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1. Introduction

A Frobenius manifold with a polynomial prepotential is known as a polynomial Frobenius manifold. Coxeter orbit spaces,
constructed from finite irreducible Coxeter groups, can be given the structure of a semisimple polynomial Frobenius mani-
fold [10]. Dubrovin conjectured that these classify all irreducible semisimple polynomial Frobenius manifolds, which Hertling
proved with the added assumption that the Euler vector field has positive degrees [16]. A Frobenius manifold with an al-
gebraic prepotential is known as an algebraic Frobenius manifold. This is a natural case to consider after classifying the
polynomial Frobenius manifolds.

The first non-rational algebraic Frobenius manifolds were found by Dubrovin and Mazzocco in 2000, which they derived
from the Coxeter group Hs in relation to Painlevé VI equation [14]. Explicit prepotentials of these Frobenius manifolds were
given more recently by Kato, Mano and Sekiguchi [19] (see also Remark 6.1 in that paper).

The local monodromy group of a semisimple Frobenius manifold is generated by finitely many reflections [12]. It comes
together with a particular set of generating reflections Ry, ..., R;, where n is the dimension of the Frobenius manifold. In
the case of an algebraic Frobenius manifold there is a finite orbit of the braid group 8, acting on n-tuples of reflections in
the monodromy group, this action is known as the Hurwitz action [14]. The local monodromy group is then necessarily a
finite group [20], and the product of reflections R; gives a quasi-Coxeter element w in this group. An equivalent property
of w is that it does not belong to any proper reflection subgroup of the Coxeter group (see [9]).
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It is expected that irreducible semisimple algebraic Frobenius manifolds are closely related to the quasi-Coxeter conjugacy
classes of finite irreducible Coxeter groups, where polynomial Frobenius manifolds correspond to the conjugacy class of a
Coxeter element [4]. We recall some findings of algebraic Frobenius manifolds below together with their links to quasi-
Coxeter elements. It seems not clear though whether these constructions give the same quasi-Coxeter conjugacy class as
described above following [9].

Pavlyk constructed bi-Hamiltonian structures of hydrodynamic type by considering dispersionless limit of generalised
Drinfeld-Sokolov hierarchies associated to a regular element of a Heisenberg subalgebra #,, of an affine Lie algebra g [22].
To make dispersionless limit finite one has to restrict analysis to a suitable submanifold of the phase space. In this con-
struction the Heisenberg subalgebra #,, is associated with a regular quasi-Coxeter element w of the Weyl group of the
finite-dimensional Lie algebra g (in general, non-equivalent Heisenberg subalgebras are in one-to-one correspondence with
conjugacy classes of the Weyl group [18]). Dubrovin had previously shown that bi-Hamiltonian structures of hydrodynamic
type have a correspondence with Frobenius manifolds [11]. Pavlyk claimed that his construction produces algebraic Frobe-
nius manifolds and he gave an explicit expression for the prepotential in the case of the conjugacy class D4(ay) [22] (in the
notation for conjugacy classes of Weyl groups from Carter [1]).

Dinar also gave a construction of algebraic Frobenius manifolds [7]. Starting with a regular quasi-Coxeter element w in a
Weyl group there is a distinguished nilpotent element e in the associated simple Lie algebra g [3], [25]. Dinar constructed a
bi-Hamiltonian structure of hydrodynamic type on a subvariety of the Slodowy slice S C g* using Dirac reduction and gave
an explicit expression for the prepotential in the case of nilpotent orbit F4(ay) [4] (in the notation for nilpotent orbits from
[2]). He also derived prepotentials for D4(a;) [6] and Eg(aj) [5], the latter of which was simplified in a joint work with
Sekiguchi [8]. The eigenvalues of the quasi-Coxeter element w have the form e%"f, where |w| denotes the order of w and
0<nj <|w|—1. The degrees d; of the corresponding Frobenius manifold are d; = ”lf;;rf.

Two algebraic prepotentials related to Weyl groups Eg and E7, and seven algebraic prepotentials related to the Coxeter
group H4 were found by Sekiguchi [24] who used degrees of the latter Frobenius manifolds conjectured by Douvropoulos
(see further details in [9]). These prepotentials are denoted by H4(k), where k=1,2,3,4,6,7,9.

The degrees of these Frobenius manifolds are determined as follows [9]. For a regular quasi-Coxeter element w with

27i
eigenvalues e "/ there exists a regular element wg € W such that w is conjugate to Wg for some | € N, |w| = |wg| and
i W _ . .
the eigenvalues of wg have the form e wI @ D where d}’v are the fundamental degrees of W, assuming [ is the smallest
such positive integer. Then, the degrees d; of the Frobenius manifolds Hy4(k) are

_ (n;+D (mod wl)

: (11)
(wl

dj
where the remainder (n; +1) (mod |w|) is between 1 and |w|. The algebraic degree of these Frobenius manifolds also have
a combinatorial interpretation [9].

Any Frobenius manifold has two compatible flat metrics n and g, where metric g is usually referred to as the intersection
form. It is a complicated problem in general to express one flat coordinate system in terms of the other. For polynomial
Frobenius manifolds expressing flat coordinates of 7 via that of g gives a distinguished set of basic invariants of a Coxeter
group, known as Saito polynomials [23]. These polynomials play an important role in the representation theory of Cherednik
algebras [15].

Let us explain the relation between the two sets of flat coordinates for two-dimensional algebraic Frobenius manifolds.
Prepotentials for two-dimensional (semisimple) algebraic Frobenius manifolds have the following form [10]:

1, k@R
F=stib+5—6
where k € Q\ {—1, 0, 1}. The degrees of the Frobenius manifold are d; =1 and d; = % and the charge is d = ",;<2 Let x1, X2
be flat coordinates of the intersection form. Then we have the relations

) (1.2)

_ X+
T2k
which can be checked similarly to the polynomial case k € N considered in [10].

Now, let w be a quasi-Coxeter element in the dihedral group I(m). It must be the product of two reflections that
generate I(m). Hence w = ¢!, where ¢ is a Coxeter element of I,(m) and (m, I) = 1. The eigenvalues of w are ei%l. We
can assume | < 5 as the corresponding elements w = c! give representatives for all the quasi-Coxeter conjugacy classes.
Then the smallest positive integer r such that w is conjugate to c¢" is r =I. Thus, the degrees of the Frobenius manifold,
using prescription (1.1) and following [9], are

di=1, dy = 2—1
m

since 1 =m—1I, n =1 and |w| = m. From the general form (1.2) of a prepotential of an algebraic two-dimensional Frobenius
manifold, we see that k= ? and thus

tr = (1 +ix2)k + (%1 —ixp)k, ta , (1.3)
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1, mi 2m\ T miq
F:Et]t2+m (T) tZ 5

and this has charge d = m%ZI Note that when [ =1 we get the polynomial two-dimensional Frobenius manifolds.
The Coxeter group I,(m) has basic invariants

2., .2
) ) X2 +x
y1 =X +ix)™+ (%1 —ix2)™, V2= #

We can express these basic invariants in terms of the flat coordinates of the metric in the following form:

m l m l
/12 2m\ T 1 2 am\ T 7
t1 + t1—4(Tm> t) t — t1—4(Tm) t, ty
==, (1.5)

y1= 3 + 3 ) y2

(1.4)

Formulas (1.5) may be thought of as inverse relations to formulas (1.3), where we replace flat coordinates x1, x» with basic
invariants given by (1.4).

Note that in the above analysis we relate an algebraic Frobenius manifold (1.2) with a conjugacy class of a quasi-Coxeter
element in a dihedral group provided that k > 2. Two-dimensional Frobenius manifolds with 0 < k < 2 have positive degrees
but a relation to quasi-Coxeter elements seems unclear in this range. Note that the charge d < 0 in this case, whereas d > 0
when k > 2. The general conjecture on the relation of algebraic Frobenius manifolds with quasi-Coxeter elements in [4]
assumes that the degrees are positive. A possible way to exclude the examples (1.2) with 0 < k < 2 is to impose an additional
assumption to the conjecture that the charge d > 0. For k < 0 the Frobenius manifolds with prepotential (1.2) have d, < 0.

In this work we establish relations between the two sets of flat coordinates for all but one of the known non-rational
algebraic Frobenius manifolds of dimensions 3 and 4. Thus, we deal with the two Dubrovin-Mazzocco examples (H3)" and
(H3)”, Pavlyk’s example for D4(a;) and Dinar’s example for F4(az). We also cover most of the examples from [24] related
to Ha. The only known algebraic Frobenius manifolds in dimensions 3 or 4 which we do not deal with are the examples
H4(6) and H4(9) from [24]. In the latter case the prepotential is a rational function, rather than a polynomial function, of
the flat coordinates and an additional variable Z, which is algebraic in the flat coordinates. In the case of H4(6) the method
which we use in all other examples and explain below cannot be applied as prescribed (see also Remark 2.4).

In all the cases we consider the flat coordinates of the metric 1 appear to be functions on a finite cover of the orbit
space of the corresponding Coxeter group, while coordinates on the orbit space are basic invariants in flat coordinates of
the intersection form g. Formulas (1.4) and (1.5) demonstrate this in dimension 2.

We note that the inversion symmetry [10] of a polynomial Frobenius manifold gives a Frobenius manifold with a rational
prepotential, and, more generally, the inversion of an algebraic Frobenius manifold gives a Frobenius manifold with an
algebraic prepotential. For the polynomial cases and the algebraic cases listed above their inversions have a negative degree.
Relations between the two sets of flat coordinates of the resulting Frobenius manifolds can be deduced directly from the
relations between the original two sets of the flat coordinates by considering how the inversion changes the flat coordinates
of the intersection form following [21] and how the inversion changes the flat coordinates of the metric following [10].

The structure of the paper is as follows. In Section 2 we present some preliminary results on Frobenius manifolds, Coxeter
invariant polynomials, the Laplace operator and we explain the method we use in order to relate the two flat coordinate
systems. We assume that flat coordinates of 7 are algebraic in the basic invariants of the corresponding Coxeter group which
turns out to be the case as we manage to find flat coordinates in such a form. The key tool to use is the Laplace operator in
the flat coordinates of the intersection form g. This operator can also be rewritten in the flat coordinates of the Frobenius
manifold metric 7, see Proposition 2.1. This allows us to investigate harmonic functions in the flat coordinates. On the other
hand we find harmonic basic invariants (see Proposition 2.3) which we equate to harmonic functions of suitable degree in
the flat coordinates. We still have some coefficients to be found in these relations. In order to find them we compute the
intersection form g in two different ways. After the general method is explained in subsection 2.4 we deal with all the
examples in the subsequent Sections.

In all the examples we express explicitly the basic invariants of the flat coordinates of the intersection form g in terms
of the flat coordinates of the Frobenius manifold metric 1, generalising formulas (1.4) and (1.5) from the two-dimensional
case. The explicit formulas for the flat coordinates of the metric n in terms of the basic invariants of the flat coordinates of
the intersection form g are given for the examples related to Hs, D4, H4(1) and H4(2). These formulas are also obtained
but are too long to include for the example related to F4 and for H4(3). Calculations are done by Mathematica, see Data
availability section below.

In the final Section 7, we present some observations on the dual prepotentials of algebraic Frobenius manifolds. In
subsection 7.1 we find the dual prepotentials for Frobenius manifolds with prepotentials of the form (1.2) with k = % For
I > 2 we express the dual prepotential using a hypergeometric function and we apply the inversion symmetry to find the
dual prepotentials for k = —%. In subsection 7.2, for (H3)” and D4(a;) we analyse singularities of the third order derivatives
of their dual prepotentials on the Coxeter mirrors. While determining dual prepotentials for algebraic Frobenius manifolds
was a motivation for the present work results in Section 7 demonstrate that these prepotentials are considerably more
involved comparing to the polynomial Frobenius manifolds.
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2. General approach
2.1. Notations

For any two vectors a = (ay,...,an), b= (by,...,by) € C", we define

n
(a7 b) = Zaaba (S (C.

a=1

Let M be a smooth manifold with coordinate system zq, ..., z;. If f € C°°(M) is homogeneous in the z coordinates, and has
degree k, then we may write

deg f(z) =k.
For an (r, s)-tensor field T on M expressed in the z coordinates we denote
0Thi b, @)

ajp...ar .
Ty hi@ = 9z

For a vector field X = x*(z)aﬂ on M, the Lie derivative LxT of an (r,s)-tensor field T along X is an (r, s)-tensor field
which is defined in the z coordinates by the following formula:

r S
...ar ...ay o cly—1AAg41...0r ..ar
(Lx Dy 5@ = X @Tyl (@) = Y XK @Ty pe @)+ Y X5 @Ty 7y p b D). (21)
a=1 B=1

Note that, throughout, we are assuming summation over repeated upper and lower indices.
2.2. Laplace operator on Frobenius manifolds

Let M be an n-dimensional Frobenius manifold M with prepotential F(ty,...,t;) [10]. The third order derivatives of the
prepotential are used to define the symmetric (0, 3)-tensor ¢ as

33F

—_— (2.2)
ot;jotjoty

Cijk(t) =
We define the metric 1, which is constant in the t coordinates, as

33F

i) = ——.
715 (®) dt;dt;dt

Let us denote nii = (rfl)ij to be the inverse of the metric. We assume that
7ij(©) =0V (©) = 8ij np1-

The prepotential F satisfies the WDVV equations
Cija (O (O)C i () = cijn, ONH ()€ i (0).

We assume that F is quasihomogeneous:
LEF@®) =B —d)F(Q),

where the Euler vector field E has the form

E(t)=) datadr,. (23)

a=1

with d; =1 and the charge d # 1. Let us use the shorthand notations
e=n"Cijis G =n"Cy (24)

Then c;k are structure constants of a commutative Frobenius algebra defined on the tangent space T:M and e = 9, is its
unity. It follows that
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(Le)) = (d— D)} (2.5)
The intersection form g is defined in the t coordinates by the formula

gty =E*d o, (2.6)
which is known to be a flat metric on a dense open subset of M. Let X1, ..., X, be flat coordinates for g such that

gl (x) = Y. (2.7)

In these coordinates,
1—d <
E(x) = — Xg Ox., -
) =— ; Oy

Let us denote g;; = (g‘l)ij to be inverse of the intersection form. We know that
gij = cijn (E™H,
where E~1 is the multiplicative inverse of the Euler vector field E. We define the tensor field
z;k = gj;\c;'c’\, (2.8)
and we see that

ol I ) W —1\p AiA —1\p A ir_ ki
Cik = &jrCy =Cipu(E™ )" =cCiopE™) Ci = 8knCj = Cy;j-

Thus

5 . ok ok 5 » ;

8" gy =g, =gtcl, =g g =¢. (2.9)
Define A to be the Laplace operator in the x coordinates and V to be the gradient operator in the x coordinates, so for a
function f € C°°(M) we have

n

2
ap=Y21 V<f>=<ﬂ o ﬂ).

azlﬂ’ axy axy T axy
Let z1,...,z; be any coordinate system on M. Then
n
. d0z; 0Zj
U(z)=(V(@z), V(zj)) =) — L. 2.10
'@ = (V@) V() Zaxaaxa (2110)
a=1
We also have
£ @82 = (€ &))@ — 85221 (2) =8} — 8181 (2) = -85 (D)2 (2). (2.11)
Let & Fi.k(z) be the Christoffel symbols for the metric g in the z coordinates. Then, in the coordinate system x1, ..., xp, the
Christoffel symbols satisfy the following coordinate transformation law:
8z, 0z, dx; 9%z, Ox -
M, () S = L T () = 0. (212)

0Xj 0X 0z,  0XjOX, 02,

The following proposition can be extracted from [10] (see formula (G.6) and Lemma 3.4). We include a complete proof
below.

Proposition 2.1. For a function f € C°°(M), we have

2
T AL (213)

_ gVH
A =g O5—0 "

Furthermore,
d—1 .
Aty) = (T + di> (),

where we sum over the index A andi =1, ..., nis fixed.
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Proof. We have

AU)‘Xn: ) (8f ot _X”: 0°f ot ot 0f 0%ty
= xg \Oty Oxa ) A\ 0tydty % BXy Oty 0X3 )

which gives the equality (2.13) by formula (2.10). Now we find A(t;). By relation (2.12) we have that

n

n 2 n 2
04ty 0ty 0xy Ot oty Oty 3XM 8t1 Btg 3tw
A(ty) = E — 28 = E _ = E _&rv _gl—-l t
(t) = 0x2 » = axZ oty Xy oot )3Xa 9xg 1, 3)(“ cw® 2 3Xa 3Xa

Using equations (2.10) and (2.11) we get that
oW\ 8 1 (ra) ir
Alt)) = — g7“(HETL () = — 08" ®) (830 1) + Eor:0(®) — ow:n (1))
1
=5 (70l Vg + g"“’(t)gM 0801 (0) — 57O O go0(0))
=gh - —g “(0)8™ () gow(0).
By relation (2.6) we can rearrange equation (2.14) as
) 1 .
At) = (E" (O)c; () = 5 EH O (08" (80w (®)

. . 1 .
=E ()¢ (6) + E* (Oc)), (6) — 5 (Efj(t)c,‘i‘*’(t) + E“(r)c;?;(t)) gD gow ().

From relations (2.4) we see that c;jl(t) = Cli_jk(t), since 7 is constant in the t coordinates, hence

) ) 1 .
At) = EL O © + EX O, 0 = 5 (Efﬁ(t)cz%) + Eﬂ(t)cm(t)) g4 O gow ().
By relation (2.1) the Lie derivative of the tensor field CE has the form

(L0l ) = E*)e, (0 — EL (0c ) — E], ek ) + ER ) ).

Therefore
At = (LEc) (O + EL, 0 0 + EL, (0" ©
2 (€020 + B0 0 + B4, 06" 0) 87 08000,
By relations (2.5) and (2.9) we have that
A(t) = =D O + EL, (0ck™ (O + E, (0c
5 ((d — D20 + ES, O 0 + E4 05" ©) 8 0800 (0)

—(d—l)c (t)+E’ (t)c (t)+E)‘ (t)c (®)

1
3 (t)——EG (t)cy (t)— E‘” O ®)

d—1 ; i
= O +E,0¢" 0.

The statement follows by formula (2.3). O

2.3. Coxeter-invariant coordinates

(2.14)

Let W be a finite irreducible Coxeter group of rank n acting on its complexified reflection representation V = C" by

orthogonal transformations with respect to (-, -). Consider an orthonormal basis eq, ..., e,, and the coordinates xq, ...

defined as

Xi(v) = (v, ej),

» Xn
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forall veV and all i=1,...,n. Let y1,...,y, be a set of homogeneous generators of the algebra C[x1,...,x,]". It is
well-known that such a set always exists [17] and we have an algebra isomorphism

Clyt, - ynl ZClxa, . xal"™
These generators are called basic invariants. The degrees d,W of basic invariants y; do not depend on the choice of basic
invariants [17]. We assume that d}¥ >d¥ >...>d" | >d¥ =2.

Lemma2.2.let p,qe Clxq,...,x,]". Then A(p), A(q) € C[x1, ..., %1V and (V(p), V(q)) € C[x1, ..., x,]V.

Proof. The first claim follows from the invariance of A under orthogonal transformations. We have

1
V(). V@) = 5 (A(p0) - Ap)g - pAW).

which implies the second statement. O
We will use the following statement.

Proposition 2.3. There exists a set of basic invariants Y1, ..., Yn € Clx1, ..., x,1W such that

AYp) =1, A(Y)=0,

forj=1,...,.n—1.

Proof. Let y1,...,yn € Clx1,...,x,]" be a set of basic invariants. Define Y, as

i=1

so that A(Y,) = 1. Now, it is well-known that

Clx1,..., %] =YnC[xq1, ..., %] ® H, (215)

where H = Ker(A) is the vector space of harmonic polynomials. Consider the vector spaces V of homogeneous W -invariant
polynomials of degree k and the linear maps

A :Span{y;j, Yn Vdegyj(x)72} — Vdegyj(x)—Zs

for j=1,...,n—1. Since the dimension of the domain is larger than the dimension of the range, there must be a nontrivial
kernel that is not contained in Y,V geg yi(x-2 by the direct sum decomposition (2.15). Let Y; be a nonzero element of this
kernel. The polynomials Y;, 1 < j <n, are homogeneous and each basic invariant y; can be expressed as a polynomial in
Y;, thus Y; generate Clx1,...,x]" and we have that A(Yj))=0forall j<n-1. O

Suppose we can write the prepotential F of a Frobenius manifold M as a polynomial F(t, Z) in the t coordinates and Z,
where Z satisfies an equation of the form

N
P(t;2)=) a(t)Z*=0, (2.16)
k=0

where ay € C[to, ..., t,], such Frobenius manifolds are called algebraic. We say that an algebraic Frobenius manifold M is
associated to the Coxeter group W if there exist basic invariants y1, ..., y, in the flat coordinates x1, ..., x, of the intersection
form g which are simultaneously polynomial in t1,...,t; and Z. All of the examples of Frobenius manifolds which we
consider below are associated to Coxeter groups.

We will sometimes need to consider the t coordinates and Z as independent variables (see e.g. Proposition 2.5 below).
In such cases, for a rational function f of n+ 1 variables, we will write ff(t, Z) instead of f(t, Z).

7
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2.4. Relating flat coordinates with basic invariants

In this subsection we will explain how to relate flat coordinates t; with flat coordinates x; of the intersection form g, or
rather with basic invariants y; of a Coxeter group. It is known [10] that for d # 1 we have
1—d ¢
=y Y
i=1
Since E is diagonal, we have degt;(x) = 2—‘1" for all i. The general method for finding basic invariants as polynomials y;(t, Z)
below will go through the following steps:

1) Set y, = Z'le xi2 = %tn. Choose y1,..., ¥n—1 so that yq,..., y, form a set of basic invariants for a finite irreducible
Coxeter group W.

2) Let Yq,...,Y, be a set of basic invariants such that A(Y;) =1 and A(Y;) =0 for j=1,...,n— 1, which exist by

Proposition 2.3. Each Y; can be expressed as a polynomial in yq,..., ys. In particular, Y, = Zl—nyn.
3) Let V; be the vector space of polynomials in t1,...,t; and Z which are homogeneous in the x coordinates of degree
d;(". Find the harmonic elements of V; using Proposition 2.1, for j=1,...,n—1.

4) Equate Y; = Y;(y) with a general harmonic element of V ;. Rearrange these equations to find each y; as a polynomial
inty,...,t, and Z up to some coefficients to be found. This can be done successively for j=n—1,n—-2,...,1.

5) Find the intersection form gV in the y coordinates by the formula g¥(y) = (V(yi), V(yj)), and express the entries
as polynomials in the y coordinates, which can be done by Lemma 2.2. Substitute the expressions for yi(t, Z) into these
entries, so we have g"(y(t)).

6) Calculate the components gl (y(t)) of the intersection form g in the y coordinates by performing a change of coordi-
nates y = y(t) on the intersection form g**(t) given by formula (2.6):

03, 0,

ij Y
g'y) =g (t)at,\ ot

Here, the derivatives 2 are found via their expressions in the t coordinates and Z which still contain some coefficients to

at;,
be found.

7) We equate the two expressions for gi/(y(t)) from steps 5) and 6), and find the values for the remaining coefficients,
which is possible in all the examples we consider. Thus we get basic invariants y; expressed as polynomials in t; and Z.
Note that the polynomials we find may not be unique if the Coxeter graph of W has non-trivial symmetries.

One may alternatively try to skip steps 2) and 4), but this increases the difficulty of the calculations needed to equate
the two expressions for g (y(t)).

Remark 2.4. In the case of algebraic Frobenius manifold H4(6) there do not exist any non-zero harmonic polynomials in the
space V; at step 3) of degrees 20 and 30. This prevents us from equating basic invariants of H4 with polynomials in t; and
Z, and thus we cannot apply the above method as prescribed.

Proposition 2.5. Let e = ei(y)ayi be the unity vector field of an algebraic Frobenius manifold associated to W with prepotential
F(t,Z).Thene'(y) € C[t, Z] foreachi=1,...,n.

Proof. We know that e = d;,. Hence

; dyi dyi oyf oyl 8z
el(y)=e*(t)— ==L 4 1L =
W = O =50 = o T 9z o

e Clt, Z]

since % =0 by relation (2.16). O

Proposition 2.6. Let g be the intersection form of an algebraic Frobenius manifold associated to W with root system Ry . Then
¢ ] (o, %
a€Rw

det(g!(t)) = — et

n
where | = (%—{j’) - is the Jacobi matrix and c € C.
i,j=
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Proof. It follows from [17] that

det(g () =c [] @ %

aeRw

for some ¢ € C. From relation (2.10), we see that

; c I1 (o, %
det(gl (t)) = det (g"“(y);% ﬁ) = det(g"* (y))det (J”)2 = %
"

3. Algebraic Frobenius manifolds related to H3

There are two non-polynomial algebraic Frobenius manifolds which we can be associated to H3, both found by Dubrovin
and Mazzocco [14]. Prepotentials of these three dimensional Frobenius manifolds were given explicitly by Kato, Mano and
Sekiguchi [19] (see also Remark 6.1 in [19]). Let Ry, be the following root system for H3:

. 1 _
Ry, ={%ei|1<i<3}U {f (£eo ) £ @eo2) £ Peo3) ‘a € 2[3} ,

where
1+45 _ 1-45
R

and 23 is the alternating group on 3 elements. Let us introduce the following basic invariants for H3 (cf. [23]):

y1=95€2€3 — 32€2€3 — 5€1€2 4 263 €3 + 3+/58¢€3, (3.1)
y2 =\/§5+€1€2—1]63, (3.2)
y3 =€, (3.3)
where
€1 =X+ x5+ X3, (34)
€2 =X2X5 + X2X5 + X33, (3.5)
€3 =x3x3x3, (3.6)
§=(4 —x5) (¢ —xH (X3 —x3). (3.7)
The basic invariants y1, y2, y3 have degrees 10, 6, 2, respectively.
Lemma 3.1. (cf. [23]) The intersection form g' (y) takes the form
) 30y3 +36y3y3 +8y1y3 28yZy3+8y2y; 20y
gl = 28y3y3 +8y2y4 8y1+8y2y5  12y2
20y4 12y, 4y3
Consider another set of basic invariants for H3 given by
9 10
Yy =y — — 2 5, 3.8
1=Y1- 7 Y2V 123 (3.8)
2
Yy =y3 — —y3, 3.9
2=Y2- 57V3 (3.9)
1

The following statement can be checked directly.

Lemma 3.2. We have A(Y3) =1 and A(Y1) = A(Yy) =0.
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3.1. (H3)' example

The prepotential for (H3) is

7 17 2 64
37— 653720 — — 377 — Tt3710 - —

1
Ft:—(ttz tzt)——t
O =3Ot +hb) = e6Z2 -5 105 9 585

where

P(t2,t3,2) :=Z* +t3Z +t, =0. (3.11)

The Euler vector field is
4 3
E(t) = t] 8!’1 + —t23t2 + _t3at3s
5 5
the unity vector field is e(t) = d,, and the charge is d = % The intersection form (2.6) is then given by

(166223 + 196513 — 932) 120222+ 1323 +3) 13

glo = 12072+ + 1373 t1 + 45 8tz + 3t32) %fz - (312)
t‘l gtz §t3

We have that degt;(x) = 22, degty(x) = &, degt3(x) =2 and deg Z(x) = 2.

Proposition 3.3. Let V1 = {p € C[t1,t2,t3,Z] | degp(x) = 10} and let Vo = {p € C[t1, t2, t3, Z] | deg p(x) = 6}. The harmonic
elements of V1 are proportional to

224400063 — 628320t1t32% — 1168530t 1t2t2 — 583440t t2t3Z> 4 151470t165Z
+76894463t5 + 40691263 Z° — 311872653 Z + 43087623 2% + 3200085 + 37103t52°,

and the harmonic elements of V are proportional to

1260t 1ty — 224t3Z — 154t5t32% — 80t3 — 35t32°.

Proof. Using Proposition 2.1 we can directly calculate

_ 1z
Alt) =527, (3.13)
A(ty) = — %Z, (3.14)
Aty = 2 (3.15)
) =15 :

A general element of V; is of the form
a1 +axt3t 7 + astits 2% + agtit32% + astitats + agtitats 2 +artit32
+agt§t3 + agt323 + (1101%1%2 + a11t2t322 + (1121'% + a13t§‘Z3, (3.16)
where a; € C. By calculating the Laplacian of this general element (3.16) using Proposition 2.1 and formulas (3.13)-(3.15)
we find that the only harmonic elements of V are as claimed. A general element of V, has the form
bit1ty + bat1t3Z + bgt%Z + b4t2t3Z2 + b5l’§ + b6t§23, (317)

where b; € C. By calculating the Laplacian of this general element (3.17) using Proposition 2.1 and formulas (3.13)-(3.15)
we find that the only harmonic elements of V; are as claimed. O

Theorem 3.4. We have the following relations

128000
~ 19683

+411263t3 + 217663 2% — 21761537 — 119¢,65 22 + 20083 + 119tg‘z3) : (3.18)

3200

y2="oo (180t1t2 — 32627 — 225t372 — 563 — 5t§z3) : (3.19)
20

y3= ?f3- (3.20)

V1 (12000t$ —3360¢1t52% — 3390ttt — 3120t1t2t3Z° 4 81061652

10
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Proof. Note that Y3 = % y3 = %t} We now equate Y; and Y, given by relations (3.8)-(3.10) with general harmonic ele-
ments of Vi and V5, respectively, given by Proposition 3.3. We then rearrange these equations to find y; in terms of t; and
Z. We find
25600000 £ a
Y= 18711 3" 583440
— 583440t1t5t32° + 151470165 Z + 76894485 t5 + 406912¢3 Z°
— 311872t5t3Z + 4308753 Z% + 320003 + 37103t32°)

80b

(2244000¢3 — 628320t1t3 2 — 1168530t t2t3

~ 179 (12600112 — 224t27 — 154t5t32% — 8015 — 35t32°), (3.21)
16000 b

V2= t5— E(1260t]t2 — 224t37 — 154t5t3Z° — 803 — 35t32°), (3.22)
20

y3=—13, (3.23)

3

where a,b € C. In order to find a and b we perform steps 5-7 from Section 2.4. That is, we transform the intersection form
(3.12) into y coordinates by applying formulas (3.21)-(3.23) and compare it with the expression given by Lemma 3.1. We

find that a = 1336152601000 and b= —%, which implies the statement. O

Proposition 3.5. The derivatives 3—{)’ e Clty,t2,t3, Z].

Proof. We have P(t, Z) =0 by relation (3.11). Hence

ap  9PF  4PF oz
0=—=—+——.
3tj 3t]’ 0Z at]’

Therefore
apf
Z . at;j
at;  apf’
J 9z

We thus have that

F F Pt

yi ay; _ ay; ot (3.24)
atj  atj 9z opL” '
9z

The first term is polynomial in tq, t2, t3 and Z. The polynomial PF is irreducible over C[t1, ty, t3] and thus % is invertible

in the field C(ty,t2, t3)[Z]/(PF), where C(ty,ty,t3) is the field of rational functions in t{,t, and t3. Hence the second
term in equality (3.24) can be represented as an element of the ring C(t1, ty, t3)[Z], when we reduce it modulo Pf as a
polynomial in Z. It can be checked that it is a polynomial in t1,t; and t3. O

Proposition 3.6. We have that

c [] (a,x

i QERH,
det(g"(t)) = Q22

where c = —3% .5 and

’

Q(t,z)=2%.5" (24000t? — 10208t5t3 + 540t1t5t3 + (2484t35t3 4 540t 15 — 9600t3t2) Z
2 2 3\ 72 3 4\ 73
+ (3360¢13 — 3600t7t3 — 189t263)Z% + (720t1t2t5 — 454485 — 81t5)Z ) .

By Proposition 2.6, we need only find det (g—{j‘) It can be calculated by Theorem 3.4, which leads to Proposition 3.6.

In the next statement we express flat coordinates t; via basic invariants y; and Z, which is an inversion of the formulas
from Theorem 3.4.

11
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Theorem 3.7. We have the following relations:

1

b= - (10240029 20160y3Z2° + 1080y32> + 729y, + 54 3), 325

' T 2880072023 + 3y3) + ¥3Z° +1080y35Z° + 729y3 + 54y3 (3.25)
z 3

L="% (202> +3y3). (3.26)

=5 (3.27)

3= 20}/3, ‘

where Z satisfies the equation

229511727 4 92733510y, 724 | 5223458157 y%ZZl 42183457 (227219y§ _ 33y2) 718

4 2133655 (60089 ¥ 22331 y2y3) 715 42103753 (522 1119413 — 33263 y,)2

+2237y1) 2124293757 (223003 + 3°2y1y3 + 3719 41 y2y3 + 522 4987 1) 2°

+263%5 (367 y2ys +2238y1y2 + 253323 y,y4 + 225353 y;) A

+2%31° (395 y3y3 + 2237 y1y3 4+ 223131 2] - 2257715 2°

+3° (39y§ +372y3y3 +223%y,y5 +23y§) =0, (3.28)
and y; are given by relations (3.1)-(3.7).
Proof. Formula (3.27) follows immediately from Theorem 3.4, and formula (3.26) follows from relation (3.11). Substituting

the relations (3.26) and (3.27) into formula (3.19) we get the expression (3.25). Finally, substituting relations (3.25)-(3.27)
into formula (3.18) we get the formula (3.28). O

Proposition 3.8. The unity vector field e = 9, in the y coordinates has the form

64000 1280000

Tl + e (12006 — 112637 — 1136263 — 10402632% + 2763 ) By,

e(y)

Proof. We have that

Ya
€=0 =3¢ W

which gives the statement by applying the relations from Theorem 3.4. O

3.2. (H3)” example

The prepotential for (H3)” is

1 4063 19 73 11 16
F(t) = — (tzt t tz) ol 272 D37 378 =77,
O =3 (B +680) + 7676+ 13565 2734 t gt 35
where
P(tz,t3,2) :=Z% +t; —t5 =0. (3.29)

The Euler vector field is
2 1
E(t) =t10¢, + t20¢, + =t30¢,,
3 3
the unity vector field is e(t) = 9;,, and the charge is d = % The intersection form (2.6) is then given by

o33 (585633 +324065 63 +445615 —324Z (3 —Ttot3+6t3)) — 5 (333 +4t2t3(18Z—13t3)~72t3(Z+t3)) 1
gl = — 2 (332 +46ot3(18Z—13t3) 723 (Z +13) t1-2bt3+ 23 +4Z(6—2) n . (3.30)
t1 %tz %tg

We have that degti(x) =6, degty(x) =4, degts3(x) =2 and deg Z(x) = 2.

12
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Proposition 3.9. Let V1 = {p € C[t1,t2,t3, Z] | degp(x) = 10} and let V, = {p € C[t1,t2,t3, Z] | deg p(x) = 6}. The harmonic
elements of V1 are proportional to

25245t1ty + 22275t1t3 — 16830t3t3 — 20196t3Z + 21890¢,t3
+40392t,t2 7 — 104196t5 — 20196t5Z,

and the harmonic elements of V are proportional to

189¢t1 + 630t2t3 4 40085.

Proof. Using Proposition 2.1 we can directly calculate

5

Alt) = — 553362 — 26t2 4 54t32), (3.31)
1

A(ty) = 5(92 — 11t3), (3.32)
1

Alt3) =5 (3.33)

A general element of V; is of the form

aitity + axtit? + astitsZ 4 aatits + astsZ + agtats + a7trt2Z + agt3 + aots Z, (334)

where a; € C. By calculating the Laplacian of this general element (3.34) using Proposition 2.1 and formulas (3.31)-(3.33)
we find that the only harmonic elements of V1 are as claimed. A general element of V;, has the form

bit1 + batyts + b3ty Z +b4t§’ +b5t%Z, (3.35)

where b; € C. By calculating the Laplacian of this general element (3.35) using Proposition 2.1 and formulas (3.31)-(3.33)
we find that the only harmonic elements of V; are as claimed. O

Theorem 3.10. We have the following relations

288
y1 =" (1350162 + 4050163 — 90635 — 108632 + 10706213

25
2 5 4
+2166637 +2292¢5 — 108t42) (3.36)
8
2=z (27t1 1 90t5t3 + 160t§) , (3.37)
y3 =12t3. (3.38)

Proof. Note that Y3 = % y3 = 2t3. We now equate Y; and Y, given by relations (3.8)-(3.10) with general harmonic elements
of V1 and V3, respectively, given by Proposition 3.9. We then rearrange these equations to find y; in terms of t; and Z. We
find

_ 1990656 5 a

V1= + oo (2524501 + 22275t1t2 — 16830t3t3 — 2019637
+21890t2t3 + 4039265t2 Z — 104196t5 — 20196t52)
81b , 3
+ 43513 (18901 + 6301213 -+ 40053), (3.39)
1152 5 b 3
Y2 =15 + 505 (1891 + 6306t5 +40063), (3.40)
y3 =12ts, (3.41)

where a,b € C. In order to find a and b we perform steps 5-7 from Section 2.4. That is, we transform the intersection form
(3.30) into y coordinates by applying formulas (3.39)-(3.41) and compare it with the expression given by Lemma 3.1. We
find that a = % and b = @, which implies the statement. O

Proposition 3.11. The derivatives i—{)‘ e C[tq,t2,t3, Z].
Proof is similar to the one for Proposition 3.5.

13
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Proposition 3.12. We have that

c [] (&, %

i QERH,
det(g"(t)) = Q22

where c = —214 .55 and

’

Q¢ 2) = 3% (563 + 126123 — 27t1 + 54(t2 — )Z) .

By Proposition 2.6, we need only find det (g—f}’) It can be calculated Theorem 3.10, which leads to Proposition 3.12.

In the next statement we express flat coordinates t; via basic invariants y; and Z, which is an inversion of the formulas
from Theorem 3.10.

Theorem 3.13. We have the following relations:

5

t; = ——— (108y, — 25y3 + 1296 22), 3.42

1 23328( Y2 y3+ y3 (3.42)
1 2 2

ty = —y% — 72, 3.43

27 14873 (3.43)
1

t3 = —y3, 3.44

3=1593 (3.44)

where Z satisfies the equation
311042° +12960Z%y3 + (900y — 360y3)Z2 4 (25y1 — 25y2y% +2y3) =0, (3.45)
and y; are given by relations (3.1)-(3.7).

Proof. Formula (3.44) follows immediately from Theorem 3.10, and formula (3.43) follows from relation (3.29). Substituting
the relations (3.43) and (3.44) into formula (3.37) we get the expression (3.42). Finally, substituting relations (3.42)-(3.44)
into formula (3.36) we get the formula (3.45). O

Proposition 3.14. The unity vector field e = d, in the y coordinates has the form

216 7776 5
e) = "0y, + o (t2+38) by,
5 5
Proof. We have that
0Ya
e=0y = —09y,,
ty 3t] Ya

which gives the statement by applying the relations from Theorem 3.10. O
4. Algebraic Frobenius manifold related to D4
The Dg4(aq) Frobenius manifold has been described by Pavlyk [22] and Dinar [4], with a prepotential given explicitly by

Pavlyk. It is a four dimensional Frobenius manifold which can be associated to the Coxeter group Dy, it is denoted with the
conjugacy class a; in the Coxeter group D4 [1]. The prepotential for D4(ay) is

19¢2  763t2 3t tatd  tatity  tat?  tat? VA
F(t) = 4 43 42 43 432 A A e o 2
26345 ' 2533 .33 ' 263 6 6 2 23345
where
P(ta,t3,ta, Z) := Z% — (t3 + 3t3 + 24t5) =0. (4.1)

The Euler vector field is

1 1
E(t) =4 aﬁ + tZatz + Et38t3 + §t48t4,

the unity vector field is e(t) = d;,, and the charge is d = % We note that slightly different prepotentials and coordinates are
used in Pavlyk [22] and Dinar [4]. The intersection form (2.6) is then given by

14
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1

g“ayzgﬁ(u09&+6&§-mmy—zzmﬁ+3@+zqg), (4.2)
1

1200 1 _ 2

g(U—%Qde 2a+mﬁ4wﬁ, (43)
1

20 =555 (ca 765 + 276 +1441) - 2253 + 1253 + 241, (4.4)

5%0=1(&ﬁﬁﬂ—mm+2ﬁ (4.5)
18 3 ’ ’

1 1
gP O =t+ 32t = 2), g7 () = £ (ta = 22), (4.6)
1 1
gl =0, g0 =0 g0 =6, g%0 =t (4.7)

Let Rp, be the following root system for D4:
Rp,={*eitej|1<i<j=<4}.

Let us introduce the following basic invariants for D4 (cf. [23]):

y1 =X+ x5 +x5+5, (4.8)
Y2 =X1X2X3X4, (4.9)
y3=x+x5 + x5 + x5, (4.10)
Va =X+ X5 +x5+x3. (411)

The basic invariants y1, y2, ¥3, ¥4 have degrees 6, 4, 4, 2, respectively.

Lemma 4.1. (cf. [23]) The intersection form g'i (y) takes the form

30y1y3—180y3y4+30y1y3—30y3y3+6y; 623 32y1y4—96y3+12y3—24y3y3+4y} 12y

gli(y) = 6y2y3 L(2y1-3y3ya+y3) 4y2y4 8y>
32y1y4—96y3+12y%—24y3y3+4y5 4y2y4 16y1 8y3

12y4 8y2 y3 Ya

Consider another set of basic invariants for D4 given by

5 5

Y1=y1—>y3ya+ —vs, (412)
4 16

Y2 =ya, (4.13)
1

Y3=y3— i, (4.14)

1
Y= §y4. (4.15)

The following statement can be checked directly.
Lemma 4.2. We have A(Y4) =1and A(Y1) = A(Y2) = A(Y3) =0.
We have that degti(x) =4, degty(x) =4, degts(x) =2, degts(x) =2 and deg Z(x) = 2.

Proposition 4.3. Let V1 = {p € C[t1,t2,t3,Z] | degp(x) = 6} and let Vo = {p € C[tq,t2,t3, Z] | deg p(x) = 4}. The harmonic
elements of V1 are proportional to

216t1t3 4 72tots + 24627 — Ot3tg +3t3Z + 5 + 132,
and the harmonic elements of V are of the form

a(4ty — t3ts) +b(tZ + 35 — 8t2),

where a, b € C are constants.

15
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Proof. Using Proposition 2.1 we can directly calculate

A(t1) =%3(2z —ta), (4.16)
A —1 2 3t§ 417

(fz) = Z t4— 2 — 7 s ( . )
Alt3) = — %3 (4.18)
Ats) =1. (4.19)

A general element of Vq is of the form
artatr+axtaty + astaZ + aststy + aststy + asts3Z + aﬂ%
-l-asl'%f] + agt%Z + a]ofzt% + a1ttt Z + aut% + a13t%Z, (4.20)

where a; € C. By calculating the Laplacian of this general element (4.20) using Proposition 2.1 and formulas (4.16)-(4.19)
we find that the only harmonic elements of V are as claimed. A general element of V, has the form

bitg + btz + b3t§ + batat1 + bsta Z + bGt% + b7t1Z, (4.21)

where b; € C. By calculating the Laplacian of this general element (4.21) using Proposition 2.1 and formulas (4.16)-(4.19)
we find that the only harmonic elements of V; are as claimed. O

Theorem 4.4. Define

16

yi=-5 (216t1 t3 — 288tats + 24627 + 126t3t4 + 3t3Z — 445 + tﬁz) , (4.22)

Y2 =4(4t1 — t3ts), (4.23)

y3=8(3t2 —3t2 +8t;), (4.24)
4 3

V4 =8t4. (4.25)

Under the corresponding tensorial transformation the intersection form given by formulas (4.2)-(4.7) takes the form given in
Lemma 4.1.

Proof. Note that Y, = % y4 =tq. We now equate Y; with a general harmonic element of V1, and we equate Y, and Y3 with
general harmonic elements of V5, where Yq,Y, and Y3 are given by formulas (4.12)-(4.14) and the harmonic elements of
V1 and V; are given by Proposition 4.3. We then rearrange these equations to find y; in terms of t; and Z. We find

a
y1=16063 + 7 (2160113 + T2t + 24127 — 93ta + 362 + 6+ 652)

+ 10t (%3(4& — t3tg) +b3(6 + 36 — 8)) (4.26)
ya = %2(4t1 — t3tg) + b2 (65 +3t% — 8t2), (4.27)
y3 =322 + %(4“ — ttg) + b3(t5 + 3t3 — 8t2), (4.28)
ya=8t4, (4.29)

where a;,bj € C. In order to find a; and b; we perform steps 5-7 from Section 2.4. That is, we transform the intersec-
tion form (4.2)-(4.7) into y coordinates by applying formulas (4.26)-(4.29) and compare it with the expression given by
Lemma 4.1. A particular solution is given by

a=——, a; =16, a3 =0, b, =0, b3 =-8,

which implies the statement. O

Remark 4.5. There are in fact five other ways to choose y; in Theorem 4.4 as polynomials of t; and Z. This non-uniqueness
is due to the S3 symmetry of the Coxeter graph of Dg.

Proposition 4.6. The derivatives 3—%’)’ e C[tq,t3,t3,t4, Z].

16
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Proof is similar to the one for Proposition 3.5.

Proposition 4.7. We have that

¢ [T (@ %

.. aeRD4
det(g" (1)) = Q22

where c =9 and

Q(t, Z) =2" (12t + 5t3ty + 2t37).
By Proposition 2.6, we need only find det (‘;—f}‘) It can be calculated by Theorem 4.4, which leads to Proposition 4.7.
In the next statement we express flat coordinates t; via basic invariants y; and Z, which is an inversion of formulas

from Theorem 4.4.

Theorem 4.8. We have the following relations:

1
= <32y4Z3 +24y27% + 18y, y4 — 864y2 — 27y3y2 + 7yj{) , (4.30)

13824y,

1

tr=— (1622 +2y3 — 2) 431
2= 5 (1627 +2y3 - ¥3). (431)
ty=— (322° +24y42% +18y1 = 27y3y4 +73) (4.32)

432y, 4

1

ta=gya (4.33)

where Z satisfies the equation
210704293 y42° + 2532374 +2° (73 - Py3ya +3231) 22 +2%3 (7]
- Pyayi+ P2yiya - 2°303) 22 4+ y§ - 32 Tyayi + 23T 1y}
+3°3y% — 23°y3y5 - 22 y1yaya + 2°3°03ys + 223%1 =0, (4:34)

and y; are given by relations (4.8)-(4.11).

Proof. Formula (4.33) follows immediately from Theorem 4.4. Using relations (4.1) and (4.23) we see that

1
=355 (Qy2 +t3ya), (4.35)
ty= L Zz_3t2_iy2 (4.36)
24 3 6474) '
Substituting the relations (4.33) and (4.36) into formula (4.24) and rearranging, we get
1 71
2 2 2
t5=— —ys—3 . 437
3 75( + a4 ya) (4.37)

We can then substitute relations (4.33), (4.35) and (4.36) into formula (4.22) and reduce modulo t% using relation (4.37)
to find a linear equation in t3 which we can rearrange to find relation (4.32). Substituting relations (4.32) and (4.33) into
formulas (4.35) and (4.36) gives us relation (4.30) and the following:

1
ty=———— (102478 + 1152y, 2% + 324y — 62208y2 72 + 1536y4Z° + 864y y4Z>
2 1492992y§( Y1 Y1 Y5 V4 Y1Ya

—1728y3y4Z3 — 972y1y3y4 + 576y3Z* 4+ 972y3y3 — 1296y3y3 2>
+729y%y3 +448y3 723 +252y1y3 + 336y3Z° — 378y3y3 +49y9). (4.38)

We then substitute relations (4.30), (4.32), (4.33) and (4.38) into formula (4.22) and we get the formula (4.34). Finally,
reducing relation (4.38) modulo the polynomial (4.34) in Z gives us relation (4.31). O
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Proposition 4.9. The unity vector field e = 9, in the y coordinates has the form
e(y) =16 (0y, — 24t30y,).

Proof. We have that

0Ya
e=0dy = anw

which gives the statement by applying the relations from Theorem 4.4. O
5. Algebraic Frobenius manifold related to F4

The F4(az) Frobenius manifold was described by Dinar with a prepotential given explicitly [4] (there seem to be some
typos for the prepotential in [4], we include a corrected version below which was communicated to us by Dinar). It is a four
dimensional Frobenius manifold which can be associated to the Coxeter group F4, and is denoted by the conjugacy class a;
in the Coxeter group F4 [1]. The prepotential for F4(ay) is

F©) = tat? ot 4 24 o2 L N 243471 4259 4 233423 47 5 313 103293 5 5,
T2 T Tamz T a3t 557.13 47 557 477 23557 437
3%13279.467 5  3%133157.383 ,  2°3767-521749 , 2431013.693097 g
— —26557 tat3ty — 12557 t3t) + 597 ty+ 597 tat3
22381322327.97 ., 3713318224639 , ; 331397243667 , , 381358754721 , .

5+ + +
* 59 43 26587 43 211587 473 214597 43

3713619.435503t 64 3813741 -7129t7+ 3352 2 2236139t3t 3823 2ot
218597 3 222597 3T \1327 2 527.13 4% 522.7 477

3713-73  ,  3%13241 ,  3°13629.43 31013515937 . 3121342729 , ,

T ossz7 BT emy B T B Tgmsry MG Tongsy 4B
39133131357 5 5 3101331949 , , 31113.68473 ;  223989.11701 4
tht5 + s+ ———t3 ) Z
28567 473 23567 473 577 4 577 4

3139 . 3B13.19 , 3B13* , ., 32133101 5, 3113431 ,
tht3 + tsts + tot tat
552.7 47 542.7 4 21154 43 7 99547 43 T lesa7 U3

31213541 3n 310 3913
5 2 t§t2> Zz,

ty — tat3ty —

2 — t
220557 3 225.7.134 255.7 2105.7
where
P(ta, t3,ts, Z) :=2° ZEME 233t2~|—tt + 22z 2313 (250
2,103,104, Z) 1= 54 13 lathalb T o5l 56 33132 2
27139

13241
t3 —2%3223t3t3 —3-13 - 7343 — 2—4t§) =0

The Euler vector field is
1 1
E(t) =t10¢ +t20, + §t33t3 + §t43t4»

the unity vector field is e(t) = 9,, and the charge is d = % The intersection form (2.6) is then given by

34
gl =— ECTE (25920000000022t2 + 8611200000002 t>t3 -+ 1833744640000t ,t2

— 94787461372500Z2t3 — 229118338413900Zt5 — 184708373655429¢3

+ 1067520000000Zt5t4 + 6818938880000t t3t4 — 593226777780000Z%t3t 4

— 1466753056797600Zt3t4 — 1556308486273320t3t4 — 1870069760000t ¢

— 996804506880000Z°t5t7 — 4153975366694400Zt5t5 — 6641896760778240¢5t5
— 546311900160000Z%t3 — 6910723746201600Zt3t; — 16691391832227840t3t;
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— 538992287907840021‘21l — 17222218351902720t3t§11 — 64329986778071041‘2) , (5.1)

34
g2t = — 51758 (86400000000t2 Z? + 911040000000t t3 Z + 1440474880000t

— 44608926082500t3 Z2 — 143790305946300t5Z — 157672431777393t3

+ 1059840000000¢t4Z + 4513832960000t 5t3t4 — 330765116760000t3¢4 2>

— 1081698384499200¢3t4Z — 1043122465279440¢5t4 + 4196270080000t 2t5

— 700228488960000¢3t5 2% — 2682937817164800t3t2 Z — 3140123415886080¢3t3

— 382258206720000¢; Z? — 3411310364467200t3t5 Z — 5919243052769280¢t3¢

—2126376537292800t5Z — 7197815592714240t3t; — 317681331653836&2) , (5.2)
g2t = — 23;—1538 (28800000000t2 7% + 511680000000¢t,t3Z + 1958344960000¢,t3

—19207343902500¢3 2% — 78756703307100t5Z — 114276677239881t3

+ 1121280000000t t4Z + 3545784320000t ,t3t4 — 158303428920000t3¢4 2>

— 707890736966400t3t4Z — 936110404686480t3t4 + 2777743360000t ¢

— 383440936320000t3t5 2% — 2025454752921600t3t5Z — 2337422808015360¢5¢7

— 244681482240000t3 72 — 2221827115622400t3t5 Z — 3112967576309760t3¢

—1046938278297600t4 Z — 2618007725998080t3t5 — 141760266869145&2) , (5.3)
1
13 _ 2 2 3
870 =5pm (1280000t2 — 924007500t32% — 3897258300t3Z — 2181574863¢3
—3411720000t4Z2 — 9067593600t3t4Z — 4518684144t3t4 — 562049280013 Z
+9861336576t3t3 + 50200031232t3) , (5.4)
1
23 2 2
g0 = 315013 (8320000t1 — 8960000¢; — 308002500t3Z% — 2188871100t2Z
—3888894321t5 — 1137240000t4Z2 — 9593251200t3t4Z — 80550456483t
—5580057600t2Z — 5561457408t3t2 + 4045676544t3) , (5.5)
231 = 2 (150Z — 91t3 + 16t4), (5.6)
1323
1 1
g =t, o=t gO= 3t gt = 3te (5.7)

Let Rf, be the following root system for F4:
1
Rp, ={%ej [1<i<4}U{+e;te;|1 §i<j§4}u{§(j:e1 :I:ezzl:e3:|:e4)}.
Let us introduce the following basic invariants for F4 (cf. [23]):
y1=288¢6264 — 108€2€4 — 863 + 3€2€3,
y2 =12€4 — 3€1€3 + €3,
V3 =6€3 — €1€2,
Y4 =¢€1,
where
€1 =X +X5+ x5 +x3,
€2 =X3X3 + X3x5 + X3X% + X5X5 + X3X5 + x5x5,
€3 =X3X3X5 + X4X3X% + X3x5X% 4 X5x5%5,
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€4 =X3X3X35.

The basic invariants yq, y2, ¥3, ¥4 have degrees 12, 8, 6, 2, respectively.

Lemma 5.1. (cf. [23]) The entries of the intersection form g'i(y) are

g'1(y) =1152y2y3 — 144y y2ya + 1152224 — 144y, y3y> + 288y3y2,
g2 (y) = —96y3ys —48y2y3y5.  g%2(¥) =—8y2y3 — y1va+3y3ya,
g (y) =192y3 + 120y,2y3y4 — 12y1y5 + 12y3y5.

g2 (y)=2y1 —6y3 —8y2y;.  &2(y) =20y2y4 —4y3y;,

gy =24y1, g*( =16y, gty =12ys, g*) =4y

Consider another set of basic invariants for F4 given by

1
Yi=y14+ —— (2 2 17 2161y°).
1=y1+ 308074 520y2y4 + 1708y3y5 + 6 J’4)

Yo=y2+ L}M (4OJ’3 + 33’2) ;

160
Y3 = 13
3=JY3 8}’4,
v _1
4—8J’4.

The following statement can be checked directly.
Lemma 5.2. We have A(Y4) =1and A(Y1) = A(Y2) = A(Y3) =0.
We have that degti(x) =6, degty(x) =6, degts(x) =2, degts(x) =2 and deg Z(x) = 2.

Theorem 5.3. Define

1
2153956732
— 212365013341 1,627 + 213335%13°7 . 291463 — 212335°134491 1,83
—22395%13%41¢5 22 + 2239521121383 7 + 3513%1202837¢5 + 2183758131413
— 217385013223 156547 + 217345413459 11654 + 21°3%5°13%67 12t514
— 283195413541 3¢, 7% + 2°3952135432%¢54 7 + 2°3713%111347 654
+ 220385613 . 311,627 — 219354133367 ¢115t2 + 220345513411 21512
— 2113105413969 ¢212 7% + 2113953135757 633 7 + 281125 - 23633 - 6892993 t5¢2
+2%2335413243 . 611485 — 22°3%5°11- 13- 701 tot5 — 21°395%1331039¢15¢3 22
— 2133953139431 6363 7 + 2133°13°5 . 1939033 6315 — 2831054132557 372
— 2723953133587 t5t57 — 219371345 23 . 206351 £3¢5 — 221395%13%17. 257652

yi= (21750132 — 225813 110 + 222581743 + 2130581320515 22

—2%23713%19.. 71 2383 t3t; +2°3 - 43 - 103 - 149 - 2791 .1285517t2),
1
212355413

+223%5213%41 657 + 3%13°11 - 117165 + 2175%13t4t4 — 217554514
+ 2735541325314 72 4 26355213373 1314 7 + 283213417 - 796314 + 21937541312 22
+ 210365213223 327 — 29313347 . 5936313 4 213345213 . 139637

Yy = (—212563r22 + 21354132113 — 213547 .13 65t5 + 22355413312 22

—2193313223 . 1303 3¢5 — 2'°3%13 . 62539t3) :

1

V3= 54345 .13

(—255 13t +293 .56, +3%13%3 + 2351333t + 283413211 1513
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~2°3%13.7943).
V4 =12t4.

Under the corresponding tensorial transformation the intersection form given by formulas (5.1)-(5.7) takes the form given in
Lemma 5.1.

Remark 5.4. There is in fact one other way to choose y; in Theorem 5.3 as polynomials of t; and Z. This non-uniqueness is
due to the Z, symmetry of the Coxeter graph of Fj.

Proposition 5.5. The derivatives 3—{)’ e C[tq,t3,t3,t4, Z].
Proof is similar to the one for Proposition 3.5.

Proposition 5.6. We have that

c ] (o, %

.. ozeRp4
det(g"(t)) = 0t 2?

where ¢ = 23634258134 gnd

)

Q(t, Z) = —2'85%13%¢3 4+ 217557 .13 115 + 2215562 — 283656133 72¢1t5 4- 2123758132 221515
—283°5%13%41 z¢163 — 213°5134 21,63 + 26335213°17 . 797 1463
— 2193352135919 ¢,13 — 22395413547 72¢§ + 22385213717 - 41 715 — 351385.89 . 9715
— 2123758132 72¢114 4 2143°5811 . 13 Z265t4 — 2133°5413373 Zt1 t5t4
+2133°5%132229 Zt,t5t4 + 219352132919 11 1564 — 212395213372889 116314
— 23395413519 . 149 22634 + 23385%13%41217 Zt§ts + 37137217 - 23 .37 - 593ty
— 216365413223 7¢162 + 217365413 . 227 Ztpt2 + 214345213319 . 1039t 363
—217345213264871 tt5t3 — 273195513483 726212 4 2939521357 .11 - 41 26363
+2°3713%5. 41 . 376491565 + 220335213317 - 47115 — 220335213 . 188701 ¢t
— 2139541333571 72563 4 213385213411 97 26365 + 2173%13°5 . 52057 6363
— 217395413211 72¢5 — 214385213311 37. 139 Zt5t + 2133713%5. 17 - 499 - 659 3¢5
— 2183153132197 7£5 4 217371335 . 11 2474396515 4 222357213219 - 41 - 61¢5.

By Proposition 2.6, we need only find det (3—%’1‘ . It can be calculated by Theorem 5.3, which leads to Proposition 5.6.

Note that we do not include relations for t;, Z and e as functions of the basic invariants y; for this example as they are
too long to present here.

6. Algebraic Frobenius manifolds related to H,4

There are 7 known non-polynomial algebraic Frobenius manifolds which can be associated to Hy4, they are each four-
dimensional and their prepotentials have been listed by Sekiguchi [24]. Let Ry, be the following root system for Hy:

. 1 1 _
Ru, ={£e;i |1 5154}U{5(:|:e1 :|:€2:|:€3:|:e4)} U{5(:I:eg(z):lzgoeg(g):lzgaeg(@)‘d 6914},

where

1+4/5 _ 1=
. =

and 24 is the alternating group on 4 elements. Let us introduce the following basic invariants for Hyg (cf. [23]):

S

)
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32 1344
y1= ?x%‘*hg — 40x%? (2h3‘ + 3h2h6) +x3° (360h10 + Thg + 672h§h5>
1328

+x18 (1080}123 — 1608h3he — Thg - 2880h10h2>
+x1° (10024h10h3 + 272h] + 1248h3he — 5628h2h3)
+x1* (18588132 + 27215 — 7620h10hs — 16856h10h3 )

12 4 1328 9 6 213
+x” ( 14216h10h + 23508h10hehs — ———h3 — 1248heh} — 27396hgh;

1344
—5796hg> +x1° (3240}1%0 — 7160h10h3 — 25332h10heh3 + Th;"

+1608h2he + 19968h3h2 + 7350h2hg) +x8 (2144h10h§ —3232h3h,

+10908h1oh3hg — 906h10h2 — 80h)! — 672h8he — 6924h3h2 — 1956h§hg)

+x5 (1 168h%,h3 — 344h1oh) — 2172h1oh5hs — 1908h1ohah2 + 33—2h;2

+120h3he + 1332hSh2 + 288h3h3 + 2394h‘6‘> +x7 (348h%0h6 — 1520313

+16h10h8 + 60h10hehS + 408h10h2h2 — 84h3h2 + 84h%h3 — 9o9h2hg)

+ 28 (8h3oh — 42h10hZh3 — 87h1oh3 — 6h3h3 + 135h3h¢ )

-%ghi)—3hwhﬂ@-+ghi (6.1)
y2 =4x]°h3 — 10x}* (213 + 3he ) -+ x| (44h3 + 138h3hs )

+x10 (180h10 — 44h5 — 402h§h6) a8 (44h§ — 464h10hy + 402h3hg + 294h§)

A (296h10h§ — 20h] — 138hihg — 306h2h§) +x (4h§ — 76h10h3 — 114h1ohg

57 3
+30h3hs + 168h§h§) +x3 (4hmh§ —21h3h% + 7hé) +h3, - 5hzh3, (6.2)
y3 = = 2x{%hz +6x3h3 + x§ (33h6 — 14h3 ) — x{ (33h2he — 6h3)
3
+x% (11h10 — 2h3) — h1oha + 5hz, (6.3)
ya=x3 +hy, (6.4)
where
hy =€y, (6.5)
he =\/§5+€162—1]63, (6.6)
h1g =95¢€€3 — 326]263 — 561e§ + 261362 + 3\/5862, (6.7)
and
€1=x5 +X5 +3, (6.8)
€2 =X5X3 + X3X5 + X3x5, (6.9)
€3 =x3x3x3, (6.10)
8= - %) (3 — x5 (3 —x3). (611)

The basic invariants y1, y2, ¥3, y4 have degrees 30, 20, 12, 2, respectively.

22



M. Feigin, D. Valeri and J. Wright Journal of Geometry and Physics 200 (2024) 105151
Lemma 6.1. (cf. [23]) The entries of the intersection form gli(y) are
1 928
2" (y) = =—y2y3ya +240y1y3y; + 96y5y3y; + 16012y,

3
g2 (y) = —32y5 — 112y,y3y5 — 120y1y3y3 + 48y3y3,

2 152
gy = 3 y3y4 —56y2y3y3 + 20y1y3,

16
g (y) = —80y3 — —y3y5 — 16y2y3y3 — 40y1y3,

3
g2 (y) = —30y1 +8y3ys — 24y2y;,  g2(y) =44y2y4 — 8y3Y3,
g (y)=60y1, g*(y)=40y,, g*()=24y;, g* () =5ya.

Consider another set of basic invariants for H4 given by

Yi=y1 - 30030 ( yi% +320y3y§ +7051y,y3 — 715y§), (6.12)
Yo=y2+ % (3y4 + 110y3) (6.13)
=Y3+ § (6.14)

= %ﬂ- (6.15)

The following statement can be checked directly.
Lemma 6.2. We have A(Y4) =1 and A(Y1) = A(Y2) = A(Y3) =0.

Note that for examples H4(3), H4(4) and H4(7) we will omit the relations for t; and Z as functions of the basic invariants
¥, as they become too long. Likewise, we omit analogues of Propositions 4.3, 4.7 and 4.9.

6.1. Hyq(1) example

The prepotential for Hy4(1) is

1 3356 64 472 16 16
F(t) =t1tat t3t 2l 4 st e2t10 + —¢3t8 + 28t4¢ t)
() 123+2 4+ — 665 ts +5 £17 A — 1 t3ty +3 3t4 + 28t5t4 — 1524
+ 8tot3t)0 4+ 3265 t2t2 — §r2t3 + Btztg — 25t + lt3t + LZ7
4 3*4 3 3 18 244 2 4 6 24 105
where
P(ty,t3,ta, Z) := Z% — 4ta(t; — 3t3) — t =0. (6.16)
The Euler vector field is
3 1 1
E(t) =t10¢ + Et28t2 + §t38t3 + Et“af‘“

the unity vector field is e(t) = d;,, and the charge is d = % The intersection form (2.6) is then given by

1
gt = m (228t2t§z + 1965t — 2736t3t4Z — 228t5t5t% + 1216062585 + 76t5t4Z

+304063t5 — 2736t2t3t5Z + 22800635 Z + 1444t5¢] + 13680t2t3t5 + 89680t3t5
+1520t5t,°7Z — 218883t} Z — 4256t,t)> + 58368t5t4* + 4864157 + 40272t319> : (6.17)

3
g2t = - - (rgz — 28063 — 54t,t3taZ + 5046565 Z + 10653 — 800t ¢35 — 24065t,
+68t2t5Z — 936t3t5Z — 200655 — 2360t3t)0 + 256t4°Z — 512t315) , (6.18)
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g2t = — g (44t2t3 —924t3t4 — 332t Z + 396t3t3Z — 176t5t; — 88t3t§ — 132652
-236t5"),

g1 = % (—2t2t3Z + 24t3t4Z + 3t5t3 — 16tat3t] + 320635 + 423 Z — 56t5t5Z
+38565 + 160365 + 166}' Z - 32t})

gB(t) =t1 — 8t3 — tataZ + 12357 — 2tot4 4 64tst; — 4t Z + 8t1°,

33 1 3 4 6 9
g2 0= (3t22 — 36t3t4Z + 3613 — 72634 + 12157 + 76t4) :

14 24 34 44
t) =t s t)= -t N t)=—t N t _7t4.

We have that degt(x) =20, degty(x) =12, degts3(x) =10, degtys(x) =2 and deg Z(x) = 6.

(6.19)

(6.20)
(6.21)

(6.22)

(6.23)

Proposition 6.3. Let V1 = {p € C[tq, t, t3,t4, Z] | degp(x) =30}, let Vo = {p € C[t1, t2,t3,t4, Z] | deg p(x) =20} and let V3 =

{p € Clt1,t2,t3,t4, Z] | deg p(x) = 12}. The harmonic elements of V1 are proportional to

27027t5Z — 1801800¢1t3 — 6806800t3 — 648648t2t3t4Z + 389188825 Z + 32175635¢t;
+ 13556400¢,t3t5 — 2335080¢1t; + 9025632065t; + 21621662652
— 25594592t3t, Z — 4591440t,t; + 35834480¢3t,° + 432432t}%Z — 864864t

the harmonic elements of V are proportional to

561t1 + 7106t3 — 627t5t5 — 37620t3t; — 12350¢1°,

and the harmonic elements of V3 are proportional to

21t; 4 308t3ts — 220¢5.
Proof. Using Proposition 2.1 we can directly calculate
_ 19 _ 3 4 67 _ a9
A(t1) = 10 toZ — 30t3t4Z + 8ttty — 320t3t, +40t,Z — 80ty ) ,
11 5 5
At) = -5 (8t — 93z - 32)
Alts) = — —t (3z+4r3)
3)= 20 4 4]

1
A(tg) =—.
(ta) z
A general element of Vq is of the form

a1tits + axt1t; +astitiZ + aat3ty +astsZ + agtatsty + aztatstaZ + agtaty + agtat§Z

+ 103 + ant3; + at3tyZ + arststy + aratsty Z + arsty’ + aisty’ Z,

(6.24)
(6.25)
(6.26)

(6.27)

(6.28)

where g; € C. By calculating the Laplacian of this general element (6.28) using Proposition 2.1 and formulas (6.24)-(6.27)

we find that the only harmonic elements of V{ are as claimed. A general element of V;, has the form

bit1 + batat + bstataZ + bat3 + bstst; + betst3 Z + byti® + bst; Z,

(6.29)

where b; € C. By calculating the Laplacian of this general element (6.29) using Proposition 2.1 and formulas (6.24)-(6.27)

we find that the only harmonic elements of V, are as claimed. A general element of V3 has the form

City + Cotsts + C3f2 + C4t4312,

(6.30)

where ¢; € C. By calculating the Laplacian of this general element (6.30) using Proposition 2.1 and formulas (6.24)-(6.27)

we find that the only harmonic elements of V3 are as claimed. O
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Theorem 6.4. We have the following relations

23059 ) 3
yi= (2732 - 18001, t; — 680063 — 648t;t3t4Z

+3888t3t3 + 12600t 53t + 6120t1t; + 190320635 + 2166252

—2592t3t,Z — 4284055 — 953520t3t,° +432t12Z + 1309136@115) , (6.31)
y2 =2257 (31 + 3883 — 2162t — 460665 +950¢°) (632)
y3=21154 (3t2 1 44tsty — 260t2) , (6.33)
y4 =40t4. (6.34)

Proof. Note that Y4 = % ¥4 = 5t4. We now equate Yq, Y and Y3 given by relations (6.12)-(6.14) with general harmonic
elements of V1, V and V3, respectively, given by Proposition 6.3. We then rearrange these equations to find y; in terms of
tj and Z. We find

_ 28353y a (27027tZZ 1801800t
V=710 4 T 33371113 2 s
— 6806800¢3 — 648648t2t3t2Z + 389188813127 + 32175t5t; + 13556400t xt3t5
— 2335080¢1t; + 90256320¢3t; + 21621662t5Z — 2594592t5t5 Z — 4591440t,t5
10 . 15\ 131276800b
+35834480t5t 10 + 432432t)2 7 — 864864t] ) W“‘ (561t1 + 7106t2
2%23582251¢
—627t,t4 — 37620t3t5 — 12350t1°) S 2T (21t + 308t3t
2ty 3ty 4 )+ 302379 2 (216 + 34
220t6) 80c*, (21t + 3085t — 220t ) (6.35)
4) 7 2541 4\7 72 3 4) '
229510 0 ) 4 s
= —561t; — 71062 + 627t2t5 + 37620¢5t
y2 77 +12350( 1 3+ 2ty + 3l
320000c ,
+12350¢] ) Rl (21r2 +308t3t4 — 220r4) (6.36)
21756
21t — 308t3tq + 220t ) 6.37
y3= 7 = 220 ( 2 3ts + 4 (6.37)
V4 =40t4, (6.38)

where a,b,c € C. In order to find a, b and ¢ we perform steps 5-7 from Section 2.4. That is, we transform the intersection
form (6.17)-(6.23) into y coordinates by applying formulas (6.35)-(6.38) and compare it with the expression given by
Lemma 6.1. We find that

2215913.19 2135711

a=2%33%5% p=- -~ - =- ,
11-17 7

which implies the statement. O

Proposition 6.5. The derivatives 2 3 L e Clty, ta, t3, t4, Z].
Proof is similar to the one for Proposition 3.5.

Proposition 6.6. We have that
c [] (,%

ERH4

det(g'l (1)) = O[Q(tizﬂ

where c =5 and

Q(t,Z)=5% <5t1 — 70t3 + 5tat4Z — 60t3t5Z — 35tat4 + 140t3t; 4 20t5Z + 42@{0) .
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By Proposition 2.6, we need only find det (3—{}‘) It can be calculated by Theorem 6.4, which leads to Proposition 6.6.
In the next statement we express flat coordinates t; via basic invariants y; and Z, which is an inversion of the formulas

from Theorem 6.4.

Theorem 6.7. We have the following relations:

_ 1 2649212 4 16=8 2 44 2
n—m(—z 3251219 74 4 216583 . 19 y3 72 — 245419 )2
+275%y,y2 + 213563 .7.19 y6 22 4 2234527 338 + 327 .47 y}ﬁ) , (6.39)
1 136 2 22 6
t2 = 37527 (2175711 22 + 225733 423y (6.40)
1
5= 5r536y (—214553 72 4 2352y, +17y2), (6.41)
1
ta=—ya, 6.42
4= 4574 (6.42)

where Z satisfies the equation

9343351276 _ 2303359},225 2233358y, 74 4 2123254},%22

—2"2325%y,y37% — 2y3 + 6y2y3y5 + 3153 =0. (6.43)
and y; are given by relations (6.1)-(6.11).

Proof. Formula (6.42) follows immediately from Theorem 6.4. Using relations (6.16) and (6.33) we see that

3 y®
ty =72+ —t3ys — —2_,
2 + 10 34 21656
_ 1
T 2155411 y,

We can solve this system of equations to find t; and t3 which gives us formulas (6.40) and (6.41). Substituting formulas
(6.40)-(6.42) into relation (6.32) and solving for t; we get formula (6.39). Finally, substituting relations (6.39)-(6.42) into
formula (6.31) we get the formula (6.43). O

3 (—216553t2 +160y3 + 13y2) .

Proposition 6.8. The unity vector field e = o, in the y coordinates has the form
e(y) =22°5739,, —2*35'93 (5t3 — 1763) dy,.

Proof. We have that

0Ya
e= Btl = ana,

which gives the statement by applying the relations from Theorem 6.4. O
6.2. H4(2) example

The prepotential for H4(2) is
66084040 s 143564400 , ,; 40727610 , o 392931
- — tsty
73920 4 73920 >4 73920 34 73920 3

1 3
+titats + S tits - St (22886° — 1620635 — 27¢3) Z - 760t 22

F(t)= —

1744 4860 81
(Kflo - Kt%ri - Eg‘) 73 114068 7% 4 2465 2°
53 4. ¢ 10, ., Z8
— 32— — 277+ =
6 * 7has T

where
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3 4 6, 27 >
P(ty,t3,t4,2) =2 —12t4Z—11t4+Zt3t4—t2=0.
The Euler vector field is

4 1 2
E(t) = t] 81’1 + Etzal’z + §t38t3 + Et4al’4a
__ 13

the unity vector field is e(t) = d;,, and the charge is d = ;2. The intersection form (2.6) is then given by

1

gt = 5 (—3zzt§ +5672%t5 4+ 1440Ztot3ts — 11263t2 — 10530Zt5t2 — 20160t2t5t5
— 2784Z°tyt5 +20979t5t5 + 27864Z%t3t; + 2208Zt5t§ — 23976Zt5t)
+40416t,t5 + 648000635 — 77762°t,° — 186624Zt)% + 182736t}l4) ,
3

g0 =26 (2022t + 8165 + 36022384 + 3002663 — 292526315 — 1840t
+1170t3t; 4+ 1980Z%t§ — 1980Z¢5 + 18720t310) :

3

g2t = — o (99r2t§ + 44725ty — 89154 — 1287Z%t2t2 — 220Zt,t5 + 5445Zt2¢5

+528t5t5 + 5841t5t§ — 3962°%t; + 396Zt5 — 3744@{1) :

g3 (t) = — 972t — 8Ztyts + 90Zt3t5 — 8tots — 468t3t5 — 727%t3 + 72Zt) + 79215,

1
20 = (461 — 276 — 60713ty + 2402885 — 24063¢5))

8
33 2 2 4
g (t)_27 (22 —8t4Z—19t4),

4 1 2
14 24 34 44
t) =tq, t) = —ty, t) = —t3, t) = —tg4.
g =t g7(®) 5t g 303 g 15t

We have that degt;(x) =15, degty(x) = 12, degts(x) =5, degts(x) =2 and deg Z(x) =4.

(6.44)

(6.45)

(6.46)

(6.47)
(6.48)

(6.49)
(6.50)

(6.51)

Proposition 6.9. Let V| = {p € C[ty, t3,t3,t4, Z]| degp(x) =30}, let Vo, = {p € C[t1, t2,t3,t4, Z] | deg p(x) =20} and let V3 =

{p € C[tq, t2, t3,t4, Z] | deg p(x) = 12}. The harmonic elements of V1 are proportional to

5765760t — 51891840Z%¢,t3 + 188107920t1t3 + 302837535t5 + 30750720Zt3ts
+350269920Z°t5t4 — 155675520Zt5t5t5 + 27474304065t; — 350269920Zt5t;
+3090653280t2t3t3 -+ 3374384642115 + 558122400t t3t; + 33046299000t5¢;
— 1810683072235 + 963494407 ¢t — 1117385280Zt3t5 + 1662275328¢,t)
+185379977376t3t,° + 13911575042°%t," + 110628840962t)> — 21529753344¢,°,

the harmonic elements of V are proportional to
478727%t; — 269280t t3 — 984555t5 — 323136Z%t5ts — 239360Zt,t5 4+ 1615680Z¢3t;
— 3512256t,t5 — 2520817265t — 430848725 + 43084875 — 35274672t 1°,

and the harmonic elements of V3 are proportional to

112t + 2079t3t4 + 5940tS.

Proof. Using Proposition 2.1 we can directly calculate

Alty) = 2813 (—4zzr2 +45Z%63t4 + 48Zt5t5 — 360Zt3¢5
4ty — 27t2t4 — 2068 3 4 34
—208tt5 + 1260t3t; 4+ 10022t — 4002t8 + 400r}l°) :

Alty) = — 11 (108t2t2 +802%t5t4 — 729t4t4

10 (4t; — 27t2t4 — 20t5) > }

27
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— 1260226562 — 320Zt>t; + 3600Zt5¢3 + 320t,t; + 306065¢5
—400Z°t} + 16002t — 1600t}11) , (6.53)

_ 6dtsts (2t + Z) (4t — Z)
34ty — 27t3ts — 20t5)

A(t3) (6.54)

4
A(tg) = R (6.55)
A general element of Vq is of the form
arty + axt1ts 4 astitsty +aat1tstiZ +astitstaZ? + agtats +aztitaZ
+ agtat3ts + aotrt3t2Z + arotati Z2 + anitat] + arataty Z + arstaty 22
+a1ats + arstat; +ar6t36Z + ar7tytaZ? + arstitl’ + arotsts Z
+ ax0t3t§2% + axit)® + ant}?Z 4 axt)' 22, (6.56)

where g; € C. By calculating the Laplacian of this general element (6.56) using Proposition 2.1 and formulas (6.52)-(6.55)
we find that the only harmonic elements of V are as claimed. A general element of V, has the form

bitits 4 batat] 4 b3tatiZ + baty Z2 + bsts + bet3t]
+byt3t3Z + bgtataZ? + bot}° + biotZ + b1t 22, (6.57)

where b; € C. By calculating the Laplacian of this general element (6.57) using Proposition 2.1 and formulas (6.52)-(6.55)
we find that the only harmonic elements of V; are as claimed. A general element of V3 has the form

city +C2t§t4+C3t2+C4tf{Z+C5tizz, (6.58)

where c¢; € C. By calculating the Laplacian of this general element (6.58) using Proposition 2.1 and formulas (6.52)-(6.55)
we find that the only harmonic elements of V3 are as claimed. O

Theorem 6.10. We have the following relations
y1=28325° (5760t% — 51840Z%t,t3 + 187920t165 + 302535¢5 + 30720Zt5t4

+3499202°t5t4 — 155520Zt5t5t5 + 266240655 — 34992075t + 2782080t t5t5
—393216Z2t,t; + 4665600t t3t; + 45198000¢5t; + 3120768Z2t3¢5
+3747840Zt,t) — 25764480255 + 75859968tt] + 952477056¢5t,°

+79626247°t)" 4 4478976 Zt)> + 4105230336@115) : (6.59)
ya = —2%3%58 (25622t2 — 1440t 1t3 — 5265t — 1728Z%t3t4 — 1280Zt>t5

+8640Zt3t3 — 31488tyt5 — 370656t3t; — 2304Z%t5 + 230425 — 2566656@]10) : (6.60)
y3 = —235%3 (16t2 +297¢t3t4 + 4320t2) , (6.61)
ya =30t (6.62)

Proof. Note that Y4 = % V4= %t4. We now equate Yi, Y, and Y3 given by relations (6.12)-(6.14) with general harmonic
elements of V1, V; and V3, respectively, given by Proposition 6.9. We then rearrange these equations to find y; in terms of
tj and Z. We find

2123]751413 a
yi= 3 T
7311 283.11-59-677
+ 188107920t t3 + 3028375355 4 30750720Zt3t4 + 350269920Z2¢t5t4
— 155675520 Zt,t3t2 + 274743040t5t; — 350269920Zt3t5 + 3090653280t ,t5t5
+337438464Z°t5t3 + 558122400t 1 t3t; + 330462990005t — 18106830722%3t5
+ 96349440215t} — 11173852802 5% + 1662275328115 + 185379977376¢5t,°

(5765760r% — 51891840Z°t,t3
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+1391157504Z°t;" + 11062884096 Zt,> — 21529753344@{5)

32546410 ) 4 2.
_—— 1 (478722 ty — 269280t1t3 — 984555t5 — 323136223ty
7-13.29.-8447
—239360Zt,t7 + 1615680Zt3t; — 3512256txt5 — 25208172t3t; — 430848Z°t5
253°582251
+4308487t5 — 35274672r}1°) - T”Cri (1 12t 4+ 2079¢t3ts + 5940t2)
5 5 2 6)°
~ Sriyye (11262 + 207903t + 594065) (6.63)

293105]0 10
= t
2 77 4t 233259 8447
+3231362°t3t4 + 239360Zt,t5 — 1615680Zt3t; + 351225615t + 2520817263t

(—4787222t2 +269280¢1t3 + 984555t5

2,6 8 10) _ 3750c 4 2 6
+4308482°(§ — 430848215 + 3527467210 ) - -t} (11262 +207903t4 + 594015 (6.64)
253656 o ¢
S R (112t 2079¢2t 594Ot6), 6.65
V3 L4 + =940 2+ 3tq + 4 (6.65)
y4 =30t4, (6.66)

where a,b,c € C. In order to find a, b and ¢ we perform steps 5-7 from Section 2.4. That is, we transform the intersection
form (6.45)-(6.51) into y coordinates by applying formulas (6.63)-(6.66) and compare it with the expression given by
Lemma 6.1. We find that
o 203%5%59-677 | 2%3%5929.8447
91 ’ B 1117 B
which implies the statement. O

25345511
7

)

Proposition 6.11. The derivatives g—{)‘ e C[tq,t3,t3,t4, Z].
Proof is similar to the one for Proposition 3.5.

Proposition 6.12. We have that

c [ (a,%

det(g' () = “QR(tiZ)z

where ¢ = 2725 and
Q(t, Z) =3"5% (4@ + 3622513 — 720165 + 324t5 + 60Z°%t1t3ts — 783Z°t5t4
+1080Zt,t3t5 — 240Zt1t3t; — 5130Zt5t; + 4932¢2t3¢65 — 1380¢1t3¢;
—20871t5t3 + 1101622635 — 110162t3t5 — 194076t§t}10) .

By Proposition 2.6, we need only find det (g—f}’) It can be calculated by Theorem 6.10, which leads to Proposition 6.12.

In the next statement we express flat coordinates t; via basic invariants y; and Z, which is an inversion of the formulas
from Theorem 6.10.

Theorem 6.13. We have the following relations:
1

t1 =

2831159./3 ] \/—27365623 — 3552y5 425335247 — 5188
(_21431251213 76 _ 983115813 Z3y3 . 3105413)/% + 2123]45“253’421
431255 y,y2 — 2193958571 24 y7 426385413 Zy5y]
—2835%11.2269 23 y§ +233°5217-19 - 23 y3y§ + 29354199 72 y§
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+2°335222259 7y 10 4 247 . 180569 y}f) , (6.67)

1

2= 563757

(26365611 73 - 35522 y5 — 24335211 y4z — 1201y2) , (6.68)

—27365673 — 3552y5 4 253352y17 — 518y5

1
t3 =
34532J§\/ V4
1
ta=—1ya, 6.70
4=355Y4 (6.70)

where Z satisfies the equation

(6.69)

228324524212 + 22332352029}/3 + 21532351626)/% + 29321 51223yg

+ 32058y431 + 227325522211},‘2l _ 21532351626‘)/2},‘21 + 2213245]8283’33’421

_ 29:_;’2251223}/2}/3)/‘2l + 21332351425-)/%5’421 _ 321 582 yzygyi

_ 2832251223}/] yi _ 321 582},13/3},‘3l + 224321 520353 Z]Oyjll

_ 21332351425}’2}13 _ 32] 58_)/%}/2 + 22032151613 Z7y3y2

— 21132051273 7422 _ 2731858793 y4 + 225318519223 79,8

+ 21132051223 Z4y2yg + 2183]851453 ZG_VB_V?; + 27319582}/2}’3.\/2
—2931751017. 41 23y2y8 4- 23315567 .37 y3y§ + 28319587y, y]
+2%03195177. 19 78 y§ + 2931751017 . 41 2%y, y§ — 2'°31951259 2% y3 3}
—2°31%5%7.37 yyy3y§ + 219317587 22 y3y§ — 2°3'%5°7. 37y 33

_ 2193165152029 Z7y}10 _ 2103]7587 ZZyzy}lO _ 2133155107 .191 Z4y3y}1°
427314567213 7y2y10 2163135152213 78y 12 — 27314567213 7y, y,2

+ 2163125872-1-1 Z3y3y}l2 _ 283115473}/%}/‘112 + 2163135117 .11-43 25y314
+ 283115473}’2_)/314 + 212312567322)/3}/314 + 21431059721171 Z4y316

_ 2“39547423/3)/}16 _ 216365773163 Z3y}18 + 29355275}’3)/318

— 2237547447 72y30 4 21233527941 2y3? - 2'07°11 Y3t =0, (6.71)

and y; are given by relations (6.1)-(6.11).

Proof. Formula (6.70) follows immediately from Theorem 6.10. Using relations (6.44) and (6.60) we see that

1
293115]1t3

+2431057y2¢2 — 293359872 — 265%3. 7. 1187 + 227259y}l°) : (6.72)

t = (—2123951025 +2*3135111315 — 3754y, 4+ 2103759374 4 283857y 73

1
~ 263656
We also have relation (6.61), which together with relations (6.72) and (6.73) gives formulas (6.67)-(6.69). Finally, by substi-
tuting relations (6.67)—(6.70) into formula (6.59) we get the formula (6.71). O

t (25355523 + 2338552y, — 24335247 — 11 yﬁ) . (6.73)

Proposition 6.14. The unity vector field e = 9, in the y coordinates has the form

e(y) = 223457139, — 21234510 (16t1 +26163 + 6480t3r2) 3y,

Proof. We have that

0Ya
e=0dy = anw

which gives the statement by applying the relations from Theorem 6.10. O
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6.3. H4(3) example

The prepotential for H4(3) is
2016569088 ;; 7929073152 4, 11291664384 , , 6228045824 ,

F(t) = t ¢10¢ 72 — t3t
® 43793750 4 T 13793750 4 T 43793750 413 T 43703750 453
1582124544 1, 256 6 s 5
— anognag T4t titats + 56t — ] (G-1) (779t4 +2053263t3 — 1848043 )
+ 32256t (17t3 10t )(t3 t )2 7168t (t3 t ) t (t t ) A
3125 4\ "4 AN 125 +\47 53 e
544
15739 — 2758815t5 + 25536312 — 2352t ) (t —t ) 77
2625( 4 als + 4'3 3)4 + 175 \la
288 > (17t — 10t ) (r3 t )25+ 9 (17t — 10t ) 713
T 1254\ 4 AN 70t \1ta 3 o112
15 10 125
-t <t3—t)z (t —t)Z"’ = 4712,
7 40475 21 \4 * 1568
where
. 224 /4 48 , 224
P2yt 2) = 2" - (G-6)z+ Ssti+ St —n=0.

The Euler vector field is

2 1
E(t) = t] 8{1 + _t2at2 + §t3at3 + _t4at47

3 6

the unity vector field is e(t) = d,, and the charge is d = %. The intersection form (2.6) is then given by

2
g = - 65625 (4812500t§t3 — 10780000Zt,t3 + 362208002265 — 1203125Z%t5t4

+10010000Z>¢5t3t4 + 36005200¢,t5t4 + 305220608 Zt3t4 + 1375000Z¢5t5
+40040000Z%¢,t3t2 — 193177600Z>t3t2 — 1491331072655 — 24234375t5¢5
— 43120000Zt5t3t5 — 236297600Z2t3t5 — 33110000Z3t,t5 — 607006400t 5t3t5
—1372388864Zt5t; + 36190000Z°t>t; + 260198400Z3t5t; + 154128128065¢;
—13200000Ztt§ — 395225600Z%t3t§ 4 119891200¢,t] + 2865967104 Zt5t]
+1843072002°t§ — 5516836864t3t5 — 91660800225 — 12315156482¢}°
—5094508544t;') ,

8
gt = ~ 51875 (31252t2 45500Z°tyt3 + 156800Z3t3 + 5927045 4 28125t3t4

—119000Zt2t3t4 4+ 619360Z°t3t4 + 45000Z3t,t3 4 119700t t5t2
+2847488Zt3t3 + 75500Z°t,t; — 8512002Z°3¢5t; — 7902720t3t;
— 66000Zt,t; — 619360Z%¢5t5 — 6732002t — 3351936Zt5t;

+20480023¢§ + 4163712¢5t§ — 32640022t} + 2147328Zt5 — 4627456t2) :

22 08 32 _ 3 _ 2 2 3
g2(t) = — 5 (—12502°t + 6300t2t3 — 56448215 — 43752%t5t4 + 30800Z°t3t4
+91728t3t4 — 5250Zt5t5 4 56840723t + 3325t2t; + 15993625t
—17200Z3t; — 369600t3t; — 9240Z%t; — 46368Zt5 + 80672tZ) ,
gl = 9300 (3125r2 22400Ztyt3 + 75264Z°t3 — 179200t t3t4 + 200704 Zt3t

+28000Z%¢5t5 — 125440Z3t3t2 — 551936¢5t5 — 19200Zt2t5 — 261632725t
+225600¢,t5 + 215040Zt3t5 + 125440Z3t; + 28672005t — 1182722°t5
+36864Zt] — 604160t ),
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1
g2t = s (175t1 —1252%t; + 560Z3t3 — 300Ztots + 21282Z%t3t4 — 1200515
+2688Zt3t2 — 560233 — 4928t3t3 — 76872t 4+ 576Zt; + 640052) ,

1
231 = s (2502t2 — 840Z°t3 + 625t)tg — 2240713t — 8960t3t2 + 840Z°t;

—4802t} +451263)

2 1 1
g =t, g24<r>=§tz, g34<t)=5t3, g44<t>=6r4.

We have that degti(x) =12, degty(x) =8, degts(x) =6, degts(x) =2 and deg Z(x) = 2.

Theorem 6.15. We have the following relations

32768 2 3.3 2 2
yi= T (2734375002t1t2 +166015625Z°t; — 7717500000t1t3 — 1684375000Zt1t,t3

+281093750065¢3 + 34300000002°>¢1t3 + 101430000002 3% + 44562560000t 3
+ 13088880000Z°¢,t3 — 9846789120023t — 1066905133056t3 — 3691406250t 1t3t4
— 615234375Z°t5t4 — 4900000000Zt1t2t3ts + 65625000023 t3t3t4

+ 1509200000022t 1t35t4 + 17272500000t3t3t4 — 750758400002 t5t3t4

— 117276364800Z°t5t4 + 1289062500Zt5t5 — 85995000000t 1t5t3t3

— 4633125000Z2t3¢3t3 + 219520000007 t13t3 + 744996000002 3¢, 3¢
+1219784832000t>t3t2 + 2152574484480Zt5t5 4+ 7717500000t3t;

+ 16843750002t 1 t5t; — 755703125083t — 686000000023t 1t5t5

— 17206000000Zt3t3t3 — 1196603520000t t3t3 — 40481840000Z>t,t3¢3

+ 2753658880023t — 2854462464000¢3t; — 10500000002t t5t5

— 6075000000Z>t5t; — 1185800000022t t3t; — 237331500000t3¢3t5

— 361141760000Zt,t3t; + 1152093644800Z2£5t5 + 1663200000001 t>t;
+24714375000Z2¢3t; + 94080000002t t3t; — 1632792000002 ¢, t5t3

— 4338329856000¢,t5t; — 5691700510720Zt5t; + 3430000000Z3t1t5

— 59062000000Z¢3t§ 4 4552719360000t t3t5 + 2906618400002t t5t5

— 604041267200Z3t3t§ — 114479153152065t5 — 3234000000Z°%t1t}

+ 699646500000¢5t] + 1311466240000Zt,t5t] — 4066807449600Z°t3¢]
+1008000000Z¢1t5 4 147735600000Z>t,t5 + 15995339136000¢,¢5t5
+7407908372480Zt3t§ — 3837646400000t 1t; — 481752880000Z>t,t5
+1597027532800Z>t5t3 + 130060834283520t3¢5 + 1058553600002 ¢t }°
+2986145792000Z%t3t° — 21627170112000t,t ' — 10675438878720Zt5t}!
—113586872320023t,? — 398693684838400¢t3t,> + 8382130176002°t}>

+2299551252480Zt}* + 318244776083456t}15> ,

256 2.2 3 2
Y2 = 3 (656250t1t2 +109375Z°t5 —910000Z°tot3 — 16503200t,t5

— 1896652823 — 5000002 t3t4 + 22344000t t3t4 + 1120000Z%t5t3t4

+ 1881600Z>t3t4 + 66382848t3t4 + 3093750t5¢% -+ 8960000 Zt>t5t5

— 18816000Z%3t3 4 910000Z>t2t3 + 56022400t2t3t; + 16758784 Zt3¢ 5
— 29484000t t; — 3500000Z%t2t; + 61376002 t3t; + 298923520¢3t4
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+1920000Zt,t; + 2544640022 t5t; — 16455920025 — 74102784Zt5t5
—8019200Z°t] — 3012660224t5t; + 6316800Z°t5 + 171233282t

+3641568256¢,°)
y3 =64 (8751 + 862463 + 4125263 + 66528¢3(] — 19699215
V4 =24t4.

Proposition 6.16. The derivatives 3—{]’ e Clty, tp, t3, t4, Z].

Proof is similar to the one for Proposition 3.5.
6.4. H4(4) example
The prepotential for H4(4) is
25

11 1 10 125 9 8 3 2
F()= = 552" +52'%(~4ts = 5t4) — —~Z° (t3 + ta) (t3 4 3ta) = 52 (8t3+57t3t4

+124t365 +95¢3) - 33—526 (t3 + ta) (63 + 3ta) (1263 + 1236314 + 3361365 + 305¢3)
1027 (564 + 6463t + 236635 + 3446363 + 175¢F) + 2° (13565 - 84065t
—17130t5t5 — 8092063t — 174765t3t5 — 181952t3t — 74420t2)

+5Zt4 (t3 + ta)? (3 + 3ta)? (180t§ +2115t5t4 + 1176065t + 30270t3t;
+32316t3t5 + 90355;) - 223 (t3 + ta) (t3 + 3ta) (—45t§ +1260t5t4 + 13185¢5t2
+423606363 + 58125635 + 3778813t + 1581565 ) — 1002* (—6¢] — 87¢5ts
—45065t5 — 1015t5t; — 65063t + 1283t3t; + 2450t3t5 + 1195@71)

- gzz (540t§ + 93155t + 73440¢t]t5 + 356940t5t3 + 125244065¢4
+3321450t5t; + 623942463t5 + 735663615t + 4563564t3t5 + 99431563)

+ 115 (198t1t2t3 +99¢t2tq — 4455t10t4 — 178200t5t5 — 2569050t5¢;
— 21740400653 — 120561210¢5t; — 458678880t5t5 — 1191552120¢5¢
—2004227280t3t5 — 1955070535t3t5 — 858257224t5t1° — 45669270r},1) ,

where

P(ta,t3,ta, Z) :=Z° — tp + 15t5ta + 12065t5 + 530¢65t; + 1160t3t3 + 843t;
+10Z3(t3 + ta) (t3 + 3ta) — 15Z(t3 + t4)*(t3 + 3ta)*
+20Z%t4(3t% + 1234 + 13t5) = 0.
The Euler vector field is
E© =ty + 0, + 150 + glad

the unity vector field is e(t) = 9,, and the charge is d = %. The intersection form (2.6) is then given by

g)y=-15 <—224t2 —2473tt3 + 116226513 + 192Ztt5 — 956t,t5 — 3360243
412560235 + 288022t} — 14826Zt5 4+ 108t5 — 78Z3t2t4 + 368Z%t5t3t4
+1584Zt,t5ts — 4096t 55t — 483602454 + 10692023654 + 1044727%5t,
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—194592Zt]t4 + 17013654 + 276 Z%t2t5 + 2976 Zt,t3t% + 2824651565

— 2385602637 + 221106 2°t5t5 + 8069762263t — 962208Z¢5t5

+ 199488652 + 1048Zt,t; + 27264t,t5t; — 526312243t — 417856 2°63t5
+22931527%65t; — 1907424765t + 1003828¢5t; + 24108tt5

— 527680Z%t3t; — 22048202°t5t; + 1151040263t + 655860Zt5¢,
4203368863t — 19380023 — 2871240Z3t3t; — 6809880Z°%t3t;
410362720265t — 3485610t5t; — 11834302°t5 — 135072002%¢5t5
+20695840Zt5t5 — 29726240t3t5 — 7758720Z%t] + 19063840Zt3t,

— 68995740t3t4 + 7219830Zt§ — 73570020¢5t5 — 309915075{) ,
g%it)y=-5 (—4Z4t2 —18Z3tat3 + 184Z%t5t3 + 144Zt265 — 179265t5

— 2520743 +2176023t5 4 21602°t] — 2688025 + 81t3

—727Z3t2t4 + 664Z%tat3ts + 1968 Ztat3ts — 116726585t

—49920Z°%t3t4 + 228270236314 + 148320Z%t5t4 — 398112Zt5t4

+29796t5t4 + 5527265t + 5352 Ztyt5t5 — 18832t,t5t% — 2881202 65¢2

+813000Z3t5t2 + 14448247263t — 2417184Z¢5t5 + 422196t5 3

+3536Zt,t; + 54486ot3t; — 708320Z°%3t5 4+ 9151722365t

+ 56809927225t — 7655496 Zt5t3 -+ 2785376t5t; + 20448t5t5

— 776504Z%3t; — 881952Z°15t; + 10163184Z%63t; — 13244448715t

4 10650846t3t; — 307680Z%t; — 2577210Z3¢3t; + 6008160Z2t3t;

— 11434800Zt3t3 + 230250005t — 140116023t — 42447607%¢5t5

—1991200Z¢3t§ + 2088074063t5 — 5101920Z2¢] + 445004023t

— 12170880t3t4 + 2911200Z¢§ — 39000375¢5t§ — 21754220t2) ,

g2t =5 (224t2 — 9272512 4 896t2t5 — 10880235 + 1344075 + 18735ty
— 368Z2tyt3ts — 552Ztxt5ts 4+ 7168tot5ts + 1236024 t5ts — 130560233ty
— 59040Z%t5t4 4 215040Zt]ts — 14169t5ts — 348Z%t5t2 — 2208 Ztyt3t5
+17408t,t3t% + 98880235 — 57075023565 — 7084802 t3¢7
+1432368Zt5t5 — 226704t5t5 — 1984Ztot; + 12288t5t5t; + 284680Z%¢3t;
—1084400Z°63t3 — 3305976 Z%t5t; + 5146176 Z65t; — 1665604¢5t;
— 1512¢5t5 + 347680243t — 69190823135 — 7555008255
410855464 Zt5t5 — 7291824655 + 150456 Z%¢; + 337008 23t5t;
— 846153622215 + 13837632Zt5t; — 19824414t5t; + 416810Z3t5
— 36345602>t3t5 + 10628480228 — 3185560063t + 143640Z7°%¢]

+ 458240025t} — 2633922063t} + 771720Zt§ — 6866640¢3t5 + 1889215r2) :
g3ty =-5 (tz — 47%3 — 8Z3t3 4+ 247%t3 — 6Zt5 — 6Z%4 — 64Z3t3t4 + 1322%t3t4
— 96Zt3ts + 60t5ts — 1042365 + 216Z°t3t5 — 63623t + 720652 + 108Z°%¢;
— 1856Zt3t; 4 2240t3t; — 1686Zt5 + 1600t3t3 — 1444ti) ,
g3 () =t1 — 4ty +10Z%3 — 602263 +20Z%4 + 80Z3t3ts — 360Z%t5t4 + 120Zt5t4
+16023t5 — 660Z°t5t5 + 720Zt3t5 — 60065t5 — 360Z°t; + 2120Zt3t;
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—3600¢2t; +2320Zt; — 5600¢3t5 — 1600¢;,

33 1
g0 =~ QZ +413 +5t),

1 1
o=t 0=t o=zt g*O=zk

We have that degti(x) =10, degty(x) = 10, degts3(x) =2, degts(x) =2 and deg Z(x) = 2.

Theorem 6.17. We have the following relations

yi=— g (42r§t2 — 168t1t3 + 16883 — 210Z%t1tot5 + 420Z°%t5t5 + 105023653
+2100Z%¢t1623 — 4200226563 + 27300Zt3t5 + 89250t 265 — 17850065¢3
+ 22862022t + 11424023 t1t], — 228480Z°t,t] + 24656802 t,t5
— 141120Zt15 + 282240Zt7t3 — 5667634t,t10 — 1348256023t12
+42611520Zt3* — 420Z%t1tats + 1050Z%3ts — 189023t 1tot3ts 4+ 79802315 t5t4
+12600Z%t1tt3ts — 2079022 t5t3ts — 104580Zt1tot3t4 + 427560255ty
— 164430t3t5tq + 1550220t 1 trt5ts — 233457065t5ts — 46620Z%¢165t4
+ 2836680241, t5t4 + 159936023t1t5ts — 2240700Z3t,t5ts — 151202%t1tht4
+ 39481120725t t4 — 2540160Zt1t5¢t4 + 38725680Zt,t5ts + 28513800t1t3ts
— 170380280¢,65¢4 + 16561860Z*t}%4 — 3235814402311 t4 — 64723680Z%t}%ty
+1193122560Zt33ts — 29292690t1%t4 — 3780Z3t1t,t2 + 882073 t3¢2
+23100Z%¢1tot3t5 — 28560Z°t3t3t5 — 627480Zt1tot5t5 + 1892100Zt3t3t5
— 1315440t363t5 + 8585220t t5t3t5 — 11043480¢5t5t5 — 4662002 %t1t5t5
+15817200Z%¢,t5t3 4+ 9705150231567 — 79140602 t,t3t5 — 211680221 t5¢2
+289891980Z°1,t5t5 — 175757402 t1t5t5 + 573477240Zt,t5t5 + 513248400t t5t5
— 1955803360¢2t5t3 4 331237200245t — 342907887023t1%t2 — 155336832022t} 1¢5
+14721448140Zt}%3 — 820195320t13t3 + 1260072t 1 tot5 — 32902263t
— 1244460Zt1tot3t; + 3290280Zt5t3t; — 384426062 t3t; — 450Z°t L3¢5
+ 21037800t t2t3t; — 2441093065t3t5 — 177324024165t + 49466480241, 3¢
+22578t5t3 + 33077100231 t5t5 — 11938395 23t,t5t5 — 3845520Z2%t1t5¢5
+1272065200Z%t,t5t5 — 27002°t5¢t5 — 56395080Z¢1t5t; + 3895595560Zt,t5t;
4 4000050600t 153 — 11987148880t2t5t; + 2939165645Z4t5t;
—21122966200Z3t5t3 — 1737966288022t1°t2 + 105145262880Z¢1't2
— 6999178480t1t3 — 815640Zt1tat] + 2080680Zt3t5 — 4853520t7t3t5
— 1800Z°tyt3t] + 23828490t 1tot5t; — 26013980¢5t5t; — 31802402t t3¢4
+91783860Z%t,t3t5 + 1800Z863t5 + 695221802311 65t; — 1188432023155t
+ 540027 t5t3 — 2998800072t 1t5t4 4 361714102022t t5t5 — 32400Z5¢3t;
— 38118780Zt1£5t5 + 153236598002t t5t5 — 25650Z°¢5t; 4 17678161200t 1t5¢4
— 44692143980t,t5t4 + 1522787912024 t; — 835029150152°t5¢3
— 119765904000Z2t3t; + 469572887280Zt1%t; + 2620343040t11t; — 2164806t3t;
—1350Z°t5t] + 10008684ttt — 112101725t; — 2653140241 t5t]
+ 966932402 %¢,t5t] + 495028635 + 9261756023t t3t; — 43361430Z°¢,t5t5
+432002763t; — 113047200Z%t163t; + 6749433120226, 6565 — 1215002°65¢3
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+357293160Zt1t5t; + 38092662600Zt,t5t; — 307800Z°t5t; + 49036806000t t5t;

— 108705602416, t5t; + 508444005002 4¢5t; — 2194472200802°t}t;

— 5701118696402°t5¢; + 1249790969280Zt3t; + 479633884512t1%; — 8038802415
+ 455859602 %¢5t§ + 5400Z8¢3t§ 4 7402479023 t1t3t§ — 10732890023 t,t5t§
+12600027t3t5 — 22557024022t13t5 4 7964410020Z%¢,t3t5 — 1080002°65¢5

+ 13999234207t 1£3t5 4 61840178440Zt2t3t5 — 14152502515t + 89821989600t t5t5
— 183359111760¢,t5t5 + 1135178127202 63t5 — 379424004920Z>t5t5

— 1998548319360Z2t5¢5 + 1114813850860Zt5tS + 4204075665280¢5t§ + 202523t
+2735166023t1t; — 871251152365t} + 1584002 t3t) — 23175936022t t3t,

+ 5344717200Z>%t5t5t] + 337500Z5¢3t] + 24006099607 t1t5t; + 65461451880Zt,t3t]
—3114000Z°63t] + 113150026920t 1t5t] — 234714455760t2t3t; 4+ 1691298711502 t5¢]
—396171632160Z>t5t, — 5361270379440Zt5t; — 5723934259520Zt5t;
+20067909135750¢5t; + 7020027 t§ — 97251840Z%¢1t5 + 1534267620Z2t5t5

+ 831600Z5t3t§ + 20572066202t t3t5 + 42875701800Zt,t3t5 — 3307950Z°t5t5

+ 103042663920t 1t3t5 — 249632019090¢2t3t5 4 160462051440Z43t5

— 159576392790Z3t4t8 — 11200275624000Z2t3t5 — 29740325063280Zt5t8
+62134558132320t5t5 + 5355002°t3 + 71248716021t + 139381770802t}

— 1452600Z°t3t5 + 68111856120t t3t — 203506674360t t3t5 + 8405897200022t
+1514522100002°63¢5 — 1813106993136022¢5t5 — 755359004240002 3¢5
+130861824336350¢5t; — 1255502°t,° + 25090865520t 1t,° — 86556812352¢,t,°

+ 1278901504025t 4 24128582835023t3¢,° — 220605261657602%3t,°

— 125256834868940Zt5t1° + 186992066838888t5t,° — 514560187524 }!
+11486772876023t5t;" — 189616394234402°t3¢," — 142926704208480Z¢3t)!
+171096028587180t5¢t 5" + 115331939652°t4? — 10237991411520Z%t5t)°
—110581088197120Zt3t,% + 78681803681760t5¢42 — 26090034476402°t,>

— 53312566785280Zt3t,°> — 16250437730220¢3t,° — 12255008872620Zt,*

—46426601177520¢3t 1% — 22667569904962@{5) :

Y2 = — ? (t% — 41ty + 3t5 — 4573513 — 810Ztat5 — 1026t1t3 + 2052t565
— 40525 — 4050225 + 10044t3° + 10Z%t5t4 — 180Z°t2t3t4 — 1002125ty
— 6480Zt65t4 — 10260t1t5t4 + 12220tt5t4 — 4860263t — 9085Z°t5t4
— 64800Z%t]ty + 33450Zt5ts + 20088065t — 225Z3t5t5 — 400Z°tot5t5
— 16080Zt,t3t3 — 30780t t5t5 — 4840t 65t — 224857452 — 10902023365
—511200Z2¢5t5 + 535200Zt3t5 + 1253640655 — 300Z°%t,t; — 12480Zt,t5t;
— 2052015t — 1635206,t5t; — 5028024653 — 550695 Z°t3t; — 2505600Z°t5¢;
+3797100Zt5t; + 773760t5t3 + 2410Zt,t5 + 46710t t3t5 — 380460t2t5t5
— 55975Z%3t; — 14983602335 — 8058900Z2t5t5 + 15594000Zt3t;
— 27933080t5t3 + 60588t t; — 287748t,t; — 29020Z%¢3t; — 234169573t3t;
— 17008800Z%3t; + 398643602 t5t; — 162541344t3t; — 6375245
—2031420Z°t5t§ — 22768320Z%3t5 + 629212802655 — 465541320t5t5
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— 77880523t — 17671680Z°t5t} + 56624500Zt3t] — 8044073603t
— 6115770Z%t5 4 23108560Zt3t5 — 886614660¢t3t5 4 13557907t

—625055760¢t3t5 — 240893344t}10) ,

y3=— 2;—54 (—th — 6t1t3 + 12tot3 + 245 — 622t5 — 2975 — 12t1t4 + 30t2t4
+4Z%;3ts +122365ts — 48Z%63t4 + 15Zt5ts — 3564t3t4 + 3Z2°%t5 + 48231515
— 132226565 + 12026365 — 22365¢5t5 + 522°t; — 144Z%t363 + 530263t
— 83880t3t; — 542t + 1160Zt5t; — 1665155t5 + 8432t — 147084t3t;
—~20311£5),

y4 =20t4.
Proposition 6.18. The derivatives 2 a L e Clt1,t2,t3,t4, Z).

Proof is similar to the one for Proposition 3.5.
6.5. H4(7) example

The prepotential for H4(7) is

1, 4096 s 5\, 32768 X
F(O) =hitats + 567t — =-tata (3156 + 32t4) (75t3 + 2t4) z
32768, (75t3+2t5) 73 16384, (375t +l4t) t5t4 26
225 S\ T4 5625 4 3 4
16736 5,7, 256 o 118784 o 4 5 45 1
z (220t 3t )z tst £2t,7
175 3l 75 3+5h 945 4 175 31
5632 4 11 12, 17664 5 15 352 5 14 1568 s
7114 832, 2512 17664, 74 22007
T is7slat T opstal Tt el 315044 T 505
496 5 ., 496 o 71 o 16
T2 2717 L T2 8 T 4720 D 723
* 297544 T o5 157544 1 a3

where
8, 32 s 3 64,5
P(ty,t3,t4,2) =27 +?t4Z + 64t37Z —?t4Z + 128t3t4 — t; =0.
The Euler vector field is
it48t
10

the unity vector field is e(t) = 9,, and the charge is d = %. The intersection form (2.6) is then given by

4 1
E(t) =t10, + gtzatz + §t33t3 +

128
703125
+5375Z°0,t4 + 758000Z 5 t5t4 + 138780002 t5t4 — 32200Z3t5t5

+7456002°t3t5 — 117344000Zt5t5 — 754420t,t; — 1829120Z3t5t;

gl = (—12502t§ +11250Z%;,t3 4 185000027t + 1530000002°%¢3

— 81907275t — 121034240t3t5 + 12234242%2) ,

12 128 7 2 5.2 3
=55z (—1252 ty — 11500Z°t,t3 4+ 16000Z°t% + 5400000¢3

—450Z%t5t4 + 2840027 t3t4 + 3272000Z%63t4 + 5280Ztt5
+202480Z%t5t% + 44487°t; — 1155840Zt5t] + 3584Z°t5 — 256000t2) ,

2 512 5 3,2 2 5
(t) = 1875 (—252 t; — 4250t2t3 — 40000Z°t5 — 295Z°tyt4 + 248023ty
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+ 622000¢2t4 + 78827t5 + 123760Z%t5t5 + 5324Z°t; — 2080025}) ,
1
1875
+ 5447°t5 4 148480Zt3t5 — 2048Z3t; — 51200r2) :

gB3m = (2sz4r2 —4000Z7t3 — 288000Z%t% — 560Ztats — 2016023ty

23 1 2 5 2 7 2
g () = % (75t] +20Z%ty —3202°t3 — 384001’3 —128Z7t4 — 12160Z“t3t4
— 7042% +25602t3)

z
£ = (526 +4207t5 +3523t4 — 112tﬁ) ,

14 24 34 44
t) =t , t) = -t N t) = -t . t) = —t4

We have that degt;(x) = 22, degty(x) = 2, degt3(x) = 2, degtq(x) =2 and degZ(x) = 3.

Theorem 6.19. We have the following relations
yi=-— % ( 3345187 7763, — 23375157 7¢363 + 335147 .11 .31 220465

—5137.1831 2565 — 24355207 ¢1t5 + 243451873 2263 055 4 355192 . 7. 967 Z4¢3t3¢5
—3%5142.7.2383 25¢1 6565 + 225137 - 19121 655 — 283451872 25632
—26365157.283 7713662 + 2°3%51%7 .11 .17 2616563 — 265133 7. 31547 236562
— 212355187 .. 616363 — 212355137257 226255 — 28335147 . 47 . 421 7116363
—275137.131.2647 286363 — 2143°5157 . 1153 Z5¢3t5 — 221335147. 239 77111545
+2115133.7.181.6269 z63t5 — 21735515713 . 1291 62¢3 + 216355147 . 16447 22t 1,13
—2135113.7.3183137 24635 — 2203°51°7 . 17. 643 Z°t1¢5 + 2185147 . 1747 - 1789 27 15¢5
—2%4355157.34649 111 + 225147 . 2511151 Z%tt] — 2651372112687 2°65
—2%8335157.530807¢5 + 3°517732 24312t + 22375117 . 67 283 t5¢4
— 345137 . 411t5t4 — 5132 . 7. 4871 Z265t4 — 28345177213 2763134
+2°3°5117.23.199 Zt363t5t4 — 24335147 . 1091 Z3t16565t4 — 2°5137 - 113119 25 t5t4
— 213451873 723121, 42735147 . 10169 4¢3t t5e4 — 27345137 . 53 . 401 Z5¢165¢5¢4
+265127. 4272533 ¢354 — 2'23°5147 .37 . 367 2715 65t4 — 212335137 . 127 - 251 Zt1 6365t
— 219512723 .19 48157 Z365t3t4 + 219355197 . 257 Z2t3t5ts — 213335137 . 1883993 Z4¢115t5ts
+213513723.397 . 557 78¢2t5t, — 218335147.67. 293 Z7t165t4 — 21751313%3 . 7. 22063 Zt3t5t4
— 235514716447 7%t1t5t4 + 2195137327 . 12347 24515ty — 224514723 .31. 6673 Z7t]ts
— 2305147 2511151 228ty — 2°3751972 2631515 4- 25375137 . 367 2313315
+2°345137.2099 251,632 — 245127 .11 . 3517 Z7t5t3 — 273451872173 7431512
—263%5137.19.29. 59 Z8¢2t,t5t2 + 2°345127.. 407717 t165t5t3 — 2°335137 . 149 - 271 725 t5¢2
— 2135513719 3119 Zt3t,t3¢2 + 29345127 . 61 - 48311 Z3t163¢3¢7 +295"37 1119 - 479 2656313
—213355137.311. 439 7436315 — 211345137 . 61 - 4663 2811126567 + 2115127 . 13 . 3501503 6565¢5
+ 217345137 14029 Zt1t5t5t3 — 219512371113 - 104297 Z3¢2t565 — 219335137 . 4814471 2%, 6365
—218325137.3231829 78,652 + 235133 . 7. 47 . 263303 Ztot5t7 — 223251371951 - 29207 Z4t]t5
+26345157217 72863, — 24375127 .11 . 7936565 + 24335127 . 89 - 6449 7%t 6565
+245113.7.211.6449 2463t; + 2123751872 7631563 — 210395127 . 208253 Z3t2¢5t5t5
— 2153351271429 75t, 2365 — 285'17.31.181- 3659 27 65t3t3 + 2123°5147.13 .37 . 59 25¢26265
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+21632513232 71002423 4 21233512721178167 t1t3¢65t; — 2105'12107634939 Z265¢3t5

+ 2183851371033 z¢26365 — 21733512713 . 23 . 4099 Z3t1 6,365 4 218511107 - 330509 Z°t3¢3¢3
—218395137..377563 7%t 6565 + 2243251923 Z86,1515 + 21°513491035057 t3¢5¢3
—2%4335137.373. 523 7616365 — 2225123 . 658847099 Z>3t,t5t5 + 2245127 . 25229 - 55439 75¢5¢3
—2%05133.7.23.71.5791 Ztt3 — 2123451572 23634 + 293125127 256215

+27335117.13.17. 5981 271165t + 223251213 293¢5 + 285101553 - 74317 Zzt5¢4
—2103°5127.23. 97849 t2t5t5t5 — 2163251223 Z12¢2¢5t + 293451172644789 72t t3t3t
—210510684923563 Z4t3t3t5 + 2163°5137.11. 23 . 157 Z3¢2¢25 + 2143°5117. 239 . 1361 25t o265
—2155103.7. 105745993 727 t3t5t; + 224345142100, 63¢3 + 2173°51372144073 t1 1,564

—21551031. 2275515659 Z2t3t3t5 — 22°335127219 . 1987 Z3t1t5t5

—2%05107..17. 683 . 247601 Z°t5t5t5 + 23032517 28t3¢3 — 2%2251156634970591 t7t5¢4

+ 2283251159 56802241 Z3t5t4 — 219345157 . 976315 4 2193125107103 7231513

+ 21432511 714242 1 283359717 . 6436589 211 t3¢; + 28583 - 83 - 113 - 283487 2%63¢;

— 2131051072367 733 t5¢3 + 21233519747 . 409 - 1801 Z7t1t5t3t; — 2193351189 . 241 Z2%63 1563

+ 21558192379 . 72043 Zt3t3t; — 2173%5127. 67 - 151 - 443 26315 + 2203251229 . 173 2 1pt215

+ 21733597 242346031 Z2t1tt3¢; — 214583 .17 .29 . 307 - 2364179 Z*t5t3¢3
+221335%97..151247651 Z°t1653t5 + 2185921157 - 4697569 Z7t,63t5 + 2273251513 .17 210513
+2%4335137.. 2004073 t1£5t; — 222583 . 883 - 159406111 Z2tpt5t; — 229583343 . 11789651 Z°63¢;
—22951185909378939¢5t5 + 211314597 77¢2t§ 4- 214325101523 711 ¢2¢§

—2133587.13.73. 627131 Zt165t5 + 21576691 - 10945717 Z363t§ — 2103105107739 72¢2 1465

— 2193351173 7151568 4 21333587 . 6560672719 Z*t1 tot3t§ — 213583 .19 - 107 - 271 - 4603 Z8t3¢5t5
—2%139587.195868609 Z"t1t3t5 + 22132519173 . 2039 Z%,t2t§ — 217573 . 175949 - 534167 Zt5t3¢5
+2%63351373 71238 — 22°33597 . 307854203 2261635 + 2195717 - 1171 - 755025827 2 6, 65¢5
+2%6573.11-29- 1522702439 Z7t5¢§ + 2285817 . 23 . 99971 - 187073 Z%63t§ + 217314597 74¢3t]
+21233577.17 - 61 - 545533 Z8t1t5t] + 21232591747 - 2179 78¢2¢] + 212553 . 7. 25411781761 653t
—21832597.31.101-109 2" tot3t; + 2'83%577 . 3491 - 87421 Zt1 tot3t)

+219583.11. 41 . 625672687 Z3t3t3t] + 22234511732 714¢2¢]

—2%20335772132607 - 45503 Z4t; 3t — 2183359128237 - 6437531 Z°8t,13¢)

— 228335116197 7963t] — 22453 . 443 . 8098119613 Ztot3t]

+2%6553.7.715783571707 Z*t5t] + 21932587541 2B ¢,t5

—21933567217219.. 31.199 Z3t1t,t§ + 21553 . 23 . 29 . 219793529 Z°t3t3
+2%0335%7.23.67.1297 - 3301 Z8¢;t3t§ — 220345928807 Z8¢,5¢5

+217553.7. 2544911109121 t3¢3t5 4 225325919 43 . 829 7'1¢3¢8

+2%33577.53.167 - 116381 Zt1t3t5 — 2263255167 - 5651 - 157637 Z>tot3t5

+226325519.. 47 - 359 - 6805069 Z°3¢§ + 232563 - 311249 - 8516173 Zt5¢5

+218335711. 1512281 2%, — 218335721453 . 9140533 t£5t5

+2195°8861954242873 Z%t3t; — 2233%5873 . 7541 2B t5¢]

—2%335°7.4139- 129119 Z3t;t3t] — 2235°151 - 5680110559 Z°tot3t5

—2%6325740185941 Z8t3¢5 + 2245417 - 23621998776373 t,t5t5

+2305%11. 764381 - 5742169 Z363t5 — 2*43145%7 . 11 - 863 Z°t1¢)°

39



M. Feigin, D. Valeri and J. Wright Journal of Geometry and Physics 200 (2024) 105151

+2%05317. 233941 - 6976421 2715t 1° — 2232557 . 1381231 2'%¢5¢t)°
—2%533557. 7457 - 33020201 t1t3t,° — 22°5°58812201936403 Z2t5t5t°
+2295339878573708081 Z°t5t,° + 2°25%3909211 - 4328957 55¢,°
+2%2325°75412 7121 4+ 22431354725399 7244} — 22832527 . 53 . 75412 )?
+2%252225349 - 1564621501 Z*tpt)! — 227523 .107 - 127 - 4920163967 Zt3t}!
— 23153131583 - 4421 - 158759 Z°t3¢}" — 22°5 . 296367312358063 Zt1t,?
—2325. 1383659 - 123837583 Z4t3t4? + 2307 - 249677 - 73045429 Z°t}?
+2%5.296367312358063 Zt3t;> — 23211 - 43 - 104455205831 Z3¢}*

—2%5107.349¢)%),

V2= 331 (223351%? —3251017 2% — 5%2- 3.7 2% — 2°3°5"°11 271113
+2°335831 28¢5 + 283451219 ¢2¢2 — 2932510353 72152 — 263258367 241513
+ 2153251029 75¢163 — 2115834327 771,63 4 2143351013191 ¢5
—215583.109 - 137 Z2tpt5 — 221513 11 2°65 4 2203251097¢§ — 24575023 Z365t4
+ 24325911 . 13 Zt1t3t4 — 273351972 2% tot3t4 4+ 27573 - 4817 Z5¢t3t3t4
+ 215325953 771 t3t4 — 219573 .13 . 397 Zt2t3t4 4 21932510353 7241 £3t4
—2135719. 41317 Z%tyt3t4 4+ 2195811 - 1723 Z7t5t4 4 222583 . 109 - 137 223ty
—2°3%58547 7816517 — 2432587 .13 . 167 6565 — 219325811 . 103 Ztt2t5t2
—29563.7.3907 Z3t3t5¢2 + 213258881 741 63¢2 + 211325731883 Z6¢,t3¢2
— 215843 . 461 Z6,63t5 + 22257127 - 1301 Z*t56% + 293257823 Z3 116083
—28583.7.37.53 25623 — 21332587 . 53 284,565 — 2125%3.73 . 1877 3¢5t
—2173°5811 zt16363 + 217325%13 . 137 2306365 — 2193457641 26313
+2%5796601 Zt3t; + 28325°7 .13 . 67 - 79t1t2t5 — 2'°5°7210343 Z%63¢t;
+21325%19 . 443 23116565 + 2135°7%29 - 409 Z°t,t5t5 — 2'45°17 - 379 - 17209 ¢,t5¢5
—2%05517.19-13931 23635 + 213375°79 2°t1¢; — 2125313 . 59 . 5623 Z7 1ot
+ 215325513 . 103 - 883 1365 + 215311 - 5478043 Z2t,t3t;
—2195311.83 32839 Z5¢2¢; + 2215°5189507 £3t; — 214375°59 7%¢4t§
—21252327966773 Z*t,t§ + 2'85%3 . 83 . 593 - 613 Z7 ¢35
+2%0531249 . 3677 22655 + 2175 - 139571863 Zt,t; + 2195 - 1099915517 Z*4t5t
—21813. 49685821 258 — 2245. 139571863 Zt3t§ 4+ 22319 - 1661677 Z3t5
+2%57176°),

3
T 92311
+28577363 — 255377514 4+ 27335511 tyt3t4 + 295°53 Z2t5t5t4
+212557%t2t4 4 2135423 . 131 63t4 — 24521523 Z%tpt3 + 29533 .73 27153
— 2135329 726362 + 28531 - 41 Ztpt3 + 215 7- 491 2515 — 297541 2%

y3= (3356t1t2 — 225413 7262 1+ 25523 75515 + 2854587 1512

= 21953141265t + 2147 .53 2% + 27151145,

40

= —ty.
Ya 34

Proposition 6.20. The derivatives 3—{; e Cltq,ty,t3,t4, Z].
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Proof is similar to the one for Proposition 3.5.
7. Remarks on almost duality

Let us define on a Frobenius manifold M the following tensor fields:

* * ks i ik
Cijk := g,-;hcjfk, clik .— g”‘ci , (7.1)
) 3 ]
where Z"}k and cf\k are given by formulas (2.8) and (2.4), respectively. It can be shown that E‘E,,-k(x) = m for a function

F.(x), which is the dual prepotential of M [13].
For irreducible polynomial Frobenius manifolds, it was shown in [13] that their dual prepotentials (up to rescaling) have
the following simple form:

2
Fa)= )" (((;—2) log(a, x), (72)

oER

where Ry is a positive root system for the associated Coxeter group W. Below we give some partial results about dual
prepotentials for some algebraic Frobenius manifolds.

7.1. Two-dimensional examples

A two-dimensional (semisimple) algebraic Frobenius manifold has a prepotential of the form

1 k2l
F(t) = —t%t gt
© 2]2+k2—1 2

with ke Q\ {—1,0, 1} (see [10]). This has degrees d; =1 and dy = % and charge d = k%z The choice of the coefficient of
k41
t

(7.3)

in formula (7.3) is convenient for having a simple relation between coordinates t1, t; and the flat coordinates of the
intersection form xi, x». Using formulas (2.2), (2.3) and (2.6), we find the intersection form:

i 21kt ¢ >
) = ( 2 1 .
g7 () ( t %tz

Using formulas (2.4), (2.8) and (7.1), we get
* _ -1 * _ k. k 2
C111(0) = — 4k t162D, C12(t) = (4(2k) tk +t1) D, (7.4)
Cia() = =2 ek ID, Coma () = K)KPtk 2 (4(2k)"r’§ + t%) D, (7.5)

where D = det (g¥ (t))72 = (4@k)kek — t%)_z. Similar to the polynomial case k € Z; considered in [10], the flat coordinates
of the metric t1, t; are related to the flat coordinates of the intersection form xq, x, by the following formulas:

t1=2+7  tp==, (7.6)

where z :=x1 +ixy and Z:=x1 — ixy.

Here and in the next two theorems, we assume that when taking powers of k we are working in an open set U € C
which contains points z, z, 2k, % and 2ix,. In the open set U we choose a single branch of the function f(w)= wk so
that we have the relation f(z)f(z) = f(2k)f (;—i). For example, we can assume that U does not contain the non-positive
imaginary axis which can be achieved for k > 0 by taking |Re(x1)[, [Im(x1)| < 1 and Re(x;), Im(xy) > 1. Similarly, for k <0
we can assume that U does not contain the non-negative imaginary axis and take the same conditions for x; and x;.

Performing a tensorial transformation of (7.4) and (7.5) with the relations (7.6), we get the following third order deriva-

tives of the dual prepotential:

E 00 = kx1(3 +3x3)  2kix3 Z* + 2 o) = kxz(x3 — x3) _ 2ki x1x3 7 + 2 77
(22)? (22)? 7K — 7k (22)? (222 ZF— '
£ 020 = kx1(x3 —x3)  2kix?xy Z* + 2 s = kX2 (X3 +3x%) _ 2ki X3 242 (78)
122(%) = — 5 & , 222(X%) = —> — . :
(z2) (z2)= Z7°— zk (z2) (z2)* Z° — 7k

For the next result we assume that k =[~! with | € Z-;. Also, we will make use of the hypergeometric function
2F1(a, b; c; w) which is single-valued for the argument |w| < 1. This condition holds for w = % when we use the
constraints specified above.
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Theorem 7.1. Let M be a two-dimensional Frobenius manifold with prepotential (7.3) with k =1, where | € Z>. Then the dual
prepotential of M has the form

22 72 22
F.(x) = logxz + — 2 logz + a logz
-1 = . L .
zZT (Ixq + (- 2j)ix g X1 +X
2 (Pt U2 | gty (1,2, 40 B2 ) (7.9)
SHN G-net R

where 2 F1(a, b; c; w) is the hypergeometric function.

Proof. For k=1"1, the third order derivatives of the dual prepotential given by formulas (7.7)-(7.8) may be simplified as

X 2x2 i o=
zm(X): A Z{ZTJ, (7.10)
12z 1(zz)?
j=1
X2 | 2xx L
c112(x + —— zZiz 1, 711
Cli2 (%) = iz 122 ; (711)
-1
* X1 2% _J =i
c X)=——=— ziz1, 712
122(%) iz 122 Z (712)
-1
* 1/2 X2 ZX? i1
X ==— + Ziz' T, 713
22(%) I (xz zz) Ix(27)? JX]: (713)
where we use the identity
_1 1 -1
zZl +2z1 zZ+z 2 |
i T == + = zrzT
7t g1 2=z Z-zim

Let us define the following functions:

2 —2 2
A 2] 71 7]
(x) = logx, + 7 logZ + 7 logz,
zta =2
B(x) _Z (Ix1 +( j])zxz)
4j(j Dzt
J . .
JoiJ X1+ X2
C —— 2 2-¢ Fil2,2:241; ’
](X) (le) 2 ]([ [ l+ % )
fOsz],...,l—].Then, we want to show that
83 -1 .
. |1 B0 +Cj00) [ = Cae0, 714
0Xq0Xp0Xc ( )+§( i®+Ci(x) abc (%) (7.14)

where Z‘abc(x) are given by formulas (7.10)-(7.13). The third order derivatives of A(x) are

PA  x PA x PA ox PA 1 (2 xz> (715)
a2z axdoxy lzz0 axoxs 12z g I\x 2z .
Next, we calculate the third order derivatives of Bj(x) for j=1,...,1—1 to be
2B, _4igzl 7, 0°Bj _ _ 4ixgzt 3, (7.16)
03 Bzt+2 0x40%; 132% ’
°B; _4iduzt 0°B; __ 4igzIb; (717)
05 ppi+z 0x3 pzi+?
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where bj =1(1—2j)x1 + i(j2 — jl+1?)x,. Now, let us consider the first order derivatives of Cijx) for j=1,...,1—1. We get

)

i1 .
BCj zZ1 2 J
— =——(2ix 15F =,
x4l (2ix2)“ 713 1(1

_J

1 JJ o, ixi+x

— 2 2ix) 1y F N
4j( 2) 21(1 11 2% )
J.
l

—_— .

J ix1 + X2
L.
l + 2x; )

aC; ixi+xp X\ _jo 1- J ] | Kt
e [ 2ix i Fil=,>>4+1;
9% ( i 21) 'Qixg)"T2Fy "1 1 2%
iX1_j . _i ] ] iX1 +x2
—Z1(2ix3) " ToF; | =, ;= +1; .
ot @ix) 21<lll+ 2% )

The hypergeometric function has the properties

-1
2Fi(a,b;c; w) = (2F1(a,b; c — 1; w) —2F1(a, b; c; w)),

2F1(a,b;b; w) =(1—w)™,
for all a, b, c € C. Here the branch of (1 — w)™% is the one which equals 1 at w =0. When a = % and w = % we have
the relation
i i
1 I

o ‘ 4o,
JFy (Lppy TR (kX2 ) T @)l (718)
l 2Xy 2x, A

for any b € C, where the functions f(t) = tT on the right-hand side of (7.18) are taken on the same branch, which is
possible since the open set U contains both z and 2ix,. Hence we have

J
joJ i iX1 + X2 2jx; (2ixz)1 jJ X1+ X2
Fi(=, = 24+1; S LFi =, 5T+ 1 . 719
2 1(1 [ 2% ) I(ix1+xz)< A0 2N\ T (7.19)

Substitution of relation (7.19) into the above formulas for the derivatives % gives

251—1
aC; __xZ
T T
3X1 IzT
I_q
aC J !
J T

j ix] + x X1X2Z
% ixg 2>+12

2X2 IZ%

. aC; . . . . . . .
Since aT]J contains no hypergeometric functions, its derivatives are more easily attainable, and we see that

_i_ _i_ _J_
3C;  2x371 7% 33¢; 2x1x22{ 3¢; $C; 2z (720)
X pgr T B pgi+2 | moxd pgee '
where ¢j = 2x2 +2il(I — 2j)x1x; — (1> — 2jl+2j?)x3. On the other hand, W still contains hypergeometric functions. Looking

at the second order derivative, and using relation (7.19), we see that

32C;
ax3

PR

2 . . ;
- —fﬂzixz)—%zﬂ <1, ;

ix] + x X Z1~
l % 1 2>+1

+1;
2X3 274+

Differentiating C;(x) with respect to x, for the third time and substituting relation (7.19) into this expression, we get

(31x1 +i(l —2j)x1x2 + 21x2)

—_—

33c; 2a3z173
OG22 22 il — hxaxs — (P — 2l + 2922 (7.21)
8x2 13x221+

From relations (7.15)-(7.17) and (7.20)-(7.21), one can check directly that formula (7.14) holds. O

43



M. Feigin, D. Valeri and J. Wright Journal of Geometry and Physics 200 (2024) 105151

Theorem 7.2. Let M be a two-dimensional Frobenius manifold with prepotential (7.3) with k = —I~1, where | € Z . Then the dual
prepotential of M has the form

2

- X2 +x3
Fy(x) = Fy(%) —

+ x5
21
where F,(x) is the function given by formula (7.9).

log(x3 + x3),

Proof. Given a two-dimensional Frobenius manifold M, with charge d # 1 and 111 = 0 one can construct a two-dimensional
Frobenius manifold M with charge d=2-d using a symmetry of the WDVV equations known as an inversion [10]. The flat
coordinates x of the intersection form of M may be expressed in terms of the flat coordinates X of the intersection form of
M via the following relation:

2%
(1-d) (& +%3)
for i =1, 2. Moreover, the dual prepotential Fr of M may be expressed as

4F, (x(X))
(1—d)? (x1 B2 +x2(02)*

where F, is the dual prepotential of M [21]. In two dimensions, semisimple Frobenius manifolds with d # 1 and 711 =0
are uniquely parametrized, up to isomorphism, by their charge [10]. A Frobenius manifold with prepotential (7.3) has charge
d= k,_Tz Let M be the Frobenius manifold with prepotential (7.3) with k =1~1, thus M has charge d =1 — 2I. We know
from Theorem 7.1 that this Frobenius manifold has a dual prepotential of the form (7.9). The inversion M must have charge
d =21+ 1 and therefore its prepotential must be of the form (7.3) with k = —I~'. The dual prepotential of M is given by
equation (7.22) from which the statement follows. O

Xi =

F.®) =

(7.22)

7.2. (H3)"” and D4(ay)
Recall that for a polynomial Frobenius manifold associated to a Coxeter group W with root system R = Ry, the dual

prepotential has the form (7.2). Let « € R and define «; = («, e;), then we have the following relations (for generic points
on («, x) =0):

33F,
(o, X) ——F—
0X;0X0X)

for all i, j,k=1,...,n. Below we give related results for the algebraic Frobenius manifolds (H3)” and D4(ay).

20000
(@, x)=0 (o, o)’

Proposition 7.3. Let PM (x, Z) be the polynomial from relation (3.45) for M = (H3)" and let it be the polynomial from relation (4.34)
for M = D4(ay) expressed in the x coordinates. Then for each o € R, where R = Ry, for M = (H3)” and R = Rp, for M = D4(a1),
we have that

PM(x, Z)l(a, =0 = K} (Lg)?,
where KM LM e C[x; Z] and LM is linear in Z. KM is cubic in Z for M = (H3)" and quartic in Z for M = D4(a1).
To check that the polynomial PM(x, Z) factorises on the hyperplanes (o, x) = 0 we first substitute the expressions for y;(x)

from relations (3.1)-(3.7), or (4.8)-(4.11), into the left-hand side of equation (3.45), or equation (4.34), respectively. We then
restrict to the hyperplane (o, x) =0 and see that the polynomial factorises as claimed.

Proposition 7.4. Let o € R, where R = Ry, for M = (H3)” and R = Rp, for M = D4(ay). The third order derivatives a-jk(x) of the
dual prepotential F, of M = (H3)"” or M = Dg4(ay) satisfy

(@ 0euw)| =0

o, x)=0
if LM (x, 2) = 0. If KM(x, Z) = 0 then we have
* 20
(e nape)| =T

. 0=0 (o, o)
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Proof. By formulas (2.7) and (7.1) we have

PFe 5
— =ik =88 (x XM (x) = ik (x).
0X;0X; 0 ik (X) = in (X) 8t (%) 8o (X) () %)
Then
3 Ay ) )
I Fy — CaBy ¢ %%%:gaa(t)c(’?”(t)%%%%%%. (7.23)
0X;0X0Xy Oty Otg Oty 0yr Oty 0ys Otg OYye Oty

Now we express the right-hand side of (7.23) in x coordinates and Z. For the terms g®®(t) and cf Y(t) we apply Theo-
ax;. 0xj

—L and g—’;’z can be found by inverting the Jacobi matrix J = (g—fc’;) The derivatives 2, s

rem 3.13. The derivatives -, 77 e > Dip

and gTyy‘ can be found by Theorem 3.10. We then reduce the resulting expression for z,-jk(x) as a polynomial in Z modulo

the relation (3.45) for M = (H3)”, or modulo the relation (4.34) for M = D4(ay).

Then, for any o € R we get («, x) z,-jk(x) which can be restricted to (o, x) = 0. Using Proposition 7.3 we can then reduce
the restricted expression as a polynomial in Z modulo Kf)‘f’ or modulo L(’)‘[” depending on which branch of Z we consider on
the hyperplane. This leads to the claim. O

Data availability
Mathematica code is available at https://notebookarchive.org/2024-03-2sleam2.
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