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1. Introduction

This is a continuation of [3] and [4], except that the focus here is on Lie algebra aspects
of the problem. The setting is M,,(C). Given a linear norm | - || on €™, the numerical
range V(T') of a matrix T is defined by

V(T) ={f(Tz) :x € C", f € C™\||z]| = [|f|]' = f(z) = 1}

and T is Hermitian if V(T) ¢ R. We study the Hermitians H in M, (C). Basic facts
about Hermitians can be found in [1] and [2]; in particular T is Hermitian if and only if
|exp(itT)| =1 (t € R) where || is the operator norm. Each H is a real Lie algebra with
Lie product Ae B = i(AB — BA). In standard expositions of real Lie algebras in M,,(C)
the Lie product is taken to be Ao B = AB — BA. Fortunately there is a trivial way to
move between the two different Lie products. Let ¢(A) = —iA for A € M,,(C), so that
¢ is a real linear transformation. Let £ be any real Lie algebra in M, (C) with product
o. Then we have

¢(Ao B) = ¢(A) e ¢(B)

so that —iL is a real Lie algebra under @ and ¢ is a Lie isomorphism between (£, o) and
(—iL, o), with inverse map v given by (B) = iB.

Perforce we have I € H and so it is useful to have the following notation. Given a
real Lie algebra (£, ) in M, (C) with I ¢ £, let £ be the real Lie algebra generated by
L and I; thus L' = {A+7rl: A€ L,r € R}. As a first step we should try to identify all
simple real Lie algebras £ for which £! is H for some norm.

The classical real Lie algebras A,, B,, C,, D, (see, for example [6]) are simple except
for Dy and D, but they have the wrong Lie product for Hermitians. For any such K we
may replace it with the isomorphic copy (—ikC, @). Since every such K contains nilpotents
the same is clearly true for (—i/C, e) which thus always contains non-Hermitians. Our
first project is to modify the classical real Lie algebras into ‘self-adjoint’ variants (in the
sense that all matrices, now with complex entries allowed, are self-adjoint). Self-adjoint
matrices have real eigenvalues and hence are natural candidates to be Hermitians. We
denote the ‘self-adjoint’ variants by saA,, saB,, saC,, saD,. With the exception of
saD; and saDs these are all simple real Lie algebras. The case saA, is essentially the
well understood C* case. The orthogonal variants, sal3,, saD, are isomorphic to a one
parameter family of simple Lie algebras which appeared in [3] and [4], and are denoted
here by £,,. It is shown in [4] that every L} is H for some norm. The symplectic variants
saC, have a very surprising property. Any norm that makes saC,, all Hermitian makes
all self-adjoints Hermitian, so that saCl is not H for any norm. These simple real Lie
algebras are the (—iL, @) for some of the simple real Lie algebras (£, o) which appear in
[5], but our construction of them is entirely elementary and does not require a working
knowledge of real forms of simple complex Lie algebras regarded as Lie algebras over the
reals.
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Some of our results may be deduced easily by using the substantial technical machinery
in Lie algebra theory. Our aim is to provide proofs by entirely elementary arguments.
Here we introduce some notation and some computations that will be used in later
proofs. In any application the dimension of each of these matrices will be clear from the
context. For any j,k € N, we write Ej;, for the usual elementary matrix. For j # k, we
define
ij = Ejk + Ekj, ij = iEjk — iEkj.

Note that Fj; = Fji, Gi; = —Gjg. For square matrices A, B recall that A ¢ B =
i(AB — BA). If and only if {j, k} N {u,v} = 0, we have

FipeFuw =0, FjpeGyu, =0, GjeGy,, =0. (1.1)
With m # k, we also have
Fi ® Firy = Gim, Fjk ¢ Gjm = —Fim, Gk Gjm = Gim. (1.2)
Other equations are easily derived by switching the order of the suffices. Finally we have
Fii @ G = 2(Ejj — Ep). (1.3)
2. Self-adjoint variants of the classical Lie algebras

We now define the self-adjoint variants of the classical real Lie algebras and prove first
that each is a real Lie algebra. Unless otherwise stated we use the bases for the classical
Lie algebras as given in [6, pp. 2-3] but with the following minor alterations: in the basis
for B, replace

B= E]_’VJerrl - Ej+171 with —B (1 S] § V).
These changes ensure that the non-diagonal basis matrices all occur as pairs B, B’ where
B’ is the transpose of B. Let K stand for any of the classical Lie algebras and let W be
its corresponding basis. Let A denote the diagonal matrices. Define
X={AeW:4AeA} and Y=W\AX.
Then W = X U)Y. For B € Y define

Bt=B+B and B™ =i(B-DB).

Let )y be a subset of ) consisting of exactly one of each pair B, B’ in ). The choice of
B or B’ does not affect the following definition of sak, but once we have established in
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Lemma 2.1 that saK is a real Lie algebra we make specific choices to define a standard
basis for each case. Define

YVt ={B":Be€)y} and Y ={B :Be€)}

Since elements of )y never overlap in their support, it follows that, for By, By € ), if
either Bf” = BJ or B] = B, then we have B; = By. Hence £ = X U YT U Y~ consists
of self-adjoint (complex) matrices and || = |W]. It is straightforward to verify that the
elements of £ are linearly independent. We define salC to be the real linear span of £.
Let B €Y. Then Bt = Bt and B'~ = —B~. Since B or B’ is in ) it follows that
Bt € Yt while B~ € £)Y~. Hence

BT €saK and B~ €saKk (Be)). (2.1)

The following Lemma proves that sak is a real Lie algebra with Lie product e. We note
that sakC and K have the same real dimension. Recall that o denotes the Lie product in
a classical Lie algebra and e denotes the Lie product in the self-adjoint variant.

Lemma 2.1. Let A, A1, Ay € X and B,B1,By € Y. Then U oV € salC for each of the
following pairs (U,V):

(A1, 42), (A, BY), (A,B7), (B{.BY), (By,By), (B, By).

Proof. Let R € K. Then R = ¥;a;P; + X38,Qr where the o; and B are real and the
P; and Q) are in X and ), respectively. Hence, using (2.1),

R+R =2 o;Pj+ Y Bu(Qk+ Q) € sak (2.2)
j k

and

i(R—R)=>_ Bi(Qr — Q) € sak. (2.3)
k

(1) A @ Ay = O € sak.
(2) Ae BT =i(ABT — BTA)=i(A(B+ B') — (B+ B'))A)
=i(AB+ AB'— BA— B'A) =i(AB— BA) —i(B'A— AB’)
=i((AoB)— (Ao B)) € sak (using (2.3)).
The remaining cases are similar, making use of (2.2) and (2.3); we present the details
for one more example and we give only the final formula for the others.
(3) Ae B~ = (Ao B')+ (Ao B’) € sak.
(4) Bf @ By =i(B o By) = i((B1 + B})(Bz + Bb) — (B2 + By)(B1 + Bj)
=i(B1By + B1B; + B1 By + B1 By — B2 By — By By — By By — B By)
i((B1 o By) — (ByoB3y)) 4+ i((By o By) — (By o B})) € sak.
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(5) B] e By = —i((B1 0 Bs2) — (ByoBy)) +i((ByoBj) — (ByoB})) € sak.
(6) B @ By = —((B10By) + (B10oBs)) — ((B1oBb) + (B1oBj)) €sak. O

We now list the standard bases Ex for salC where K = A,, B,,C,, D, . Unless otherwise
stated, when we refer to a basis for sakC, we mean Ex.

Definition 2.2. The self-adjoint variant of Lie algebra (A,,o) is (saA,,e) with basis
consisting of v? + 2v matrices in M, 1(C):

Ejj—Ejp1541 (1<7<vy),
EAU:{ J J+1,5+ ( ) (2.4)

Fii,Gje (1<j#k<v+1).

Definition 2.3. The self-adjoint variant of Lie algebra (B,,0) is (saBB,, ) with basis con-
sisting of 202 4 v matrices in Ma, 4 1(C):

Fips1 = Frosrs, Gios1 +Gropntr (1<E<y),

0 O
ow

&n (2.5)

)

‘| (WGSDU).

Definition 2.4. The self-adjoint variant of Lie algebra (C,,0) is (saC,,e) with basis con-
sisting of 212 + v matrices in Ma, (C). The additional labels for matrices in &, are used
in Theorem 3.8.

Aj = Ejj = Evyjuti

Bj = ijerj, (1SJSV)a
Cj = Gjutj
e, & P = Fjx — Fopjin, (2.6)

Qir = Gk + Gugjoti,
Rjp = Fj o1k + Froyj,
Sjk = Gjvtk + Grptj

(1<j<k<vw).

Definition 2.5. The self-adjoint variant of Lie algebra (D,,0) is (saD,,e) with basis
consisting of 202 — v matrices in Ma, (C):

Ejj = Evjur; (1<j<w),

Ep, A Fjk = Fuijurrr Gk + Guijvik 2.7
J +i.v+ J +i.v+ (1<j<k<uv) (2.7)

Fjvik = Fovtjs  Gjusk — Grotj
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3. Simplicity of self-adjoint variants

All Lie algebras sakC are simple except for saD; and saDs. We leave to the reader the
verification for saAi, saBBy, saCy and saD;.

We prove that saA, (v > 2) is simple directly from the definition in two stages: we
show first that any non-zero ideal contains a basis element and then that it contains all
basis elements. We use the standard basis €4, given in (2.4):

1-parameter elements A, = E,, — Epy1,11 (1 <p <v),
2-parameter elements Fj;,Gjr (1<j<k<v+1).

Lie products of 2-parameter basis elements appear at the end of Section 1. Other prod-
ucts, involving 1-parameter basis elements, are as follows.

For ... |Ap @ Fjr|Ap e G
1<j<p k=p Gk | Ek

1<j<p k=p+1 Gk —Fy

j=p,p+l<k<v+1 Gk —Fji

j=p+1l,p+1<k<v+1 —ij Ey

7 =n, k=p+1 2ij —2ij
Otherwise (0] 0]

Lemma 3.1. Let X = Z:Zl arA; where not all «, are zero. Then, for some p with

1<p<v, X oGy pt1 is a non-zero multiple of Fp pt1.

Proof. Note that we include the case where only one «, is non-zero. We have X oG, ;11 =
BpFp p+1 Where

—2a1 + a ifp=1,
Bp =1 ap_1—20p+app1 if2<p<v—1,
a1 — 20, if p=v.

Ifall 5, =0 (1 <p<wv-—1)then o, =ra; (1 <r <v)and if, in addition, 8, = 0 then
all o, are zero, contradicting the given hypothesis. So at least one (3, is non-zero and
the result follows. O

Lemma 3.2. Let Z be a non-zero ideal in saA,. Then T contains some basis element of

saA,.

Proof. Every non-zero X € 7 has a non-zero number of basis elements in its support,
supp X. Denote this number by | X|. Let m be the minimum of |X| for all non-zero X
in Z and let Y € Z with |Y| = m. If m = 1, we are done. Let m > 2.
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If suppY contains only 1-parameter basis elements then Lemma 3.1 applies to give
some Fj;, € L.

If supp Y contains a 2-parameter basis element, let F ;, or G4 1 be such an element
where g is the least first parameter. Then Z = A, ¢ Y € Z. By Lemma 3.1, Z # O and
|Z] < |Y| so that, by minimality, |Z| = m, and further, supp Z contains no 1-parameter
basis element and only 2-parameter basis elements with first parameter g or g + 1.

Case 1. Let suppZ contain F,, and Hg, with v < v where {H;,,K,,} =
{Fy,0,Ggn}. Then

FoueFy,, =0 and Gg,eHg,=AK,,

for some A # 0. Again using Lemma 3.1, W = F, ,0Z # O, W € T and |W| < m giving
a contradiction. A similar argument applies when supp Z contains G ,, and H, ,, or with
g replaced with g + 1.

Case 2. If |Z| > 3 then we can always choose two elements of supp Z which satisfy
Case 1. So we are left to consider |Z| = 2, with one element having first parameter g
and the other, g + 1. Let suppZ = {Fy u, Hgy1,,} where Hgy1, = Fyi1, or Ggyt .
[supp Z = {Ggu, Hyt1,0} can be dealt with similarly.] If {g,u} N {g + 1,0} # 0 then
either w = v in which case |F;, ® Z| = 1, or u = g + 1 in which case |F, 441 ® Z| = 1,
and the minimality of m is contradicted. If {g,u} N{g+ 1,v} = @} then

F,,0Gy,=2(E;y—E,,) and Hyy1,0Gg, =0

so that supp(ZeG, ,,) contains only 1-parameter basis elements and Lemma 3.1 concludes
the proof. O

Theorem 3.3. For v > 2, saA, is simple.

Proof. Let Z be a non-zero ideal in saA,. By Lemmas 3.1 and 3.2, Z contains a 2-
parameter basis element. Then product rules (1.2) and (1.3) in Section 1 guarantee that
7 contains all basis elements. Hence Z = sa.A, as required. O

We establish the simplicity, or otherwise, of saB, and saD, (v > 2) by comparing
them with the Lie algebras which appeared in [3, pp 287-289] and [4, Theorem 4.1] as
subalgebras of examples of H, and for which we need to provide further results. For
n > 2, let £,, C M, (C) denote the real Lie algebra with basis G for 1 < j < k <n and
Lie product e. It is an easy exercise to verify that L3 is a simple real Lie algebra. The
three-dimensional simple real Lie algebras A;,B;,C; are Lie isomorphic to each other
but not to L3. It is easy to show that A; over C is Lie isomorphic to L3 over C, thus
showing a difference between complex Lie algebras and real Lie algebras. To see the
non-isomorphism, recall the usual basis for 4; given by

P=FE —FEy, Q=FEp3 R=ZE;.
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Now let
s= 1P y=3@-R). :=}Q+R)
so that {x,y, z} is also a basis with
roy=2z, Yoz=2x, 20X =—Y.
For L3 take the usual basis {a,b, c}, where a = G12,b = G13,¢ = Ga3, so that

aeb=c, bec=a, cea=h.

Suppose, towards a contradiction, that ¢ is a Lie isomorphism from L3 to A; determined
by

¢la) = Mz + Ay + A3z,  ¢(b) = x + pay + pzz,  P(c) = iz + vy + v32,
where \;, pj,v; € R. With respect to our bases, ¢ has corresponding matrix
A1
M= X p2 vof.
A3 p3 U3

The equations

give nine equations relating the entries of M. In particular we have

A1 = pioV3 — f3Va,  ji1 = Va3 — V32, V1 = Aapiz — Azfio
and
A2 = pivs — p3vi, o = V1A3 — V3A1, V2 = Aiug — Asp.
Expand det M by the first two rows to give
det M = X2 + 13 + v = —(\3 + pd +03).
Since M is invertible, no rows are zero and we conclude with the contradiction det M = 0.

The Lie algebra L4 is not simple since it is the direct sum of two ideals Z;,Z> where
77 has basis

1(Gr2+ Gs1), 2(Gra+Ga3), 1(Gas—Gis),
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and Z, has basis
%(012 — G34), %(GM — Ga3), %(Glii + G24).

The Lie product table for each of these bases, taken in the above order, matches exactly
that of the standard basis for £3 in order G129, G13, Go3. The ideals 77,7, are thus each
Lie isomorphic to £3. The next two Lemmas show that £,, is simple for n > 5.

Lemma 3.4. Let n > 5 and let T be a non-zero ideal of L,,. Then I contains some G jy,.

Proof. Let X = Z:’;l nZy € T with m > 2, where Z, are distinct basis elements and
nr # 0.

(i) If m = 2 then, since n > 5, we can find a basis element Z (say) such that ZpeX € 7
is a non-zero multiple of a single basis element.

(ii) If m > 3 and every pair of basis elements Z, has zero Lie product then suppose,
without loss, that Z; = G,y and Zy = Gy, with p < u. Using (2.2) it follows that
Gpy ® X € T is a linear combination of two basis elements and (i), above, applies.

(iii) If m > 3 and two basis elements, without loss Z; and Z5 (say), have non-zero
Lie product then (1.2) guarantees that Y = Z; @ Zy # +7; e Z,. for any r > 3. Hence
Y € T is non-zero and is a linear combination of at most m — 1 basis elements. We can
repeat this process until we have a single basis element in Z or we have case (i) or (ii),
above. 0O

Lemma 3.5. Let T be an ideal of L, that contains one of the Gji,. Then I contains every
ij.

Proof. Suppose that G, € Z and let G, be any other basis element. Either j # u or
k # v. If j # u, using (1.2), we have

(Gir @ Gur) 0 Gjy, = Gy 0 Gy = Gy
If k # v we have
(Gjr @ Gjv) @ Gy = Gy @ G = —Guo.
Hence G, € L,. O
Combining Lemmas 3.4 and 3.5 we have the following result.
Theorem 3.6. For n > 5, L, is simple.

‘We now construct Lie isomorphisms from appropriate £,, to saD, and sal3,. We begin
with the case saD,,, with v > 2. Our proof is simplified by the introduction of another
basis £ for Lo, .
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Givy; (1<j<v),

€19 Gik+ Guyjurr, Gk — Guijusn, (3.1)

}(1§j<k§y).

Givtk + Grwtiy  Gjvik — Grutj

For any invertible 2v x 2v matrix T, the similarity ¢(Z) = T~ ZT gives a Lie monomor-
phism. We take

J —J
T= 2
where J = diag(i, —i,i, —i,--- ) = i diag((—1)""1) and [ is the identity matrix. Note that
—J I
2Tt =
and
O Ej O O 00
E;, = g 3 E ijr= E iy =
gtk O O +ok Ejk O Fovrk O E]‘k
For j,k =1,2,...,n matrix computation gives
O(Ejn) = 5 (=17 (Ejt = Ejuri = Evije + Busjosn),
O(Ejpir) = 5(=1)7 i(Ejk + Ej ik — Evijk — Bvgjvk),
(Eyijr) = 51 i(=Ejk + Ej sk — Butjk + Evtjut),
O Busjoin) = 5(Ejk+ Ejuik + Evyjk + Evgjoir)

Hence, for 1 < j < k < v, we have

(Gjr) = 1 (=1)7*(Gjx — Gjusk + Grwsj + Gutjwrk)s
H(Goijwrn) = 5(Gik + Giurk + G — Guijurk)

and for 1 < j,k < v,
A(Gjrr) = 5(=1) (=Fji = Fjvsr + Fiusn + Forjoin).
For ¢(Gk,+;) interchange j and k in the above line.

It remains to consider the action of ¢ on the basis £. Recall the basis £p,, listed in
(2.7). For 1 < j < v, we have

¢(Gjutj) = (1Y (=Ejj + Euiju+j) € £Ep, .



248 J. Duncan, C.M. McGregor / Linear Algebra and its Applications 682 (2024) 2538-256

For1<j<k<v,

Gk + Gurjwrr) = 5(=DI*(Gjr — Gjusn + Grwrs + Guijuik)
+%(GJ7€ + Gj,l/Jrk - Gk,u+j + GVJrj,l/Jrk)'

Hence (Z)(ij + Gu-i-j,z/-i-k) is (ij + Gu+j,u+k) if j + k is even, and is (Gjﬂ,_;,_k — Gkﬂ,_;,_j)
if j + k is odd. Similarly, ¢(Gjx — Gutjv+k) 18 —(Gjx — Gugjutr) if 7+ k is even,
and is —(Gj o4k + Grotj) if j + k is odd. We next find that ¢(Gj o+ + Gjotk) is
F(Fjx — Futju+k) if j, k are both even, or both odd, and is F(F} ,4+r — Fk,u4;) if the
parities are opposite. A similar result holds for ¢(G;,+r — Gk,+;). Hence ¢(€) is in
+&p,, is one-one on &£, and all of £p, appears. Thus the similarity ¢ is a monomorphism
from Lo, onto saD,.

Theorem 3.7. (1) For v > 3, saD,, is Lie isomorphic to Lo, and hence is simple.
(2) saDy is Lie isomorphic to L4 and hence is not simple.

Proof. (1) We have shown, above, that ¢ : Lo, — saD, is a Lie isomorphism. Since, by
Theorem 3.6 (n = 2v), Ly, is simple, it follows that saD, is simple.

(2) The Lie isomorphism ¢ : Lo, — saD, is defined for v = 2 but, as was previously
shown, £, is not simple. 0O

We show next that Lo, 1 is Lie isomorphic to sal3,, when v > 2. Note that from here
up to the statement of Theorem 3.8 all Fji, G, explicitly mentioned are in Ms,1(C).
We use the basis £ for Lg, listed at (3.1) to define another basis £ for Lo, 1.

Giry1 (1 <E<2),

Et: 00 (3.3)
Z .
07 (Z€é€)
The basis g, for saBB, listed at (2.5) can be written as & U & U & where
S ={Fipt1— Frpqrr1: 1<k <v)},
E ={G1i+1+ G411 : (1 <k <v)},
00
Es = (W eé& .
3 { owl| We Du)}
Let
U= \/05(; where T is defined by (3.2), (3.4)

and define the similarity ¢(V) = U~V U. Straightforward computations show that
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Y(Grr41) € i%é’l (1<k<v),

U(Grirs1) € 5& (v+1<k <)

0O
ow
on £T and all of g, appears. It follows that the similarity ¢ : L2, — saD, is a Lie
isomorphism. This, together with Theorem 3.6 (n = 2v + 1), establishes the following

and, for V = ] with W € Ep,, (V) € £&5. Also we have that ¢ is one-to-one

result.

Theorem 3.8. For v > 2, sal3, is Lie isomorphic to Lo, 11 and hence is simple.

We show next that saC, (v > 2) is simple, but without a ready made simple Lie
algebra like £,, for comparison we revert to the method used for sa.A,. We use the labels
given in (2.6) for the elements in the basis &, . There are three types parametrized by j:

Aj, Bj, C; (1<j<v)
and four types parametrized by (j, k):
P, Qjk, Rji, Sjx (1<j<k<v).

For our proof of the theorem it is essential to have many zero Lie products. Any products
of Aj, B;,C; with j' # j" give zero product. Any products of 2-parameter basis elements
with {5/, k'} N {3”,k"} = 0 give zero product. We give below a partial Lie product table
for 1 < j < k < v. In fact the products hold equally with j > k, and this enables us to
calculate products such as Ay e Pjy, since Pj = Pyj, Qjx = —Qjk, etc.

Partial Lie Product Table for saC, Basis (0 < j < k <v)

e B[ G [P ] Qv | R | S; |
Aj |12C5 | —2B; | Qjk —Pji Sj —Rj,

B 24; | —Sik —Rjk Qjik P;

Cj Rjk —Sjk —Djik Qjk

Pir 2A; — Ar) | 2(C;+Cy) | —2(B; + Br)
Qjk —2(B; — Bi) | —2(C; — Ci)
R, 2(A4; + Ay)

Lemma 3.9. Let v > 2 and let T be a non-zero ideal of saC,. Then T contains some basis
element of saC, .

Proof. Let X € Z, X # O. Let u be the smallest j-parameter which appears amongst
all the basis elements in X. Replace X by X; = A, ¢ X. Then X; € Z. By the product
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formulas in the above table, X; # O, all basis elements in X; have j-parameter u but X;
does not include A,. If X; has no (u, k)-parameter basis elements then X; = pB,, + qC,,
with p, ¢ not both zero so that B, e X; or C,,e X7 (or both) give A, in Z. If X; does have a
(u, k)-parameter basis element then Xy = (A, e (B, e X)) € Z has only (u, k)-parameter
basis elements and is non-zero. Let v be the largest k-parameter which appears in Xs.
Then X3 = A, @ X5 € Z, is non-zero and has only (u,v)-parameter basis elements. For
some a, b, c,d € R, not all zero, we have four elements in Z:

X3z = aPuy + bQuy + cRuy + dSyy,
A, 0 X3=—bPyy, + aQyp — dRyy + cSuv,
B,e X3= dPu, + cQuv — bRyy — aSyuv,
Cy e X3=—cPyy+ dQuy + aRyy — bSyy,

by the above product table. We shall have P,, € Z if we can solve

—b d —c

a o 1
b a ¢ d| 8] |0
c —d —b al |7 |0
d c —a —b 0 0

for some «, 3,7, € R. But the rows of the matrix are orthogonal vectors, all with length
V(@2 + b2 + ¢ 4 d?) # 0. Thus the matrix is a non-zero real multiple of an orthogonal
matrix, which completes the proof. O

Lemma 3.10. Let v > 2, and let T be an ideal of saC, that contains one of the basis
elements. Then I contains every basis element.

Proof. If 7 contains A; it follows from the above product table that Z contains every
basis element with a parameter j and then that it contains 2(A; — Ay) for any other k.
Hence Z contains all basis elements. If Z contains either B; or C; then 7 contains both
and hence contains 24, and we are done. If Z contains any (j, k) basis element, then it
contains all four (j, k) basis elements and hence contains 2(A; — Ay) and 2(A; + Ag),
and again we are done. 0O

Combining Lemmas 3.9 and 3.10 we have the following result.
Theorem 3.11. For v > 2, saC, is a simple Lie algebra.
4. The norm problem

We turn now to the question of whether or not, for a simple Lie algebra salC C M, (C),
there is a norm on C" such that H for that norm is saK!. For sa.A,, when we adjoin
I we obtain all self-adjoint matrices and we are in the C* situation. This follows from
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the Vidav-Palmer theorem [1, Theorem 6.9] but we give an elementary proof using the
property that, for any ¢ € R and any Hermitian element 7', exp(itT') is an isometry. For
1<p<y,

exp(i0Gpq) = I + (cos6 — 1)(Epp, + Eqq) + isinf G,.

We take the range of tan™! to be (—7/2,7/2).

Lemma 4.1. Let n > 2 and let || - || be a norm for C™ such that Gi, (k =1,...,n) are
Hermitian. Then, for ri,...,r, >0,

H(m,rg,...,rn)H = Oé\/T%—FT% +...+7«%

where a = [|(1,0,...,0)].

Proof. Let py = \/r? + 723 +---+72 and, for k = 2,...,n, let & = tan~*(ry/px) where
pi is defined recursively by pr, = /pi_, —ri. Let

T = exp(i&,G1n) exp(i€n—1G1,n—-1) - - . exp(i€2G12).

We consider z = T'(1,0,...,0). Note that, for k = 2,...,n, cos& = p;j/pr—1 and sin§;, =
Th/Ph—1-

(i) The 1st coordinate of z is cos &, cos&,_1...cos&s =11/p1.

(ii) The 2nd coordinate of z is sin&s = r2/p;.

(iii) The jth coordinate (3 < j <n) of zis sin¢;cos;_1...cos&s =1;/p1.
Case (iii) does not occur when n = 2. Thus T(1,0,...,0) = p; *(r1,79,...,7,) and it
follows immediately that

||(T17T27"'7Tﬂ)” = le(LO?"'?O)H' g

Theorem 4.2. Let v € N and let || - || be a norm for C**1 such that every element of
saA, is Hermitian. Then there exists o > 0 such that || - || = « - ||2, where || - ||2 is the
ly-norm on C¥+1,

Proof. Let z = (r1e,... 1, 11e%+1) where 7; > 0 and 0; € R (j = 1,2,...,v + 1).
Continuity extends the result to all 7; > 0. Since E;; —E;11 ;41 (1 < j <wv) are in saA,

and hence are Hermitian, and I also is Hermitian, it follows that all E;; (1 <j <v+1)
are Hermitian. Let

U= eXp(—ielEll)... eXp(—i9y+1EV+17,,+1).

Then Uz = (rq,...,7,+1) and using Lemma 4.1 with n = v + 1 the result follows. O
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For saBB, and saD, (v > 2) we have defined Lie isomorphisms with the £,, Lie algebras
for which a norm formula was given in [4]. Since the isomorphisms are similarities they
lead to corresponding formulas for saBB,, and saD,, which are given below. Although saDs
is not simple the arguments do apply to it as well.

Let || - ||z be the norm for C* as defined in [4, Theorem 4.1]. Using T defined by
(3.2), ||lvllp = ||Tv||z defines a norm on C?” for which H = saD.. Let

S={(ar.02, . 00, B B B) ERY S a2+ g2 =1

Then, for v = (21, ..., 2y, Wi, ...y w,) € C? and Tv = u = (1, e, Tu, Y1, s Yo ),

lollo = lulle = sup {| S ajas + 3 Biui| : (1,02, B, oy, ) € .

Then

> a3 B = [ D i (-1 il = wi) + Y B+ wy)
= ’Zﬁm + Zﬂjwj’

where each ¢; = 3; +ia; and each n; = &;. Thus we have

o]l = sup{]Zgjzj + Zg_jwj] (€00 6) € P (4.1)

where

P={(&,...&)eC’: Y Il =1},

Similarly, if || - ||z+ is the norm for C2¥*! as defined in [4, Theorem 4.1] then using
U defined by (3.4), ||lv||s = ||[Uv||z+ defines a norm on C?**! for which H = sal3.. And,
for v = (20, 21, 22, -+ Zn, W1, Wa, ..., w,) € CF1 we have

lvlls = sup{’ijzj + Zg_jwj’ :(60,61,-.-,80) € Q} (4.2)

where

Q= {(50,51,--~,£V) ERxCY: Z|§j\2 :1}_

The v/2 in the matrix U is absorbed into the constant &g.

This brings us to the surprising case of saC, ; any norm on C2” which makes all of saC,
Hermitian is essentially the usual inner product norm so that all self-adjoint matrices in
M>,,(C) are Hermitian for that norm. (In fact it is enough to have a minimal set of Lie
algebra generators all Hermitian.) We show in the following two lemmas and theorem
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that such a norm must be the f3-norm or a positive multiple of it. As with the similar
result for sa.4, we make repeated use of the property that exp(itT") is an isometry for
any t € R and any Hermitian element 7T'.

Recall that Q1 = G1g + Go+1,0+1 (K =1,...,v) are basis elements of saC,,.

Lemma 4.3. Let n > 2 and let || - || be a norm for C* such that Qi (k=1,...,n) are
Hermitian. Then, for ri,...,r, >0,

(1,72, 7, 0, 0) | = /T + 03+ 12
where o = [|(1,0,...,0)].

Proof. Define p; (1 <k <n)and & (2 <k <n) exactly as in the proof of Lemma 4.1.
Let

Tt = exp(i€,Q1n) exp(i€n—1Q1.n—1) - - . exp(i2Q12).
We consider w = T7(1,0,...,0). Each exp(i; Q%) can be written as a block matrix

exp(i&,G1x) 0]
O exp(ikalk) ’

So we can make use of T in the proof of Lemma 4.1 to determine coordinates 1 to n
of w, and dealing with coordinates n + 1 to 2n is straightforward.

(i) The 1st coordinate of w is r1/p;.

(ii) The 2nd coordinate of w is ro/p;.

(iii) The jth coordinate (3 < j <n) of wis r;/p1.

(iv) The kth coordinate (n +1 < k < 2n) of w is 0.
Thus T+(1,0,...,0) = p; *(r1,79, ..., 7n,0,...,0) and the result follows. 0O

Lemma 4.4. Let v > 2 and let || - || be a norm for C* such that every element of
saC, is Hermitian. Let z = (rie® roe'®2 ... ry,e'%2) where rj>0and; e R (j =
1,2,...,2v). Then ||z| = a\/r? +r2 + ...+ 13, where a = ||(1,0,...,0)].

Proof. We shall assume all r; > 0. Continuity extends the result to all r; > 0. Each of
the following products is independent of the order of the exponentials. For j =1,2,..., v,
let n; = (0u+j — 9])/2 and )\j = (9V+j + HJ)/2 Recall that Aj = Ejj — EVJ’»]”VJ’»J’ and
C; = G+ are saC), basis elements. Then

v
(H exp(injAj))z = (rie™, . re™ e, e ret™) = u (say).
j=1

For j =1,2,...,v, let pu; = tan=*(—7,4;/r;) (so cos p; is +ve and sin y; is —ve). Then
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(H exp(iujcj))u = (eMy/ri4+r2 ... e?/r2+713,,0,...,0) = v (say)
j=1

and

v

(H exp(fi/\jAj))v = (y/ri+ri, ... /r2+73,,0,...,0) = w (say).
j=1

Then, using Lemma 4.3 with n = v, ||z|| = |w| = a\/r? + 73+ +73,. O
Theorem 4.5. Let v € N and let C?¥ have norm || - || such that every element of saC,, is
Hermitian.
(1) There exists o > 0 such that || - || = | - ||2, where || - ||2 is the €2-norm on C?*.

(2) Every self-adjoint matriz in Ma, (C) is Hermitian with respect to || - ||.
(3) For v > 2, there is no norm for C? with respect to which saC} is the (entire) set of
Hermitian matrices.

Proof. (1) If v > 2 then || - || satisfies the conditions of Lemmas 4.3 and 4.4, and (1)
follows. Let v = 1 and let (a,b) € C? with a = |ale!® and b = |b|e?”. Let

¢p=3(a+p), ¥=3(8-a), 60=tan'(~|a|/|b])

and let U = exp(i0C1 ) exp(itpA1). Then U(a,b) = €'®y/|al2 + [b|2 (1,0) so that ||(a,d)| =
all(a,b)l2 where a = ||(1, 0)]|.

(2) This follows from (1) since every self-adjoint matrix in M, (C) is || - ||2>-Hermitian
and hence || - ||-Hermitian.

(3) This follows from (2) since not every self-adjoint matrix in My, (C) is in saCl. O

Corollary 4.6. The answer to Problem 5.7 in [4] is NO.

Suppose we have a linear norm for which all Fj;, are Hermitian. It is then immediate
from (1.2) that all G, are Hermitian and hence that H is all self-adjoint matrices. The
above remarkable result for the symplectic case might be regarded as a half-way house
between this example and the case when the initial Lie algebra is £,,. Note also that
Theorem 4.5 (1) is a stronger version of the Vidav-Palmer theorem for the algebras
M3, (C).

5. Some Lie isomorphisms
We noted earlier that sa.A;, saB31,saCy are Lie isomorphic to each other. It is well

known that B3 and Cy are Lie isomorphic, and also A3 and Ds; the same is true for their
self-adjoint variants.
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Theorem 5.1. (1) saBs is Lie isomorphic to saCs.
(2) saAs is Lie isomorphic to saDs.

Proof. (1) It is enough to show that L5 is isomorphic to saCs. As a basis for saCy take
Ay + Az, Ay — Az, B1+ B, B1 — Bs, C1 + (3, C1 — Cy, Pi2, Q12, Ri2, S12
where the notation is that of (2.6). As a basis for L5 take
Gi2, G35, —Gas, Gis, Gis, Gas, Gas, Gaa, Gra, Gy

each multiplied by 2. With basis elements taken in this order the Lie product tables then
match exactly, as required.
(2) It is enough to prove that Lg is isomorphic to saAs. As a basis for sa.4; take

diag(]-?lv_]-u_]-)a diag(17_1717_1)7 diag(]-?_]-v_]-a]-)a
Fio + F3y, Fig — Fzyq, Fi3+ Foy, Fi3— Foy, Fig+ Fbs, Fiy — Fos,
G2 + G3sq, Gi2 — G34, Gi3 + Gag, Gi3 — Gag, Gia + Ga3, G4 — Gas.

As a basis for Lg take
Gs6, G2, Gaa, G13, —Ga4, Gas, Gss, —Gas, G1s, Ga3, G4, Gas, —G35, Gas, G,

each multiplied by 2. With basis elements taken in this order the Lie product tables then
match exactly, as required. O

It is easily checked that neither of the above Lie isomorphisms preserve spectra, and
hence neither is a similarity.

In [5, pp. 451-455] Helgason presents the long list (up to isomorphism) of the simple
real Lie algebras. For any such (£, o), the mapping defined in Section 1 by ¢(A4) = —iA
gives the Lie isomorphic (—iL,e). In this form the self-adjoint variants of the classical
Lie algebras appear as follows: sa.A, is —isu(v + 1,0); for v > 5, L, is —iso(v,0); saC,
is —isp(v,0). No other examples (with Lie product e) consist entirely of self-adjoint
matrices.
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