
𝑧,𝑖 = 𝑙LV

base,𝑖
𝑑LV
𝑧

𝑑LV
base

, and 𝑙RV
𝑧,𝑘 = 𝑙RV

base,𝑘
𝑑RV
𝑧

𝑑RV
base

, and 𝑙epi
𝑧,𝑗 = 𝑙epi

base,𝑗
𝑑epi
𝑧

𝑑epi
base

.

(A.1)

in which 𝑖 represents a boundary node, 𝑙LV
𝑧,𝑖 is the distance of the

boundary node 𝑖 on the LV endocardium to the LV centre at 𝑧-axis
position, similarly for 𝑙epi

𝑧,𝑗 , and 𝑙RV
𝑧,𝑘 . See the middle panel of Fig. A.1

for the interpolated boundary nodes. Finally, the interpolated nodes
were exported into Workbench (ANSYS, Inc. PA USA) for geometry
reconstruction as shown in the right panel of Fig. A.1.
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In order to provide physiologically accurate pressure boundary
conditions, the parameter in the lumped-parameter model for the pul-
monary and systemic circulation systems, as shown in Fig. 2, are
adjusted based on previous studies [5,46], and their values are listed
in Table A.1.

Appendix B. Structurally constitutive law

Strain energy functions for each constituents are

Ground matrix: 𝛹g =
𝑎g

2𝑏g
{exp[𝑏g(𝐼1 − 3)] − 1}

Myofibres: 𝛹m =
𝑎m
2𝑏m

{exp[𝑏m(𝐼4m − 1)2] − 1}

Collagen: 𝛹c = 𝛹cf + 𝛹cs + 𝛹cn with

𝛹cf =
𝑎cf
2𝑏cf

{exp[𝑏cf(max(𝐼4f, 1) − 1)2] − 1}

𝛹cs =
𝑎cs
2𝑏cs

{exp[𝑏cs(max(𝐼4s, 1) − 1)2] − 1}

𝛹cn =
𝑎cn
2𝑏cn

{exp[𝑏cn(max(𝐼4n, 1) − 1)2] − 1}

(B.1)

where 𝛹g, 𝛹m, 𝛹c are the strain energy functions associated with
the ground matrix, myofibre, collagen fibres, while 𝛹c are further
decomposed into three orthogonal responses, parallel to myofibre (𝛹cf),
cross to myofibre along the sheet direction (𝛹cs), and the sheet-normal
direction (𝛹cn), respectively. Constants 𝑎𝑖, 𝑏𝑖 with 𝑖 ∈ {g,m, cf, cs, cn}
are material parameters. Here we further assume the collagen fibres
along cross-myofibre directions share the same mechanical responses,
i.e. 𝑎cs = 𝑎cn and 𝑏cs = 𝑏cn. Unit vectors 𝐟0, 𝐬0 and 𝐧0 denote the fibre
direction, the sheet direction and the sheet-normal in the reference
configuration. Myofibre direction (𝐦0) and collagen fibre direction (𝐜0)
are the same as 𝐟0, and the cross directions are long the sheet direction
(𝐬0) and the sheet-normal (𝐧0). Given an elastic deformation gradient
tensor 𝐅, we define

𝐂 = 𝐅T 𝐅, 𝐼1 = tr(𝐂), 𝐼4m = 𝐦0 ⋅ (𝐂𝐦0) = 𝐼4f = 𝐟0 ⋅ (𝐂𝐟0)
𝐼4s = 𝐬0 ⋅ (𝐂𝐬0), 𝐼4n = 𝐧0 ⋅ (𝐂𝐧0).

(B.2)

The myocardial active stress is defined by

𝝈a = 𝑇𝑎�̂�⊗ �̂�, (B.3)

where 𝐦0 is the myofibre direction, and �̂� = 𝐦∕|𝐦| with 𝐦 = 𝐅𝐦0, and
𝑇𝑎 is determined by a well-established length-tension model [28],

𝑇 (𝑡, 𝑙) =
𝑇max

(

1 − exp
(

𝐵 𝑙 − 𝐵
√

𝐼 𝑙
)) (

1 − cos
(

𝜔(𝑡,
√

𝐼 𝑙 )
))

, (B.4)
a 2 0 4m 𝑟 4m 𝑟
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Table B.1
Parameter values for the lumped circulatory model, and material parameters for passive and active responses.

Material parameters

Model 𝑎g (kPa) 𝑏g 𝑎m (kPa) 𝑏m 𝑎cf (kPa) 𝑏cf 𝑎cs (kPa) 𝑎cs 𝑇max (kPa)

Control LV 0.0248 0.0017 0.0507 0.7856 0.1254 0.7856 0.1171 0.7703 66
RVFW 0.0124 0.0003 0.0319 0.4710 0.0555 0.4717 0.0581 0.4622 38

MCT LV 0.2357 0.0006 0.7773 8.5188 1.6044 8.5201 1.5970 8.3494 150
RVFW 2.0742 0.0007 7.1764 12.7793 13.9156 12.7769 14.1486 12.5203 70
Fig. C.1. A sketch of tetra element to compute minimal normalized height.
in which 𝑇max is the maximum isometric active tension, 𝑙0 is the
minimum sarcomere length to produce active stress, 𝑙𝑟 is the stress-free
sarcomere length, 𝜔 is a time function after the onset of contraction,
and 𝐵 is a constant.

To determine those material parameters in (B.1), a multi-step ap-
proach is designed. Firstly, values of passive properties of the RVFW
and LV regions for the control and MCT models are obtained from the
stress–stretch responses reported in [3]. Secondly, the strain energy
function (Eq. (1)) is fitted to the reported data from the first step
for both the RVFW and LV of the control and MCT models in a
similar approach as [47]. Finally, the parameters 𝑎𝑖 and 𝑏𝑖 are rescaled
by two scaling factors, similar to [48], to match the measured end-
diastolic volumes (EDVs) of the LV and the RV for the control and MCT
hearts. Finally, the maximum active contraction (𝑇max) is determined
by matching the measured end-systolic volume (ESV). Parameters in
the lumped circulation model are also adjusted to match measured
hemodynamic data, including the end-diastolic pressure (EDP) and the
end-systolic pressure (ESP). This parameter calibration procedure is
similar to our previous works on modelling human hearts [5,10,49].
The sets of parameters for both the control and MCT models are listed
in Table B.1.

Appendix C. Enhanced LDDMM framework

The loss function () is defined by the varifold distance between the
surfaces of the control (𝐶𝛼) heart and the MCT (𝐶𝛽) heart [32], that is

 = (𝐶𝛼 , 𝐶𝛽 )2 =
∑

𝑝

∑

𝑞
𝐾 (𝐜𝛼𝑝 , 𝐜

𝛽
𝑞 )

((𝐧𝛼𝑝 )
𝑇 𝐧𝛽𝑞 )2

|𝐧𝛼𝑝 ||𝐧
𝛽
𝑞 |

, (C.1)

where 𝐜𝛼𝑝 and 𝐧𝛼𝑝 are the centre and the normal of a linear triangle in the
triangulated surface 𝐶𝛼 , accordingly, 𝐜𝛽𝑞 and 𝐧𝛽𝑞 are for the surface 𝐶𝛽 ,
and 𝐾(𝐜𝑝, 𝐜𝑞) = exp(−|𝐜𝑝 − 𝐜𝑞|2∕𝜎2) is a Gaussian kernel with a width
of 𝜎. Eq. (C.1) can be optimized using the steepest gradient decent
or the L-BFGS method implemented in Deformetrica to find a optimal
diffeomorphism mapping 𝛷. Details of the LDDMM framework can be
found in [50].

We assume similar amount of growth happens in each region while
it can be different among the three regions. Denote the sets of ele-
ments 𝛺LVFW = {𝑙1, 𝑙2,… , 𝑙𝑁1

}, 𝛺RVFW = {𝑟1, 𝑟2,… , 𝑟𝑁2
} and 𝛺SEP =

{𝑠1, 𝑠2,… , 𝑠𝑁3
}, in which 𝑙𝑖, 𝑟𝑖 and 𝑠𝑖 are element index, and 𝑁1, 𝑁2

and 𝑁3 are the total numbers of elements in each region with 𝑁 =
𝑁 + 𝑁 + 𝑁 the total number of elements in the biventricle heart.
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1 2 3
Finally, the normalized volume variance of elements is

 =
𝑤
𝑁

𝑁1
∑

𝑖=1

⎛

⎜

⎜

⎝

𝑁1𝐽𝑙𝑖
∑𝑁1
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− 1

⎞

⎟

⎟

⎠

2

+
𝑤
𝑁

𝑁2
∑
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⎛

⎜

⎜

⎝

𝑁2𝐽𝑟𝑖
∑𝑁2

𝑖=1 𝐽𝑟𝑖
− 1

⎞

⎟

⎟

⎠

2

+
𝑤
𝑁

𝑁3
∑
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⎛

⎜
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⎝
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∑𝑁3

𝑖=1 𝐽𝑠𝑖
− 1

⎞

⎟

⎟

⎠

2

, (C.2)

where 𝑤 = 1000 to ensure  is comparable to , and 𝐽𝑖 = det(𝐆𝑖). The
smaller  , the more homogenized growth in each region.

When interpolating the surface displacements into the interior nodes
using Eq. (5), the quality of the elements can be very poor. We now
introduce the element quality metric to avoid very poor element quality
after the LDDMM mapping. The minimal normalized height is em-
ployed to measure the quality of a four-node tetrahedral element, the
so-called element’s aspect ratio [51], shown Fig. C.1. The height of
one tetrahedral element (ℎ1, ℎ2, ℎ3, ℎ4) is computed from each of the
four nodes to its opposite face and then divided by the square root of
the corresponding face’s area (𝐴1, 𝐴2, 𝐴3, 𝐴4). The minimal normalized
height is

𝑞𝑖 = min {
ℎ1
𝐴1

,
ℎ2
𝐴2

,
ℎ3
𝐴3

,
ℎ4
𝐴4

}∕1.24. (C.3)

A equilateral tetrahedron has a value of 1, while when the tetrahedron
degenerates towards one face, then it has a value of 0. Based on our
preliminary tests, we found that elements with a value of 𝑞 ≥ 0.5 are
suitable for finite element computation. Therefore, we only count the
elements with 𝑞 < 0.5 when computing , that is

 =
𝑤

𝑁

𝑁
∑

𝑖=1
(1 − 𝑞𝑖), with 𝑞𝑖 =

{

𝑞𝑖 if 𝑞𝑖 < 0.5
1 if 𝑞𝑖 ≥ 0.5,

(C.4)

where 𝑤 = 400 to ensure  is comparable to , and the larger , the
poorer mesh quality.

Appendix D. Further explanations to the four cases with the en-
hanced LDDMM framework

Case 1 ( = ) uses only the varifold distance () in the loss
function. The varifold distance effectively captures the surface discrep-
ancies between the template and target geometries, but it does not
account for the internal structure of the mesh. As a result, although
the external surfaces match well, the internal mesh may suffer from
distortions or inconsistent element volumes, leading to less accurate
internal mappings.
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Case 2 ( =  + ) adds the element quality metric () to the loss
unction alongside the varifold distance aims to improve the internal
esh quality by considering the quality of the tetrahedral elements in

he computational mesh. The inclusion of  helps in ensuring that the
nternal structure is not overly distorted or squeezed. The similarity in
alues of ,  , and  in this case compared to Case 3 suggests that 
lone can significantly improve the internal mesh quality.
ase 3 ( =  + ) adds the normalized volume variance of elements
), which measures the homogeneity in the volume of the mesh
lements. The inclusion of  aims to ensure that the volumes of the
esh elements are consistent and not excessively varied, which can

ffect the accuracy of the mapping.
ase 4 ( =  +  + ) incorporates both the element quality
etric () and the normalized volume variance () with the varifold
istance (). The intention is to optimize both the external surface
atching and the internal mesh quality and homogeneity. However,

he comparison found that the improvement over Cases 2 and 3, where
nly one additional cue was included, is marginal. This may be partially
xplained by the fact that the element quality metric  could also lead
o more homogeneous element volume since a low quality element
sually links to a dramatic change in element volume.

Interestingly, incorporating both the element quality metric () and
ormalized volume variance () into the loss function for heart mesh
apping (Case 4) did not significantly enhance results compared to the

ases with either  (Case 2) or  (Case 3). This limited improvement
ould be potentially attributed to several reasons. Firstly, there is some
edundancy between  and , since a low quality element may link
o a dramatic change in element volume, i.e. extensive distortion in
ne corner. For that reason, the results from Case 2 and Case 3 are
omparable. Secondly, combining multiple metrics adds complexity
o the optimization process, potentially leading to trade-offs between
ptimizing for element quality and volume variance, as shown in Fig. 5,
he gain is minimal.
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