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Background and Objective: There is an increasing demand to establish integrated computational models that 
facilitate the exploration of coronary circulation in physiological and pathological contexts, particularly 
concerning interactions between coronary flow dynamics and myocardial motion. The field of cardiology has 
also demonstrated a trend toward personalised medicine, where these integrated models can be instrumental 
in integrating patient-specific data to improve therapeutic outcomes. Notably, incorporating a structured-tree 
model into such integrated models is currently absent in the literature, which presents a promising prospect. 
Thus, the goal here is to develop a novel computational framework that combines a 1D structured-tree model of 
coronary flow in human coronary vasculature with a 3D left ventricle model utilising a hyperelastic constitutive 
law, enabling the physiologically accurate simulation of coronary flow dynamics.

Methods: We adopted detailed geometric information from previous studies of both coronary vasculature 
and left ventricle to construct the coronary flow model and the left ventricle model. The structured-tree 
model for coronary flow was expanded to encompass the effect of time-varying intramyocardial pressure on 
intramyocardial blood vessels. Simultaneously, the left ventricle model served as a robust foundation for the 
calculation of intramyocardial pressure and subsequent quantitative evaluation of myocardial perfusion. A one-

way coupling framework between the two models was established to enable the evaluation and examination of 
coronary flow dynamics and myocardial perfusion.

Results: Our predicted coronary flow waveforms aligned well with published experimental data. Our model 
precisely captured the phasic pattern of coronary flow, including impeded or even reversed flow during systole. 
Moreover, our assessment of coronary flow, considering both globally and regionally averaged intramyocardial 
pressure, demonstrated that elevated intramyocardial pressure corresponds to increased impeding effects on 
coronary flow. Furthermore, myocardial blood flow simulated from our model was comparable with MRI 
perfusion data at rest, showcasing the capability of our model to predict myocardial perfusion.

Conclusions: The integrated model introduced in this study presents a novel approach to achieving physiologically 
accurate simulations of coronary flow and myocardial perfusion. It holds promise for its clinical applicability in 
diagnosing insufficient myocardial perfusion.
1. Introduction

The maintenance of adequate blood supply to myocardial tissues 
is crucial. Obstruction or constriction of major coronary vessels in the 
coronary vasculature causes inadequate myocardial perfusion which 
may lead to ischemia and bear the potential to progress to myocardial 
infarction and heart failure, thereby resulting in substantial morbid-

ity and mortality [1]. Hence, it is important to understand coronary 
flow dynamics and accurately identify narrowed or obstructed major 
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blood vessels in clinical settings. Imaging techniques, such as computed 
tomography (CT) and cardiovascular magnetic resonance (CMR) imag-

ing, prove invaluable in visualizing coronary vasculature and detecting 
pathological anomalies [2–4]. Nevertheless, the intricate spatial and 
temporal variations within the coronary vasculature, along with the 
dynamic complexities of coronary flow, present challenges that hin-

der the investigation of myocardial perfusion. Thus, a comprehensive 
mathematical understanding of coronary flow is necessary [5–7]. Fur-

thermore, the complex nature of coronary flow requires solid evidence 
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for precise diagnosis and treatment planning of inadequate myocardial 
perfusion. As a result, an increasing necessity exists to establish com-

putational models that incorporate assessments of coronary circulation 
and the interaction between blood flow and myocardial movement into 
the existing routine clinical workflow [8,9].

Moreover, the field of cardiology has shown an expanding pursuit to-

wards personalised medicine, where computational models of the heart 
and coronary flow have the potential as valuable tools for integrat-

ing patient-specific diagnostic information [9,10]. These computational 
models can incorporate both physiological and mechanical principles of 
cardiovascular performance, by encompassing detailed geometric rep-

resentations of the heart or coronary vasculature, thereby providing 
insightful perspectives. For precise prognostication of coronary flow 
and myocardial perfusion, an integrated model of both the heart and 
coronary flow is essential, considering the intricate interaction between 
cardiac movement and coronary perfusion. Consequently, considerable 
research efforts have been devoted to the development of the integrated 
models [11–16].

A one-dimensional (1D) computational model of blood flow, known 
as the structured-tree model, initially developed by Olufsen [17], holds 
the promising potential for integration within the integrated models. 
This model divides the arterial tree into two distinct components: large 
and small arteries. While the large arteries accurately replicate in vivo 
arterial geometry, small arteries are represented as binary asymmetric 
structured trees based on statistical relationships. Distinguishing itself 
from lumped parameter models [18,19], this 1D model effectively im-

itates wave propagation effects. Furthermore, it offers computational 
efficiency, making it valuable for clinical applications. Olufsen [17]

employed this model to investigate blood flow waveforms in systemic 
arteries, later extended by Qureshi and Hill [20] to encompass hemody-

namics of blood flow in pulmonary arteries. Duanmu et al. [21] utilised 
the structured-tree model for simulating blood flow in coronary arteries. 
However, their investigation excluded the venous aspect of the vascu-

lar system, which had previously been addressed by Vaughan [22] and 
Qureshi [23]. Additionally, they simplified the interaction between the 
myocardium and coronary flow by incorporating intramyocardial pres-

sure (IMP) as a feedback mechanism for coronary flow.

IMP is the force exerted by myocardial tissues onto the exter-

nal surfaces of intramyocardial blood vessels. In healthy individuals, 
heightened IMP during systole can impede coronary flow, even lead-

ing to retrograde flow [24,25]. The concept of the ‘vascular water-

fall’ phenomenon, introduced by Downey and Kirk [26], elucidated 
for the first time how coronary flow is influenced by arterial pres-

sure and IMP. Their experimental analysis of left coronary blood flow 
distribution across the canine heart wall during systole provided sup-

porting evidence. Due to challenges in obtaining precise in vivo IMP 
measurements [27,28], researchers have recently turned to lumped-

parameter models and three-dimensional (3D) heart models to estimate 
IMP [29,28,30,12,31]. For instance, Namani et al. [12] and Fan et al. 
[31] employed 3D idealised ellipsoidal left ventricle (LV) models to es-

timate IMP and coupled it into lumped parameter models of coronary 
flow. However, their work did not incorporate the orthotropic hyper-

elastic description of the myocardium, as proposed by Holzapfel and 
Ogden (HO model) [32]. The HO model has been widely utilised in 
computational heart models [33–35].

Motivated by the aforementioned limitations of existing computa-

tional models and the need to enhance our comprehension of myocar-

dial perfusion, we have established a novel integrated computational 
model to explore coronary circulation. This model employs a one-way 
coupling framework of the 1D structured-tree model of coronary flow 
and a 3D LV model, enabling the evaluation of myocardial perfusion. 
Specifically, we calculate IMP from the LV model and incorporate it 
onto the external surfaces of intramyocardial blood vessels within the 
coronary flow model. Notably, in this study, the structured-tree model is 
extended to incorporate time-varying IMP into the governing equations 
2

of blood flow, reflecting its actual impact on coronary flow. Addition-
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ally, we employ the most up-to-date constitutive law, the HO model, 
to construct the LV model, which is an extension of our previous work 
[36]. To ensure the accuracy of our model, simulated coronary flow 
results are validated against experimental measurements of coronary 
flow waveforms and CMR perfusion data. Our novel integrated model 
demonstrates its capabilities in yielding physiological predictions of 
coronary flow and myocardial perfusion, as well as in clinical impli-

cations.

2. Methods

This study introduces an integrated model that combines a 1D 
structured-tree model for coronary flow dynamics with a 3D LV model 
to describe myocardial dynamics. In this section, we provide mathe-

matical details of the 1D coronary flow model, the LV model, and the 
one-way coupling framework utilised to connect these two models.

2.1. One-dimensional coronary flow model

2.1.1. A simplified coronary network

To analyse coronary flow within intricate coronary vasculature, as 
adopted in the structured-tree model [17,22,23], we divide the coro-

nary vasculature into three distinct constituents: the epicardial coronary 
arteries, the epicardial coronary veins, and the remaining intramy-

ocardial blood vessels. Following the terminology and methodology 
introduced by Olufsen [37], the large vessels including the epicar-

dial coronary arteries and veins are collectively referred to as ‘large 
vessels’, while the smaller vessels within the myocardial wall are clas-

sified as ‘small vessels’. Fig. 1 provides an illustration of a simplified 
human coronary vasculature network. Here, the large vessels are in-

terconnected through binary trees consisting of compliant and tapering 
vessels, emulating the actual geometric characteristics of the human 
arterial tree. Conversely, the small vessels are modelled as binary asym-

metric structured trees originating from the termini of the large arteries 
and eventually converging into the large veins. These small vessels are 
depicted as straight segments of compliant vessels and do not mimic 
the precise geometries of the vasculature. Instead, their representation 
is based on general statistical relationships.

Specifically, the large coronary arteries consist of left and right 
branches that originate from the aortic root. The left branch includes 
the left main coronary artery (LMCA), which bifurcates into the left an-

terior descending arteries (LAD, LAD1, LAD2, LAD3, and LAD4), the left 
circumflex arteries (LCX, LCX1, LCX2, and LCX3), and the marginal ar-

teries (MARG1, MARG2, and MARG3). The right branch includes the 
proximal, middle, and distal right coronary arteries (RCA1, RCA2, and 
RCA3), which bifurcates into the conus branch, the right ventricular 
branch (RV branch), the acute marginal branch (AM branch), the pos-

terior lateral artery (PLA), and the posterior descending artery (PDA). 
This simplified network is based on CT angiography of the coronary 
arteries by Duanmu et al. [21], alongside complementary information 
provided in [4,38,39]. Lengths, proximal radii, and distal radii of these 
vessels are summarised in Table 1.

The construction of the small vessels, namely the structured trees, 
are elaborated in [37,23]. In brief, the generation of these structured 
trees necessitates the use of radii and asymmetry relations at bifurcation 
points where a parent vessel splits into two daughter vessels, i.e.

𝑟𝑑1
= 𝛼𝑟𝑝, (1)

and

𝑟𝑑2
= 𝛽𝑟𝑝, (2)

where the subscript 𝑝 refers to the parent vessel and the subscripts 𝑑1
and 𝑑2 represent the two daughter vessels, 𝛼 = 0.9 and 𝛽 = 0.6 are two 
scaling factors that are assumed to be the same for all bifurcations 
[17]. These two scaling factors are determined through statistical re-
lationships governing the branching pattern of the small vessels, which 
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Fig. 1. A simplified network of human coronary vasculature. This network is divided into three distinct parts: the red vessels representing the epicardial arteries, 
the orange vessels (structured trees) representing intramyocardial vessels, and the blue vessels representing the epicardial veins. The dimensions of the epicardial 
arteries and veins are based on CT angiography by Duanmu et al. [21], supplemented by information from [4,38,39]. Notable epicardial coronary arteries and veins 
include LMCA (Left main coronary artery), LAD (Left anterior descending) arteries subdivided into LAD1, LAD2, LAD3, and LAD4, LCX (Left circumflex) arteries 
bifurcate into LCX1, LCX2, and LCX3, MARG (Marginal) arteries denoted as MARG1, MARG2, and MARG3, RCA (Right coronary artery) and its segments RCA1, 
RCA2 and RCA3, Conus, RV (Right ventricular) branch, AM (Acute marginal) branch, PLA (Posterolateral ventricular) artery, PDA (Posterior descending artery), CS 
(Coronary sinus), GCV (Great cardiac vein), PMVs (Left posterior and left marginal veins), SCV (Small cardiac vein), and ACVs (Anterior cardiac veins). It should be 
noted that while the generations of the epicardial arteries and veins are few, the intramyocardial vessels, which are represented by the structured trees, encompass 
approximately 50 generations, with each structured tree containing around 10 million vessels.

Table 1

Coronary artery dimensions in human vasculature, derived from experimental data by Duanmu et al. [21] and complementary literature 
sources [4,38,39].

Branch Length (cm) Proximal radius (cm) Distal radius (cm) Branch Length (cm) Proximal radius (cm) Distal radius (cm)

RCA1 3.7 0.151 0.150 Conus 3.3 0.112 0.108

RCA2 3.6 0.150 0.149 RV branch 3.3 0.112 0.108

RCA3 3.6 0.149 0.148 AM 3.3 0.112 0.108

PLA 4.2 0.128 0.125 PDA 3.7 0.108 0.105

LMCA 3.2 0.188 0.179 LAD 2.7 0.151 0.145

LAD1 2.9 0.146 0.145 LAD2 6.9 0.138 0.106

LAD3 4.7 0.103 0.103 LAD4 2.2 0.088 0.077

LCX 2.1 0.148 0.147 LCX1 1.6 0.132 0.129

LCX2 2.0 0.115 0.114 LCX3 3.9 0.102 0.099

MARG1 3.5 0.116 0.108 MARG2 3.0 0.098 0.096

MARG3 3.7 0.102 0.100
have been well documented in [37]. All the structured trees are ulti-

mately terminated at a minimum radius of 0.0008 cm [40] before they 
access the capillary bed. For example, the generations of the structured 
tree connecting LAD1 to its venous counterpart, as shown in Fig. 1, 
are determined by the distal radius of LAD1 and the prescribed min-

imum termination radius. Additionally, at each branching point, the 
radii of the daughter vessels scale proportionally with parameters 𝛼
and 𝛽. Owing to asymmetry, the arterial 𝛼 branch of this structure tree 
comprises 56 generations, while the 𝛽 branch contains 10 generations. 
The collective count of vessels within this structured tree approximates 
10 million. Considering the substantial number of vessels within the 
structured tree, we assume a homogeneous distribution of these ves-

sels within the myocardium they perfuse to, ensuring the homogeneous 
distribution of blood to the myocardial tissue.

The reconstruction of the coronary venous system is referred to 
[39,41]. Fig. 1 illustrates the components of the venous system. It con-

sists of the coronary sinus (CS), which receives blood from the great 
cardiac vein (GCV), left posterior and left marginal veins (PMVs), and 
small cardiac veins (SCV). These veins play a crucial role in draining a 
majority of blood from the LV wall and a portion of blood from the right 
ventricle wall. Conversely, the anterior cardiac veins (ACVs) primarily 
serve the purpose of draining the right ventricle wall and directly trans-
3

porting the blood into the right atrium. The epicardial veins mirror the 
characteristics of the epicardial arteries, and therefore, their lengths are 
identical to those of their arterial counterparts. This decision is based 
on the observed parallel arrangement of epicardial arteries and veins 
[25]. Nevertheless, it is important to acknowledge that epicardial veins 
in general have larger radii in comparison to their arterial counterparts. 
Thus, we employ a vein-to-artery diameter ratio of 1.4, a value estab-

lished in [42], to determine the radii of the veins based on the radii 
of their corresponding arteries. Furthermore, the CS deviates from this 
typical pattern. According to reports from [43–45], the CS exhibits an 
average length ranging from 3.5 to 6.3 cm and an average radius rang-

ing from 0.353 to 0.590 cm. Therefore, for the CS, we assign an average 
length of 4.0 cm and an average radius of 0.478 cm.

2.1.2. Coronary flow dynamics

We modify the 1D structured-tree model developed by Qureshi and 
Hill [20] to simulate coronary flow dynamics. As described in the last 
section, the model simplifies the large vessels into elastic tapered tubes. 
We consider blood within these vessels to be homogeneous, viscous, and 
incompressible, characterised by a constant density 𝜌 = 1.055 g/cm3

and a viscosity 𝜇 = 0.490 g/cm/s. Consequently, flow within the large 
vessels is a laminar flow. Coronary flow dynamics in these vessels are 
governed by the 1D reduced form of the Navier-Stokes equations:

𝜕𝑞 𝜕𝐴
𝜕𝑥
+
𝜕𝑡

= 0, (3)
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and

𝜕𝑞

𝜕𝑡
+ 𝜕

𝜕𝑥

(
𝑞2

𝐴

)
+ 𝐴

𝜌

𝜕𝑝

𝜕𝑥
= −2𝜋𝜈𝑅

𝛿

𝑞

𝐴
, (4)

where 𝑥 is the axial coordinate, 𝑡 is the time, 𝑞(𝑥, 𝑡) is the volumet-

ric flow rate, 𝐴(𝑥, 𝑡) is the cross-sectional area, 𝑝(𝑥, 𝑡) is the pressure, 
𝜈 = 0.4645 cm2/s is the kinematic viscosity, 𝑅(𝑥, 𝑡) is the vessel radius, 
and 𝛿 is the boundary layer thickness. The wall of the blood vessels is 
assumed to be isotropic and homogeneous, and a tube law is prescribed 
as follows

𝜙(𝑥, 𝑡) = 𝑝(𝑥, 𝑡) − 𝑝0 =
4
3
𝐸ℎ

𝑟0

(√
𝐴

𝐴0
− 1

)
, (5)

where 𝜙(𝑥, 𝑡) is the transmural pressure, 𝑝0 is a trivial external pressure 
exerted by the pericardium on the large vessels, 𝐸 is Young’s modulus, 
ℎ is the vessel wall thickness, and 𝑟0 and 𝐴0 are the initial stress-free 
radius and cross-sectional area, respectively. The inverse of 4𝐸ℎ∕3𝑟0 is 
the distensibility of the vessel, reflecting the elastic characteristics of 
the vessel wall and its responsiveness to transmural pressure. Qureshi 
and Hill [20] applied a constant distensibility assumption to large pul-

monary arteries and veins, setting it at 0.0038 mmHg−1. In this study, 
we adopt a constant distensibility value of 0.0011 mmHg−1 for the large 
coronary arteries and veins. This choice is based on measurements of 
coronary vessel distensibility derived from porcine subjects [46].

In contrast, for the small vessels within structured trees, the nonlin-

ear effects of coronary flow are neglected, and a linearised model can 
be analytically solved according to [17,20]. In circulatory systems, the 
pressure and flow rate are periodic due to the contraction and relax-

ation of the heart. Therefore, we assume periodicity in coronary flows 
with a period of 𝑇 = 0.8 s and an angular frequency 𝜔 = 2𝜋∕𝑇 . By ex-

panding the flow rate and transmural pressure into the Fourier series, 
their Fourier coefficients can be calculated by

𝑄𝑘(𝑥) =
1
𝑞𝑐

(
𝑎𝑘 cos(𝑘𝜔𝑥∕𝑐) + 𝑏𝑘 sin(𝑘𝜔𝑥∕𝑐)

)
, (6)

Φ𝑘(𝑥) =
𝑖

𝜌𝑔𝑙𝐶𝑐
(−𝑎𝑘 sin(𝑘𝜔𝑥∕𝑐) + 𝑏𝑘 cos(𝑘𝜔𝑥∕𝑐)), (7)

where 𝑘 is the 𝑘th Fourier component, 𝑞𝑐 is the characteristic flow rate, 
𝑎𝑘, 𝑏𝑘 are constants dependent on the specific pressures at the inlet and 
outlet of a small vessel, 𝑐 is the wave propagation velocity, 𝑔 is the 
acceleration of gravity, 𝑙 is the characteristic length, and 𝐶 = 0.0055
mmHg−1 is the constant distensibility of all the small vessels. Eq. (6) and 
Eq. (7) are utilised to obtain a great admittance of a whole structured 
tree. The great admittance serves as a linking condition to relate the 
frequency-domain transmural pressure Φ𝑘(𝐿) and flow rate 𝑄𝑘(𝐿) at 
the outlet of a large terminal artery (such as LAD1) with frequency-

domain transmural pressure Φ𝑘(0) and flow rate 𝑄𝑘(0) at the inlet of a 
large terminal vein (such as GCV), i.e.(
𝑄𝑘(𝐿)
𝑄𝑘(0)

)
=𝐘𝑘

(
Φ𝑘(𝐿)
Φ𝑘(0)

)
, (8)

where 𝐘𝑘 is the great admittance matrix. Using the convolution in-

tegral, Eq. (8) in the frequency domain can be transformed into two 
equations in the real-time domain:

𝑞(𝐿, 𝑡) = 1
𝑇

𝑇 ∕2

∫
−𝑇 ∕2

(𝜙(𝐿, 𝑡− 𝜏)𝑦11(𝜏) + 𝜙(0, 𝑡− 𝜏)𝑦12(𝜏))𝑑𝜏, (9)

and

𝑞(0, 𝑡) = 1
𝑇

𝑇 ∕2

∫
−𝑇 ∕2

(𝜙(𝐿, 𝑡− 𝜏)𝑦21(𝜏) + 𝜙(0, 𝑡− 𝜏)𝑦22(𝜏))𝑑𝜏, (10)

where 𝑦11(𝑡), 𝑦12(𝑡), 𝑦21(𝑡), 𝑦22(𝑡) are the inverse Fourier transforms of 
4

the four components of the great admittance 𝐘𝑘. Eq. (9) and Eq. (10)
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are the so-called structured-tree matching boundary condition that con-

nects the flow from the large arteries to the large veins. It is important 
to highlight that this matching condition serves the purpose of establish-

ing a correlation between transmural pressure and flow rate. This differs 
from the correlation between blood pressure and flow rate utilised in 
previous research by Qureshi and Hill [20] for pulmonary circulation, 
where the time-varying IMP was not taken into account.

Lastly, the coronary flow within the simplified network in Fig. 1 is 
determined by solving equations (3), (4), and (5). The two-step Lax-

Wendroff method [47] is adopted to obtain numerical solutions. This 
is accomplished by incorporating appropriate inlet and outlet pressure 
boundary conditions, time-varying IMP, and the structured-tree match-

ing condition. Additionally, it is assumed that no energy dissipation 
occurs at each bifurcation of the large vessels within the simplified net-

work. Thus, the flow rate and pressure of a parent vessel and its two 
daughter vessels at each bifurcation point satisfy the following two bi-

furcation conditions:

𝑞𝑝(𝐿, 𝑡) = 𝑞𝑑1 (0, 𝑡) + 𝑞𝑑2 (0, 𝑡), (11)

and

𝑝𝑝(𝐿, 𝑡) = 𝑝𝑑1 (0, 𝑡) = 𝑝𝑑2 (0, 𝑡), (12)

where 𝐿 indicates the outlet of the parent vessel and 0 indicates the 
inlet of the two daughter vessels.

2.2. Three-dimensional left ventricle model

To simulate physiologically accurate motion and deformation of LV, 
we have developed a 3D finite element (FE) LV model. The schematic 
representation of our LV model is shown in Fig. 2. This model consists 
of a patient-specific LV mesh, a commonly used myofibre architecture, 
and a lumped parameter model to represent systemic circulation. The 
3D LV geometry is reconstructed from short-axis slices from the LV base 
to the LV apex and three long-axis slices of the LV of a healthy volunteer 
through CMR. Details on the reconstruction process are referred to [48]. 
The resulting LV geometry is discretised into a tetrahedral mesh using 
ICEM (ANSYS, Inc. PA USA), comprising 133,042 elements and 26,010 
nodes, as shown in Fig. 2 (a). This mesh serves as the foundation for 
computational analysis using the FE method. Additionally, a rule-based 
myofibre structure [49,50] is generated based on the tetrahedral mesh. 
Fig. 2 (b) illustrates the orientation of the myofibres, which vary linearly 
from −60◦ at the epicardium to 60◦ at the endocardium. This myofibre 
architecture follows a widely adopted convention in the literature [51,

36].

As shown in Fig. 2 (c), a simplified open-loop lumped parameter 
model representing the systemic circulation is coupled with the LV 
cavity. This coupling enables the lumped parameter model to provide 
physiologically accurate LV cavity pressure, which plays a crucial role 
in determining the movement of the LV. To enclose the LV cavity, we 
employ two-dimensional triangular surface elements, previously intro-

duced in studies by Baillargeon et al. [52] and Sack et al. [34]. The 
relationships of pressures (𝑃LV, 𝑃Ao, 𝑃SA) and volumes (𝑄LV, 𝑄Ao, 𝑄SA) 
of the three cavities, as shown in Fig. 2 (c), can be expressed as follows:

d𝑄𝑒

d𝑡
= 𝐶𝑒

d𝑃𝑒

d𝑡
, (13)

and

𝑄𝑒→𝑒+1 =
Δ𝑃𝑒→𝑒+1
𝑅𝑒→𝑒+1

, (14)

where 𝑒 = {LV, Ao, SA}, 𝐶𝑒 is the compliance of each cavity, 𝑄𝑒→𝑒+1
is the flow rate between any two neighboring cavities, Δ𝑃𝑒→𝑒+1 is the 
pressure difference, and 𝑅𝑒→𝑒+1 is the resistance. A constant pressure 
of 8 mmHg is imposed at the outlet boundary, representing the pres-

sure of the systemic veins (SV). According to [36], the compliance 

and resistance values are 𝐶Ao = 2.5mL/mmHg, 𝐶SA = 1.25mL/mmHg, 
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Fig. 2. A schematic illustration of our human left ventricle (LV) model. The tetrahedral mesh (a) consists of 133,042 linear elements and 26,010 nodes. A rule-based 
myofibre architecture of the myocardium (b) shows the myofibre angle ranging from −60◦ at the epicardium to 60◦ at the endocardium. In (c), the LV cavity is 
interconnected with a lumped parameter model to represent systemic circulation. The components include the aortic valve (Av), aorta (Ao), systemic arteries (SA), 
and systemic veins (SV). The aortic valve is symbolised by the Diode symbol, indicating unidirectional flow. Resistances 𝑅Ao, 𝑅SA, and 𝑅SV are associated with the 
aortic valve, systemic arteries, and a trivial resistance allowing drainage of the flow in the systemic circulation, respectively. Compliances 𝐶Ao and 𝐶SA represent the 
aortic and systemic arterial compliances.
𝑅Ao = 2.0MPa ⋅ s/m3, and 𝑅SA = 120.0MPa ⋅ s/m3. Additionally, 
𝑅SV = 0.8MPa ⋅ s/m3 is a minor resistance that allows the flow drainage 
within this open-loop system.

2.2.1. Passive constitutive law

The passive material property of the myocardium can be charac-

terised by the orthotropic hyperelastic model proposed by Holzapfel 
and Ogden [32]. Their model takes into account the layered myofibre 
architecture and introduces three mutually orthogonal principal direc-

tions, namely the unit myofibre direction 𝐟0, the unit sheet direction 𝐬0, 
and the unit sheet-normal direction 𝐧0 in a reference configuration. The 
strain energy function is

𝜓 = 𝑎

2𝑏
exp[𝑏(𝐼1 − 3)] +

𝑎f

2𝑏f

{
exp[𝑏f(max(𝐼4f,1) − 1)2] − 1

}
+
𝑎s

2𝑏s

{
exp[𝑏s(max(𝐼4s,1) − 1)2] − 1

}
+
𝑎fs

2𝑏fs

{
exp[𝑏fs𝐼

2
8fs
] − 1

}
,

(15)

where the eight material constants according to [36] are 𝑎 = 0.1731 kPa, 
𝑏 = 5.1207, 𝑎f = 1.9344 kPa, 𝑏f = 0.2199, 𝑎s = 0.2143 kPa, 𝑏s = 0.0005, 
𝑎fs = 0.2665 kPa, 𝑏fs = 2.5505, 𝐼1 is the trace of the right Cauchy-Green 
deformation tensor 𝐂, and 𝐼4f, 𝐼4s, and 𝐼8fs are the invariants related to 
the myofibre and sheet directions, i.e.

𝐼4f = 𝐟0 ⋅ (𝐂𝐟0), 𝐼4s = 𝐬0 ⋅ (𝐂𝐬0), 𝐼8fs = 𝐟0 ⋅ (𝐂𝐬0), (16)

where the invariants 𝐼4f and 𝐼4s represent the squared stretches along 
the myofibre direction and the sheet direction, respectively. The utilisa-

tion of the max() function ensures that myofibres exclusively experience 
tensile stress, preventing any compressive load. To facilitate the FE com-

putational algorithm, the strain energy function in Eq. (15) is further 
decomposed into a volumetric part and a deviatoric part.

2.2.2. Active tension model

The active tension (𝑇a) generated by the myocardium during systole 
is determined through a well-established time-varying elastance model 
[53]

𝑇a(𝑡, 𝑙) =
𝑇max

2
Ca20

Ca20 + ECa250 (𝑙)
(1 − cos (𝜔(𝑡, 𝑙))) , (17)

where 𝑇max = 110 kPa is the maximum isometric active tension, Ca0 =
4.35 𝜇M is the peak intra-cellular calcium. The length-dependent cal-

cium sensitivity is given by

ECa (𝑙) =
Ca0max

, (18)
5

50 √
𝑒𝐵(𝑙−𝑙0) − 1
where 𝐵 = 4.750 μm−1 and Ca0max = 4.35 𝜇M, 𝑙0 = 1.58 μm is the mini-

mum sarcomere length to produce active stress, and 𝑙 is the deformed 
sarcomere length, i.e.

𝑙 = 𝑙𝑟
√
2𝐸ff + 1, (19)

where 𝑙𝑟 = 1.85 μm is the stress-free sarcomere length, and 𝐸ff is the 
Lagrange strain in the myofibre direction. The time function after the 
onset of contraction in Eq. (17) is

𝜔(𝑡, 𝑙) =
⎧⎪⎨⎪⎩

𝜋
𝑡

𝑡0
for 0 ⩽ 𝑡 ⩽ 𝑡0,

𝜋
𝑡−𝑡0+𝑡𝑟(𝑙)

𝑡𝑟
for 𝑡0 < 𝑡 ⩽ 𝑡0 + 𝑡𝑟,

0 for 𝑡 > 𝑡0 + 𝑡𝑟,

(20)

where 𝑡0 = 0.18 s is the time to peak tension, and 𝑡𝑟 is the duration of 
relaxation

𝑡𝑟(𝑙) =𝑚𝑙 + 𝑏, (21)

where 𝑚 = 1.0489 s/μm and 𝑏 = −1.7 s are constants to determine the 
shape of the linear relaxation duration and sarcomere length relaxation. 
This active tension is incorporated into the Cauchy stress using the ac-

tive stress approach [52,34,36]. Finally, the dynamics of the LV are 
governed by

⎧⎪⎪⎨⎪⎪⎩

∇ ⋅ 𝝈 = 0, within the LV wall,

𝝈 ⋅ 𝐧 = −𝑃𝐧, on the LV endocardial surface,

𝝈 ⋅ 𝐧 = 0, on the LV epicardial surface,

𝑢𝜃 = 0 and 𝑢𝑧 = 0, on the LV basal surface,

(22)

where 𝝈 is the Cauchy stress, 𝐧 is the unit vector normal to the LV en-

docardial or epicardial surface, 𝑃 denotes the LV cavity pressure, and 
𝑢𝜃 and 𝑢𝑧 are the displacements along the 𝜃-axis and the 𝑧-axis, respec-

tively, within a global cylindrical coordinate system. This coordinate 
system centres around the origin of the LV basal plane, with its 𝑧-axis 
corresponding to the long-axis direction of the LV. Constraints are ap-

plied to the LV basal surface to restrict movement in both the long-axis 
and circumferential directions. This constraint approach, ensuring real-

istic expansion and contraction of the LV basal plane, has been adopted 
by Thekkethil et al. [54].

2.3. One-way coupling framework

The one-way coupling framework is established through the fol-

lowing steps: Firstly, a standalone simulation of the 3D LV model is 

conducted to acquire essential data including aortic pressure and IMP. 
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Fig. 3. Anterior and posterior perspectives (a) of 17 segments of a left ventricle (LV) wall according to the recommendation of American Heart Association [57]. 
These segments are systematically numbered from 1 to 17 to facilitate their identification and categorization. A polar perspective (b) displays the LV segments and 
their association with the terminal branches of the three main coronary arteries, namely the left anterior descending artery (LAD), left circumflex artery (LCX), 
and right coronary artery (RCA). The allocation is visually differentiated through colour coding, signifying the specific assignment of each terminal branch to its 
respective LV region.
It should be noted that the IMP is calculated as the hydrostatic pressure 
based on the Cauchy stress [55], expressed as

IMP = 1
3

trace(𝝈). (23)

Subsequently, both the simulated aortic pressure and IMP are utilised 
in the 1D coronary flow model. To drive coronary flow within the 
simplified network, the simulated aortic pressure serves as the inlet 
pressure boundary condition, applied at the inlets of the LMCA and 
RCA as shown in Fig. 1. Meanwhile, the simulated IMP is integrated 
into Eq. (9) and Eq. (10) to dynamically regulate coronary flow by alter-

ing the admittance of the structured trees. In addition, for the coronary 
flow model, the outlet pressure boundary condition is assumed to be 
3.0 mmHg. This value corresponds to the mean right atrial pressure, 
typically ranging from zero to 5.0 mmHg [56]. These outlet pressure 
boundary conditions are applied at the outlets of the ACVs and CS as 
shown in Fig. 1. Lastly, myocardial perfusion is determined by associat-

ing coronary arteries with corresponding LV wall segments.

The assignment between epicardial coronary arteries and LV wall 
segments assumes critical importance in the diagnosis and manage-

ment of cardiovascular diseases. The assignment aids the evaluation 
of motion abnormalities of myocardial segments, perfusion defects, and 
myocardial viability during imaging examinations such as echocardio-

graphy and CMR. In accordance with the guidelines established by the 
American Heart Association (AHA) [57], a comprehensive evaluation of 
myocardial perfusion and function necessitates the utilisation of a 17-

segment model, as visually represented in Fig. 3 (a). Thus, we propose 
the following allocation that assigns the epicardial coronary arteries 
to the 17 LV segments, by leveraging the spatial information concern-

ing coronary arteries provided by Cerci et al. [58]. All the terminal 
branches of the epicardial coronary arteries in the simplified network 
(Fig. 1) are correlated with the 17 LV segments, as summarised in Ta-

ble 2. Specifically, LAD1 supplies blood to LV segments 1, 2, and 8; 
LAD4 supplies blood to segment 7; LAD3 supplies blood to segments 
13, 14, and 17; MARG1 perfuses segments 6 and 12; MARG2 perfuses 
segments 5 and 11; MARG3 perfuses segments 15 and 16; LCX3 perfuses 
segments 4 and 10; and PDA is responsible for nourishing segments 3 
and 9.

A graphical representation illustrating the assignment of the termi-

nal branches to the 17 LV segments is further provided in Fig. 3 (b). 
In line with this assignment, the LV wall is subdivided into distinct re-

gions as distinguished by different colours, each receiving blood supply 
from specific terminal arteries: LAD1, LAD4, LAD3, MARG1, MARG2, 
MARG3, LCX3, and PDA. For example, the LAD1-perfused region, con-
6

sisting of segments 1, 2, and 8, receives myocardial perfusion from 
Table 2

Coronary artery assignment to left ventricle (LV) segments recommended 
by the American Heart Association (AHA) guidelines [57]. This assignment 
is based on spatial information of the coronary arteries in [58].

Coronary artery Spatial information [58] AHA LV segment [57]

LAD1 First diagonal branch 1, 2, 8

LAD4 Second diagonal branch 7

LAD3 Distal LAD 13, 14, 17

MARG1 First obtuse marginal branch 6, 12

MARG2 Second obtuse marginal branch 5, 11

MARG3 Third obtuse marginal branch 15, 16

LCX3 Left posterior descending branch 4, 10

PDA Posterior descending artery 3, 9

LAD1. Through the utilisation of the one-way coupling framework, the 
computation of regionally-averaged IMP and corresponding myocardial 
perfusions becomes feasible.

Myocardial perfusion refers to the dynamic process of blood circula-

tion that furnishes the myocardium with vital oxygen and nutrients. To 
quantify myocardial perfusion by the indicator ‘myocardial blood flow 
(MBF)’, we propose the following equation

MBF =
∫ 𝑇0 𝑞 d𝑡

𝑇 𝑚myo

, (24)

where 𝑞 is the coronary flow rate, measured at the endpoint of a 
terminal artery, i.e. the truncation point where the artery enters the 
myocardium, 𝑇 represents the duration of a single cardiac cycle, and 
𝑚myo is the myocardial mass within the region perfused by the ter-

minal artery. This approach enables the quantification of myocardial 
perfusion, holding the potential to improve clinical decision-making in 
various cardiovascular diseases.

2.4. Implementation

The implementation of the coronary flow model involves the inte-

gration of pre-existing C++ and Fortran programs, initially developed 
by Olufsen [37] and subsequently extended by Qureshi [23] to investi-

gate systemic and pulmonary circulations, respectively. Building upon 
their foundational work, we have expanded their model and programs 
in this study to explore the dynamics of coronary circulation, wherein 
time-varying IMP plays an important role in modulating coronary flow. 
In parallel, the LV model is implemented in ABAQUS 2018 (Dassault 
Systèmes, Johnston, RI, USA) [59], with the constitutive law being 
incorporated through the VUMAT user subroutine. To implement the 

lumped-parameter system in the LV model, the fluid cavity and fluid 
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Fig. 4. Simulated left ventricle (LV) pressure, aortic pressure, and globally-averaged intramyocardial pressure (IMP) from the LV model throughout the third cardiac 
cycle (a). Distributions of the myofibre stress 𝝈ff at the end of diastole (ED) and the end of systole (ES) are shown in (b). The solid black outlines representing LV 
geometry at ED are used for reference.

Table 3

Comparison between average myofibre stress (unit: kPa) from our left ventricle model simu-

lation and published data. ED: end of diastole. ES: end of systole.

Genet et al. [65] Sack et al. [67] Sack et al. [34] Fan et al. [68] Our simulation

ED 2.21 ± 0.58 1.47 ± 20.72 2.1 ± 4.2 2.53 3.26±16.42

ES 16.54 ± 4.73 14.45 ± 106.72 18.6 ± 14.9 36.08 27.32±26.33
exchange modulus of ABAQUS are employed. Analogous approaches 
for implementing heart models have been utilised in previous studies 
[52,34,36].

The duration of a single cardiac cycle in this study is defined as 
0.8 seconds, corresponding to a heart rate of 75 beats per minute. 
Utilising a Linux workstation equipped with 8 cores of 2.3 GHz CPU (In-

tel(R) Xeon(R) CPU E5-2699 v3) and 128 GB memory, the simulation 
of five consecutive cardiac cycles of the coronary flow model takes ap-

proximately 15 minutes. Conversely, the simulation of five consecutive 
cardiac cycles of the LV model requires around 10 hours. Notably, both 
models achieve stability after the third cycle. Consequently, the sub-

sequent results section exclusively presents outcomes within the third 
cycle.

3. Results

Simulated LV pressure, aortic pressure, and globally-averaged IMP 
throughout a complete cardiac cycle derived from the LV model are 
shown in Fig. 4 (a). The LV pressure linearly increases from zero to 8.0 
mmHg within zero to 0.3 s. The systolic phase, spanning 0.3 to 0.5 s, is 
marked by a rapid LV pressure ascent, peaking at 119.6 mmHg. Simulta-

neously, the simulated aortic pressure ranges between 79.8 mmHg and 
118.7 mmHg, closely resembling the physiological range in healthy in-

dividuals (80.0 mmHg to 120.0 mmHg) [60,61]. The mismatch between 
the LV pressure and aortic pressure during ejection, while aortic valve 
opening, remains within 10.0 mmHg [62]. The globally-averaged IMP 
within the LV wall reaches a maximum of 88.5 mmHg around 0.42 
s. Following aortic valve closure, both the LV pressure and the IMP 
decrease to zero. It is noteworthy that the aortic pressure undergoes 
near-linear reduction during diastole due to the utilisation of a simpli-

fied lumped parameter system for systemic circulation representation. 
Furthermore, the end-diastolic volume of the LV is 109.5 ml, with an 
end-systolic volume of 45.9 ml, yielding an LV ejection fraction of 58%. 
This ejection fraction agrees with the typical range for healthy individ-

uals, spanning from 50% to 65% [63,64].

Distributions of myofibre stress 𝝈ff at the end of diastole (ED) and 
end of systole (ES) are shown in Fig. 4 (b). These distributions exhibit 
heterogeneity. At ED, some regions on the LV endocardial surface dis-

play high stresses. Across the myocardial wall, myofibre stress is higher 
in the subendocardial layers compared to the subepicardial layers. The 
7

LV geometry at ED is outlined in solid black to reveal LV contraction 
and long-axis shortening. The transmural distribution of myofibre stress 
at ES is non-monotonic. In the basal and middle regions, 𝜎ff is mostly 
highly positive in the middle layers of the LV wall but has lower posi-

tive values at the epicardial and endocardial surfaces. Conversely, in the 
apical regions, 𝜎ff exhibits negative values in the middle layers, along 
with both the epicardial and endocardial surfaces. These observations 
are comparable with stress distributions reported in [65,34,66]. For in-

stance, Genet et al. [65] found that their simulated myofibre stress at 
ED was higher near the subendocardial wall than near the subepicar-

dial wall. At ES, the myofibre stress was higher in the middle layer of 
the myocardium, particularly in the basal regions. Furthermore, Sack 
et al. [34] presented their heterogeneous myofibre stress distribution in 
a long-axis cut plane of the LV. In their findings, at ED, the maximum 
myofibre stress was predominantly localised in the subendocardial and 
basal regions. As for ES, high myofibre stress was observed in the mid-

dle and endocardial layers of the LV wall, particularly near the basal 
and middle regions, while myofibre stress was negative near the apical 
regions.

Average myofibre stresses across the entire LV wall at ES and ED are 
summarised in Table 3, alongside average stresses from prior research 
studies [65,67,34,68]. These studies report average myofibre stress at 
ED ranging from 1.47 kPa to 2.53 kPa, and at ES spanning from 14.45 
kPa to 36.08 kPa. Specifically, compared to the results in [68], our sim-

ulated average myofibre stress at ED is 3.26 kPa, reflecting a 28.9% 
increase over their reported value. Conversely, our average myofibre 
stress at ES is 27.32 kPa, signifying a 24.3% decrease relative to their 
reported value. It is important to acknowledge that variations in aver-

age myofibre stress across different studies are to be expected due to 
differences in geometries, material models, and boundary conditions.

Simulated regionally-averaged IMPs from the LV model are illus-

trated in Fig. 5. These IMP curves exhibit a gradual rise across various 
LV regions during zero to 0.3 s, followed by a rapid ascent towards 
their respective peaks, and subsequently declining to zero around 0.7 s. 
The IMPs remain at zero until 0.8 s. The peak values of the regionally-

averaged IMPs range from 36.4 mmHg in the LAD3-perfused region to 
114.9 mmHg in the LCX3-perfused region. The IMP of the PLA-perfused 
region is included to illustrate the assumed IMP within the right ven-

tricle wall, equating to one-third of the globally-averaged IMP across 
the entire LV wall, considering the absence of the right ventricle in our 
model. The globally-averaged IMP in the right ventricle wall peaks at 

29.5 mmHg. Moreover, these peaks emerge at different time points. For 
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Fig. 5. Simulated regionally-averaged intramyocardial pressure (IMP) in the 
left ventricle wall. IMPs vary across distinct regions nourished by the terminal 
arteries: LAD1, LAD4, LAD3, MARG1, MARG2, MARG3, LCX3, and PDA. Ad-

ditionally, PLA is included to illustrate the assumed IMP in the right ventricle 
wall.

instance, the IMP of the LAD3-perfused region reaches its maximum 
value 0.05 seconds after the peak IMP of the LAD4-perfused region.

The aforementioned aortic pressure and regionally-averaged IMPs 
serve as boundary conditions for the coronary flow model. Simulated 
flow rates in the LAD and LCX arteries, along with their comparison to 
experimental data from studies conducted by Duanmu et al. [21], My-

nard et al. [69], and Fan et al. [30], are shown in Fig. 6. Overall, the 
simulated LCX and LAD flow rates exhibit comparable values with ex-

perimental data and follow the same trend. In Fig. 6 (a), our simulated 
LCX flow rate ranges from -0.55 cm3/s to 1.03 cm3/s, with a mean 
value of 0.64 cm3/s. In comparison, the experimental LCX flow rate ob-

tained from domestic swine by Fan et al. [30] varies from -0.39 cm3/s 
to 1.35 cm3/s, with a mean value of 0.43 cm3/s. Furthermore, the ex-

perimental LCX flow rate acquired from newborn lamb by Mynard et 
al. [69] ranges from -0.71 cm3/s to 1.90 cm3/s, with a mean value of 
0.91 cm3/s. Additionally, the experimental LCX flow rate obtained from 
a male patient by Duanmu et al. [21] varies between 0.82 cm3/s and 
1.81 cm3/s, with a mean value of 1.49 cm3/s. It can be observed that 
the experimental LCX flow rate reported by Duanmu et al. [21] is com-

paratively higher than the other two experimental studies. As shown in 
Fig. 6 (b), our simulated LAD flow rate ranges from -0.23 cm3/s to 0.79 
cm3/s. In comparison, the experimental LAD flow rate obtained by Du-

anmu et al. [21] from a male patient ranges from 0.56 cm3/s to 1.96 
cm3/s, while the experimental LAD flow obtained by Fan et al. [30]

from swine ranges from -0.47 cm3/s to 1.63 cm3/s.

The impeding of the coronary flow in the LCX and LAD arteries dur-

ing systole, as indicated by the two vertical lines in Fig. 6, aligns with 
previous finding [25]. Moreover, it can be observed that both the simu-

lated LCX and LAD flow rates during systole exhibit three local extrema 
(P1, P2, and P3). Following 0.3 s, the systolic phase commences, accom-

panied by a substantial increase in the IMPs that cause compression of 
intramyocardial blood vessels, leading to minimal flow rates (P1) for 
both LCX and LAD arteries. This corresponds to the peak values of the 
regionally-averaged IMPs at about 0.41 s, as shown in Fig. 5. Subse-

quently between approximately 0.41 s and 0.46 s, as the IMPs begin 
to decline but the aortic pressure remains increasing, the flow rates in 
the LCX and LAD arteries increase. Around 0.46 s, coinciding with the 
occurrence of the maximum aortic pressure as shown in Fig. 4 (a), the 
LCX and LAD flow rates reach their respective local peaks (P2). Follow-

ing P2, the LCX and LAD flow rates gradually decrease which can be 
attributable to the reduction in both the aortic pressure and IMPs. At 
approximately 0.5 s, local minimum points (P3) are observed. It should 
be mentioned that due to the simplified nature of our reconstructed 
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coronary network compared to in vivo networks, the experimental data 
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Fig. 6. Simulated coronary flow in LCX (a) and LAD (b) arteries. This is achieved 
by the one-way coupling framework where aortic pressure and regionally-

averaged intramyocardial pressure are derived from our left ventricle model. 
The simulated outcomes are compared with experimental data from [21,69,30]. 
Notably, three local extrema (P1 , P2, and P3) are identified during systole within 
the time interval specified by the vertical dashed lines.

exhibit greater variability than our simulated results, showing more 
fluctuations in coronary flow.

The application of regionally-averaged IMP has led to coronary 
flow results that align with physiological characteristics. For a more 
comprehensive understanding of the influence of IMP variations on 
coronary flow, we conduct a comparative analysis of coronary flow 
using globally-averaged IMP. In Appendix A, a comparison of simu-

lated flow rates in LCX and LAD using globally-averaged IMP and AHA 
regionally-averaged IMP reveals only minor differences in flow rates 
between the two cases. However, substantial disparities emerge when 
considering the flow rates of the terminal vessels, as shown in Fig. 7. 
Specifically, Fig. 7 (a) illustrates that employing globally-averaged IMP 
leads to nearly overlapping flow rates in the three terminal vessels 
of the LCX branch: MARG2, MARG3, and LCX3. Conversely, employ-

ing regionally-averaged IMP generates distinct flow rates for the three 
vessels. In the MARG2-perfused region, MARG3-perfused region, and 
LCX3-perfused region, the maximum regionally-averaged IMP values 
are 107.1 mmHg, 48.4 mmHg, and 114.9 mmHg, respectively. There-

fore, the MARG3-perfused region experiences the lowest IMP, causing 
the least impedance to MARG3’s flow rate during systole. In contrast, 
the LCX3-perfused region displays the highest regionally-averaged IMP, 
leading to the greatest impedance to LCX3’s flow rate during systole. 
Moreover, it can be observed that the effect of IMP on coronary flow is 
more pronounced during systole than diastole. Additionally, as shown 
in Fig. 7 (b), the influence of globally-averaged and regionally-averaged 
IMP on the flow rates of the three terminal vessels in the LAD branches 
(LAD1, LAD4, and LAD3) closely mirrors the observed trends in the LCX 

branches. In brief, flow rates in these vessels exhibit greater variation 
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Fig. 7. Comparing simulated flow rates in select terminal arteries of LCX branches (a) and LAD branches (b). Flow rates in LCX branches (MARG2, MARG3, LCX3) 
and LAD branches (LAD1, LAD4, LAD3) are compared using globally-averaged and regionally-averaged intramyocardial pressure (IMP), respectively. Abbreviations 
‘GA IMP’ and ‘RA IMP’ denote globally and regionally averaged IMP.

Fig. 8. Simulated myocardial perfusion (a) in the first 16 AHA segments [57] of the left ventricle wall assessed by the myocardial blood flow (MBF). Comparison 
with MRI rest and stress MBF from Knott et al. [70] is presented. Box plots (b) illustrate distributions of the three datasets.
during systole than diastole, and increased flow impedance is caused 
by higher IMP. For instance, the flow rate in the LAD1 experiences the 
most significant impediment, corresponding to the highest IMP in the 
LAD1-perfused region.

Utilising our one-way coupling framework and employing region-

ally-averaged IMP, we present MBF values for the first 16 AHA segments 
in Fig. 8 (a), alongside a comparison with MRI data of a healthy subject 
from Knott et al. [70]. MBF in the 17th AHA segment is excluded due 
to insufficient experimental data for comparison. It can be found that 
our simulated MBF values are comparable with the MRI rest MBF mea-

surements. Notably, the MRI stress MBF exhibits significantly higher 
values than the rest MBF. Furthermore, Fig. 8 (b) presents box plots il-
lustrating the distribution of the three datasets. Our one-way coupling 
model predicts a range of rest MBF spanning from 0.66 ml/g/min to 
1.28 ml/g/min, with a median value of 1.08 ml/g/min and a mean 
of 1.05 ml/g/min. In comparison, the MRI rest MBF ranges from 0.56 
ml/g/min to 1.17 ml/g/min, with a median of 0.84 ml/g/min and a 
mean of 0.87 ml/g/min. Our simulated mean rest MBF surpasses the 
MRI rest MBF by 20.7%.

4. Discussion

We have developed a novel integrated model through a one-way 
coupling framework, incorporating the 1D structured-tree coronary 
flow model with the 3D LV model to simulate physiologically realis-

tic coronary flow and myocardial perfusion. The simplified coronary 
network, constructed based on experimental data from Duanmu et al. 
[21], facilitated coronary flow simulation along the entire course of 
coronary vasculature, spanning from the aortic root to the right atrium. 
Moreover, we extended the structured-tree model to incorporate time-

varying IMP, thereby addressing scenarios where blood flow could be 
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impeded due to IMP-induced compression of the coronary vasculature. 
Our simulated coronary flow results reflected characteristic waveforms 
and values within the normal range, closely aligning with experimen-

tal data reported in the literature. This accurate simulation of coronary 
flow was accomplished by employing the one-way coupling framework, 
which allowed for the exploration of vessel-myocardial interaction and 
enabled a deeper investigation of myocardial perfusion. The LV model, 
utilising the patient-specific geometry and the HO constitutive law, fa-

cilitated accurate IMP calculation. Simulated LV pressure and aortic 
pressure from this LV model fell within physiological ranges, and we 
further compared average myofibre stress with other simulation stud-

ies. In this section, we discuss the modelling assumptions and findings 
while also providing limitations and directions for future research.

4.1. Simplified coronary network

In our study, a simplified coronary network was devised based on re-

alistic human coronary artery anatomy. In the realm of computational 
modelling for coronary flow, the incorporation of a detailed computa-

tional network of coronary vasculature is pivotal for accurate flow and 
pressure predictions. Research on coronary vasculature anatomy has a 
well-established history [71–73]. Notably, Kassab et al. [72] advanced 
this field by providing a comprehensive dataset of coronary vascula-

ture in healthy young farm pigs, along with a diameter-defined Strahler 
model for subsequent hemodynamic analyses. Smith et al. [74] adopted 
the provided connectivity, vessel radius, and length distributions to 
construct a geometric coronary model encompassing the first six gen-

erations of the largest coronary arterial vessels. More comprehensive 
efforts in coronary arterial network reconstruction are available in the 
literature [75–77]. It is important to note that the reconstructed coro-

nary networks in these studies are notably complex, largely due to the 
extensive presence of intramyocardial blood vessels. This complexity 

poses a significant challenge for coronary vasculature reconstruction, 
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which in turn increases computational costs associated with coronary 
flow simulations [72,74].

In contrast, the structured-tree model represents the extensive in-

tramyocardial blood vessels as binary structured trees, reducing the 
need for precise morphological and topological information about these 
vessels. This approach significantly simplifies coronary vasculature re-

construction, leading to reduced computational costs, which is partic-

ularly crucial for clinical applications. We also constructed a venous 
system, as shown in Fig. 1. Coronary veins exhibit greater morpholog-

ical variability compared to arteries and geometric data on the veins 
are limited [41,39,78]. Therefore, our simplified coronary network only 
included the CS, GCV, PMVs, SCV, and ACVs based on existing descrip-

tions of the venous system in [41,39]. These veins collectively constitute 
the greater cardiac venous system, responsible for collecting about 70% 
of deoxygenated blood within the coronary vasculature. It should be 
noted that blood in the ACVs directly drains into the right atrium.

4.2. Intramyocardial pressure

Our model effectively captured the essential phasic pattern of coro-

nary flow, as shown in Fig. 6, by introducing the one-way coupling 
between IMP and coronary flow. This novel approach included the 
time-varying IMP in the equations of the structured-tree model for the 
first time. As explained in Section 2.1.1, the structured-tree model di-

vides coronary blood vessels into two main components: the epicardial 
blood vessels, encompassing both epicardial arteries and veins situated 
on the heart’s surface, and the intramyocardial blood vessels, includ-

ing arterioles, capillaries, and venules positioned within the heart wall. 
The fundamental interaction between the myocardium and coronary 
flow predominantly takes place through the intramyocardial blood ves-

sels. Specifically, as outlined by the tube law in Eq. (5), transmural 
pressure, denoting the difference between blood pressure and IMP, reg-

ulates the cross-sectional areas of the intramyocardial blood vessels. 
IMP fluctuates during each cardiac cycle, thereby leading to correspond-

ing changes in the cross-sectional areas of the intramyocardial blood 
vessels. In particular, during systole, IMP significantly rises, causing 
constriction in the intramyocardial blood vessels and consequent re-

duction in the volume of the vascular bed. This constriction propels 
blood into both arterial and venous sides of the coronary vasculature. 
As a result, the blood pressure gradient from upstream to downstream 
is not the sole determinant of coronary blood flow; rather, IMP as-

sumes a crucial role in determining coronary flow dynamics. Elevation 
in IMP will counteract the driving force of coronary flow, highlighting 
a distinct feature that sets coronary circulation apart from systemic and 
pulmonary circulations. Within the coronary circulation, a majority of 
arterial flow occurs during diastole, while during systole, the arterial 
flow may slow down or even undergo reversal as a consequence of the 
elevated IMP [24,5,25].

In this study, we have adopted the hydrostatic pressure derived from 
the Cauchy stress tensor to calculate IMP [55]. Multiple approaches for 
IMP calculation have been documented in the literature [29,28,12,30]. 
For instance, Namani et al. [12] employed the following approach:

IMP = 1
2
(𝜎ss + 𝜎nn) + 𝛼(1 − 𝜆f), (25)

where 𝜎ss and 𝜎nn are the stress in the sheet direction and sheet-normal 
direction, respectively, 𝛼 is a constant, and 𝜆f is the myofibre stretch. 
Fan et al. [30,31], on the other hand, calculated IMP by the Lagrange 
multiplier. Despite variations in these approaches, their simulated peak 
IMPs generally ranged from 70.0 mmHg to 140.0 mmHg. Our model 
estimated the peak value of globally-averaged IMP across the entire LV 
wall to be 88.5 mmHg, which agrees with the literature.

It is noteworthy that invasive experiments utilising needle or pipette 
measurements have been conducted to quantify IMP in various animal 
hearts [27]. Nevertheless, despite advancements in measurement tech-
10

niques, the accurate spatial and temporal distribution of IMP within the 
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heart wall remains elusive due to challenges posed by cardiac motion, 
potential tissue microstructure distortion caused by the pipette tip, and 
the heterogeneous nature of pressure within different microcompart-

ments of the myocardium. Consequently, while recent modelling studies 
have proposed various approaches to calculate IMP [29,28,12,30], most 
of these models primarily validate their flow waveforms against experi-

mental data, rather than the IMP itself. Therefore, there continues to be 
a scarcity of reliable experimental IMP data within this research area.

4.3. Myocardial blood flow

By conducting a comparative assessment of flow rates in select 
terminal vessels under the influence of globally-averaged IMP versus 
regionally-averaged IMP, as shown in Fig. 7, our study demonstrated 
the significant role of IMP magnitude in governing coronary flow. 
Higher IMP values correspond to increased coronary flow impediment. 
Thus, the impact of IMP on coronary flow is more prominent dur-

ing systole compared to diastole, because IMP during diastole is rel-

atively low. Furthermore, the disparities observed in the flow rates 
of the terminal vessels between the two cases lead to variations in 
myocardial perfusion. Employing regionally-averaged IMP yielded a 
mean MBF of 1.05 ml/g/min in the LV wall. In contrast, the utilisation 
of globally-averaged IMP resulted in a mean MBF of 1.02 ml/g/min, 
indicating comparability between the two cases. However, the adop-

tion of globally-averaged IMP led to more dispersed MBF outcomes, 
as evidenced by a standard deviation of 0.28. Conversely, employing 
regionally-averaged IMP yielded a lower standard deviation of 0.20.

Measured MBF values in the literature [79,80,70], providing insights 
into normal MBF ranges among healthy individuals at rest and stress, 
can be found in Table B.4 in Appendix B. Specifically, Brown et al. [79]

conducted a study involving 42 healthy subjects (23 females, median 
age 23 years) and found mean MBF at rest to be 0.64±0.15 ml/g/min, 
increasing to 2.55±0.57 ml/g/min under stress. Kotecha et al. [80]

reported mean MBF at rest as 0.78±0.18 ml/g/min in their study in-

volving 15 control subjects. They observed stress MBF at 3.17±0.65 
ml/g/min, and in regions with obstructive coronary artery disease, a 
mean stress MBF of 1.47 ml/g/min and myocardial perfusion reserve of 
1.75. Furthermore, Knott et al. [70] recruited 24 healthy volunteers (12 
females, mean age 37.3 years) and found mean MBF at rest to be 0.86 
ml/g/min, increasing to 3.07 ml/g/min under stress.

In comparison to the mean MBF values at rest in these studies, our 
model predicted higher rest MBF. This discrepancy can be attributed 
to the mismatch between the coronary network and the LV geometry 
employed in our study. Our coronary network originated from CT image 
data of a male patient [21], whereas, to ensure physiologically accurate 
LV dynamics, we employed a female LV geometry from a prior study 
[48] due to the unavailability of corresponding LV geometry. It has 
been documented in a study [81] that the mean LV mass is 155.1 g 
for males and 103.0 g for females. Consequently, our utilisation of a 
lighter female LV geometry contributes to the calculated higher rest 
MBF compared to the reported values.

4.4. Limitations and future perspectives

There are several limitations associated with this study. Firstly, the 
mismatch between the coronary network and the LV geometry resulted 
in elevated rest MBF in comparison to published data. However, the 
methodology established in this study can be readily adapted to ac-

commodate varied heart geometries and coronary vasculature. Conse-

quently, this limitation can be addressed through the integration of both 
coronary network and heart geometry derived from the same patient. 
With the continuous advancements in imaging techniques and the ac-

cessibility of comprehensive datasets, our model exhibited the potential 
to enhance the precision of MBF predictions. Additionally, it is impor-

tant to acknowledge that the assignment of epicardial coronary arteries 

to the 17 AHA segments of the LV wall in this study was based on 
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general spatial information of coronary arteries in [58]. However, the 
morphology of the coronary vasculature is complex and varies signif-

icantly among individuals. These variations encompass differences in 
vessel caliber, alternative branch morphologies, and dominance pat-

terns within the coronary vasculature. Thus, a patient-specific approach 
is necessary for accurately assigning coronary arteries to LV segments. 
Moreover, the assumptions regarding the constant elastic properties of 
vessel walls in our model necessitate refinement through the incorpo-

ration of more sophisticated nonlinear models to accurately emulate 
realistic physiological conditions [82,7]. We have so far maintained 
the assumption of constant distensibility in both epicardial arteries and 
veins, a notion supported by studies such as [46], which indicate con-

stant distensibility in porcine coronary arteries within a pressure range 
of 60-140 mmHg. Nevertheless, it is essential to recognise two criti-

cal considerations. First, distensibility exhibits a correlation with vessel 
diameter, tending to decrease as vessel diameter increases. Second, epi-

cardial veins possess thinner walls and greater distensibility compared 
to arteries. However, establishing comprehensive quantitative relation-

ships between distensibility, vessel geometry, and mechanical proper-

ties, especially within the context of human vasculature, remains a chal-

lenging and ongoing endeavour. Collectively, these aspects highlight 
the need for further endeavours to translate clinical and experimental 
information into computational models [9].

Secondly, a sensitivity analysis of all parameters and an uncertainty 
quantification analysis were not conducted in this study. The primary 
objective of our investigation was to develop the computational mod-

els and establish the coupling framework. Future studies can undertake 
these analyses to enhance the robustness of our model and its predic-

tive capabilities across a wide spectrum of physiological and patholog-

ical conditions. For example, performing a comprehensive parameter 
variation analysis that encompasses the radii of both epicardial and 
intramyocardial vessels, along with adjustments in heart rate, can fa-

cilitate the simulation of coronary flow under stress conditions. It is 
important to note that in our current model, we utilised data on epicar-

dial artery radii acquired during maximum hyperemia [21]. While these 
epicardial vessels are fully dilated, they are not sufficient to account for 
the overall reduction of resistance within the entire coronary vascula-

ture, as the majority of resistance originates from the millions of vessels 
within the structured trees. Hence, by incorporating further dilation of 
vessels with diameters smaller than 100 μm [83] and increasing the 
heart rate and cardiac output in the LV model, we can simulate coro-

nary flow during exercise. Moreover, our model offers the potential for 
exploring pathological states [84–86]. For instance, it can be employed 
to calculate coronary fractional flow reserve by simulating the occlusion 
of specific epicardial coronary arteries within the simplified network.

Thirdly, this study has only achieved a one-way coupling between 
the coronary flow model and the LV model, primarily focusing on ex-

ploring the effect of IMP on coronary flow and myocardial perfusion. To 
progress towards bidirectional coupling, the subsequent phase involves 
investigating the effect of myocardial perfusion on cardiac functions, 
such as myocardial work and contractility [29,87,16]. Overcoming this 
limitation entails linking cardiac functions with myocardial perfusion 
to achieve a balance between myocardial oxygen supply and demand 
[88]. A recent study by Fan et al. [30] introduced a relationship be-

tween myocardial contractility and coronary flow, distinguishing be-

tween ischemic and non-ischemic regimes. Within the ischemic regime, 
myocardial contractility demonstrates linear variation with total coro-

nary flow, while in the non-ischemic regime, coronary flow remains 
constant, namely coronary flow having no impact on contractility. The 
contractility in their model was determined by maximal chamber elas-

tance, which in our model can be determined by the scaling factor, 𝑇max, 
in the active contraction model. Therefore, integrating such a relation-

ship into our model will facilitate the achievement of a bidirectional 
coupling between the coronary flow model and the LV model. In fact, 
as there is no effect of coronary flow on myocardial contractility for 
11

non-ischemic regimes, our model can be regarded as a bidirectional cou-
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pling framework. Nevertheless, this changes when coronary flow does 
influence myocardial contractility.

5. Conclusion

This study presented a novel one-way coupling framework that inte-

grates a 1D structured-tree coronary flow model with a 3D hyperelastic 
LV model, yielding physiologically accurate coronary flow and myocar-

dial perfusion. To the best of our knowledge, this is the first instance 
of such a study based on the structured-tree model of coronary simula-

tion. We introduced a simplified coronary network for human vascula-

ture and extended the structured-tree model to coronary circulation by 
incorporating time-varying IMP on the outer surfaces of intramyocar-

dial blood vessels. The 3D LV model provided a computational way to 
estimate IMP which plays an important role in the vessel-myocardial in-

teraction. Furthermore, we established an assignment of the epicardial 
coronary arteries to the 17 AHA LV segments. Simulated coronary flow 
waveforms were validated against experimental data. It was observed 
that the simulated coronary flow slows down or even reverses during 
systole. Three local extrema of the flow rates during systole were also 
identified. Finally, the one-way coupling framework enabled myocar-

dial perfusion calculation through MBF. The simulated MBF values were 
comparable with MRI results. Overall, our model demonstrated promis-

ing capabilities to provide accurate predictions of coronary flow and 
myocardial perfusion, with further exploration expected to enhance our 
comprehension of coronary circulation and mechanisms underlying car-

diovascular diseases resulting from inadequate myocardial perfusion, 
via computational modelling.
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Appendix A. Comparison of simulated flow rates in LCX and LAD 
using globally-averaged IMP and regionally-averaged IMP

The averaged IMP is calculated based on the Cauchy stress of all 
elements in different regions. This involves using the finite element 
method to determine Cauchy stress values at each element. The vol-

umetric average of IMP in different regions is calculated as:

IMP =
∑𝑛

𝑖=1(IMP𝑖)𝑉𝑖∑𝑛

𝑖=1 𝑉𝑖
, (A.1)

where IMP𝑖 is the IMP at the centroid of the 𝑖𝑡ℎ element, 𝑉𝑖 is the volume 
of the 𝑖𝑡ℎ element, and 𝑛 is the total number of the elements occupied 
by different regions. In our study, we define two distinct volumetric-

averaged IMP metrics. One is the globally-averaged IMP, which aver-

ages IMP across the entire LV wall. Consequently, the globally-averaged 
IMP is consistent at all positions within the LV wall. The other metric is 
the regionally-averaged IMP. In contrast, the regionally-averaged IMP 
is determined by averaging IMP within the 17 different AHA regions. 
As a result, this metric varies across different regions.

To compare the effect of globally-averaged IMP and regionally-

averaged IMP on simulated coronary flow, Fig. A.9 illustrates flow rates 
of LCX and LAD for both scenarios. Overall, differences in LCX and LAD 
flow rates between the two cases are minor. In LCX flow rates, util-
ising regionally-averaged IMP yields higher values during diastole but 
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Fig. A.9. Comparison of simulated flow rates in LCX (a) and LAD (b) using globally-averaged and regionally-averaged intramyocardial pressure (IMP), respectively. 
Abbreviations ‘GA IMP’ and ‘RA IMP’ denote globally and regionally averaged IMP.

Table B.4

Measured myocardial blood flow (MBF) at rest and stress in the literature [79,80,70] for healthy indi-

viduals.

Reference Number of healthy individuals MBF (ml/g/min) at rest MBF (ml/g/min) at stress

Brown et al. [79] 42 0.64±0.15 2.55±0.57

Kotecha et al. [80] 15 0.78±0.18 3.17±0.65

Knott et al. [70] 24 0.86 3.07
slightly lower values during systole in comparison to globally-averaged 
IMP. Conversely, in both systole and diastole, LAD flow rates using 
regionally-averaged IMP are greater than those using globally-averaged 
IMP. These observations indicate that employing globally-averaged IMP 
can yield satisfactory coronary flow simulations in proximal coronary 
arteries, including the initial branches of LCX and LAD.

Appendix B. Measured MBF values in the literature

The MBF values at rest and stress conditions of healthy individuals 
reported in the literature [79,80,70] are summarised in Table B.4.
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