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A B S T R A C T

This paper investigates the effects of model fidelity and parameter uncertainty on the performance of a hybrid
model-based feedback-feedforward control scheme for attitude tracking of a satellite with flexible appendages.
The feedforward component is an inverse model-based term produced through a computational approach
known as inverse simulation (InvSim), which works by iteratively solving a discretised reference trajectory.
The hybrid controller’s feedback is proportional-derivative (PD) based, using body attitude and rate feedback
to provide stability and robustness. Furthermore, to ensure that the flexible modes do not trigger instability,
the PD control gains are tuned to give a closed-loop response that is significantly slower than the flexible
modes. Additionally, excitation of the flexible modes is reduced by minimising jerk through polynomial rest-
to-rest manoeuvres, following the shortest quaternion path using spherical–linear-interpolation (SLERP). The
effects of the appendage flexing on attitude tracking are then compensated through the feedforward element
of the hybrid controller, with performance being compared to a traditional PD tracking law. The effect of
the model fidelity on the performance of the hybrid controller is investigated through the use of both rigid
body and multiple-fidelity finite-element mathematical models. Additionally, the effect of uncertainties in
the model parameters is investigated to determine the accuracy of the model required to obtain significant
improvement in attitude tracking. It is found that in the absence of any model parameter uncertainty, the
hybrid controller outperforms the PD tracking control law by at least one order of magnitude when the
finite-element model is used. Increasing the number of finite elements was found to provide no significant
improvement in performance, with one element being sufficient and favourable with its lower computational
overhead. It was also found that to ensure good performance compared to the PD tracking controller, the
uncertainty in the inertia tensor should be <1%. Similarly, uncertainty in the first flexible modal frequency
should be <0.5 rad/s.
1. Introduction

A common approach to increasing satellites’ capabilities, whilst
minimising mass and size for economical launch cost, is to utilise
deployable structures and appendages attached to a central main hub.
These structures and appendages commonly introduce flexible dynamic
modes to the attitude dynamics and thus must be considered and
compensated for to ensure good pointing accuracy during attitude
manoeuvres.

One simple method to minimise the effects of the flexible modes is
to try and avoid them as much as possible. This can be achieved by
carefully selecting the attitude and body rate references to ensure that
the manoeuvres’ jerk (the derivative of acceleration) is minimised. For
example, a time-optimal bang–bang manoeuvre, which contains infinite
jerks at each instantaneous change in acceleration, can be modified
through the use of versine functions [1,2]. This is shown to reduce
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the excitation of the flexible modes and the disturbance torques they
induce on the main satellite body. Alternatively, a polynomial-based
reference can also be used to produce a low jerk profile [3], at the
expense of increasing the time or maximum acceleration of the manoeu-
vre. Additionally, a model-based method known as input-shaping can
further suppress the flexible modes of the satellite’s appendages [1,4,5].
This works through the convolution of the control input with a set of
impulses that cancel the flexible modes through the addition of zeros
at the exact locations of the poles of the flexible modes [5].

For the case of attitude tracking, strict adherence to pointing con-
straints and robustness may be of greater concern. Sliding mode control
(SMC) is a nonlinear control method commonly used for attitude-
tracking problems and has been applied to satellites with flexible
appendages [6–8]. The basic principle is to define a sliding surface or
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hyperplane, upon which the system will be forced towards an equilib-
rium. Then a discontinuous term drives the system onto the surface
and ensures that disturbances are accounted for. One approach [6]
uses the internal reaction torque at the root of the appendage as part
of the sliding surface. This ensures the stability of the flexible modes,
however, assumes that the internal torque can be measured through
some sort of strain gauge or estimated. Another method [7] is to
simply augment the SMC with active vibration suppression through
the use of piezoelectric smart materials, which are placed along the
length of the appendage and controlled with a second controller. This
deals with the flexible modes that may be excited due to chattering,
characteristic of SMC. A more recent paper [8] deals with the chattering
problem by replacing the usual discontinuous switching term with an
adaptive control element. This ensures a more smooth control action
when passing through the sliding surface, avoiding excitation of the
appendages. This paper also requires torques to be applied both to the
appendages and the main body, rather than being applied to the main
body only.

Model-based methods, such as model-predictive-control (MPC) [9–
11], have also successfully been applied to attitude control of satel-
lites with flexible appendages. MPC iteratively solves a constrained
optimisation problem in real-time to converge upon a control law.
The constraints are usually given by a simplified model and a cost
function, consisting of a combination of control and state terms, is
minimised such that a given performance criteria is satisfied. MPC
has been applied for single-axis attitude slew manoeuvres, making
use of single-input-multiple-output (SIMO) reduced models [9,10]. One
approach [9] additionally makes use of a genetic algorithm to tune the
MPC control parameters to obtain a desirable response in terms of rise
time, settling time, overshoot and flexible mode amplitudes. Another
approach [11] re-linearises a nonlinear model at each control step,
which can then be used by the MPC to perform 3-axis earth pointing
and spin-up manoeuvres. It was found that the MPC [11] was highly
sensitive to uncertainty in the model parameters, an aspect that will
also be investigated in this work. Additionally, a common limitation of
all of the MPC approaches above is an assumption that the full state
vector can be measured or estimated, including the flexible modes.

An alternative, but common, approach for improved tracking per-
formance is to employ a feedforward control element which can be
added to an existing feedback controller [12,13], and allow compen-
sation for modelled disturbances [14]. Therefore with a model that
sufficiently describes the flexible dynamics of the appendages, it is
suggested that their effects on attitude tracking can be compensated
for. To produce this feedforward term, a suitable model inversion tech-
nique can be used. The most popular is Nonlinear Dynamic Inversion
(NDI), also commonly used for feedback-linearisation [15,16]. This
technique requires analytical differentiation of the system’s dynamic
equations to achieve a mapping of desired output states to the required
inputs/controls. For a complex model, this can be highly laborious
and requires a re-derivation if any significant changes are made to
the model, or if the model is being changed entirely. An alternative
computational approach known as Inverse Simulation (InvSim) can
also be used [17]. The most common method of InvSim, the integral
method [18,19], is based upon the discretisation of the reference
trajectory which is then iteratively solved using a numerical method,
commonly the Newton–Raphson method. This usually requires the
calculation of a Jacobian or Hessian through numerical differencing,
which leads to high computational overheads. It has been shown that
InvSim performs as well as, or in some cases better than NDI [20].
However, the main benefit of InvSim is that its numerical process treats
the system model as a black box. It can therefore easily be used with
any existing model that may be available and does not need to be
modified if changes are made to the model. InvSim should therefore be
capable of producing a feedforward element with any existing model
31

that can improve attitude tracking of an existing feedback controller,
which while expensive in terms of computational time, is cheap in
terms of development time.

The integral InvSim method can also be used as a preliminary con-
troller during the iterative design process or during feasibility studies.
Using the InvSim algorithm, limitations of the system’s dynamics can be
established and the sizing of the actuators can be validated. Once the
final system has been designed, a traditional control approach could
be used, now only having to be developed and configured once, or the
InvSim solution could still be used as a feedforward element to improve
attitude tracking as is shown in this work.

Application of InvSim as a feedforward controller has previously
been explored [21]. It has been shown to be capable of producing an
effective feedforward term, improving tracking performance when ap-
plied to both a linearised multi-input-multi-output (MIMO) helicopter
model, and a nonlinear single-input-single-output (SISO) model of a
boat. The work uses this InvSim feedforward controller with an H∞

feedback controller, which ensures robustness to measurement noise
and output disturbances. This work will look to employ a similar hybrid
control strategy with a proportional-derivative (PD) feedback controller
instead of H∞. PD is used as this is highly common within the attitude
control literature [22,23].

This paper will show that the addition of a model-based feedfor-
ward, to a traditional PD attitude controller, can be achieved easily
through the use of InvSim, improving attitude tracking through con-
sideration of the flexible appendage dynamics, and avoiding the greater
effort of other model inversion techniques such as NDI. In this work,
particular interest is also paid to the fidelity of the model being used to
produce the InvSim feedforward control element. Previous work has in-
vestigated the effects of parameter uncertainty [24] on the effectiveness
of InvSim-based control, however no quantitative investigation into the
effects of the fidelity of the model being used by InvSim has been
explored. It is usually assumed that the model being computationally
inverted by InvSim is of sufficient fidelity to provide an accurate control
solution for the user’s purposes, which may not be true in the case
of high model uncertainty [25]. Increasing the fidelity of a model
representing a satellite with flexible appendages will tend to introduce
higher frequency dynamics, requiring the use of a smaller integration
step size to ensure the numerical stability of the InvSim. This can result
in an increase in the computational overhead, and therefore a study as
to the effects of model fidelity on the performance of the hybrid control
scheme should be first quantified. This allows for an informed decision
to be made as to the fidelity of the model that should be used, given
accuracy requirements and computational availability.

Mathematical modelling of satellites with flexible appendages can
be achieved through several approaches, including considering the
satellite a rigid body, assemblage of rigid bodies, or as a combination of
rigid and elastic bodies [26]. Most commonly, the satellite is considered
a rigid body with flexible appendages attached that can be idealised
as plates [27] or beams [6]. The vibration dynamics of these beams
and plates are governed by partial differential equations, which must
first be discretised through an appropriate method. This will result in
a set of ordinary differential equations which can then be easily solved
through numerical integration. One such discretisation approach treats
a beam as a series of lumped-mass elements connected by torsional
spring dampers to reproduce the flexible dynamics [2,28]. Another
method of discretisation, commonly used in engineering, is the finite-
element approach [29,30]. As the number of elements, 𝑁𝑒, used to
represent each beam is increased, the number of flexible modes in the
model will increase and will become more accurate. A simple finite-
element model will be used in this work to allow for the fidelity of the
model to be modified simply by varying the number of elements used to
represent each appendage. Additionally, a continuous model that uses
an analytical solution for the modal shapes and frequencies [31] will
be used as the ‘‘real’’ system for testing.

The paper is organised as follows. First, models of varying fidelity
will be developed to allow for the model fidelity analysis to be com-

pleted. The InvSim algorithm used will briefly be described before
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Fig. 1. Satellite with two flexible appendages.
a low-jerk path planning method is proposed to minimise excitation
of the flexible dynamic modes. Next, both the baseline PD tracking
controller is presented, with the closed loop dynamics analysed to
allow for appropriate gain tuning. The hybrid controller with InvSim
feedforward and linear PD feedback is then presented. The performance
of the model-based hybrid controller will then be compared to the PD
tracking law through the use of Monte-Carlo simulations and sensitivity
analysis, assessing the effects of model fidelity and uncertainty on the
attitude tracking performance.

2. Multi-fidelity mathematical modelling

The mathematical models used in this work are of varying fidelity
and can be used to assess the effects on the performance of the model-
based controller. The specific satellite configuration can be seen in
Fig. 1, and consists of two symmetric flexible appendages and four
reaction wheel actuators. The first model considers the satellite as
one rigid body, ignoring the influence of the flexible modes of the
appendages. A rigid model of a satellite with reaction wheels can be
expressed simply:

𝐈�̇� + 𝐀𝑤𝒖 + [𝝎]×
(

𝐈𝝎 + 𝐈𝑤𝝎𝑤
)

= 0 (1)

where 𝐈 is the total inertia matrix of the satellite including the reaction
wheels and appendages, 𝐈𝑤 is the inertia of the reaction wheels, 𝝎𝑤
is the angular rate of the reaction wheels, 𝝎 is the body rate of the
satellite, [⋅]× is the skew-symmetric cross-product matrix, and 𝒖 is the
input the system which in this case is the reaction wheel torque:

𝐈𝑤�̇�𝑤 = 𝐀𝑤𝒖 (2)

where 𝐀𝑤 is the reaction wheel distribution matrix mapping the mo-
tor inputs to the body axes. Each column of 𝐀𝑤 is the unit vector
direction of one reaction wheel in the set, i.e. for four wheels 𝐀𝑤 =
[�̂�1 �̂�2 �̂�3 �̂�4], therefore the inertia of the whole reaction wheel set
assuming it is centred in the rigid body:

𝐈𝑤 =
4
∑

𝑗=1
diag(𝐼𝑤�̂�𝑗 ) (3)

where 𝐼𝑤 is the inertia of each reaction wheel about its rotational axis,
and diag(⋅) is a diagonal matrix. Additionally, the attitude representa-
tion is given through the quaternion kinematics:

�̇�1∶3 =
1
2
𝑞0𝝎 + 1

2
[

𝒒1∶3
]

×𝝎 (4a)

̇0 = −1
2
𝒒𝑇1∶3𝝎 (4b)

where 𝒒1∶3 is the 3-element vector component and 𝑞0 is the scalar
component of the scalar first unit attitude quaternion:

𝒒 =
[

𝑞0
]

(5)
32

𝒒1∶3
Next, the flexibility of the appendages will be taken into account by
considering them at first to be continuous Euler–Bernoulli beams. The
total kinetic energy of the satellite,  , can therefore be considered from
first principles:

 = 1
2
𝝎𝑇 (𝑡)

(

𝐈ℎ𝑢𝑏 + 𝐈𝑤
)

𝝎(𝑡) + 1
2
𝝎𝑇
𝑤(𝑡)𝐈𝑤𝝎𝑤(𝑡) + 𝝎𝑇

𝑤(𝑡)𝐈𝑤𝝎(𝑡) +

+1
2
𝜌1 ∫

𝐿1

0
�̇�𝑇1 (𝑥, 𝑡)�̇�1(𝑥, 𝑡) 𝑑𝑥 + 1

2
𝜌2 ∫

𝐿2

0
�̇�𝑇2 (𝑥, 𝑡)�̇�1(𝑥, 𝑡) 𝑑𝑥 (6)

where 𝝎 is the body rate of the satellite, 𝝎𝑤 is the angular rate of the
reaction wheels, 𝜌1 and 𝜌2 are the mass per unit length densities of
each appendage, �̇�1 and �̇�2 are the velocities of each appendage, 𝑥 is
the distance along each appendage, 𝐿1 and 𝐿2 are the total lengths of
each appendage, 𝐈ℎ𝑢𝑏 and 𝐈𝑤 is the inertias of the rigid hub and reaction
wheels respectively.

The position of the infinitesimal mass 𝑑𝑥 at each point along the 𝑎th
appendage can be seen in Fig. 2 and is given as:

𝒓𝑎(𝑥, 𝑡) = (𝑑𝑎 + 𝑥)�̂�𝐵𝑎 +𝑤𝑎(𝑥, 𝑡)�̂�𝐵𝑎 (7)

where �̂�𝐵𝑎 is the longitudinal direction of the appendage, and �̂�𝐵𝑎 is the
transverse direction of the appendage. The velocities can be found with
consideration of the rotating body frame:

�̇�𝑎(𝑥, 𝑡) = �̇�𝑎(𝑥, 𝑡)�̂�𝐵𝑎 + [𝝎]×
(

(𝑑𝑎 + 𝑥)�̂�𝐵𝑎 +𝑤𝑎(𝑥, 𝑡)�̂�𝐵𝑎
)

(8)

where 𝑤𝑎(𝑥, 𝑡) is the deflection of the appendage, �̇�𝑎(𝑥, 𝑡) is the deflec-
tion rate, and 𝑑𝑎 is the distance of the cantilever connection of the
appendage from the centre of the rigid body. The deflection along the
appendage can be decomposed as a summation of modes:

𝑤𝑎(𝑥, 𝑡) = 𝝓𝑇
𝑎 (𝑥)𝜼𝑎(𝑡) (9)

�̇�𝑎(𝑥, 𝑡) = 𝝓𝑇
𝑎 (𝑥)�̇�𝑎(𝑡) (10)

where 𝜼𝑎 and �̇�𝑎 are nondimensional displacement and velocities of the
flexible modes, and 𝝓𝑎(𝑥) are the shape functions:

𝝓𝑎(𝑥) =
[

𝜙𝑎,1(𝑥) 𝜙𝑎,2(𝑥) ⋯ 𝜙𝑎,𝑚(𝑥) ⋯ 𝜙𝑎,𝑁𝜙
(𝑥)

]𝑇
(11)

where 𝜙𝑎,𝑚(𝑥) is the 𝑚th mode of the ath appendage, 𝑁𝜙 is the number
of modes included in this model. This simplifies the derivation of the
dynamics as only �̇�𝑎 is time dependent.

Similarly the potential energy in each appendage can be given as:

 = 1
2
𝜼𝑇1 (𝑡)𝐊1𝜼1(𝑡) +

1
2
𝜼𝑇2 (𝑡)𝐊2𝜼2(𝑡) (12)

where the stiffness of the continuous appendage is given as:

𝐊𝑎 = 𝐸𝐼𝑎 ∫

𝐿𝑎

0

(

𝜕2𝝓𝑎(𝑥)
𝜕𝑥2

)(

𝜕2𝝓𝑎(𝑥)
𝜕𝑥2

)𝑇

𝑑𝑥 (13)

where 𝐸𝐼𝑎 is the bending stiffness of the appendage. Constructing the
lagrangian:

 =  −  (14)
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Fig. 2. Position of mass 𝑑𝑥 along each appendage.
the Euler–Lagrange equations can be considered in order to derive the
ordinary differential equations:
𝑑
𝑑𝑡

( 𝜕
𝜕𝝎

)

= 0 (15)

𝑑
𝑑𝑡

(

𝜕
𝜕�̇�𝑎(𝑡)

)

− 𝜕
𝜕𝜼𝑎(𝑡)

= 0 (16)

It is assumed that vibrations in the appendages have a negligible
effect on the overall inertia of the satellite. This gives the body rate
differential equation:

𝐈�̇� + 𝐀𝑤𝒖 + 𝚪𝑇
1 �̈�1 + 𝚪𝑇

2 �̈�2 + [𝝎]×
(

𝐈𝝎 + 𝐈𝑤𝝎𝑤 + 𝚪𝑇
1 �̇�1 + 𝚪𝑇

2 �̇�2
)

= 0 (17)

where 𝐈 is the total inertia of the satellite:

𝐈 = 𝐈ℎ𝑢𝑏 + 𝐈𝑤 + 𝜌1

(

𝑑21𝐿1 + 𝑑1𝐿
2
1 +

𝐿3
1
3

)

[

�̂�𝐵1
]

×
[

�̂�𝐵1
]𝑇
×

+ 𝜌2

(

𝑑22𝐿2 + 𝑑2𝐿
2
2 +

𝐿3
2
3

)

[

�̂�𝐵2
]

×
[

�̂�𝐵2
]𝑇
× (18)

and 𝒖, the control input, is simply the reaction wheel torque as seen
in Eq. (2). Note that Eq. (18) is also used to give the total inertia for the
rigid body model in Eq. (1). The matrices 𝚪𝑎 give the coupling between
the rigid body and each appendage which in the continuous case can
be defined as:

𝚪𝑇
𝑎 = 𝜌𝑎 ∫

𝐿𝑎

0
(𝑑𝑎 + 𝑥)

[

�̂�𝐵𝑎
]

×�̂�
𝐵
𝑎 𝝓

𝑇
𝑎 (𝑥) 𝑑𝑥 (19)

Additionally the differential equation for each appendage can be
defined as:

𝐌𝑎�̈�𝑎 + 𝚪𝑎�̇� +𝐊𝑎𝜼𝑎 = 0 (20)

where the mass matrix 𝐌𝑎 is given as:

𝐌𝑎 = 𝜌𝑎 ∫

𝐿𝑎

0
𝝓𝑎(𝑥)𝝓𝑇

𝑎 (𝑥) 𝑑𝑥 (21)

For the continuous case, an analytical solution to the modal shapes
can be given [31]:

𝜙𝑎,𝑚(𝑥) =
(

cosh
𝛾𝑎,𝑚𝑥
𝐿𝑎

− cos
𝛾𝑎,𝑚𝑥
𝐿𝑎

)

−
cosh 𝛾𝑎,𝑚 + cos 𝛾𝑎,𝑚
sinh 𝛾𝑎,𝑚 + 𝑠𝑖𝑛𝛾𝑎,𝑚

×
(

sinh
𝛾𝑎,𝑚𝑥
𝐿𝑎

− sin
𝛾𝑎,𝑚𝑥
𝐿𝑎

)

(22)

where 𝛾𝑎,𝑚 is the solution to the equation:

cos 𝛾𝑎,𝑚 cosh 𝛾𝑎,𝑚 + 1 = 0 (23)

which gives infinite solutions corresponding to the infinite number of
natural frequencies, 𝜔𝑎,𝑚

𝑛 𝑛, for an infinite number of modes for each
appendage:

𝜔𝑎,𝑚
𝑛 = 𝛾2𝑎,𝑚

𝐸𝐼𝑎
√

𝜌𝑎𝐿4
𝑎

(24)

The equations of motion of the satellite with continuous flexible ap-
pendages are therefore defined. The derivation using the finite-element
33
model will result in equations of the same form as seen in Eqs. (17)
and (20), with the definitions of the mass (𝐌𝑎), stiffness (𝐊𝑎) and
coupling matrices (𝚪𝑎) being altered. Additionally, the nondimensional
displacements 𝜼𝑎 and shapes 𝝓𝑎 will correspond to the displacement
and bending at each of the nodes of the finite-element model in this
case.

An example of a two-element beam can be seen in Fig. 3 with three
nodes attached to the ends of each finite element (seen in red in Fig. 3).
Each node has two degrees of freedom, displacement and bending. The
deflection of each element of the appendage can be given as:

𝑤𝑎,𝑒(𝑥, 𝑡) = 𝝓𝑎,𝑒(𝑥)𝑇𝚲𝑎,𝑒𝜼𝑎(𝑡) (25)

where the matrix 𝚲𝑎,𝑒 selects the nodal displacements 𝜼𝑎 that affect the
element 𝑒. An example of a two-element appendage as seen in Fig. 3
can be seen:

𝚲𝑖,1 =

⎡

⎢

⎢

⎢

⎢

⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

⎤

⎥

⎥

⎥

⎥

⎦

(26)

𝚲𝑖,2 =

⎡

⎢

⎢

⎢

⎢

⎣

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤

⎥

⎥

⎥

⎥

⎦

(27)

The deflection across each element of the beam is assumed to be cubic
giving the shape function 𝝓(𝑥)𝑎,𝑒 for each element [31]:

𝝓(𝑥)𝑎,𝑒 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 − 3
(

𝑥
𝑙𝑎,𝑒

)2
+ 2

(

𝑥
𝑙𝑎,𝑒

)3

𝑥 − 2𝑙𝑎,𝑒
(

𝑥
𝑙𝑎,𝑒

)2
+ 𝑙𝑎,𝑒

(

𝑥
𝑙𝑎,𝑒

)3

3
(

𝑥
𝑙𝑎,𝑒

)2
− 2

(

𝑥
𝑙𝑎,𝑒

)3

−𝑙𝑎,𝑒
(

𝑥
𝑙𝑎,𝑒

)2
+ 𝑙𝑎,𝑒

(

𝑥
𝑙𝑎,𝑒

)3

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(28)

where 𝑙𝑎,𝑒 is the length of each element:

𝑙𝑎,𝑒 =
𝐿𝑎
𝑁𝑒

(29)

where 𝑁𝑒 is the number of elements in each appendage. Note that
for the finite-element model, we will only ever need four shape func-
tions. The deflection across the appendage will be a piecewise cubic
interpolation between each node of the finite-element model. For the
continuous model, the number of shape functions will correspond
directly to the number of modes included, with each shape describing
the deflection across the whole appendage. In the finite-element model,
𝜼𝑎 corresponds to the displacement or bending at each of the nodes.
Instead, in the continuous model, 𝜼𝑎 corresponds to the contribution
of each mode to the overall deflection in the appendage. The notation
is used here interchangeably simply to maintain a consistent form as
shown in Eqs. (17) and (20).
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Fig. 3. Finite-element appendage: two-element example (nodes in red). (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
The spring stiffness of each element 𝐊𝑎,𝑒 is defined as:

𝐊𝑎,𝑒 =
𝐸𝐼𝑎
𝑙3𝑎,𝑒

⎡

⎢

⎢

⎢

⎢

⎢

⎣

12 6𝑙𝑎,𝑒 −12𝑙𝑎,𝑒 6𝑙𝑎,𝑒
6𝑙𝑎,𝑒 4𝑙2𝑎,𝑒 −6𝑙𝑎,𝑒 2𝑙2𝑎,𝑒
−12 −6𝑙𝑎,𝑒 12 −6𝑙𝑎,𝑒
6𝑙𝑎,𝑒 2𝑙2𝑎,𝑒 −6𝑙𝑎,𝑒 𝑙2𝑎,𝑒

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(30)

with the element mass matrix 𝐌𝑎,𝑒 similarly:

𝐌𝑎,𝑒 =
𝜌𝑎𝑙𝑎,𝑒
420

⎡

⎢

⎢

⎢

⎢

⎢

⎣

156 22𝑙𝑎,𝑒 54 −13𝑙𝑎,𝑒
22𝑙𝑎,𝑒 4𝑙2𝑎,𝑒 13𝑙𝑎,𝑒 −3𝑙2𝑎,𝑒
54 13𝑙𝑎,𝑒 156 −22𝑙𝑎,𝑒

−13𝑙𝑎,𝑒 −3𝑙2𝑎,𝑒 −22𝑙𝑎,𝑒 4𝑙2𝑎,𝑒

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(31)

Using the transformation matrices 𝚲𝑎,𝑒 we can get the overall stiffness
and mass matrices:

𝐊𝑎 =
𝑁𝑒
∑

𝑒=1
𝚲𝑇
𝑎,𝑒𝐊𝑎,𝑒𝚲𝑎,𝑒 (32)

𝐌𝑎 =
𝑁𝑒
∑

𝑒=1
𝚲𝑇
𝑎,𝑒𝐌𝑎,𝑒𝚲𝑎,𝑒 (33)

The cantilever boundary conditions can then be applied by simply
constraining the first node’s displacement and bending, as seen in
Fig. 3, by deleting the first two rows and columns of 𝐊𝑎 and 𝐌𝑎. The
first two columns of 𝚲𝑎,𝑒 are also deleted.

Finally the coupling between the rigid and flexible dynamics for the
finite-element model can be found by considering contributions from
each finite element:

𝚪𝑎 =

(

𝜌𝑎 ∫

𝑙𝑎,𝑒

0

[𝑁𝑒
∑

𝑒=1

(

𝑑𝑎 + (𝑒 − 1)𝑙𝑎,𝑒 + 𝑥
)

𝚲𝑇
𝑎,𝑒

]

𝝓(𝑥)𝑑𝑥

)

[

�̂�𝐵𝑎
]

×�̂�
𝐵
𝑎 (34)

The natural frequencies of the finite-element model can be found by
considering the solutions to the eigenvalue problem:

𝜆𝑎,𝑚𝜼𝑎,𝑚 = −𝐌−1
𝑎 𝐊𝑎𝜼𝑎,𝑚 (35)

with the natural frequency being given as:

𝜔𝑎,𝑚
𝑛 = ‖

√

𝜆𝑎,𝑚‖ (36)

Taking the corresponding eigenvectors, 𝜼𝑎,𝑚, and substituting them
into Eq. (25) the finite-element model’s modal shapes can be found.
As mentioned previously the satellite used as an example for this
work includes two flexible appendages and four reaction wheels. The
nominal parameters for this configuration can be seen in Table 1.

The normalised modal shapes for both the continuous appendage
and a 𝑁𝑒 = 6 finite-element appendage can be seen in Fig. 4 with their
corresponding natural frequencies. It can therefore be seen that the
modal response of the finite-element model has been verified against
the analytical continuous model.
34
It has previously been mentioned that as the number of finite
elements is increased, the number of flexible modes also increases. The
higher-order modes will however have much less of an impact on the
attitude dynamics of the satellite and therefore special attention is paid
to the convergence of the first two modes of the finite-element model.

The convergence of the natural frequencies of the first and second
modes can be seen in Fig. 5. It can be seen that after the 3rd or 4th
finite element there is not much further relative improvement to the
approximation of the first two mode frequencies. This will be worth
considering when viewing the results of the model-based controller
later in this paper.

Next the first two modal shapes for both the continuous and finite-
element models are integrated across the appendage and compared in
Fig. 6. The modal shapes will affect the coupling between the rigid and
flexible modes and therefore may have an impact on attitude-tracking
performance. It can be seen again that after the 3rd of 4th element
is added the accuracy of the first two modal shapes does not change
much. It can be seen however that the modal shapes do not converge
as closely to the continuous model as the natural frequencies did. This
is most likely due to the limitation of the assumed cubic shape of each
element. It will be seen later in this paper if this has any detrimental
effect on the model-based controller.

The attitude dynamics of a satellite with flexible appendages can
be fully described through the ordinary differential equations given
by Eqs. (4), (17) and (20). The ‘‘real’’ system that is used for test-
ing the performance of the model-based controller uses a continuous
analytical representation of each appendage’s flexible dynamics using
Eqs. (13), (19) and (21)–(23). The continuous model will be truncated
after the 10th mode, 𝑁𝜙 = 10, as this gave a good balance between
computational effort and accuracy. This was confirmed by reproducing
almost identical results when the number of modes was increased to
20. The finite-element appendage representation that will be utilised by
the model-based controller is defined through Eqs. (28)–(34). Investi-
gation into the effects of model fidelity, number of finite-elements, and
model parameter uncertainty on the performance of the model-based
controller will be carried out later in this paper.

3. Methodology

3.1. Integral inverse simulation algorithm

The integral inverse simulation method, first developed by Hess and
Gao [18], and then explored further by Rutherford and Thomson [19],
who coined it the generic inverse simulation (InvSim) method GENISA,
is the method that is used in this work. A dynamic system can generally
be defined as a system of nonlinear equations:

�̇� = 𝒇 (𝒙, 𝒖) (37)

𝒚 = 𝒈(𝒙, 𝒖) (38)
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Fig. 4. First four normalised modal shapes of (a) continuous and (b) 𝑁𝑒 = 6 finite-element model.
Fig. 5. Natural frequency convergence of (a) first mode, and (b) second mode.
where 𝒇 (⋅) contains a set of ordinary differential equations giving
the state derivative �̇� in terms of the system state 𝒙 and input 𝒖.
The function 𝒈(⋅) gives the output states of the system 𝒚. The inverse
simulation process is therefore concerned with finding a solution for
the input 𝒖(𝑡), that gives a desired output 𝒚 (𝑡).
35

𝑑

The desired output reference is first discretised by a user-defined
control step 𝑇 , giving a time series of desired output states, 𝒚𝑑 [𝑘𝑇 ].
The actual states and output states of the system can be given as:

𝒙[(𝑘 + 1)𝑇 ] =
(𝑘+1)𝑇

�̇�[𝑘𝑇 ] 𝑑𝑡 + 𝒙[𝑘𝑇 ] (39)
∫𝑘𝑇
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Table 1
Nominal satellite model parameters.
Parameter Value Description

𝐼ℎ𝑢𝑏
⎡

⎢

⎢

⎣

500 −10 −20
−10 400 −30
−20 −30 350

⎤

⎥

⎥

⎦

kg m2 Inertia tensor of the main rigid hub at the centre of the satellite
measured in body axes

[𝐿1 𝐿2] [3 3] m Total length of each appendage

[𝑚1 𝑚2] [100 100] kg Total mass of each appendage

[𝑑1 𝑑2] [1 1] m Distance from the centre of the main hub to the root of each
appendage

[𝐸𝐼1 𝐸𝐼2] [900 900] N m2 Bending stiffness of each appendage

[�̂�𝐵
1 �̂�𝐵

2 ]
⎡

⎢

⎢

⎣

−1 1
0 0
0 0

⎤

⎥

⎥

⎦

Unit vectors defining the longitudinal direction of each appendage

[�̂�𝐵1 �̂�𝐵2 ]
⎡

⎢

⎢

⎣

0 0
0 0
1 1

⎤

⎥

⎥

⎦

Unit vectors defining the transverse/flexing direction of each
appendage

𝐀𝑤

⎡

⎢

⎢

⎢

⎣

1 0 0 1∕
√

3
0 1 0 1∕

√

3
0 0 1 1∕

√

3

⎤

⎥

⎥

⎥

⎦

Reaction wheel actuator distribution matrix. Each column
designates a reaction wheel’s angular momentum vector within the
body fixed axes

𝐼𝑤 0.1 kg m2 Inertia of each reaction wheel
Fig. 6. Modal shape convergence of (a) first mode, and (b) second mode.
𝒚[(𝑘 + 1)𝑇 ] = 𝒈
{

𝒙[(𝑘 + 1)𝑇 ], 𝒖[𝑘𝑇 ]
}

(40)

where the integration can be solved numerically using the Runge–Kutta
method, with an integration step size 𝛥𝑡 that should be sufficiently
small to ensure numerical stability given the speed of the system
dynamics. The error between the actual and desired output states, 𝜹𝒚,
is therefore defined:

𝜹𝒚 = 𝒚[(𝑘+1)𝑇 ]−𝒚𝑑 [(𝑘+1)𝑇 ] = 𝒈
{

𝒙[(𝑘+1)𝑇 ], 𝒖[𝑘𝑇 ]
}

−𝒚𝑑 [(𝑘+1)𝑇 ] (41)

A suitable numerical method can then be employed to find a solution
for 𝒖[𝑘𝑇 ] that satisfies 𝜹𝒚 = 0. Several numerical methods have
been employed such as Newton–Raphson (NR) [18,19], local optimi-
sation [32] or search-based algorithms [32]. For this work, the NR
method is sufficient. This involves the formation of a Jacobian of partial
derivatives of each output state, 𝑦𝑖, with respect to each input, 𝑢𝑗 :

𝐉𝑛 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

𝜕𝑦1
𝜕𝑢1

𝜕𝑦1
𝜕𝑢2

⋯
𝜕𝑦1
𝜕𝑢𝑁𝑢

𝜕𝑦2
𝜕𝑢1

𝜕𝑦2
𝜕𝑢2

⋯
𝜕𝑦2
𝜕𝑢𝑁𝑢

⋮ ⋮ ⋱ ⋮
𝜕𝑦𝑁𝑢

𝜕𝑦𝑁𝑢 ⋯
𝜕𝑦𝑁𝑢

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

(42)
36

⎣
𝜕𝑢1 𝜕𝑢2 𝜕𝑢𝑁𝑢 ⎦
where each partial derivative can be calculated through numerical
central differencing:

𝜕𝑦𝑖
𝜕𝑢𝑗

|

|

|

|

|𝑘
=

𝑔𝑖𝑗
{

𝒙[𝑘𝑇 ], 𝑢𝑗 + 𝛥𝑢𝑗
}

|𝑘+1 − 𝑔𝑖𝑗
{

𝒙[𝑘𝑇 ], 𝑢𝑗 − 𝛥𝑢𝑗
}

|𝑘+1

2𝛥𝑢𝑗
. (43)

where 𝑔𝑖𝑗 is a mapping of the 𝑗th input to the 𝑖th output, and 𝛥𝑢𝑗
is a perturbation applied to the 𝑗th input. The Jacobian can then
be inverted and used to update the control estimate for the current
timestep:

𝒖𝑛[𝑘𝑇 ] = 𝒖𝑛−1[𝑘𝑇 ] + 𝐉−1𝑛 𝜹𝒚 (44)

where 𝑛 is the current NR iteration. The inverse of the Jacobian can di-
rectly be found when the number of controls and outputs are identical,
𝑁𝑢 = 𝑁𝑢, giving a square Jacobian. In the redundant case, 𝑁𝑢 > 𝑁𝑢,
or the underactuated case, 𝑁𝑢 < 𝑁𝑢, a Moore–Penrose pseudoinverse
is required to obtain an inverse of the nonsquare Jacobian. In the
redundant case, there will be multiple solutions for 𝒖 with the Moore–
Penrose pseudoinverse converging upon the solution that minimises the
norm of 𝒖 [33]. However, in under-actuated cases, good performance
cannot be guaranteed with the pseudo-inverse only able to obtain a
least-squares-fit solution. In the case of a nonsquare Jacobian, the use
of local optimisation methods may give additional customisation of
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Fig. 7. The integral inverse simulation algorithm.
the control solution that is converged upon through the selection of
appropriate cost functions [32]. For this work, however, the use of the
Moore–Penrose pseudoinverse in the case of a nonsquare Jacobian is
found to be acceptable.

The NR method iterates until a control solution is found that satis-
fies a user-defined tolerance 𝛿𝑦𝑡𝑜𝑙:

‖𝜹𝒚‖ < 𝛿𝑦 (45)
37

𝑡𝑜𝑙
or a maximum number of NR iterations is reached, 𝑛𝑚𝑎𝑥. The full
integral inverse simulation algorithm can be seen detailed in Fig. 7. The
parameters for the InvSim that need to be chosen are the integration
timestep 𝛥𝑡, control timestep 𝑇 , initial control estimate for the first
control timestep 𝒖0, a minimum control perturbation size to be applied
during the numerical differencing 𝛥𝑢𝑚𝑖𝑛, NR tolerance 𝛿𝑦𝑡𝑜𝑙, and a
maximum number of NR iterations 𝑛𝑚𝑎𝑥. Additionally, the differential
order of the output states used can also be chosen, allowing for the
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Fig. 8. Comparison of 7th order polynomial and bang–bang acceleration profiles for manoeuvre (a).
InvSim to target the position, velocity or acceleration of the reference
trajectory. It has been found that the use of higher-order derivatives,
such as velocity and acceleration, provides better numerical stability of
the InvSim and avoids issues of chattering in some cases [19]. However,
it was found in this work that the best accuracy in the InvSim solution
was found when targeting the quaternion vector, 𝒒1∶3, as the desired
output states of the system, 𝒚𝑑 .

3.2. Path planning

Large-angle slew manoeuvres are used to test the hybrid and tradi-
tional PD tracking controllers. Spherical–linear-interpolation (SLERP)
[34] and polynomials are used to produce smooth, low-jerk profiles to
limit excitation of the flexible modes [3]. The smooth reference also
ensures convergence of the InvSim algorithm employed in Section 3.1.
Alternatively, a low-pass filter could be implemented to smooth a step
reference before it is inverted by the InvSim [21]. A comparison of
7th order polynomial and bang–bang acceleration profiles, with the
same manoeuvre duration, can be seen in Fig. 8. The polynomial profile
minimises jerk at the expense of a higher maximum acceleration when
compared to a bang–bang profile of the same duration.

The 7th order polynomial profile, 𝜃(𝑡), can be used to move along
the shortest path between an initial quaternion, 𝒒0, and final quater-
nion, 𝒒𝑓 , using SLERP:

𝒒𝑑 (𝑡) =
sin((1 − 𝜃(𝑡))𝛿0)

sin(𝛿0)
𝒒0 +

sin(𝜃(𝑡)𝛿0)
sin(𝛿0)

𝒒𝑓 (46)

where 𝛿0 is half the angle between the initial and final quaternions,
given by:

𝛿0 = cos−1(𝒒0 ⋅ 𝒒𝑓 ) (47)

The PD tracking control law, detailed later in this paper, will make
use of both the body rate and body acceleration profiles of the attitude
tracking manoeuvre. These can be found by first calculating the first
and second over derivatives of the quaternion SLERP paths:

�̇�𝑑 (𝑡) =
−�̇�(𝑡)𝛿0 cos((1 − 𝜃(𝑡))𝛿0)

sin(𝛿0)
𝒒0 +

�̇�(𝑡)𝛿0 cos(𝜃(𝑡)𝛿0)
sin(𝛿0)

𝒒𝑓 (48)

�̈�𝑑 (𝑡) =
−�̈�(𝑡)𝛿0 cos((1 − 𝜃(𝑡))𝛿0) − �̇�(𝑡)2𝛿20 sin((1 − 𝜃(𝑡))𝛿0)

sin(𝛿0)
𝒒0

+
�̈�(𝑡)𝛿0 cos(𝜃(𝑡)𝛿0) − �̇�(𝑡)2𝛿20 sin(𝜃(𝑡)𝛿0)𝒒𝑓 (49)
38

sin(𝛿0)
with the 7th order polynomial, 𝜃(𝑡), and its derivatives, �̇�(𝑡) and �̈�(𝑡),
defined as:

𝜃(𝑡) = 𝑎4𝑡
7 + 𝑎3𝑡

6 + 𝑎2𝑡
5 + 𝑎1𝑡

4 (50)

�̇�(𝑡) = 7𝑎4𝑡6 + 6𝑎3𝑡5 + 5𝑎2𝑡4 + 4𝑎1𝑡3 (51)

�̈�(𝑡) = 42𝑎4𝑡5 + 30𝑎3𝑡4 + 20𝑎2𝑡3 + 12𝑎1𝑡2 (52)

where the coefficients can be calculated based on a given duration, or
time-to-move, of the manoeuvre, 𝑡𝑚𝑜𝑣𝑒:

𝑎4 =
−20
𝑡7𝑚𝑜𝑣𝑒

𝑎3 =
70
𝑡6𝑚𝑜𝑣𝑒

𝑎2 =
−84
𝑡5𝑚𝑜𝑣𝑒

𝑎1 =
35
𝑡4𝑚𝑜𝑣𝑒

(53)

The inverse quaternion kinematics can then be used to obtain the
desired body rate, 𝝎𝑑 , and body acceleration, �̇�𝑑 , of the SLERP path:

𝝎𝑑 = 2

[

−𝒒𝑇𝑑,1∶3
𝑞𝑑,0 𝐈3×3 + [𝒒𝒅,𝟏∶𝟑]×

]𝑇

�̇�𝑑 (54)

�̇�𝑑 = 2

[

−�̇�𝑇𝑑,1∶3
�̇�𝑑,0 𝐈3×3 + [�̇�𝑑,1∶3]×

]𝑇

�̇�𝑑 + 2

[

−𝒒𝑇𝑑,1∶3
𝑞𝑑,0 𝐈3×3 + [𝒒𝒅,𝟏∶𝟑]×

]𝑇

�̈�𝑑 (55)

For the purposes of this paper the final quaternion is set to 𝒒𝑓 =
[1 0 0 0]𝑇 for every manoeuvre, with a uniformly random initial
quaternion 𝒒0 [35]. The time-to-move is 𝑡𝑚𝑜𝑣𝑒 = 60 s for all manoeuvres.
Additionally, the final attitude position is held constant, with velocity
and acceleration being zero, for 10 additional seconds to ensure no
deviation from the final attitude.

3.3. Attitude tracking control design

Two control strategies are detailed in this section: a PD tracking
controller with reference body acceleration feedforward and nonlinear
cross-coupling compensation, and a hybrid control approach combining
a linear PD controller with InvSim feedforward elements. First, the
PD tracking controller will be derived with the body rate and attitude
quaternion shown to be asymptotically stable assuming that the satel-
lite is rigid [36]. The stability of both control approaches will then
depend upon avoiding the excitation of the flexible modes that can
cause instability. This is achieved through the minimisation of a jerk,
as seen in Section 3.2, and ensuring that the frequency response of
the closed loop system is significantly slower than the flexible modes.
Appropriate tuning of the PD gains and numerical simulations will be
presented later to show the validity of this approach and its limitations.
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First, a PD tracking control law, with structure as seen in Fig. 9, is
considered [23]:

𝒖𝑃𝐷 = −𝐀+
𝑤
[

−𝑘𝑝𝜹𝒒1∶3 −𝐊𝐃𝜹𝝎 + 𝐈
(

�̇�𝑑 − [𝝎]×𝐈𝝎𝑑
)

+ [𝝎]×
(

𝐈𝝎 + 𝐈𝑤𝝎𝑤
)]

(56)

where 𝑘𝑝 is the scalar proportional gain, 𝐊𝐃 is the derivative gain
matrix, 𝜹𝒒1∶3 is the vector component of the error quaternion, and 𝜹𝝎
is the error in the body rate:

𝜹𝝎 = 𝝎 − 𝝎𝑑 (57)

where the desired body rate, 𝝎𝑑 , and desired body acceleration, �̇�𝑑 ,
are given in Eqs. (54) and (55) respectively. Additionally, the body
axis torques are mapped to each of the reaction wheels using 𝐀+

𝑤, the
minimum-norm inverse [23]:

𝐀+
𝑤 = 𝐀𝑇

𝑤(𝐀𝑤𝐀𝑇
𝑤)

−1 (58)

Next the closed-loop, rigid body dynamics are found in terms of
body rate errors. First, the derivative of the body rate error is taken:

̇𝜹𝝎 = �̇� − �̇�𝑑 − [𝝎]×𝝎𝑑 (59)

rearranging and substituted into Eq. (1) along with the proposed con-
trol law, Eq. (56), and cancelling out terms gives the closed loop error
dynamics:

̇𝜹𝝎 = 𝐈−1
[

−𝑘𝑝𝜹𝒒1∶3 −𝐊𝐃𝜹𝝎
]

(60)

Next, a candidate Lyapunov function similar to that in [22] is chosen,
but in terms of quaternion error and body rate error to ensure stability
in the tracking scenario:

𝑉 = 1
4
𝜹𝝎𝑇 𝐈𝜹𝝎 + 1

2
𝑘𝑝𝜹𝒒𝑇1∶3𝜹𝒒1∶3 +

1
2
𝑘𝑝(1 − 𝛿𝑞0)2 ≥ 0 (61)

where 𝛿𝑞0 is the scalar component of the quaternion error. Next, the
time derivative of the Lyapunov function is taken:

�̇� = 1
2
𝜹𝝎𝑇 𝐈 ̇𝜹𝝎 + 𝑘𝑝𝜹𝒒𝑇1∶3 ̇𝜹𝒒1∶3 − 𝑘𝑝(1 − 𝛿𝑞0) ̇𝛿𝑞0 (62)

sing Eq. (4) the kinematics of the error quaternion can be found [22]:

̇𝒒1∶3 =
1
2
𝛿𝑞0𝜹𝝎 + 1

2
[

𝜹𝒒1∶3
]

×
(

𝝎 + 𝝎𝑑
)

(63)

̇𝑞0 = −1
2
𝜹𝒒𝑇1∶3𝜹𝝎 (64)

substituting Eqs. (60), (63) and (64) into Eq. (62) gives:

�̇� = 1
2
𝜹𝝎𝑇 (

−𝑘𝑝𝜹𝒒1∶3 −𝐊𝐃𝜹𝝎
)

+ 1
2
𝑘𝑝𝜹𝒒𝑇1∶3

[

𝛿𝑞0𝜹𝝎 +
[

𝜹𝒒1∶3
]

×
(

𝝎 + 𝝎𝑑
)]

+ 1
2
𝑘𝑝(1 − 𝛿𝑞0)𝜹𝒒𝑇1∶3 (65)

ollecting and cancelling terms and considering the cross/dot product
⋅ (𝒂 × 𝒃) = 𝒂𝑇 [𝒂]×𝒃 = 0:

̇ = −1
2
𝜹𝝎𝑇𝐊𝐃𝜹𝝎 < 0 (66)

herefore stability is proven provided that 𝐊𝐃 is positive definite with
he body rate error lim𝑡→∞ 𝜹𝝎 = 0. Furthermore asymptotic stability
an be proven through consideration of Eq. (60) where it can be seen
hat lim𝑡→∞ 𝜹𝝎 = 0 only if lim𝑡→∞ 𝜹𝒒1∶3 = 0 to reach the equilibrium
�̇� = 0. Additionally lim𝑡→∞ 𝛿𝑞0 = 1 simply through the unit quaternion
onstraint.

Next, the roots of a linearised form of the closed loop, rigid dynam-
cs are found. This will allow for the PD control gains, 𝑘𝑝 and 𝐊𝐃, to be
hosen to give a closed-loop response that does not excessively excite
he flexible modes of the satellite, and thus ensure stability. Taking the
losed loop dynamics, Eq. (60), and linearising the quaternion error
inematics around 𝜹𝒒1∶3 = [1 0 0 0]𝑇 :

̇𝒒 ≈ 1𝜹𝝎 (67)
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1∶3 2
and then by considering each axis separately, and ignoring off-diagonal
inertia terms, the closed-loop dynamics can be expressed as:

[

̇𝛿𝑞𝑖
̇𝛿𝜔𝑖

]

=

⎡

⎢

⎢

⎢

⎣

0 1
2

−
𝑘𝑝
𝐼𝑖

−
𝐾𝐷,𝑖

𝐼𝑖

⎤

⎥

⎥

⎥

⎦

[

𝛿𝑞𝑖
𝛿𝜔𝑖

]

(68)

Giving the closed loop roots �̄�𝑖:

�̄�𝑖 = − 1
2𝐼𝑖

(

𝐾𝐷,𝑖 ±
√

𝐾2
𝐷,𝑖 − 2𝐼𝑖𝑘𝑝

)

(69)

which can be used to find the natural frequency, �̄�𝑖
𝑛, damping ratio, 𝜁𝑖,

and damped frequency �̄�𝑖
𝜁 :

�̄�𝑖
𝑛 = ‖�̄�𝑖‖ (70)

𝜁𝑖 = cos(∠ �̄�𝑖) (71)

�̄�𝑖
𝜁 = �̄�𝑖

𝑛

√

1 − 𝜁2𝑖 (72)

where ∠ �̄�𝑖 is the argument. Therefore, the PD control gains can be
chosen to satisfy a desired closed-loop response. The results of this gain
tuning will be seen later in this paper (see Fig. 9).

The hybrid control combines the linear PD feedback control ele-
ments with a feedforward offline InvSim control solution, as can be
seen in Fig. 10. The full control law is given as:

𝒖ℎ𝑦𝑏𝑟𝑖𝑑 = 𝒖𝐼𝑛𝑣𝑆𝑖𝑚-𝐹𝐹 + 𝐀+
𝑤
[

−𝑘𝑝𝜹𝒒1∶3 −𝐊𝐃𝜹𝝎
]

(73)

The InvSim feedforward component should provide a nominal control
effort to track the attitude slew manoeuvre, compensating for the
nonlinear elements seen in the PD tracking control law, Eq. (56),
and compensating for the flexible effects of the satellite appendages.
The linear PD elements in Eq. (73) can provide some robustness to
uncertainty in the model used by InvSim and also deal with external
disturbances. Assuming that the InvSim is accurate and provides the
nominal control effort, the hybrid control law in Eq. (73) will give the
approximately closed loop error dynamics seen in Eq. (68). Therefore
Eqs. (69)–(72) can be used to find suitable gains 𝑘𝑝 and 𝐊𝐃 for both the
PD tracking control law, Eq. (56), and the hybrid control law, Eq. (73).

4. Results

4.1. Controller tuning

It has been shown that the PD tracking controller seen in Eq. (56)
is capable of stabilising the system if it were assumed to be rigid.
However, it is possible for the system to be de-stabilised should the
flexible modes of the satellite be excited sufficiently. Therefore, to
avoid the excitation of these de-stabilising flexible modes a low jerk
polynomial SLERP profile is used, as shown in Section 3.2, and the PD
control gains will be tuned to ensure that the closed-loop response does
not overly excite the flexible modes.

This can be done by first considering the lowest frequency flexible
mode which has a natural frequency of approximately 2.03 rad/s. The
PD gains should therefore be tuned to give a closed-loop frequency
response that is sufficiently lower than 2.03 rad/s to ensure that the
flexible modes do not trigger any instability. The consequences of not
ensuring sufficient margin to the flexible modes can be seen in Fig. 11
which shows instability when using the hybrid controller to track a
polynomial SLERP, with PD gains tuned for a damped closed-loop
frequency of ≈2 rad/s and damping ratio ≈0.7. In this example, the
system is completely known with the InvSim control effort providing
good tracking by itself, however with the addition of the fast PD control
elements the flexible modes have been excited sufficiently to induce
instability. This will equally be the case for the PD tracking controller,
as the proportional and derivative terms are the same.

If the PD controller is instead tuned to have a slower response,
with damped natural frequency ≈1 rad/s and damping ratio ≈0.7, then



Acta Astronautica 214 (2024) 30–45R. Gordon et al.
Fig. 9. PD tracking control structure.
Fig. 10. Hybrid control: linear PD feedback with offline InvSim feedforward compensation.
Fig. 11. Hybrid control unstable response: �̄�𝜁 ≈ 2 rad/s, 𝜁 ≈ 0.7.
stability can be regained as seen in Fig. 12. The PD gains could be
tuned to be even slower, providing a larger margin to the flexible
modes, however as the attitude tracking performance of both the PD
tracking controller and the hybrid controller need to be compared,
tuning the PD gains to be too slow would give an unfair advantage to
the hybrid approach. Therefore for a fair comparison, the PD gains for
both controllers are given in Table 2 giving the response for the hybrid
controller as seen in Fig. 12.
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Table 2
PD control gains, �̄�𝜁 ≈ 1 rad/s, 𝜁 ≈ 0.7.

𝑘𝑝 3067
𝐊𝐃 diag(700,2500,2800)
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Fig. 12. Hybrid control stable response: �̄�𝜁 ≈ 1 rad/s, 𝜁 ≈ 0.7.
The InvSim parameters used for the hybrid controller are shown in
Table 3. It can be seen that, as the number of finite elements in the
model increases, the integration timestep 𝛥𝑡 needs to be decreased to
ensure numerical stability. Fig. 13 shows the trend of the integration
timestep required for different levels of model fidelity that can be
utilised to produce the InvSim term in the hybrid controller. As the
integration timestep decreases the computation time of the InvSim will
increase considerably. For example, running InvSim using an 𝑁𝑒 = 6
fidelity model will take ≈60× longer to run compared to an 𝑁𝑒 =
1 fidelity model. As can be seen in Fig. 5(a), the first mode natural
frequency does not converge much further after the 3rd or 4th finite
element is added. The question, therefore, is posed: what level of model
fidelity provides the best balance between the pointing performance of
the model-based hybrid controller, and computational effort? It could
be the case that the higher-fidelity models do not provide significant
improvement in attitude-tracking performance, and therefore, using
simpler, more computationally-efficient models may be preferable.

4.2. Monte-Carlo simulations

To test the validity and performance of the model-based hybrid
controller and make comparisons with the PD tracking controller, a
set of Monte-Carlo simulations was utilised. As mentioned previously,
the continuous analytical modal solution is utilised as the ‘‘real’’ system
with the InvSim used in the hybrid controller utilising different finite-
element and rigid models to calculate the feedforward term. A set of
100 uniformly-random [35] quaternion SLERP polynomial manoeuvres
are generated as shown in Section 3.2. Each controller will then be
tested with the pointing error, 𝛿𝜗, being used to quantify performance:

𝛿𝜗 = 2 cos−1(𝒒 ⋅ 𝒒) (74)
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𝑑

Table 3
Inverse simulation parameters.

Parameters Values

Integration timestep, 𝛥𝑡 (s)

Rigid 0.1
𝑁𝑒 = 1 0.033̇
𝑁𝑒 = 2 5 × 10−3

𝑁𝑒 = 3 2.08 × 10−3

𝑁𝑒 = 4 1.14 × 10−3

𝑁𝑒 = 5 7.23 × 10−4

𝑁𝑒 = 6 5.05 × 10−4

Control timestep, 𝑇 0.1
Initial control estimate, 𝒖0 [0 0 0 0]𝑇 N m
Minimum control perturbation, 𝛥𝑢𝑚𝑖𝑛 1 N m
NR Error tolerance, 𝜖𝑡𝑜𝑙 1 × 10−16

Maximum NR iterations, 𝑛𝑚𝑎𝑥 10

An additional set of Monte-Carlo simulations are run for the same 100
uniformly-random manoeuvres but in this case with the addition of
uniform uncertainty in each of the model parameters. Each one of
the 100 manoeuvres is run 100 times for each controller varying the
uncertainty in the ‘‘real’’ model according to the ranges in Table 4.
This is repeated for the hybrid controller for 7 different levels of model
fidelity: a rigid model, and finite-element models ranging from 𝑁𝑒 = 1
to 𝑁𝑒 = 6. Therefore, 10,000 simulations are run for each hybrid
controller and additionally for the PD tracking controller.

The results of these Monte-Carlo simulations, both with and without
parameter uncertainty, can be seen in Fig. 14 in the form of boxplots.
The centre of each box shows the median mean pointing error for a
specific controller. The upper and lower bounds of the boxes show
the 75th and 25th percentiles, meaning that the box itself contains
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Fig. 13. Integration timestep for different model fidelities.
Table 4
Monte-Carlo parameter uncertainties.

Property Uniform uncertainty

𝐼ℎ𝑢𝑏 ±10
[𝐿1 𝐿2] ±10% scale
[𝑚1 𝑚2] ±10% scale
[𝑑1 𝑑2] ±10% scale
[𝐸𝐼1 𝐸𝐼2] ±10% scale
[�̂�𝐵

1 �̂�𝐵
2 ] , [�̂�𝐵1 �̂�𝐵2 ] ±5 deg misalignment

𝐀𝑤 ±5 deg misalignment

50% of all of the results. The dotted whiskers show the absolute maxi-
mum and minimum mean pointing errors seen during the Monte-Carlo
simulations for that specific controller.

It can be seen in the case where no parameter uncertainty is
present that the hybrid controller performs better than the PD tracking
controller for any level of model fidelity. The inclusion of the flexible
modes in the InvSim further improves tracking performance giving
an order of magnitude improvement over the PD tracking controller.
However, it is interesting to note that there does not seem to be any
noticeable pointing accuracy gained by increasing the number of finite
elements included in the hybrid controller’s model. Instead, it seems
that, in the absence of parameter uncertainty, a one-element finite-
element model is perfectly sufficient and increasing the number of
elements will just add un-needed computational cost. This is most likely
due to the fact that only the first few modes will have a significant
impact on the rigid main hub, and therefore it may be that the one-
element model provides sufficient accuracy in the first few modes to
give good attitude tracking performance. This will be investigated in
more detail in the next section.

Next, it can be seen that when uniform parameter uncertainties are
applied during the Monte-Carlo simulations in the ranges set out in
Table 4, the performance advantage of the hybrid controller is almost
completely lost. Therefore, it can be concluded that accurate knowledge
of the system parameters is needed to achieve significant performance
advantages when using the hybrid control approach. The next section
will look to further investigate this further to get a better understanding
of how accurately the system parameters need to be known.

4.3. Sensitivity analysis

This section will further investigate the effects of model parameter
uncertainty on controller performance, determine which uncertainties
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degrade performance the most, and ascertain the limits of the hybrid
control approach. To this aim, a sensitivity analysis was performed on
a hybrid controller that utilises 2 finite elements, a hybrid controller
that utilises a rigid body model, and the PD tracking controller. This
will allow the effects of using the InvSim feedforward term and the
effect of the model fidelity used to be assessed independently.

First, the sensitivity of each controller to scalar uncertainty in the
inertia tensor can be seen in Fig. 15, with an expanded close-up view
on the right to highlight the difference between the hybrid controllers
with the rigid and finite-element models. It can be seen that as the
inertia uncertainty increases that both hybrid controllers approach the
performance of the PD tracking controller. Looking more closely, the
performance of the finite-element hybrid controller approaches that
of the one utilising only a rigid body model very quickly. Most of
the performance advantage gained by including the flexible modes in
the hybrid controller is lost within the first 1%. It can therefore be
deduced that with an uncertain inertia tensor only, hybrid control will
perform better than PD alone unless the inertia uncertainty is very
large. Additionally, including a finite-element model with the hybrid
controller will give improved performance over using only a rigid body
model if the inertia is well known, with uncertainty of <1%.

Next, assuming that the inertia of the satellite is known, the effects
of uncertainty in the flexible modes can be seen in Fig. 16. First, it
can be seen that as the coupling of the first flexible mode decreases,
the performance of the finite-element hybrid controller approaches that
of the rigid hybrid controller. As the effect of the flexible modes on
the dynamics of the rigid hub is diminished, consideration of them
in the controller design becomes inconsequential. Additionally, as the
coupling increases, both hybrid controllers start to degrade in perfor-
mance as there are additional torques on the main body due to flexing
that is not being accounted for. Secondly, it can be seen that, as the
uncertainty in the first natural frequency increases, the performance of
the finite-element hybrid controller approaches that of the rigid hybrid
controller. As the flexible modes become uncertain, their inclusion in
the hybrid controller becomes inconsequential and performs similarly
to a hybrid controller that does not consider the flexible modes at all.
It can be seen that in the case of uncertainty in the flexible modes only,
both hybrid controllers maintain a significant performance advantage
over the PD tracking controller. It can also be seen that, to ensure
the best performance of the finite-element hybrid controller, the un-
certainty in the first mode’s natural frequency needs to be maintained
<0.5 rad/s. Looking at Fig. 5(a) it can be seen that the one-element
finite-element model is well within this range, which explains why
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Fig. 14. Mean pointing error Monte-Carlo results: with parameter uncertainty (top), and without parameter uncertainty (bottom).
Fig. 15. Sensitivity to scalar inertia uncertainty, with zoomed-in view (right).
Fig. 16. Sensitivity to errors in flexible dynamics.
not much improvement was gained when increasing the number of
finite-elements, Fig. 14.

An important note is that the ranges of uncertainties shown in
Figs. 15 and 16 are limited by the stability of the controllers. Con-
sidering the inertia, Fig. 15, it can be seen that only positive inertia
uncertainty was considered, i.e. when the inertia is greater than that
43
assumed by the controllers. This is because, as the inertia decreases,
the frequency response of the closed-loop dynamics increases (assuming
the same PD control gains) according to Eqs. (69)–(72). The closed-
loop frequency response will approach the natural frequencies of the
flexible modes eventually triggering instability, as seen in Fig. 11. It
can therefore be seen that the PD gains may need to be re-tuned to give
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a slower response to ensure stability for a larger range of uncertainties
in the inertia.

5. Conclusions

This work investigated the effects of model fidelity and paramet-
ric uncertainty on the performance of a proportional-derivative (PD)
feedback controller with additional model inversion-based feedforward
(hybrid control) for attitude tracking of a satellite with flexible ap-
pendages. Inverse simulation (InvSim) was used to produce the model
inversion required, and comparisons of pointing accuracy performance
were made with a traditional PD tracking control law. The stability
of both controllers is dependent on the use of a low-jerk polynomial
spherical–linear-interpolation (SLERP) path planning, and closed-loop
pole placement to ensure sufficient margin to the flexible modes to
ensure that excessive excitation is avoided. This approach attempts to
avoid the requirement for direct measurement of the appendage flexing
through the use of piezoelectric sensors, or for estimation of the flexible
modal states.

The hybrid controller utilised models of varying fidelity, ranging
from a rigid body assumption to models representing the flexible
appendages with finite-element beams with a varying number of finite
elements. The performance of the hybrid and PD tracking controllers
was quantified by testing them on a model with continuous-beam ap-
pendages acting as the ‘‘real’’ system. The effects of using the different
model fidelities in the hybrid controller, and of model parameter un-
certainty, were investigated through the use of Monte-Carlo simulations
and sensitivity analysis.

It was found that the use of the InvSim feedforward term in the
hybrid controller improved pointing accuracy performance even when
only the rigid body model was used. Performance was further improved
with the inclusion of the flexible modes in the hybrid controller;
however, no significant performance improvement was found when
increasing the number of finite elements used. Therefore, when con-
sidering the additional computational cost of adding additional finite
elements, it can be concluded that a one or two-element model is
sufficient.

Next, it was found that, when considerable uncertainty is present in
the model parameters, the performance gains of the hybrid controller
are lost, with pointing accuracies being similar to the PD tracking
controller. Upon further investigation, it was found that to maintain
good attitude tracking of the hybrid controller, the uncertainty in the
inertia should be <1%, and uncertainty in the first modal frequency
<0.5 rad/s. In future, the addition of online parameter estimation would
allow for accurate inertia and modal parameters to be found, which
should allow convergence upon the ideal performance seen at the
bottom of Fig. 14.

It was important to note that the inverse-model feedforward term
could be obtained by other, more traditional means, such as Nonlinear
Dynamic Inversion (NDI). However, InvSim provides this inverse-model
feedforward term independently of the model used and does not re-
quire any re-derivation, should the model need to be changed at a
later date. This is primarily due to the generic nature of the integral
InvSim algorithm used, which treats the dynamic model as a black box,
requiring no specific knowledge of the governing equations. This also
suits InvSim as a preliminary control design tool, allowing for a control
solution to readily be available as modifications are made to the design
and allowing for detailed feasibility studies to be completed without
the need to design a bespoke controller. The primary limitation of the
InvSim approach was the higher computational overhead, which can be
dealt with by calculating the feedforward term a priori given a planned
reference trajectory, and the requirement for a model, which would
already be required for NDI.

In future work, the addition of a state estimator may allow for the
reconstruction of the flexible modal states, allowing for the InvSim
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to be updated with the full state of the system in real time. If the
speed of the InvSim can be assured to be faster than real-time with
an appropriate control frequency, then the InvSim could be used as
a full-state feedback controller which should further improve attitude
tracking performance over even the hybrid controller seen here. Addi-
tionally, an important note is that the flexible models used in this paper
make the assumption that the deflections along the appendage will be
small. Therefore, future investigations into the application of the same
hybrid control approach with models that do not suffer this limitation
may be of interest.
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