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Abstract 24 

This paper develops a modeling method with incremental stress–strain–environment constitutive model to 25 

predict the change in the plastic mechanical behavior of concrete caused by environmental action, and it regards 26 

the environmental factor as a constitutive variable, similar to stress and strain. The yield condition of the model 27 

is a function of stress, the plastic internal variable, and the environmental variable. The loading–unloading 28 

criterion is established in the space constructed by the strain and the environmental variable to determine the 29 

contribution of mechanical loads and environmental factors to plastic deformation. By considering the strain rate 30 

as an environmental factor and applying the proposed method, a stress–strain–strain rate constitutive model of 31 

concrete is developed to describe the plastic flow caused by the combined action of stress and strain rate. In 32 

addition, constant- and variable-strain rate loading tests are performed to evaluate the performance of the 33 

established model. In particular, the model's capabilities are further highlighted by comparing the simulation 34 

results of the dynamic stress–strain model and the proposed model under loading conditions with rapidly 35 

decreasing strain rates. 36 

Keywords: Concrete; Constitutive model; Environment; Dynamic; Tests 37 

  38 



Introduction 39 

The classical elastoplastic constitutive model of concrete is devoted to establishing the stress–strain 40 

relationship in a constant environmental state, i.e., , in which the material parameters in the stiffness 41 

matrix  are independent of the external environment. However, extreme weather and events make concrete 42 

structures face the threat of drastic environmental changes during real services (Jia et al., 2023; Wehner et al., 43 

2021). Experimental results show that the material parameters of concrete are susceptible to specific environments 44 

(Wu et al., 2015). For example, the uniaxial tensile/compressive strengths enlarge with increasing strain rate 45 

(Kong et al., 2018; Shkolnik, 2008; Zeng et al., 2023) but decrease with raising temperature (Chang et al., 2006; 46 

Chen et al., 2015; He et al., 2021), where strain rate and temperature are two typical environmental variables. 47 

Environmental variables  are used to represent environmental factors that affect the material parameters of 48 

concrete. It is imperative to develop corresponding constitutive models to capture the mechanical response of 49 

concrete in a variable environmental state (Fan et al., 2022; Gasch et al., 2016).  50 

Taking dynamic loads as an environmental factor, there are generally two methods of establishing 51 

constitutive relations to reflect the mechanical characteristics affected by the environment. One simplified method 52 

is to introduce  into the material parameters in the stiffness matrix, i.e., . The constitutive 53 

relation established at this time is still of the incremental stress–strain form (Gao and Zhao, 2017; Kong et al., 54 

2017). Several popular concrete models, e.g., the Holmquist–Johnson–Cook model (Holmquist and Johnson, 55 

2011), the Riedel–Hiermaier–Thoma model (Borrvall and Riedel, 2011), and the Karagozian and Case model 56 

(Kong et al., 2017), have been developed based on this modeling method. Their common feature is that the 57 

strength parameter in the yield function is strain-rate-dependent (Malvar et al., 1997; Polanco-Loria et al., 2008), 58 

and the environmental sensitivity of material parameters can be reasonably considered. However, when 59 

performing the consistency condition in the differential form to determine the plasticity multiplier, it is assumed 60 

d : d=σ εD
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that the strain rate is constant (Bai et al., 2020). Here, the strain rate, an environmental variable, is considered a 61 

factor influencing material parameters rather than a constitutive variable. The advantage of this method is that the 62 

existing damage model or plastic model can be directly developed into a model considering the environmental 63 

influence by developing model parameters into functions of environmental factors, but the mechanical response 64 

caused by the environmental change cannot be captured. 65 

Another method is to treat environmental factors as constitutive variables similar to stress and strain, i.e., 66 

. The constitutive model is established in the form of incremental stress–strain–67 

environment to describe the mechanical response of concrete under the coupled action of load and environment 68 

(Lu et al., 2020). Especially, the mechanical response, i.e., , caused by the changes in the environment 69 

can be captured (Hossain and Weiss, 2004; Rahnavard et al., 2022; Torelli et al., 2018). The viscoplastic model 70 

is a representative model established by this method. Here, the viscoplastic strain rate is considered as a 71 

constitutive variable in calculating the viscoplastic multiplier (Aráoz and Luccioni, 2015; Kang and Willam, 2000), 72 

so the relaxation or creep process caused by a change in viscoplastic strain rate can be described (Naghdi and 73 

Murch, 1963). However, neglecting the elastic strain rate prevents the relaxation process (creep process) of the 74 

stress state beginning within the yield surface from being captured (Heeres et al., 2002; Qiao et al., 2016). There 75 

are few reports on establishing the incremental stress–strain–environment constitutive model by introducing the 76 

total strain rate into the yield function. In this context, Lu et al. (2020) establish a dynamic constitutive model for 77 

concrete regarding the total strain rate as a constitutive variable in the yield function. The yield function was taken 78 

into account as a function of plastic internal variables, stress, total strain rate, and temperature in Ma et al.'s (2022) 79 

dynamic thermal, elastoplastic damage model. The plastic deformation caused by changes in strain rate and 80 

temperature could be described since environmental factors were considered constitutive variables. 81 

Therefore, it can be inferred that introducing environmental factors into the yield function as constitutive 82 

( )d :d d= yy y+σ ε DD

dy yD



variables is a tremendous approach to developing the incremental stress–strain–environment constitutive models. 83 

However, a complete modeling method also needs a loading–unloading criterion for judging when concrete 84 

produces plastic strain in addition to incremental stress–strain–environment relationship. The classical loading–85 

unloading criteria based on Drucker's postulate in the stress space (Drucker, 1950) or Ilyushin's postulate in the 86 

strain space (Il'Iushin, 1961) only applies to the incremental stress–strain constitutive relation. For the incremental 87 

stress–strain–environment constitutive relation, the environmental variable can also change the stress or strain 88 

state of the concrete. Hence, a combined coordinate space, namely the stress and the environmental factor or the 89 

strain and the environmental factor, should be chosen to develop the corresponding loading–unloading criterion, 90 

which is eagerly needed for perfecting the modeling method of incremental stress–strain–environment form in 91 

plastic theory. 92 

To this end, next section presents an approach for establishing incremental relationships between constitutive 93 

variables, i.e., the stress, strain, and environmental factors, and the corresponding loading–unloading criterion is 94 

proposed under the combined action of environmental factors and mechanical loads. The constitutive model of 95 

concrete with incremental stress–strain–strain rate form is developed with strain rate as an environmental variable. 96 

Next, experiments with constant- and variable-strain rates are performed to investigate the dynamic mechanical 97 

behavior of concrete. Model predictions are contrasted with experimental findings, and the performance of the 98 

proposed model is deeply studied. Section “Conclusions” summarizes the work of this paper. 99 

Modeling method in the incremental stress–strain–environment form 100 

A complete modeling method of a constitutive relation with incremental stress–strain–environment form 101 

requires solving two problems: (i) How can environmental factors be introduced into the incremental stress–strain 102 

relationship and further developed into the incremental stress–strain–environment relationship? (ii) What are the 103 

conditions for the occurrence of a plastic strain, i.e., the loading–unloading criterion, under the combined action 104 



of mechanical loads and environmental factors? This section presents the solutions to these two problems based 105 

on the small strain assumption. 106 

Incremental stress–strain–environment relation 107 

In the theory of plasticity, the yield function is a mathematical description of the material mechanical state 108 

when a plastic flow occurs, which distinguishes the boundary between elastic and plastic deformation. When 109 

environmental factors remain unchanged, the yield function is a function of the stress and hardening parameter: 110 

  (1) 111 

where  is the stress tensor.  represents the plastic strain tensor. H indicates the hardening parameter that 112 

records the loading history of the material. The accumulation of plastic strain will lead to an increase of H. Further, 113 

for the hardening material, the yield surface also extends outward correspondingly, which indicates that the elastic 114 

range of the material is enlarged. When environmental factors change, the yield function is not only a function of 115 

both  and H but also of environmental factors ( ): 116 

  (2) 117 

where  is introduced into the yield function as a constitutive variable similar to . In other words, a combined 118 

coordinate space consisting of the stress dimension and the environmental variable dimension is required to 119 

completely present the yield function defined by Eq. (2). When plastic strain occurs, the state point including 120 

stress and environmental factors must be on the yield surface, which is also called the consistency condition. 121 

Taking the full derivative of Eq. (2), one can obtain the consistency condition in a differential form as follows: 122 

  (3) 123 

where  considers the contribution of the change in the environmental variable to the plastic strain. 124 

For a given strain increment ( ) and an environmental variable increment ( ), Eq. (3) has two unknowns: 125 

stress increment ( ) and plastic strain increment ( ). According to the flow rule and Hooke's law, following 126 
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equations can be obtained: 127 

  (4) 128 

  (5) 129 

where  and  denote the magnitude and direction of  respectively.  can be determined by the 130 

orthogonal flow rule (Paliwal et al., 2020; Zheng and Teng, 2022) or the non-orthogonal flow rule (Lu et al., 2022; 131 

Lu et al., 2019). The former uses the orthogonal gradient of the constructed plastic potential function to determine 132 

. The latter directly determines  by obtaining the non-orthogonal gradient of the yield function.  133 

indicates the elastic stiffness tensor.  is the elastic strain increment. 134 

Eq. (5) describes the incremental stress–strain relationship under elastic loading. Invoking Eqs. (4) and (5) 135 

into Eq. (3) defines  as: 136 

  (6) 137 

Combining Eqs. (4)–(6) can obtain the incremental stress–strain–environment constitutive relation during 138 

the plastic loading as follows: 139 

  (7) 140 

Eq. (7) can describe the mechanical response caused by environmental changes. In particular, the 141 

incremental stress–strain–environment relationship degenerates into the incremental stress–strain relationship 142 

when the environmental variable is constant, i.e., . 143 

Loading–unloading criterion under combined action of strain and environment 144 

The loading–unloading criterion evaluates whether the plastic flow occurs in the material according to the 145 

geometric relationship between the load vector and the yield surface at the current state point. The load vector 146 
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comprises the stress increment and the environmental variable increment. Therefore, the stress–environmental 147 

variable coordinate space is required to fully represent the geometric relationship between the load vector and the 148 

yield surface, as shown in Fig. 1. 149 

 150 

Fig. 1. Loading–unloading criterion under the stress–environmental variable coordinate space. 151 

Here, the changes in both the stress and the environmental variable determine the loading–unloading states 152 

under the current increment step. When the included angle between the load vector  and the yield 153 

surface's external normal direction  is acute, the material is in a loaded state. When the included 154 

angle is a right angle or obtuse angle, the material is in neutral loading (Lucchesi and Podio-Guidugli, 1995) or 155 

unloaded state respectively. Eq. (8) can be used to articulate Fig. 1. 156 

  (8) 157 

Eq. (8) based on Drucker's postulate applies only to hardened materials. For concrete with softening 158 

properties, the loading–unloading criterion needs to be transformed into the form of the strain–environmental 159 

variable according to Ilyushin's postulate (Il'Iushin, 1961): 160 
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  (9) 161 

where  represents the yield function expressed by the strain and environmental variable, i.e., 162 

. The transition between  and  can be obtained by the chain rule (Lu et 163 

al., 2020). The new loading-unloading criterion defined by Eq. (9) shows that the contribution of the variation in 164 

the environmental variable to plastic deformation can be considered. When the environment in which the material 165 

is located does not change, i.e., , the deformation behavior of the material under the current load 166 

increment is estimated by the yield surface in the strain space (see Fig. 2). The plastic flow occurs only under the 167 

action of mechanical loads, i.e., , as expressed in Eq. (10). 168 

  (10) 169 

 170 

Fig. 2. Loading–unloading criterion for a constant environmental variable.  171 

Based on the above analysis, solutions to two problems are given. Firstly, incremental stress–strain is 172 
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developed as a stress–strain–environment relation by introducing environmental factor as a constitutive variable 173 

into the yield function. Secondly, the loading‒unloading criterion is established in the combined space of strain 174 

and environment variable based on Ilyushin's postulate. So far, a complete modeling method for the incremental 175 

stress-strain-environment relationship is presented. 176 

Constitutive model of incremental stress–strain–strain rate form of concrete 177 

The strength of concrete significantly increases as the strain rate increases (Li et al., 2009; Peng et al., 2023). 178 

Based on the modeling method with incremental stress–strain–environment relation proposed in Section 179 

“Modeling Method in the Incremental Stress–Strain–Environment Form”, the relation with incremental stress–180 

strain–strain rate form is developed, and the corresponding loading‒unloading criterion is established in the 181 

combined coordinate space of strain–strain rate. 182 

Incremental stress–strain–strain rate relation 183 

A general expression of incremental stress–strain–environment relation is given in Eq. (7). According to Eq. 184 

(7), to establish a model with strain rate as a constitutive variable, the expressions for yield function, hardening 185 

parameter, and flow rule need to be provided, in which strain rate is introduced into strength parameters. The yield 186 

function, hardening parameter, and consistency criterion are combined to determine . The flow rule is used 187 

to calculate . 188 

Yield function 189 

The advantage of the closed yield function is that it can simultaneously represent the plastic deformation 190 

behavior of concrete under shear load and hydrostatic pressure load. A dynamic closed yield function is developed 191 

by referring to the function form in the literature (Etse and Willam, 1994; Grassl and Jirásek, 2006; Lu et al., 2022; 192 

Zhou et al., 2020) as follows: 193 

dL

r



  (11) 194 

where  and  indicate the dynamic uniaxial compressive strength and dynamic friction parameter 195 

respectively. , , and  are the hydrostatic pressure, the generalized shear stress, and the stress Lode angle 196 

(Lu et al., 2022) respectively. , , and , in which  and  197 

are the second and third invariants, respectively, of the deviatoric stress tensor . , , and 198 

.  is Kronecker delta. The function  is expressed by: 199 

  (12) 200 

where  is the dynamic eccentricity parameter. The three material parameters in the yield function, namely , 201 

, and , can be obtained by the basic dynamic strength parameters, namely , , and : 202 

  (13) 203 

  (14) 204 

  (15) 205 

where  denotes dynamic uniaxial tensile strength and  indicates dynamic equibiaxial compressive 206 

strength. It is possible to write  as a function of , i.e., , where h is a constant (Wang et al., 207 

2018). The strain rate is introduced into the yield function as a constitutive variable by strength parameters. 208 

Experimental data (Yu et al., 2013) show that at very high strain rates, the dynamic strength will inevitably 209 

approach a limit value. Therefore, the S-shaped dynamic increase factor (DIF), which can reasonably reflect the 210 

ultimate dynamic strength of concrete, is adopted to describe the proportional relationship between the static and 211 

dynamic strength parameters under uniaxial conditions (Lu et al., 2017). Appendix I presents the expression of 212 

the DIF. 213 
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The yield function is a four-dimensional (4D) hypersurface in the  coordinate space.  is the 214 

logarithm of the generalized shear strain rate expressed in Eq. (25). The 4D hypersurface can be decomposed into 215 

two 3D yield surfaces in the  and  coordinate spaces. Fig. 3(a) 216 

presents the 3D yield surface in the  coordinate space by setting  equal to a constant. The yield 217 

surface's variation trend with the strain rate in the meridian plane is compatible with the evolution law of the 218 

adopted dynamic strength criterion (see Appendix I), which has an S-shaped shape and will not expand indefinitely. 219 

As illustrated in Fig. 3(b), the  coordinate space can present the evolution of the yield curve with the 220 

strain rate in the deviatoric space when  is constant. 221 

  

(a) yield surface in  coordinate space (b) yield surface in  coordinate space 

Fig. 3. Evolution of yield surface with strain rate. 

Hardening parameter 222 

The hardening‒softening parameter (H) controls the shape of the yield surface and is defined (Wang et al., 223 

2018) as: 224 
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where H  simultaneously describes the deformation behavior of concrete in the hardening and softening stages. 226 

When H = 1, the yield surface in Eq. (11) is degenerated into an open strength surface, as shown in Fig. 4.  227 

and  are the model parameters.  is a plastic internal variable, and .  indicates the equivalent 228 

plastic shear strain.  is the value of  at peak stress. The test data (Candappa et al., 2001; Imran and 229 

Pantazopoulou, 1996; Kupfer et al., 1969; Lu and Hsu, 2007) reveal that parameters  and  (cf. Fig. 5) 230 

correlate with the stress state as follows: 231 

  (17) 232 

  (18) 233 

where  and  are the value of  and  under uniaxial compressive conditions respectively. The 234 

physical meaning of  can be found in ref (Wang et al., 2018).  is the largest  in loading history. 235 

 236 

Fig. 4. Evolution of yield surface with H when  is constant. 237 
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(a)  with the stress state (b)  with the stress state 

Fig. 5. Relationship of material parameters with the stress state. 238 

Flow rule 239 

A non-orthogonal flow rule (Lu et al., 2019; Lu et al., 2022) is employed, which directly determines  in 240 

Eq. (7) via the developed dynamic yield function: 241 

  (19) 242 

where  indicates the fractional order and  is the Riemann–Liouville fractional derivative operator, 243 

the details of which can be found in ref (Lu et al., 2022).  and  are used to achieve 244 

the conversion of coordinates from principal stress to general stress, the expressions of which can be found in Eqs. 245 

(36) and (39). Combining with Eq. (11),  and  can be obtained: 246 
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  (21) 249 

  (22) 250 

The constitutive equation of the established model can be obtained by substituting Eqs. (11), (16) and (19) 251 

into the incremental stress–strain–environment relation in Eq. (7). Appendix II presents the details of the 252 

derivation process. 253 

Loading–unloading criterion 254 

This section introduces the environmental variable  into the yield function as a constitutive variable. The 255 

loading–unloading criterion under the combined action of  and  can be presented based on Eq. (9) in the 256 

 coordinate space as follows: 257 
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  (23) 258 

where  represents the dynamic closed yield surface's normal direction. 259 

Model analysis 260 

To analyze the effect of strain rate as a constitutive variable, a loading path with reduced strain rate and 261 

constant stress similar to the creep process is discussed as an example for model analysis. Table 1 shows the model 262 

parameters used in the model analysis, where the dynamic strength parameters' statistical values and other 263 

parameters are obtained by referring to the concrete test (Kupfer et al., 1969; Lu et al., 2017). During the creep 264 

evolution, the stress remains constant and the total strain increases gradually. Constant stress makes the elastic 265 

strain increment zero, so the increase in total strain is due to an increase in plastic strain. This phenomenon is 266 

consistent with that described by Eq. (6), that is, the plastic strain caused by environmental changes will occur 267 

even under constant stress conditions. The plastic strain drives the evolution of H as an internal variable. The 268 

relationship between the H and the  and axial stress  under the uniaxial compression condition is depicted 269 

in Fig. 6. The initial point N1 is loaded to H = 0.3 under the condition of . Similar test conditions for the 270 

discussed loading path N1N2 have been studied for high-density polyethylene (Reis et al., 2014). According to Eq. 271 

(6), the material will produce plastic deformation as a result of the change in strain rate. The accumulation of 272 

plastic deformation causes the hardening parameter to increase from 0.3 to 0.84. At this time, the yield surface 273 

will expand outward correspondingly with the increase of H. Fig. 7 shows the yield surfaces at the two state points 274 

N1 and N2, and the four-dimensional hypersurface is still displayed by two three-dimensional surfaces. As seen in 275 

Fig. 7, the yield surface's expansion makes the new state point N2 still on the subsequent yield surface, which 276 
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means that the consistency condition is strictly satisfied. By taking into consideration the strain rate dimension, 277 

the yield surface expansion caused by a change in strain rate can be captured. 278 

 279 

Fig. 6. The influence of strain rate and stress on the evolution of hardening parameter. 280 

  

(a) yield surface in coordinate space (b) yield surface in coordinate space 

Fig. 7. Influence of strain rate change on yield surface evolution. 

Table 1 281 

The model parameters for analysis. 282 
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Test of loading under constant- and variable-strain rate 283 

Two types of constant- and variable-strain rate loading experiments are conducted in the Rapid Triaxial 284 

Testing Systems of Beijing University of Technology. The variable strain rate loading tests are conducted under 285 

uniaxial compressive conditions. The constant-strain rate tests are performed under conventional triaxial 286 

compressive conditions. 287 

Testing procedures and apparatus 288 

The loading process at a constant-strain rate is realized by setting the linear relationship of axis strain to time, 289 

including four strain rates, i.e.,  of 10–5 s–1, 10–4 s–1, 10–3 s–1, and 10–2 s–1, and three confining pressures, i.e., 290 

 of 0 MPa, 10 MPa, and 20 MPa. The concrete specimen is first subjected to the confining pressure at a rate 291 

of 5 MPa/min, during which the synchronous increase of axial stress makes the specimen in the isotropic stress 292 

state. The confining pressure remains constant after target value is achieved. Then, utilizing displacement control, 293 

the axial loading is applied until the test is finished. For another set of dynamic tests with variable strain rate 294 

loading, the axial strain changes with time as a quadratic function, that is, the axial strain rate increases linearly 295 

with time. In the three sets of variable-strain rate tests, the strain rate increment is 10–7 s–2, 10–5 s–2, and 10–3 s–2, 296 

respectively. 297 

All dynamic loading tests were performed on the Rapid Triaxial Testing Systems (RTR-1500) shown in Fig. 298 

8(a). It primarily comprises a fast pulse decay permeability apparatus, a confining pressure intensifier apparatus, 299 

a pore pressure intensifier apparatus, a digital-signal conditioning control unit, and high-pressure triaxial cells. Its 300 

compressive loading capacity is up to 1500 kN, and the confining pressure and pore pressure can be increased to 301 

140 MPa. Fig. 8(b) shows the measuring device of axial strain and lateral strain respectively. The axial strain is 302 

calculated by the gauge axial deformation and the axial gauge length of the specimen. The strain hinge measures 303 

1e!

3s



the lateral strain. The length of the strain hinge can be adjusted according to the specimen, and the testing system 304 

automatically converts the lateral strain according to the change in the hinge circumference. 305 

 306 

Fig. 8. A schematic of the testing system: (a) Rapid Triaxial Rock Testing Systems; (b) devices for measuring 307 

the axial and lateral strains. 308 

Preparation of materials and specimens 309 

Table 2 lists the mixed proportion of the concrete, and the cementitious materials are 42.5 ordinary Portland 310 

cement. Crushed stone with a diameter of 5 to 20 mm makes up the coarse aggregate, while medium sand with a 311 

fineness modulus of 2.42 makes up the fine aggregate. First, materials for preparing mortar mixture are prepared 312 

according to the mix proportion. Then, the coarse and fine aggregates are mixed with the cement evenly. The tap 313 

water is gradually added to the mixture during the stirring. The well-mixed concrete is cast into a mold coated 314 

with a release agent and vibrated to a compact state on a vibrating table. All the specimens are demolded after 315 

curing for 24 h at room temperature. After demolding, the specimens are further cured for 28 days in a standard 316 

curing room. 317 

Table 2 318 

The mixture proportion of the concrete. 319 

Cement (kg/m³) Fine aggregate (kg/m³) Coarse aggregate (kg/m³) Water (kg/m³) Water-to-cement ratio 

389 554 1196 190 0.49 

Confining Pressure 
Intensifier System

Pore Pressure
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High Pressure
Triaxial Cells

Digital Signal 
Conditioning 
and Control Unit

( )a
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Experimental results 320 

The experimental results of constant-strain rate and variable-strain rate are given respectively. 321 

Constant-strain rate 322 

Table III.1 in Appendix III summarizes the test results for all specimens. Fig. 9 displays the stress-strain 323 

curves for each specimen at varied confining pressures and strain rates. The peak deviatoric stress  324 

can be used to characterize the shear strength of concrete under conventional triaxial compression conditions. It 325 

can be found that the  rises as confining pressure and strain rate increase due to restraint strengthening 326 

effect and strain rate effect of concrete. Numerous studies have delved into exploring the mechanism behind the 327 

increase in strength of concrete materials resulting from strain rate effects. According to consensus, the thermal 328 

activation mechanism, the Stefan effect, and inertial mechanisms are responsible for enhancing the overall load-329 

bearing capacity of concrete at a macroscopic level (Lu et al., 2017; Qi et al., 2009; Zhang and Zhao, 2014). The 330 

thermal activation mechanism is caused by the thermal motion of atoms, which plays a role in the whole strain 331 

rate range. The latter two mechanisms only play within the range of medium to high strain rates. For the strain 332 

rates range tested, the strength of concrete increased due to the combined effects of thermal activation and the 333 

Stefan effect, with the former playing a more prominent role. The strain at the peak stress under conventional 334 

triaxial conditions significantly increase compared to the uniaxial condition at the same loading rate. The results 335 

show that the confining pressure improves the ductility and resistance of concrete to deformation. 336 

( )p1 3s s-

( )p1 3s s-



  

(a)   (b)  

  
(c)  (d)  

Fig. 9. Curves of stress–strain at different constant strain rates. 337 

Variable-strain rate 338 

The actual loading process is obtained through the strain–time data points automatically collected by the 339 

testing instrument during the loading process (see Fig. 10(b), (d), and (f)). The strain rate increments of three 340 

groups of variable-strain rate tests are  s–2,  s–2, and  s–2 respectively. The 341 

 and  behavior is depicted in Fig. 10(a), (c), and (e), where each working condition is 342 

repeated three times. The , , , and  at the peak stress are all listed in Table 3's summary of the test 343 

findings for all of the variable-strain rate experiments. As shown in Fig. 11, the strength of concrete increases with 344 

an increase in the strain rate increment. A larger strain rate increment means a faster increase in the strain rate. 345 
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When the strain rate changes more rapidly before reaching its peak strength, the performance of the specimen 346 

resistant to external loads will be exerted more fully. 347 

  
(a)  and  curves of group one (b) strain–time curves of group one 

  
(c)  and  curves of group two (d) strain–time curves of group two 

  

(e)  and  curves of group three (f) strain–time curves of group three 
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Fig. 10. Stress‒strain‒strain rate curves and strain–time curves during loading. 
 348 

 349 
Fig. 11 Strength value in different strain rate increment. 350 

Table 3 351 

The test results at different variable-strain rates. 352 

Sample 

Group 
Sample ID 

H × D 

(mm × mm) 

 at peak 

stress (s-1) 

 

(MPa) 

 at peak 

stress (%) 

 at peak 

stress (%) 

Average 

Stress (MPa) 

1 

1-1 199.79 × 99.10 2.7×10-5 37.22 0.2869 −0.0899 

38.48 1-2 199.30 × 99.09 2.6×10-5 40.22 0.2702 −0.0848 

1-3 199.32 × 99.07 2.6×10-5 38.01 0.2649 −0.0823 

2 

2-1 199.35 × 99.10 2.5×10-4 43.21 0.2420 −0.0773 

43.27 2-2 201.14 × 99.13 2.4×10-4 44.49 0.2178 −0.0579 

2-3 199.74 × 99.04 2.4×10-4 42.12 0.2312 −0.1668 

3 

3-1 201.30 × 99.08 1.9×10-3 47.60 0.2224 −0.0808 

45.61 3-2 199.22 × 99.10 2.5×10-3 43.92 0.3489 −0.0813 

3-3 199.53 × 98.72 2.5×10-3 45.31 0.2689 −0.0993 
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Evaluation of the constitutive model 354 

The model's performance is evaluated using experimental data collected under both constant- and variable- 355 

strain rate conditions. The constant-strain rate tests include the conventional triaxial compression tests conducted 356 

by the authors and the uniaxial and biaxial compression tests obtained from published papers. The variable-strain 357 

rate conditions tests are performed by authors. In particular, a designed experiment with a sudden increase and 358 

decrease in strain rate is designed to supplement the analysis of variable-strain rate cases. 359 

The established model has eleven parameters, including two elastic parameters ( , ), five strength 360 

parameters ( , , , , ), three parameters controlling deformation ( , , ) in the 361 

hardening-softening function, and a fractional order ( ) that captures the direction of plastic flow. ,  and 362 

 can be obtained by uniaxial compression tests, and  (Gebbeken and Krauthammer, 2013).  is 363 

the value of  at . Reference (Wang et al., 2018) gives expressions for determining  and .  can 364 

be calibrated by the stress and strain at the phase transition point (Zhou et al., 2020). Reference (Lu et al., 2017) 365 

gives the determination method of the dynamic strength parameters ( , , , ) and also provides 366 

the statistical values of these four parameters based on the analysis of numerous compression and tension tests. 367 

Table 4 presents the model parameters adopted by the tests. 368 

Constant-strain rate 369 

First, the comparison results between the model and test under conventional triaxial compression conditions 370 

with  of 0 MPa, 10 MPa, and 20 MPa are evaluated. The model parameters are calibrated using test data at 371 

 MPa. These calibrated values are then used to predict test results at  of 10 MPa and 20 MPa. Fig. 12 372 

shows the model's prediction curve and test results. According to test results, as confining pressure increases, 373 

concrete's ability to resist plastic deformation enhances, and the phenomena of softening weaken. The proposed 374 
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model can well capture these experimental laws because it establishes two semi-empirical formulas for the 375 

increase of  and A with increasing stress (Eqs. (17) and (18)) to characterize the impact of confining 376 

pressure on the deformation properties. In addition, as shown in Fig. 13, the test results under different confining 377 

pressures also show that the strength of concrete rises as the strain rate does. The developed dynamic strength 378 

criterion in Eq. (11) is proven to be rational by comparing the model's strength curve with the test results. 379 

  

(a)  s-1 (b)  s-1 

  

(c)  s-1 (d)  s-1 

Fig. 12. Comparison results between the model and test under conventional triaxial compression conditions. 
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 380 

Fig. 13. Comparison of strength results between model prediction and test data.  381 

The following evaluates the ability of the model using biaxial compressive–compressive loading tests with 382 

 of zero reported by Yin and Li (2007). The ratio of  to  is set at 0:1.0, 0.25:1.0, 0.50:1.0, 0.75:1.0, 383 

and 1.0:1.0, and the values of  equal −5, −4, and −3. Fig. 14(a–e) illustrates the prediction results of stress 384 

versus strain at different strain rates and various stress ratios. It can be seen that the proposed model is capable of 385 

portraying the stress-strain performance of concrete when subjected to varying loading conditions. Based on the 386 

comparison of strength values between the model and experimental results in Fig. 14(f), it can be concluded that 387 

the developed yield function can accurately characterize the multiaxial dynamic strength of concrete. 388 
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(e)  (f) value of the dynamic multiaxial strength 

Fig. 14. Model predictions versus the test data for biaxial compression conducted by Yin and Li (2007). 

To confirm the model's ability at high strain rates, four split Hopkinson pressure bar tests performed by Grote 389 

et al. (2001) are adopted, where  equals 290 s-1, 620 s-1,1050 s-1,1500 s-1. When , dynamic 390 

strength , nearly 3.5 times the static strength , is 160MPa. This indicates that there is a significant increase 391 

in compressive strength with an increase in . A comparison is shown in Fig. 15 between the  curve of 392 

the predicted and tested results. The prediction results show that the proposed model can describe concrete 393 

behavior at high strain rates. 394 
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 395 

Fig. 15. Comparing the model predictions with the test results at high strain rates. 396 

Variable-strain rate 397 

To further evaluate the capabilities of the developed model, the test data under variable-strain rate loading 398 

conditions are adopted to compare with the model simulation results. Fig. 16 illustrates the comparison results 399 

between model predictions and test data in the stress‒strain‒strain rate coordinate space. The changes in strain 400 

rate during loading are evident from the curve depicted on the strain and strain rate plane in Fig. 16, which is 401 

different from a constant strain rate. At this time, the specimen is subject to the combined action of strain and 402 

strain rate. The comparison results demonstrate that the model can predict the stress‒strain‒strain rate relationship 403 

of concrete under different strain rate increments conditions. 404 

The variable strain rate test is conducted only with a slowly increasing strain rate due to limitations in test 405 

conditions. To highlight the performance of the proposed model, a designed dynamic loading test is analyzed, in 406 

which the strain rate sharply decreases from 1000 s-1 to 1 s-1 during the A1A2 loading path (see Fig. 17). The 407 

variable strain rate test results of composite materials have shown that a reduction in strain rate will result in a 408 

corresponding reduction in stress during the loading process (Khan and Liu, 2012; Reis et al., 2014). A dynamic 409 

stress–strain model ignoring strain rate increments is also employed as a comparison in which strain rate is only 410 

the influencing factor of material parameters rather than a constitutive variable. f, H, and flow rule of the dynamic 411 



stress‒strain model are the same as those used in the proposed models. 412 

 

(a) stress‒strain‒strain rate curve with strain rate increments of  s–2 

 
 

(b) stress‒strain‒strain rate curve with strain rate 

increments of  s–2 

(c) stress‒strain‒strain rate curve with strain rate 

increments of  s–2 

Fig. 16. Comparing the model predictions with the test results under different strain rate increments conditions. 

Fig. 17 shows the stress‒plastic internal variable‒strain rate ( ) surface. Any point on the surface 413 

satisfies the consistency condition. Accordingly, the state points inside the surface are in the elastic range. State 414 

points above the surface violate the consistency condition, which means an overestimation of the yield stress of 415 

the concrete. The calculation results of the  curve indicate that the proposed model incorporates the 416 

reduction in stress caused by variations in strain rate during the A1A2 stage. The loading–unloading criterion 417 
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proposed in Section “Flow Rule” can be used to judge whether changes in strain rate cause the plastic flow of 418 

concrete materials. For the plastic loading state with a reduced strain rate,  is considered as a constitutive 419 

variable, so the consistency condition is strictly met throughout the entire loading process. When the yield surface 420 

shrinks owing to the reduction of , the stress is simultaneously reduced to ensure that the stress point is always 421 

on the yield surface, as shown by the green curve in Fig. 17.  is not considered a constitutive variable but 422 

rather a constant in the dynamic stress–strain model. This violates the consistency condition when  changes 423 

during loading. The stress evolves along the curve above the  equal to 1 s-1 as shown by the blue curve in Fig. 424 

17. This will cause the dynamic stress–strain model to overestimate the concrete strength values, as shown in the 425 

curve of the  plane in Fig. 17. As a result, the proposed model can be used to forecast the mechanical 426 

response of concrete under actual dynamic loading with variable strain rates. 427 

 428 

Fig. 17. Comparison of models between stress–strain–strain rate and dynamic stress–strain. 429 

Table 4 430 

The model parameters of concrete under dynamic loading. 431 

Data             

Constant-strain rate 22000 0.2 33.97 1.4 1.4 16 1.4 0.0005 6 0.2 1.9 

Yan and Lin (2007) 14000 0.2 9.84 1.38 1.3 16 1.4 0.0004 8 0.8 1.9 

Grote et al. (2001) 42500 0.2 46.00 5.60 6.0 16 1.4 0.004 14 1.0 1.0 

du

du

du

du

du

1 xs -

(MPa)E n c (MPa)f c,maxDIF cx t,maxDIF tx
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Variable-strain rate 22000 0.2 33.97 1.42 1.9 16 1.4 0.0005 8 0.4 1.0 

Conclusions 432 

The classical stress–strain relationship is developed into a stress–strain–environment relationship by 433 

introducing the environmental variables into the yield function as constitutive variables. The established model 434 

can describe the mechanical response of materials caused by environmental changes. A loading–unloading 435 

criterion was established in the combined coordinate space of the strain and the environmental variable. The state 436 

information and load increment of the material could be presented geometrically to evaluate their position 437 

relationship with the current yield surface. The conditions under which the material undergoes plastic deformation 438 

can be reasonably determined. 439 

Taking the strain rate as an environmental variable, an incremental stress–strain–strain rate relation of 440 

concrete is established based on the proposed modeling method. A dynamic closed yield function is proposed that 441 

considers strain rate in strength parameters to determine the elastic domain for various rates. The plastic 442 

deformation produced by the independent change in strain rate can be captured since strain rate is treated as a 443 

constitutive variable when performing consistency conditions. In addition, the corresponding loading/unloading 444 

criterion is established to judge the conditions of triggering plastic deformation of concrete materials under the 445 

joint drive of strain and strain rate. The model's capability is evaluated under different stress states and strain rate 446 

ranges by contrasting model simulations with experimental findings obtained by the author and published papers. 447 

In particular, the simulation results for an experiment with a rapidly changing strain rate show that the established 448 

model is capable of capturing stress state changes caused by strain rate changes, which is beyond the depth of the 449 

dynamic stress–strain model. The good performance of the established model further confirms the feasibility of 450 

the proposed modeling method. 451 



Appendix I. DIF 452 

The definition of DIF is the ratio of the dynamic strength to the static strength (Lu et al., 2017) as follows: 453 

  (24) 454 

where the subscript i denotes the state of stress.  is the dynamic increase factor in different stress states. 455 

.  is the generalized shear rate expressed by: 456 

  (25) 457 

where  is the volumetric strain rate. Under uniaxial stress conditions,  and  can be re-458 

expressed in terms of  as: 459 

  (26) 460 

where  is Poisson’s ratio and it is independent of loading rate (Yan and Lin, 2006). Simultaneous logarithms 461 

on both sides of Eq. (26) yield: 462 

  (27) 463 

where  acts as an internal variable to drive the evolution of DIF. An S-type (sigmoid) DIF that can consider 464 

the ultimate dynamic strength is adopted, as shown in Fig. 18. The dynamic increase factor is expressed as: 465 

  (28) 466 

where  is the reference point.  and  represent the material parameters (Lu et al., 2017). 467 

 represents the maximum value of the material's dynamic strength, i.e., . The 468 

growth rate of initial strength with strain rate is reflected by . 469 
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 470 

Fig. 18. S-type dynamic increase factor. 471 

Appendix II. Elements required for dynamic constitutive model 472 

The consistency condition of strain rate as a constitutive variable can be expressed: 473 

  (29) 474 

Combining Eq. (29) with the derivation process of Section “Modeling Method in the Incremental Stress–475 

Strain–Environment Form” can define  as follows: 476 

  (30) 477 

The dynamic constitutive relationship can be established: 478 

  (31) 479 

where . 480 

The matrix form of the elastic stiffness tensor ( ) is:  481 
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  (32) 482 

 is also defined as: 483 

  (33) 484 

where 485 

  (34) 486 

where  is expressed in Eq. (21). 487 

  (35) 488 

in which 489 

  (36) 490 

  (37) 491 

where  is expressed in Eq. (22). 492 
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 is given: 502 

  (45) 503 

11

1122

22

33 33

12

12 23

31

23

31

3
222
2
22

2

q

q
p
pq
p

q q

q

q

s

ss
s

s s
s

s s
s

s

s

¶ì ü
ï ï¶ï ï
ï ï¶
ï ï -ì ü¶ï ï ï ï-ï ï¶ ï ïï ï ï ï¶ -ï ï ï ï=í ý í ý¶ï ï ï ï
ï ï ï ï¶
ï ï ï ï

¶ ï ïï ï î þ
ï ï¶
ï ï

¶ï ï
ï ï¶î þ

d 2
0

d
c3

m H qf
r f
¶

=
¶

( ) ( ) ( ) ( ){ } ( ) ( ) ( )

( ) ( ) ( )

2 2 2
2

22 2 2 2 2

4cos cos 4 1 cos 5 4 2 cos 2 1 coscos
2 cos 1

cos 4 1 cos 2 1 4 1 cos 5 4

r e e e r er
r e

e e e e e

q q q q qq
q

q q q

- - + - - -é ù é ù¶ é ù ë û ë ûë û = -é ùë û¶ é ù- + - - + -ë û

( )2

cos 1
cos3 3 4cos 1

q
q q

¶
=

¶ -

2 2 3

5/2
2

26 3 9 3
cos3 3

4

km nk mn mn

mn

J s s J J s

J

d
q

s

æ ö- -ç ÷¶ è ø=
¶

1 1 3 11
3/2 1/2 5/2
2 2 2

11

2 2 3 22
3/2 1/2 5/2
2 2 222

3 3 3 3
3/2 1/2

33 2 2

12

23

31

3 3 9 33cos3
2 4

3 3 9 33cos3
2 4

cos3 3 3 9 33
2

cos32

cos32

cos32

k k

k k

k k

s s J s
J J J

s s J s
J J J

s s J s
J J

q
s

q
s

q
s

q
s

q
s

q
s

¶ì ü - -
ï ï¶ï ï
ï ï¶ - -ï ï¶ï ï
ï ï¶

- -ï ï¶ï ï =í ý¶ï ï
ï ï¶
ï ï
¶ï ï

ï ï¶
ï ï
¶ï ï

ï ï¶î þ

( )
3

5/2
2

1 2 3 12
3/2 5/2
2 2

2 3 3 23
3/2 5/2
2 2

3 1 3 31
3/2 5/2
2 2

4
1,2,3

3 3 9 3
2 4

3 3 9 3
2 4

3 3 9 3
2 4

k k

k k

k k

J
k

s s J s
J J

s s J s
J J

s s J s
J J

ì ü
ï ï
ï ï
ï ï
ï ï
ï ï
ï ï
ï ï
ï ïï ï =í ý
ï ï-ï ï
ï ï
ï ï

-ï ï
ï ï
ï ï
ï ï-
ï ïî þ

f H¶ ¶

( )
4 2

d
0d d d d d d d

c c c c c c c

22 1 2 (cos ) 2
3 3 3

f q p q q p q pH m H r H
H f f f f f f f

q
æ ö æ ö é ù¶

= - - - - - + - -ç ÷ ç ÷ ê ú¶ è ø è ø ë û



 includes the partial derivative of stress-state-related parameters  and  with respect to  504 

as follows: 505 

  (46) 506 

The elements required in Eq. (46) are given by: 507 

  (47) 508 

  (48) 509 

  (49) 510 

  (50) 511 

  (51) 512 

In this paper,  is the plastic internal variable, term  in the 513 

elastoplastic stiffness matrix can be written as , and  is defined in Section “Flow 514 

Rule”.  can also be determined by: 515 

  (52) 516 

where 517 

  (53) 518 

  (54) 519 

The derivative of f corresponding to  is defined as: 520 
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  (55) 521 

where 522 

 (56) 523 

  (57) 524 

  (58) 525 

The strength parameter  comprises  and , so the derivative of  and  with respect to 526 

 is separately calculated as follows: 527 

  (59) 528 

  (60) 529 

  (61) 530 

  (62) 531 

Appendix III. Test results at constant-strain rates 532 

We label the specimens U-V-W according to the confining pressure  and loading rate of the tests to 533 

facilitate the display of the test results. U represents the value of , including 0, 10, and 20 MPa. V equals 1, 2, 534 

3, and 4, indicating  of 10–5, 10–4, 10–3, and 10–2 s–1 respectively. The test is repeated three times under the 535 

same loading condition, and W denotes the test sequence. For example, “0-2-1” represents the first set of tests 536 

with  and . The test under the same loading condition is repeated three times. The test 537 

results of all specimens are summarized in Table 5. 538 
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Table 5 539 

Summary of the test results at constant-strain rates. 540 

Specimen 
Group 

Specimen 
ID 

H × D 
(mm × mm) 

 
(s-1) 

 
(MPa) 

 
(%) 

 
(%) 

Average  
(MPa) 

0-1 
0-1-1 199.92 × 99.03  38.20 0.3409 −0.0841 

35.19 0-1-2 200.38 × 99.04  33.40 0.2433 −0.2102 
0-1-3 200.60 × 99.02  33.97 0.2377 −0.0814 

0-2 
0-2-1 199.73 × 98.53  41.22 0.2044 −0.1266 

39.51 0-2-2 199.72 × 99.01  38.89 0.3282 −0.0624 
0-2-3 199.58 × 99.07  38.41 0.2059 −0.0804 

0-3 
0-3-1 199.45 × 99.10  45.59 0.2424 −0.0933 

45.49 0-3-2 201.40 × 98.92  47.86 0.2175 −0.0917 
0-3-3 200.08 × 99.07  43.02 0.3421 −0.0645 

0-4 
0-4-1 200.23 × 98..89  53.68 0.2231 −0.0933 

49.63 0-4-2 199.73 × 98.92  49.11 0.2700 −0.0917 
0-4-3 198.87 × 99.09  46.09 0.2201 −0.0645 

10-1 
10-1-1 199.33 × 99.06 — — — — 

76.87 10-1-2 200.01 × 98.92  75.35 0.8478 −0.2981 
10-1-3 201.41 × 99.15  78.40 0.931 −0.5217 

10-2 
10-2-1 200.26 × 99.09  84.13 0.7020 −0.3157 

86.48 10-2-2 200.48 × 99.08  88.84 0.6936 −0.2516 
10-2-3 201.68 × 99.04 — — — — 

10-3 
10-3-1 199.85 × 99.03  92.21 0.6932 −0.2946 

90.67 10-3-2 201.05 × 99.14  89.06 0.7244 −0.3000 
10-3-3 199.51 × 99.11  90.75 0.6586 −0.3086 

10-4 
10-4-1 200.84 × 98.98  92.94 0.8260 −0.2713 

92.59 10-4-2 200.26 × 99.06  91.01 0.6871 −0.2603 
10-4-3 201.90 × 99.14  93.81 0.6441 −0.3398 

20-1 
20-1-1 199.31 × 99.12 — — — — 

105.08 20-1-2 200.05 × 99.02  106.66 1.0632 −0.2206 
20-1-3 200.13 × 99.10  103.50 0.9100 −0.2174 

20-2 
20-2-1 198.41 × 99.09  109.77 1.6461 −0.7177 

108.65 20-2-2 200.99 × 99.06  109.65 1.5179 −0.8186 
20-2-3 200.36 × 99.06  106.53 1.2134 −0.4507 

20-3 
20-3-1 199.07 × 99.09  110.21 1.1565 −0.2830 

111.01 20-3-2 200.71 × 99.17  113.10 0.8787 −0.2165 
20-3-3 199.03 × 99.11  109.71 0.9685 −0.2037 

20-4 
20-4-1 201.52 × 99.12 — — — — 

118.9 20-4-2 200.08 × 99.19  119.58 1.0216 −0.3861 
20-4-3 198.93 × 99.14  118.39 0.9153 −0.3178 

Note: — means no valid data has been collected 541 
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Notation  

, , , and  The stress tensor, total strain tensor, elastic strain tensor, and plastic strain tensor 

 and  The hydrostatic pressure and the stress Lode angle 

 and  The generalized shear stress and the largest  in the loading history 

 and  The uniaxial compressive strength and dynamic  

 and  The uniaxial tensile strength and dynamic  

 The dynamic equibiaxial compressive strength 

 and  The dynamic friction parameter and the dynamic eccentricity parameter 

 and  The equivalent plastic shear strain and the plastic volume strain 

 and   at the peak strength and  at  

 and  The equivalent shear strain rate and the volume strain rate 

 The ratio of  to  

 The logarithm of , i.e., =log( ) 

 The elastic stiffness tensor 

 The environmental variable  

  The plastic multiplier  

 and  The plastic flow direction and the fractional order 

 The dynamic increase factor in different stress states 

 and  The maximum value of  and the growth rate of the initial strength with the strain rate 

 The hardening‒softening parameter 

 and  The parameters of  

  under the uniaxial compression condition 
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