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Extreme enhancement of nonreciprocal wave propagation in magneto-optical metamaterials
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We investigate the magnetic field induced spectral properties of metamaterials incorporating indium anti-
monide (InSb), using electromagnetic probes in the low terahertz frequency regime. An effective medium theory
has been developed to explore the behavior of InSb interspersed with a simple dielectric in a gratinglike structure
with various thicknesses and grating filling factors. The metamaterial grating structure impacts the light-matter
interactions and substantially modifies reflectivity. Our numerical results demonstrate how nonreciprocal reflec-
tion can be enhanced and controlled in this spectral region through the composition of the magnetic grating. The
current need for higher frequency communication technology drives the relevancy of this study for application
to directional-dependent terahertz devices.
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I. INTRODUCTION

Introducing symmetry breaking in materials to obtain
directional-dependent wave propagation has become a ubiq-
uitous physical and technological process [1–3]. Whether by
inducing spin precession in magnetic materials [1,4] or by
inducing cyclotron resonance of current carriers in a solid
[5–7], using externally applied magnetic fields is one of the
most common ways to achieve said phenomena. For instance,
take the second example above of current carriers in two-
dimensional electron gases. These are particularly versatile
for technological applications as they possess temperature-
tunable charge-carrier density but most importantly, in these
systems, reversing the wave vector, k, does not necessarily
lead to a wave with the same frequency, ω, or simply ω(+k) �=
ω(−k) in the presence of a static applied magnetic field [7].
This is a consequence of the dielectric tensor

↔
ε(ω), which

describes the bulk material, becoming gyrotropic due to the
applied magnetic field [8]. Owing to these unusual optical
properties, the use of intermetallic structures such as indium
antimonide (InSb) is an active area of research [9–11] to
achieve nonreciprocal devices including filters and isolators.

It is well known from both experimental and theoretical
work in ferromagnets, ferrimagnets, antiferromagnets, and
plasmas that a magnetic field oriented parallel to a surface
can cause noreciprocal behavior for surface waves travel-
ing perpendicular to the magnetic field [1,12]. The general
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case can be handled by symmetry arguments [1]. This pa-
per deals with how the nonreciprocity can be best seen and
utilized.

Most work about nonreciprocity has, in fact, been limited
to the low gigahertz frequency range as higher frequencies
in ferromagnets and ferrimagnets are difficult to reach with
reasonable external fields. So, one motivation for looking at
InSb is that the effective mass for the electron in InSb is
very small. This means that the cyclotron frequency, given by
ωc = eB/m∗ can be quite high, in the hundreds of gigahertz,
even for relatively small applied fields (an explicit example
is provided in Appendixes A and B). The grating allows the
electromagnetic wave in an attenuated total reflection (ATR)
experiment to couple more effectively to the nonreciprocal
surface waves [13], and produces a significant nonreciprocal
reflectance.

With the advent of Weyl semimetals [14,15], materials
with topologically nontrivial phase of matter, even more
rich directional-dependent wave phenomena are being inves-
tigated. For example, the waves that propagate at the surface
of Weyl semimetals with broken time reversal symmetry are
similar to magnetoplasmons in ordinary metals with strong
nonreciprocity described by a gyrotropic

↔
ε(ω) [16–18]. As

such, these have gained significant interest in the recent past
due to their promise for technological applications that require
low to no applied magnetic fields. For example, the axion
electrodynamics in topological magnetic Weyl semimetals
provides a novel and effective mechanism to create nonre-
ciprocal thermal emitters and even to create new scanning
tunnelling microscope tips in the form of Veselago lenses for
improved imaging [19].

With improvements in the fabrication of advanced artificial
materials, engineering structures to display or enhance nonre-
ciprocal phenomena based on magneto-optical effects has be-
come common practice [20]. These include magnetophotonic
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metasurfaces [21], hybrid metallic nanostructures [22], and
even on-chip magnetoplasmonic nanoantennae [23] for a
variety of technological applications ranging from light mod-
ulation and sensing to optical wireless communication.

There are several limitations resulting from incorporating
these metallic materials in devices. In waveguides, eddy cur-
rents lead to significant losses. In optical systems metallic
materials lead to uniformly high reflectivity, independent of
frequency. By structuring these materials in artificial micro-
and nanostructures, eddy currents are significantly reduced
and so are losses. Similarly, one can obtain frequency spe-
cific reflectivity such as that illustrated in this paper. This
provides a strategy for developing high-performance optical
devices [24].

Here, we investigate the optical properties of a structured
magneto-optical material with primary composition being a
magnetized plasma InSb. This material is well known for
its terahertz optical properties. In this paper we show that,
with a magnetic field present, there is minimal nonreciprocal
behavior for both ordinary reflection and ATR from bulk InSb.
In contrast, by structuring the InSb into a gratinglike metama-
terial, and with ATR, it is possible to significantly enhance the
nonreciprocity for a range of frequencies that spans hundreds
of gigahertz.

We demonstrate this by calculating the attenuated total
reflectance for two geometries and model the material’s gy-
rotropic dielectric tensor

↔
ε(ω) using effective medium theory,

which we believe to be an efficient and accurate way to
account for the behavior of the overall material. The source
of the nonreciprocity is ultimately due to the application of
an external static magnetic field. This field, applied in the z
direction, causes the electron movement in the xy plane to be
a curved cyclotron motion. Thus, for example, an E field in
the x direction can create motion in the y direction leading
to the off-diagonal components of the permittivity tensor. The
off-diagonal components generate the nonreciprocity, with the
field setting the cyclotron frequency, as shown explicitly in
Appendix A.

One of the main implications of this work is that it offers
a consistent and efficient theoretical framework to describe
semimetallic structures as a class of materials. For example,
the aforementioned nonreciprocal thermal emitters with Weyl
semimetals as their primary base component, use the very
same type of structuring that we shall discuss throughout this
work [16]. Very recently, such structuring was designed in a
way that enables near-complete violation of Kirchhoff’s law
without any external magnetic field, and the behavior of the
structure grating was modeled using full-wave simulations
using a two-dimensional finite-element solver [18]. In contrast
to this extensive calculation an easy-to-use, yet robust, theo-
retical framework that can be readily employed through

↔
ε(ω)

to explain the behavior of these emerging structures—either
containing topological quantum materials or simple metallic
magneto-optical materials—is highly desirable. The results
we present here for the specific material example of InSb,
the extreme enhancement of the nonreciprocal effects, offers
a pathway for designing nonreciprocal devices for energy
harvesting and heat transfer applications through a large band
of terahertz frequencies.

II. RESULTS

As we will demonstrate, the electromagnetic response of
InSb is much more interesting when we combine it into a
metamaterial grating structure such as that shown in Fig. 1.
The InSb bars of width d2 are separated by a dielectric ma-
terial of width d1 and the overall dielectric tensor of the
metamaterial can be described using an effective medium
method, as detailed in Appendix C. We are interested in trans-
verse magnetic (TM) polarized incident light waves; there are
two ways the grating can be structured with respect to the
incident radiation: one in which the H field of the incident
wave is perpendicular to the grooves in the grating [as shown
in Fig. 1(a)] and another in which the H field is parallel to the
grating grooves [see the schematic in Fig. 1(b)]. We chose a
TM wave for two reasons: (1) This geometry allows the inter-
action of the electromagnetic wave with the cyclotron motion
and (2) the calculations, though still lengthy, are simpler for
this mode as no cross polarization occurs for the reflected or
transmitted wave.

To create some context, we start by presenting data for sim-
ple reflection off the surface of a single InSb film of thickness
d = 0.5 cm on a thick dielectric substrate with n = 1.414
corresponding to εs = n2 = 2.0. This is shown in Fig. 1(c)
as a reflectance color map, i.e., reflectance as a function of
both wavenumber, ω/2πc, and incident angle θ . Here, while a
magnetic field is present (B ≈ 0.04 T), we can see that it does
not create any strong nonreciprocity. In fact, for almost all
incident angles and frequencies, the film is weakly reflective
above 7.0 cm−1 (or 0.2 THz). This is highlighted by the differ-
ence between the reflectance for positive and negative incident
angles shown in Fig. 1(d), which only shows weak spots (less
than 20% difference) for a small range of frequencies around
20 cm−1.

It is worth noting that, while not shown here, we have
also calculated reflectance for simple reflection off the surface
of an effective medium grating metamaterial, again with a
thick substrate present, and found that the results do not differ
substantially from those shown in Figs. 1(c) and 1(d); in other
words, there is no significant nonreciprocity. This remained
the case for the whole range of possible filling fractions. For
the dielectric medium that fills the grating slits, we used an
index of refraction, n, of 1.414 (same as the substrate). This
value is typical of Teflon, which is widely employed in mi-
crowave devices [25]. Additional information on parameters
and the calculation can be found in Appendix B.

Therefore, simple reflectivity does not turn out to be very
interesting, so we now turn our attention to ATR (see Ap-
pendix D for full details on the ATR calculation). In particular,
we will focus on the Kretschmann configuration [26] shown
in Fig. 2(a) where a dielectric prism is placed above the
metamaterial that rests on a semi-infinite dielectric substrate.
The situation is very different when one examines the ATR
reflectivity. A color map for a metamaterial with a filling
fraction (dielectric) of f1 = 0.6, thickness d = 0.5 cm, and
with the H field of the incident radiation perpendicular to the
grating grooves is shown in Fig. 2(a). The dielectric constant
of the prism is εp = 11, typical of a Si prism [27].

Figure 2(b) presents the reflectance map with the cyclotron
frequency set to zero, equivalent to B = 0.0 T, showing the
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FIG. 1. Schematics illustrating the key geometries used in this paper where we examine the electromagnetic response to a TM wave
incident on a grating structure composed of InSb (d2) and a dielectric (d1) with a magnetic field applied in the z direction for (a) the case
where the incident H field is perpendicular to the InSb stripes and (b) when the incident H field is parallel to the InSb stripes. (c) Reflectance
map showing the reflectance as a function of incident angle and wavenumber for a single InSb film of thickness d = 0.5 cm on a substrate
of dielectric constant εs = 2.00 and an applied field B ≈ 0.04 T. (d) Difference |R(+θ ) − R(−θ )| between the reflectance for positive and
negative incident angles using the data shown in panel (c).

expected symmetric response where positive and negative
incident angles give the same response in the absence of
an externally applied magnetic field. Figure 2(c) shows a
reflectance map with an externally applied magnetic field of
B ≈ 0.04 T producing a cyclotron frequency at ωc/2πc =
16.7 cm−1 (or 0.5 THz). As in all cases of filling fraction,
there is a wide central region of low reflectivity. This region
of nonreflective behavior narrows as the filling fraction, f1,
increases (less InSb in the grating). This can be understood as
arising from the change in the effective dielectric constant in
the grating region as the filling fractions are changed. We will
explore this in more detail below.

The most significant difference between the ATR results
and the simple reflectivity is that there is now a dramatic
nonreciprocal behavior in the spectrum when comparing pos-
itive and negative incident angles. In particular, this behavior
becomes more prominent for wavenumbers from 5 to 25 cm−1

(corresponding to frequencies from 0.15 to 0.75 THz),
i.e., frequencies around the cyclotron frequency ωc.

In Fig. 3 we show the reflectance color map for ATR again,
but this time for the geometry where the H field of the incident
radiation is parallel to the grooves in the metamaterial [as
shown in Fig. 3(a)]. Again, we use a filling fraction for the
dielectric of f1 = 0.6 and thickness d = 0.5 cm. Figure 3(b)
shows the reflectance map with the cyclotron frequency set
to zero while Fig. 3(c) shows the case with a nonzero mag-
netic field (B ≈ 0.04 T). Again, there is a wide central
region of nonreflectivity that narrows as the filling fraction
increases. There is also nonreciprocal behavior between pos-
itive and negative incident angles for large incident angles.
The most significant nonreciprocity again occurs between
5 and 25 cm−1; however, the shape of the nonreciprocity is
somewhat different than that for the parallel configuration and
less dramatic especially for lower wavenumbers (here it is
mostly localized between 15 and 20 cm−1).

To highlight the extreme enhancement of the nonreciproc-
ity, in Fig. 4 we show the difference between the ATR
reflectance spectra for positive and negative angles of inci-
dence (|R(+θ ) − R(−θ )|). We see that ATR enhances the
nonreciprocity slightly, even for a single InSb film. In Fig. 4(a)
there are some weak regions where nonreciprocity is obtained
below 10 cm−1 and a stronger nonreciprocal region around
30 cm−1 for very high incident angles. In contrast, when struc-
turing and ATR are introduced, the nonreciprocal features
are drastically enhanced across the spectral region shown in
Figs. 4(b) and 4(c). When the dielectric grooves in the meta-
material are perpendicular to the H field of the incident wave
[Fig. 4(b)], not only is the nonreciprocity at low frequencies
enhanced to 100% change between R(+θ ) and R(−θ ), but
some nonreciprocal features appear throughout the spectral
region shown. For the case when the dielectric grooves in the
metamaterial are parallel to the H field of the incident wave
[Fig. 4(c)], a similar enhancement is observed. However, this
time, a nonreciprocal region emerges between 15 and 20 cm−1

for high incident angles, which is in stark contrast to what is
observed in the case of a single film shown in Fig. 4(a).

As we have seen, nonreciprocity can be dramatically en-
hanced when a dielectric grating is incorporated into InSb
composing a metamaterial structure. However, the filling fac-
tor (or composition of the metamaterial) is not the only way
nonreciprocity can be enhanced. This can be combined with
the thickness of the metamaterial grating in order to enhance
nonreciprocity as well as control the frequencies at which it
happens. In Fig. 5 we show the ATR spectra for systems with
thinner metamaterial films with d = 250 µm (0.025 cm) and
d = 25 µm (0.0025 cm) for geometries where the incident
beam has its H field perpendicular (left column) and parallel
(right column) to the grooves.

Once again, we see a central region of low reflectance that
is now broken up by bands of somewhat higher reflectance.
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FIG. 2. (a) Kretschmann ATR configuration where the metama-
terial sits in between a prism and a thick substrate. The H field
of the incident wave is perpendicular to the dielectric grooves in
the metamaterial. (b) ATR color map showing the reflectance as a
function of both incident angle and wavenumber with the cyclotron
frequency set equal to zero (B = 0.0) and (c) includes a cyclotron
frequency of 0.5 THz (corresponding to B ≈ 0.04 T), both for the
geometry shown in panel (a). The effective medium film thickness
for the metamaterial grating region is d = 0.5 cm, the substrate
dielectric constant is εs = 2.00, and the overlayer dielectric constant
is εp = 11.00.

For d = 250 µm [Figs. 5(a) and 5(c)] we find significant
nonreciprocity occurs at a similar region to the thicker films,
namely, between 5 and 25 cm−1 [as highlighted in Figs. 5(b)
and 5(d)]. However, coarse bands of variable behavior are now

FIG. 3. (a) Kretschmann ATR configuration where the metama-
terial sits in between two dielectric layers. The H field of the incident
wave is parallel to the dielectric grooves in the metamaterial. (b) ATR
color map showing the reflectance as a function of both incident
angle and wavenumber with the cyclotron frequency set equal to
zero (B = 0.0) and (c) includes a cyclotron frequency of 0.5 THz
(corresponding to B ≈ 0.04 T), both for the geometry shown in panel
(a). The effective medium film thickness for the metamaterial grating
region is d = 0.5 cm, the substrate dielectric constant is εs = 2.00,
and the overlayer dielectric constant is εp = 11.00.

seen, indicating Fabry-Perot resonances [13]. For d = 25 µm
on the other hand, the ATR spectra [Figs. 5(e) and 5(g)] are
significantly different compared to the previously examined
cases. The thickness is now less than the skin depth in the
film, which is ∼ 68 µm for an incident light frequency of
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FIG. 4. Difference between the ATR reflectance for positive and
negative incident angles comparing the cases of (a) no grating, with
the case when the H field of the incident wave is (b) perpendicular
and (c) parallel to the dielectric grooves in the metamaterial—
corresponding to the cases shown in Figs. 2(c) and 3(c).

0.6 THz and for the range of effective media dielectric con-
stant. For this case, and for the geometry where the H field is
perpendicular to the grating as in Fig. 1(a), there is a strong
nonreciprocity but now much more localized between 15 and

25 cm−1 [as highlighted in Fig. 5(f)]. Otherwise, the spectra
show highly reflective behavior. In contrast, the geometry
where H is parallel to the grooves has a weaker nonreciproc-
ity, as seen in Fig. 5(g), but also demonstrates nonreciprocal
behavior at lower frequencies, i.e., around 5 cm−1 [as high-
lighted in Fig. 5(h)].

Now that we have demonstrated that structuring a
magneto-optical material can lead to extreme enhancements
of the nonreciprocal effects, it is worth exploring the physi-
cal reason why this is so. The answer is simple; the grating
effectively lowers the overall dielectric constant of the effec-
tive medium, allowing total internal reflection to occur at the
prism/grating interface. The key point is that pure InSb can
have a very large εxx and εyy, often in the 10–20 range as
shown as the solid lines in Fig. 6(a). These values are above
the dielectric constant for the Si prism and as a result, elec-
tromagnetic waves from the prism goes from a lower index
material to a higher index material and there is no critical
angle or evanescent wave in the InSb. Thus, the ATR spectra
show very little nonreciprocity, as evident in Fig. 6(b).

If we then artificially lower the value of on-diagonal com-
ponents of the dielectric tensor InSb [dashed lines in Fig. 6(a)]
by lowering the background dielectric constant from 15 to
5, the resulting ATR behavior shows a distinct nonrecip-
rocal feature [Fig. 6(c)]; a lowering of the reflectance in
the 5 − 20 cm−1 range on for negative incident angles only.
While this is an unphysical mechanism, it is an excellent

FIG. 5. ATR color maps showing the reflectance as a function of incident angle and frequency for d = 250 µm and (a) H field perpendicular
to the grating and (c) H field parallel to the grating with respective difference between the reflectance for the positive and negative incident
angles given in (b) and (d). Similarly, the ATR maps for (e) H field perpendicular to the grating and (g) H field parallel to the grating are
given for d = 25 µm with respective difference between the reflectance for the positive and negative incident angles given in (f) and (h).
The substrate dielectric constant is εs = 2.00 and the overlayer dielectric constant is εp = 11.00.
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FIG. 6. (a) Dielectric tensor components εx and εt for single InSb
with its original background dielectric constant of ε∞ = 15.68 (solid
lines) and lowered at ε∞ = 5.0 (dashed lines). ATR maps for a single
InSb film with (b) ε∞ = 15.68 and (c) ε∞ = 5.0—both using a Si
prism with a dielectric constant of εp = 11. (d) Dielectric tensor
components εx and εt for a structured metamaterial comprising InSb
at f1 = 0.6 (dashed lines) compared to a single InSb film (solid
lines). Note that εx and εt are elements of the effective medium tensor
as defined in Appendix C.

demonstration of how lowering the dielectric constant of the
material would lead to strong nonreciprocal responses.

With the grating structure, a significant lowering of the
effective value of all components of the dielectric tensor of the
effective medium is very much possible. In Fig. 6(d), we show
the value of the components of the effective dielectric tensor
for f1 = 0.6 (dashed lines) for the H field perpendicular to the
structuring direction. We compare these with the single-film
InSb values (solid lines). Here we see that the values are near
or below that of the prism, allowing the creation of evanescent
surface waves in the InSb/grating region. These surface waves
can be strongly nonreciprocal, leading to a nonreciprocal ATR
result discussed throughout this work.

III. CONCLUSION

Here, we have investigated how structuring a magneto-
optical material, such as InSb, can lead to extreme enhance-
ment of nonreciprocal optical responses. We studied two main
geometries (H field of the incident radiation parallel and
perpendicular to the structuring direction) and have focused
on the behavior of attenuated total reflection. In addition, we
showed how the thickness of the metamaterial can drastically

change the frequencies at which nonreciprocity takes place—
finding strongly localized nonreciprocal reflection for thinner
films that should be easier to incorporate into optoelectronic
devices.

Magneto-optical phenomena of the kind we investigate
here has attracted great interest through the decades as it has
enabled a series of multifunctional optical devices including
isolators, modulators, and even polarizers [28]. A large num-
ber of studies in this field have focused on the microwave and
communication band, and with the current need for higher
frequency communication technology [12,29], we expect our
finding to be particularly relevant for directional-dependent
terahertz devices [30,31,32]. A significant portion of the cur-
rent state-of-the-art materials for nonreciprocal propagation
in this frequency range suffers from appreciable insertion
losses [28]. More recently, on-chip terahertz ultrahigh non-
reciprocity has been achieved using InSb, paving the way
for integrated nonreciprocal terahertz devices [33]. We expect
that our findings could introduce a mechanism through which
to obtain broadband nonreciprocity in such devices. Finally,
we expect that the effective medium theory we have developed
here should be particularly applicable to the newly investi-
gated structures containing symmetry broken semimetals.

APPENDIX A: DIELECTRIC RESPONSE OF BULK InSb

The dielectric response of InSb for excitations in the
terahertz and far-infrared frequency band can be described
as a combination of different behaviors [8]. The zero-field,
isotropic dielectric function takes the form

ε∞ − ω2
p

ω2 + iγpω
+ εL.

Here, ε∞ is a constant that describes the background per-
mittivity (high-frequency absorptions). The second term, also
known as the Drude term, describes contributions of free
carriers, and the last term εL describes contributions to the
permittivity due to lattice vibrations; due to their much higher
frequencies, the effects of εL are negligible for the frequency
range we investigate here. The constant γp is the damping
parameter that is typically related to the scattering time τp by
τp = 1/γp. The plasma frequency, ωp, is defined as

ω2
p = Ne2

ε0ε∞m∗

with N being the carrier concentration, e the electron charge,
ε0 the permittivity of free space, and m∗ the effective mass of
the charge carriers.

When exposed to an externally applied static magnetic
field B, the current carriers in InSb are accelerated in spiral
orbits about the axis of this field—a phenomenon known as
cyclotron resonance with frequency

ωc = eB

m∗ .

This external field, and hence cyclotron resonance, intro-
duces anisotropy into the material. In this case, and if we
assume that the field is applied in the z direction, the material’s
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permittivity tensor takes the form

↔
ε(ω) =

⎡
⎣ εxx iεxy 0

iεyx εyy 0
0 0 εzz

⎤
⎦.

Each component can then be written as

εxx = εyy = ε∞ − ω2
p(ω2 + iγpω)

(ω2 + iγpω)2 − ω2
cω

2
+ εL, (A1)

εxy = −εyx = − ω2
pωcω

(ω2 + iγpω)2 − ω2
cω

2
, (A2)

and

εzz = ε∞ − ω2
p

ω2 + iγpω
+ εL.

APPENDIX B: MATERIAL PARAMETERS

The dielectric constant for InSb varies substantially with
temperature or doping. As such, a plasma frequency any-
where between 0.3 [17] and 2.5 THz [28] have been found
to be perfectly acceptable parameters. To simplify the re-
sults, we chose values typically found near room temperature:
N = 1022 m−3, m∗ = 0.0169m0, and ε∞ = 15.68, which
yield ωp/2πc = 58 cm−1 (corresponding to 1.74 THz) and
a collision frequency of carriers of γp/2πc = 3.335 cm−1 (or
0.1 THz [24]). Similarly, the cyclotron frequency can be easily
tuned with an externally applied magnetic field B. Throughout
this work we have taken ωc/2πc = 16.7 cm−1 (or 0.5 THz),
which corresponds to B ≈ 0.04 T. We note that the
small effective mass of the electron in InSb allows rel-
atively modest fields to create nonreciprocity at terahertz
frequencies.

APPENDIX C: STRUCTURED METAMATERIAL:
THE EFFECTIVE MEDIUM DIELECTRIC TENSOR

Throughout this work we consider a structured metama-
terial, such as the one shown in Fig. 1, where the dielectric
material has a of width d1 and semimetal bars (here we have
chosen the example material to be InSb) of width d2 are
separated by the dielectric. We can then regard this structured
grating as an effective medium when the period of the one-
dimensional structure is smaller than a wavelength or a decay
length of the electromagnetic radiation interacting with it [34].
In the effective medium approximation, the structured region
is replaced by an effective medium having a permittivity
tensor that depends upon the fraction of the material that is
dielectric, f1 = d1

d1+d2
, and the fraction of the material that is

semimetal, f2 = d2
d1+d2

. The effective medium approximation
makes use of the assumption that the amplitudes of the E
and H fields do not vary significantly across an individual
material. For our choice of materials and frequencies, this
requires that the InSb width in the grating be less than 60 µm
and the total width of the unit cell be less than 70 µm. This
approximation eliminates features that arise from the period-
icity of the material including the introduction of band gaps
or the shifting of wave vectors by reciprocal lattice vectors.
Nonetheless, this approximation can work quite well [35].

In the effective medium method, one constructs an average
〈D〉 and relates it to an average 〈E〉 using electromagnetic
boundary conditions. This defines an average permittivity ten-
sor. For this, we start with the definition for 〈D〉 and 〈E〉 as
follows:

〈D〉 = f1Da + f2Db (C1)

and

〈E〉 = f1Ea + f2Eb. (C2)

Since one of the materials composing the effective struc-
ture is a simple dielectric, which here we call “material a,” its
permittivity tensor is a simple scalar, and as such we have

Da = εaEa. (C3)

On the other hand, the permittivity for a semimetal such
as InSb, which here we call “material b,” in the presence of
a magnetic field is a tensor. In the presence of a magnetic
field, it can be written in a simplified form from that shown
in Eqs. (A1) and (A2) as

(
Dx

Dy

)
=

(
ε1 iε2

−iε2 ε1

) (
Ex

Ey

)
. (C4)

We have neglected the z component as it is not necessary
for our calculation. Now use Eqs. (C1) and (C2) to write 〈Dx〉
and 〈Dy〉 in terms of the E values in the different materials.
This gives

〈Dx〉 = f1εaExa + f2 (ε1Exb + iε2Eyb), (C5)

〈Dy〉 = f1εaEya + f2 (ε1Eyb − iε2Exb). (C6)

We now use the boundary conditions to connect the Ex and
Ey values in the different materials to the average values. For
the structure illustrated in Fig. 1(a), these components of E
are tangential to the interfaces, which are in the xy plane, and,
in a thin structure, are continuous so one has

Eya = Eyb = 〈Ey〉, (C7)

Exa = Exb = 〈Ex〉. (C8)

Now use Eqs. (C7) and (C8) to replace all the E values
in materials a and b with 〈E〉 terms. After some algebra,
we obtain the equation that determines the effective medium
permittivity tensor.

(〈Dx〉
〈Dy〉

)
=

(
f1εa + f2ε1 i f2 ε2

−i f2ε2 f1εa + f2ε1

) (〈Ex〉
〈Ey〉

)
. (C9)

The permittivity tensor appropriate for the geometry in
Fig. 1(b) is calculated similarly. One starts with Eqs. (A1)–
(C4) again, but now one needs a different set of boundary
conditions because the structure is different, i.e., the interfaces
are in the yz plane. In this case the appropriate boundary
conditions are that Dx, the normal component of D, and Ey,
the tangential component of E are continuous. Using these
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conditions, one obtains

(〈Dx〉
〈Dy〉

)
=

⎛
⎜⎜⎝

(
f1

εa
+ f2

ε1

)−1
i f2

ε2
ε1

(
f1

εa
+ f2

ε1

)−1

−i f2
ε2
ε1

(
f1

εa
+ f2

ε1

)−1
[

f1εa + f2
(
ε1 − ε2

2
ε1

) + f 2
2

(
ε2
ε1

)2

(
f1
εa

+ f2
ε1

)
]
⎞
⎟⎟⎠

(〈Ex〉
〈Ey〉

)
. (C10)

We can represent the dielectric tensor for both geometries
in the following way:

↔
ε(ω) =

⎡
⎣ εx iεt 0
−iεt εy 0

0 0 1

⎤
⎦

and we will use this notation in what follows.

APPENDIX D: REFLECTANCE AND ATR

As detailed ATR calculations are available in the literature
[13,29], we only give a short derivation here, with the most
important results. We look for a TM wave, with the oscillat-
ing H along the z direction, and the E field along x and y.
Propagation is along x. The magnetic fields in each region are
given by the following equations. In the prism (or air if we are
calculating simple reflectivity) the field is

H = ei(kx−ωt )(A1eiqpy + A2e−iqpy)ẑ.

Here A1 is the amplitude of the incident wave and A2 the
amplitude of the reflected wave. In the effective medium the
magnetic field has the form

H = ei(kx−ωt )(A3eiqy + A4e−iqy) ẑ,

and in the semi-infinite substrate, it takes the form

H = ei(kx−ωt )A5eiqsyẑ,

where A5 is the amplitude of the transmitted wave. The elec-
tric fields in each region have similar forms and may be
derived from the H fields using the curl Maxwell equations.
For the ATR calculation, we need the x component of E as it
will be important in the boundary conditions. We find

Ex = ei(kx−ωt )Cp(A1eiqpy − A2e−iqpy) in the prism,

Ex = ei(kx−ωt )(C1A3eiqy − C2A4e−iqy) in the effective

medium, and

Ex = Cse
i(kx−ωt )A5eiqsy in the substrate.

The coefficients in the equations above are

Cp = − cqp

ωεp
,

C1 = (εyq + iεt k)
ω
c

(
ε2

2 − εxεy
) ,

C2 = (−εyq + iεt k)
ω
c

(
ε2

2 − εxεy
) ,

and

Cs = − cqs

ωεs
.

The curl equations also give the perpendicular wavevectors
in each region in terms of the parallel wavevector, k, and the
frequency, ω. These can be written as

qp =
√

εpω2/c2 − k2,

q =
√

−c2 k2εx + ω2εxεy − ω2ε2
t

c
√

εy
,

and

qs =
√

εsω2/c2 − k2.

The boundary conditions at y = 0, the interface between
the prism and metamaterial grating, are that the tangential
components of H and E are continuous. This gives

A1 + A2 − A3 − A4 = 0

and

CpA1 − CpA2 − C1A3 − C2A4 = 0.

The same boundary conditions apply at y = d , the interface
between the metamaterial and the substrate, resulting in

A3 exp (iqd ) + A4 exp (−iqd ) − A5 exp (+iqsd ) = 0

and

C1A3 exp (iqd ) + C2A4 exp (−iqd ) − CsA5 exp (iqsd ) = 0.

These four equations allow one to solve for A2, the reflected
amplitude, in terms of A1, the incident amplitude, to find the
reflectance

R =
∣∣∣∣A2

A1

∣∣∣∣
2

,

which can be evaluated as

R =
∣∣∣∣−C1C2 + C2Cp + C1Cs − CpCs + (C1C2 − C1Cp − C2Cs + CpCs)e2idq

−C1C2 − C2Cp + C1Cs + CpCs + (C1C2 + C1Cp − C2Cs − CpCs)e2idq

∣∣∣∣
2

.
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As a check on our work, we examined the case where
the grating structure is very thin. As the thickness is re-
duced further to 0.000 01 cm, the reflectance map shows
zero reflectance at the Brewster angle (near 23◦) and small
reflectance for incident angles below the Brewster angle,

rising to a maximum of about 20% at normal incidence.
Reflectance for incident angles greater than the critical an-
gle (near 25◦) are near 100%. These results are consistent
with the usual Fresnel relations for a simple prism/substrate
structure.
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