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Abstract 

This paper proposes a new method to calculate the volumetric efficiency and hydraulic 

efficiency of centrifugal pumps based on the principle of energy balance. Two efficiencies are 

calculated by means of a low specific speed centrifugal pump handling media with different 

viscosities at best efficiency points and are compared with that of two existing methods. The 

results manifest that the definition of two efficiencies in the present paper is more precisive 

and sensitive to the change of liquid viscosity. 
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1 Introduction 

Centrifugal pumps are widely used to deliver various kinds of fluids. The total loss of 

centrifugal pumps includes mechanical, volumetric, and hydraulic losses [1, 2]. Wherein the 

mechanical losses mainly are composed of the disc friction loss and mechanical losses in shaft 

seals and bearings [3]. The volumetric loss acts as a leakage through the clearance of the wear-

ring in the front chamber [4]. If there are balance holes in the rear chamber, the volumetric loss 

would be doubled [5]. Hydraulic losses are present in any flow passages in the pump. In the 

early numerical calculations, the flow in the front and rear chambers often is not considered in 

order to simplify the calculation. Such that, the leakage needs to be corrected by means of the 

empirical formula [6]. Nowadays, the flow in front and rear chambers are often calculated 

together with the flow in impeller and volute, and the magnitude of the leakage is calculated 

directly through numerical calculations [7]. The hydraulic loss through an arbitrary flow-

through component is often determined by the differential total pressure in a rotating or 

stationary reference frame system between the inlet and outlet of the component. In recent 

years, the entropy production method has also been widely used to predict the local hydraulic 

losses in the pump [8-12]. 

For a given centrifugal pump, the total loss is certain in magnitude, and if the calculation 

of one loss is incorrect, then the calculation of the other one or two losses is also incorrect. For 

a low specific speed centrifugal pump, the total loss would be greater, and the total efficiency 

would be lower, so the above problem would be more prominent. In this paper, we would 

analyze and propose the calculation method for each loss from the principle of energy balance 

in the pump. Finally, the precise calculation methods of the volumetric efficiency and hydraulic 

efficiency would be proposed. These losses are calculated accurately to provide the necessary 

support and efforts for hydraulic optimization and structural optimization. 

2 Proposal of new method 

A sketch of the liquid flow in the meridional plane of impeller in a centrifugal pump is 

illustrated in Fig. 1, where 𝑄 is the liquid flow rate across the pump inlet or outlet, 𝑞 is the 

leakage flow rate through the front chamber and the gap in the wear-ring, 𝑄𝑡 represents the 

theoretical flow rate through the impeller, obviously, 𝑄𝑡 = 𝑄 + 𝑞. 
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Fig. 1  Sketch of liquid flow in the meridional plane of impeller in a centrifugal pump 

 

The diagram of energy balance in a centrifugal pump is indicated in Fig. 2, where 𝑃 is 

the power input of the pump, i.e., shaft-power, 𝑃𝑜 is the power output, 𝑃𝑜=𝜌𝑔𝑄𝐻, 𝐻 is the 

pump head, 𝜌 is the liquid density, 𝑔 is the acceleration due to the gravity. In the figure 𝐻𝑡 
is the impeller theoretical head, 𝑃𝑚 is the disc friction loss power of the impeller, 𝑃𝑠𝑏 is the 

loss power in the shaft seals and bearings. 𝑃𝑣 is the volumetric loss power, 𝑃𝑣 = 𝜌𝑔𝑞(𝐻𝑡 − ℎ𝑖)，ℎ𝑖 is the hydraulic loss in the impeller; 𝑃hi denotes the hydraulic loss power of the impeller, 𝑃ℎ𝑖 = 𝜌𝑔𝑄𝑡ℎ𝑖 , 𝑃hV  represents the hydraulic loss power in the volute, 𝑃ℎ𝑉 = 𝜌𝑔𝑄ℎ𝑉 , ℎ𝑉  is the 

hydraulic loss in the volute, ℎ indicates the total hydraulic loss in the pump, ℎ = ℎ𝑖 + ℎ𝑉. 

 

 

 

 

 

 

 

 

 

Fig. 2  Diagram of energy balance in a centrifugal pump 
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Referring to Fig. 2, we can define the mechanical efficiency, volumetric efficiency and 

hydraulic efficiency according to the mechanical loss power, volumetric loss power and 

hydraulic loss power, respectively. The three efficiencies are calculated by the following 

expressions: 

Mechanical efficiency 𝜂𝑚 = 𝑃−𝑃𝑚−𝑃𝑠𝑏𝑃                                (1) 

Volumetric efficiency 𝜂𝑣 = 𝑃−𝑃𝑚−𝑃𝑠𝑏−𝑃𝑣𝑃−𝑃𝑚−𝑃𝑠𝑏 = 𝑃−𝑃𝑚−𝑃𝑠𝑏−𝜌𝑔𝑞(𝐻𝑡−ℎ𝑖)𝑃−𝑃𝑚−𝑃𝑠𝑏                        (2) 

Hydraulic efficiency 𝜂ℎ = 𝑃−𝑃𝑚−𝑃𝑠𝑏−𝑃𝑣−𝑃ℎ𝑖−𝑃ℎ𝑣𝑃−𝑃𝑚−𝑃𝑠𝑏−𝑃𝑣 = 𝑃−𝑃𝑚−𝜌𝑔𝑞(𝐻𝑡−ℎ𝑖)−𝜌𝑔𝑄𝑡ℎ𝑖−𝜌𝑔𝑄ℎ𝑣𝑃−𝑃𝑚−𝜌𝑔𝑞(𝐻𝑡−ℎ𝑖) = 𝑃−𝑃𝑚−𝜌𝑔𝑞𝐻𝑡−𝜌𝑔𝑄ℎ𝑃−𝑃𝑚−𝑃𝑠𝑏−𝜌𝑔𝑞(𝐻𝑡−ℎ𝑖)      (3) 

Overall efficiency 𝜂 = 𝑃−𝑃𝑚−𝑃𝑠𝑏−𝑃𝑣−𝑃ℎ𝑖−𝑃ℎ𝑣𝑃 = (𝑃−𝑃𝑚−𝑃𝑠𝑏𝑃 ) (𝑃−𝑃𝑚−𝑃𝑠𝑏−𝑃𝑣𝑃−𝑃𝑚−𝑃𝑠𝑏 ) (𝑃−𝑃𝑚−𝑃𝑠𝑏−𝑃𝑣−𝑃ℎ𝑖−𝑃ℎ𝑣𝑃−𝑃𝑚−𝑃𝑠𝑏−𝑃𝑣 ) = 𝜂𝑚𝜂𝑣𝜂ℎ   (4) 

In the literature, the mechanical efficiency definition is identical, but the hydraulic efficiency and 

volumetric efficiency definitions are different. For example, there is an energy balance diagram in a 

centrifugal pump as shown in Fig. 3 was proposed in [10]. 
 

 

 

 

 

 

 

 

 

 

 

Fig. 3  Diagram of energy balance in a centrifugal pump proposed by Stepanoff in [13] 

 

Stepanoff in [13] suggests the hydraulic efficiency and volumetric efficiency should be defined as: 𝜂𝑣 = 𝑃−𝑃𝑚−𝑃𝑠𝑏−𝑃𝑣𝑃−𝑃𝑚−𝑃𝑠𝑏 = 𝜌𝑔𝑄𝑡𝐻𝑡−𝜌𝑔𝑞𝐻𝑡𝜌𝑔𝑄𝑡𝐻𝑡 = 𝑄𝑄𝑡 = 1 − 𝑞𝑄𝑡                    (5) 
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where 𝑄𝑡=𝑄 + 𝑞, 𝑃 − 𝑃𝑚 − 𝑃𝑠𝑏=𝜌𝑔𝑄𝑡𝐻𝑡 , 𝑃𝑣=𝜌𝑔𝑞𝐻𝑡 , and 𝜂ℎ = 𝑃−𝑃𝑚−𝑃𝑠𝑏−𝑃𝑣−𝑃ℎ𝑃−𝑃𝑚−𝑃𝑠𝑏−𝑃𝑣 = 𝜌𝑔𝑄𝑡𝐻𝑡−𝜌𝑔𝑞𝐻𝑡−𝜌𝑔𝑄ℎ𝜌𝑔𝑄𝑡𝐻𝑡−𝜌𝑔𝑞𝐻𝑡 = 𝐻𝐻𝑡 = 1 − ℎ𝐻𝑡              (6) 

where 𝑃ℎ=𝜌𝑔𝑄ℎ. Then the overall efficiency is written as: 𝜂 = (𝑃−𝑃𝑚−𝑃𝑠𝑏𝑃 ) (𝑃−𝑃𝑚−𝑃𝑠𝑏−𝑃𝑣𝑃−𝑃𝑚−𝑃𝑠𝑏 ) (𝑃−𝑃𝑚−𝑃𝑠𝑏−𝑃𝑣−𝑃ℎ𝑃−𝑃𝑚−𝑃𝑠𝑏−𝑃𝑣 ) = 𝜂𝑚𝜂𝑣𝜂ℎ                (7) 

Additionally, based on the diagram of energy balance in Fig. 2, the volumetric efficiency, 

hydraulic efficiency, and overall efficiency are defined as in [14]: 𝜂𝑣 = 𝑃−𝑃𝑣𝑃 = 𝑃−𝜌𝑔𝑞(𝐻𝑡−ℎ𝑖)𝑃                             (8) 

and 𝜂ℎ = 𝑃−𝑃ℎ𝑖−𝑃ℎ𝑣𝑃 = 𝑃−𝜌𝑔𝑄ℎ−𝜌𝑔𝑞ℎ𝑖𝑃                           (9) 

but the overall efficiency is defined as: 𝜂 = 𝑃−𝑃𝑚−𝑃𝑠𝑏−𝑃𝑣−𝑃ℎ𝑖−𝑃ℎ𝑣𝑃 = 𝜂𝑚 + 𝜂𝑣 + 𝜂ℎ − 2                  (10) 

3 Comparison and discussion 

To clarify which set of definitions expressed by Eqs. (1)-(10) to be proper and reasonable, a single-

stage, single-suction, hot-oil centrifugal pump of 65Y60 was selected and its mechanical efficiency, 

volumetric efficiency and hydraulic efficiency at best efficiency point (BEP) were calculated when 

handling water and viscous oil, respectively. The cross-sectional views of the pump and impeller are 

illustrated in Fig. 4. The pump has been employed to investigate effects of viscosity [15], number of 

blades [16] and blade exit angle [17] on the pump performance, respectively.  
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Fig. 4  Cross-sectional view of the pump (a), impeller style and its major dimensions (b) 

 

The performance specifications of the pump are as follows: flow rate Q=25 m3/h, head H=60 m, 

rotating speed n=2950 r/min, and the specific speed ns=41.6. The geometrical parameters of the pump, 

impeller and volute are listed in Table 1 and density and kinematic viscosity of water and oil are 

provided in Table 2. The hydraulic, volumetric and disc friction losses were analysed at the known flow 

rate measured at BEP listed in Table 2 by using hydraulic loss, leakage flow and disc friction models 

presented in Appendix. 
 

Table 1  Geometrical parameters of the impeller, volute, wear-ring and side chamber of the pump 

Item Paremeter Value Remark 

Suction nozzle Diameter 𝑑𝑠(mm) 65 

 

Impeller 

Inlet diameter, 𝐷1(mm) 62 

Outlet diameter, 𝐷2(mm) 213 

Inlet width of blade, 𝑏1(mm) 16 

Outlet width of blade, 𝑏2(mm) 7.5 

Number of blades, 𝛧 5 

Blade entrance angle, 𝛽1(°) 25 

Blade exit angle, 𝛽2(°) 30 

Thickness of blade at outlet, 𝑠2(mm) 5 

Roughness inside impeller, 𝑅𝑎𝑖(μm) 25 Painted 

Roughness outside impeller, 𝑅𝑎𝑜(μm) 6.3 Painted 

Volute 

Width, 𝑏3(mm) 16 

 

Base circle diameter, 𝐷3(mm) 240 

Area of throat, 𝐹8(cm2) 6.42 

Circumferential angle of tongue, 𝜑0(°) 36 

Discharge nozzle length, 𝐿89(mm) 250 

Discharge nozzle diameter, 𝐷9(mm) 60 

Roughness inside volute, 𝑅𝑎𝑉(μm) 25 Painted 

Roughness inside nozzle, 𝑅𝑎𝑑(μm) 25 Painted 

(b) 
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Wear-ring 

Front 
Dimeter, 𝐷𝑤𝑓(mm) 100 

 

Radial gap, 𝑏𝑤𝑓(mm) 0.25 

Gap length, 𝑙𝑤𝑓(mm) 15 

Rear 
Dimeter, 𝐷𝑤𝑟(mm) 100 

Radial gap, 𝑏𝑤𝑟(mm) 0.25 

Gap length, 𝑙𝑤𝑟(mm) 15 

Side chamber 
Front Width, 𝑡𝑓(mm) 7 

Rear Width, 𝑡𝑟(mm) 7 

Balance hole 
Diameter of hole, 𝑑𝑏(mm) 8 

Number of holes, Ζ𝑏 5 

 

Table 2  Kinematic viscosity of water and machine oil, pump flow rate measured at BEP 

Parameter Water Machine oil 𝜈(cSt) 1 29 45 75 99 134 188 255 𝜌(kg/m3) 1000 870.8 877.2 883.0 885.6 888.2 890.9 892.9 𝑄𝐵𝐸𝑃(m3/h) 32.8 32.5 32.4 32.4 32.5 32.5 32.0 29.0 

 

 The pump head, hydraulic power, and overall efficiency at BEP predicted by using the models in 

Appendix are illustrated and compared with the experimental data given by [15-17] in Fig. 5. The mean 

errors of the head, hydraulic power and overall efficiency between prediction and experiment are 

1.47±1.50%, 2.62±1.97%, and 2.09±1.68%, respectively. This fact suggests that the models used in the 

paper are proper and reasonable. Note that the sharp variation in the head, hydraulic power and overall 

efficiency curves indicate a transition from hydraulically rough regime to hydraulically smooth regime 

of boundary layer flow inside the flow passages and over the casing walls and impeller outside surfaces 

due to increase of liquid viscosity. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5  Head, hydraulic power and overall efficiency at BEP predicted by using the models in 

Appendix and compared with the corresponding experimental data in [15-17] 
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 The hydraulic, volumetric and disc friction loss powers were predicted by the flow models in the 

Appendix at BEP, then the hydraulic, volumetric, mechanical and overall efficiencies were calculated 

by using Eqs. (1)-(10), respectively. These efficiencies are shown as a function of liquid viscosity and 

compared among three definition methods in Fig. 6. Since the definition of mechanical and overall 

efficiencies is identical in the three methods, the two efficiencies remain unchanged and overlapped 

across the three methods. Fig. 6(a) does demonstrate that fact. 

 The volumetric efficiencies calculated by the three methods rise with increasing liquid viscosity, 

further, the magnitude of the efficiency defined by Yang and Zhang [14] is the highest, the efficiency 

defined by Stepanoff [13] is the lowest, while the efficiency defined in the present paper is in between 

at a given viscosity.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6  Overall, mechanical, hydraulic , and volumetric efficiencies at BEP are plotted against liquid 
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viscosity, those efficiencies were calculated by using Eqs. (1)-(10) based on the hydraulic, volumetric 

and disc friction losses predicted with the flow models in the Appendix, (a) overall efficiency 𝜂 and 

mechanical efficiency 𝜂𝑚, (b) hydraulic efficiency 𝜂ℎ and volumetric efficiency 𝜂𝑣 

 

The hydraulic efficiency given by Yang and Zhang [14] is the highest but also rises slightly with 

increasing viscosity. This variation trend is irrational because the increasing viscosity usually leads to 

an increase in hydraulic losses in the impeller and volute (see Fig. 7) and subsequently deteriorates the 

hydraulic efficiency. The hydraulic efficiency in the present paper is larger than that after Stepanoff [13] 

when the viscosity is lower than 45cSt. Beyond that viscosity they share nearly the same value. Further, 

the two efficiencies decline with increasing viscosity. This trend reflects a matter of fact that the 

hydraulic losses increase with increasing viscosity as shown in Fig. 7. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7  Predicted hydraulic losses in the impeller and volute are plotted as a function of liquid viscosity 

 

The volumetric efficiency 𝜂𝑣 defined in Eq. (2) in the present paper has considered the hydraulic 

loss across the impeller ℎ𝑖. This means that the volumetric loss across the wear-rings is driven by the 

head 𝐻𝑡-ℎ𝑖 rather than the impeller theoretical head 𝐻𝑡 used in Eq. (5). By using the relationship: 𝑃 − 𝑃𝑚 − 𝑃𝑠𝑏=𝜌𝑔𝑄𝑡𝐻𝑡, Eq. (2) can be simplified to the following form: 𝜂𝑣 = 𝜌𝑔𝑄𝑡𝐻𝑡−𝜌𝑔𝑞(𝐻𝑡−ℎ𝑖)𝜌𝑔𝑄𝑡𝐻𝑡 = 1 − (ℎ𝑖𝐻𝑡) ( 𝑞𝑄𝑡)                     (11) 

If ℎ𝑖 is ignored, Eq. (11) is identical to Eq. (5). Otherwise, the 𝜂𝑣 in Eq. (11) is higher than that in Eq. 

(5). The head 𝐻𝑡 -ℎ𝑖  was adapted in the volumetric efficiency 𝜂𝑣  by Yang and Zhang in [11], the 

power input or shaft power can be written as: 𝑃=𝜌𝑔𝑄𝑡𝐻𝑡 + 𝑃𝑚 + 𝑃𝑠𝑏. Thus, Eq. (8) can be reduced to:  
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𝜂𝑣 = 1 − ( 11+𝑃𝑚+𝑃𝑠𝑏𝜌𝑔𝑄𝑡𝐻𝑡) ( 𝑞𝑄𝑡) + ( ℎ𝑖𝐻𝑡1+𝑃𝑚+𝑃𝑠𝑏𝜌𝑔𝑄𝑡𝐻𝑡 )( 𝑞𝑄𝑡)                 (12) 

Based on Eqs. (8), (11), and (12), the 𝜂𝑣 defined in Eq. (8) is the largest, and the 𝜂𝑣 defined in 

Eq. (5) is the smallest, but the 𝜂𝑣 defined in Eq. (2) is in between them at a given liquid viscosity. With 

increasing viscosity, the 𝜂𝑣  approaches 100%, the volumetric efficiencies given by three types of 

definition show a less difference.  

The hydraulic efficiency 𝜂ℎ defined by Eqs. (3) and (6) is similar in form, while the corresponding 

volumetric loss power 𝑃𝑣 formulas are different, therefore, the hydraulic efficiency 𝜂ℎ is different, 

especially at a low viscosity. With 𝑃 − 𝑃𝑚 + 𝑃𝑠𝑏=𝜌𝑔𝑄𝑡𝐻𝑡, Eq. (3) can be rewritten as: 𝜂ℎ = 1 − [ ℎ𝐻𝑡 1(1−ℎ𝑖𝐻𝑡) 𝑄𝑄𝑡+ℎ𝑖𝐻𝑡 − ℎ𝑣𝐻𝑡 1(1−ℎ𝑖𝐻𝑡) 𝑄𝑄𝑡+ℎ𝑖𝐻𝑡 𝑞𝑄𝑡]                     (13) 

Let 𝑃=𝜌𝑔𝑄𝑡𝐻𝑡 + 𝑃𝑚 + 𝑃𝑠𝑏 once again, Eq. (9) can be cast in the following form: 

𝜂ℎ = 1 − [ ℎ𝐻𝑡 11+𝑃𝑚+𝑃𝑠𝑏𝜌𝑔𝑄𝑡𝐻𝑡
𝑄𝑄𝑡 − ℎ𝑣𝐻𝑡 11+𝑃𝑚+𝑃𝑠𝑏𝜌𝑔𝑄𝑡𝐻𝑡

𝑞𝑄𝑡]                      (14) 

Although we know the fact of 0<(1 − ℎ𝑖𝐻𝑡) 𝑄𝑄𝑡 + ℎ𝑖𝐻𝑡<1 and 1 + 𝑃𝑚+𝑃𝑠𝑏𝜌𝑔𝑄𝑡𝐻𝑡>1, it is very hard to compare 

Eqs. (9), (13) and (14) in magnitude. Hence, the ℎ 𝐻𝑡⁄  in Eq. (9), difference of the last two terms, and 

last one term in Eqs. (13) and (14) are plotted as a function of liquid viscosity in Fig. 8. It is suggested 

that the last one term is much lower (<0.04) than the second term in in Eqs. (13) and (14), especially at 𝜈 ≥50cSt, and can be negligible.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8  ℎ 𝐻𝑡⁄  in Eq. (9), last two terms and last one term in Eqs. (13) and (14) are plotted as a functions of 

liquid viscosity, the last two terms in the figure represent their differences in the square brackets in the 

equations 
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The difference of the last two term in Eq. (13) is slightly larger the ℎ 𝐻𝑡⁄  in Eq. (9), and the 

difference and ℎ 𝐻𝑡⁄ y rises steadily with increasing viscosity. The difference of the last two terms in 

Eq. (14) is about more half less than the ℎ 𝐻𝑡⁄  in Eq. (9), but also insensitive to the change of liquid 

viscosity. This effect may be attributed the dramatic augmentation of disc friction loss 𝑃𝑚+𝑃𝑠𝑏𝜌𝑔𝑄𝑡𝐻𝑡  with 

increasing viscosity. The curves in Fig. 9 explain the variation trend of the hydraulic efficiencies in Fig. 

8 exactly. 

According to Eqs. (12) and (14), the disc friction loss has been involved directly into the formulas 

of volumetric and hydraulic efficiencies. As a result, the disc friction loss not only affects mechanical 

efficiency, but also alters volumetric and hydraulic efficiencies. The definition of the mechanical, 

volumetric and hydraulic efficiencies proposed by Yang and Zhang [14] appears imperfect and 

misleading. The hydraulic efficiency fails to reflect the change of liquid viscosity.  

In the definition of volumetric efficiency by Stepanoff [13], the leakage flow is driven by the 

impeller theoretical head 𝐻𝑡, resulting in the volumetric loss power 𝑃𝑣=𝜌𝑔𝑞𝐻𝑡. In fact, the liquid must 

experience the hydraulic loss ℎ𝑖 across an impeller, thus the leakage flow should be driven by the 

impeller actual head 𝐻𝑡-ℎ𝑖, and the corresponding volumetric loss power 𝑃𝑣=𝜌𝑔𝑞(𝐻𝑡 − ℎ𝑖). In 

the present paper, it is considered that the leakage flow is driven by the impeller actual head 𝐻𝑡-ℎ𝑖. As 

a result, the volumetric efficiency calculated by using the formula proposed by the present paper is more 

precisive and sensitive to the change of liquid viscosity than that by Stepanoff [13]. Naturally, the 

hydraulic efficiency calculated by means of the formula defined in the present paper is also more 

precisive and sensitive to the change of liquid viscosity than the hydraulic efficiency by Stepanoff in 

[13] since the formulas for the overall efficiency and mechanical efficiency in the present paper are the 

same as those in [13].  

4 Discussion 

It is shown that the pump head, hydraulic power and efficiency in Fig. 5 and the hydraulic 

efficiency In Fig. 6 (b) exhibit a notable variation at 𝜈=29, 134, 188cSt. This effect is related to flow 

regime transition in the pump. Based on Fig. 7 the hydraulic loss the volute is dominant compared with 

the loss in the impeller. Thus, the effect should be attributed to the flow regime transition in the volute. 

The skin friction factor of the flow in the volute 𝜆𝑉 calculated by using the formulas in Appendix is 

plotted as a function of the Reynolds number of the volute 𝑅𝑒𝑉  in Fig. 9. In the figure, there are 

transitions from hydraulically rough regime to hydraulically smooth regime at 𝜈 =29cSt and from 

hydraulically smooth regime to transitional regime at 𝜈=134cSt as well as from transitional regime to 

laminar regime at 𝜈 =188cSt, respectively. There is a considerable reduction in friction factor at 𝜈 =188cSt when the boundary layer flow in the volute changes into the laminar regime from the 

transitional regime due to the increasing viscosity. Accordingly, the hydraulic loss in the volute reduces 

significantly in Fig.7; thus, the overall efficiency in Fig. 5 and the hydraulic efficiency in Fig. 6(b) rise. 
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Since the predicted overall efficiency is higher than the experimental overall efficiency as shown in Fig. 

5, the friction factor is underestimated in the transitional regime here. In fact, there is no empirical 

correlation for the transitional regime between the laminar regime and the hydraulic smooth regime in 

the literature. It has to be assumed that the laminar regime occurs suddenly at 𝑅𝑒𝑉=2300 in the paper. 

As a result, the friction factor drops off sharply when the boundary layer flow enters the laminar regime 

from the transitional regime. Hopefully, this limitation can be removed when the empirical correlation 

for the transitional regime is available in the future. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9  Skin friction factors of the flow in the volute 𝜆𝑉 calculated by the formulas in Appendix and 

the other unified empirical formulas in [31] are plotted against the Reynolds number of the volute 𝑅𝑒𝑉, (a) for the correlations proposed by Churhill(1988), Diaz-Damacillo (2019), Swamee (1993) and 

Chernikin (2012), respectively; (b) for the correlations proposed by Cheng(2008), Brkic (2019), Avci 

(2019) and Milosevic (2022), respectively 

 

To compare the empirical corelations for friction factor, the friction factor in the volute was 

calculated the unified empirical formulas for all the boundary layer flow regime presented in [31] and 

included in Fig. 9. The unified formulas proposed by Cheng (2009), Milosevic (2022) failed to predict 

the hydraulically smooth regime. The other unified empirical formulas predict the larimar regime starts 

at 𝜈=134cSt, but also overestimate the 𝜆𝑉 value in the hydraulically smooth regime. Even though a 

unified formula can simplify programming, these unified empirical formulas are not adopted in the 

paper because of their unsatisfactory performance in prediction. 

The paper is subject to a few limitations. First, the dimensionless mean rotating angular velocity 

coefficients of the liquid in the side chambers are valid only at zero leakage flow rate. The influence of 

leakage flow rate on the coefficients needs to be modelled analytically in the future. Second, the 

proposed hydraulic, volumetric and disc friction models are limited to BEP, and the models at part- and 
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over-load points need to be developed in the future. Third, the models are applied to only one centrifugal 

pump due to the limitation in experimental data. It is hopeful that there are more experimental data on 

centrifugal pumps with different specific speeds. In the future, the volumetric and hydraulic efficiencies 

calculated by the proposed definition method may be compared with the results obtained by a fully 

three-dimensional CFD simulations of flow field in a centrifugal pump at various viscosities. 

5 Conclusion 

The proposed method in this paper has more obvious physical meaning, such that it is more 

reasonable and has better accuracy. Compared with the definition of volumetric and hydraulic 

efficiencies by Stepanoff, the definitions in the present paper is more precisive, and sensitive to the 

change of liquid viscosity. The hydraulic loss in the volute is larger than that in the impeller. Although 

the existing unified empirical formulas could simplify programming, it is not able to accurately reflect 

the skin friction factor. With increasing viscosity, the volumetric efficiency gradually rises and 

approaches to 100%, the volumetric efficiencies among three definitions show a less difference. 
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Nomenclature 𝑏 width of blade, mm 𝑏3 width of volute, mm 𝑏𝑤 clearance of the wear-ring, mm 
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𝐶𝑀 torque coefficient due to disc friction 𝐷 diameter, mm 𝐷3 diameter of circle tangential to volute tongue tip, mm 𝐷8 equivalent diameter of volute throat, mm 𝐷89 mean diameter of 𝐷8 and 𝐷9, mm 𝐷9 diameter of nozzle exit, mm 𝐷ℎ hydraulic diameter, m 𝐷𝑤 diameter of the wear-rings, mm 𝑑𝑏 diameter of balance holes, mm 𝐹0 cross-sectional area of section 0-0, m2 𝐹2 exit area of impeller, m2 𝐹8 throat area of volute, m2 𝐹9 cross-sectional area of nozzle exit, m2 𝐹𝑚 mean area of 𝐹0 and 𝐹8 of the volute body, m2 𝐹𝑤 cross-sectional area of the clearance of the wear-rings, m2 𝑓𝑔𝑒𝑜 impeller shape factor on disk friction loss 𝑓𝐿 leakage flow rate influencing factor on torque coefficient 𝑔 acceleration due to gravity, m/s2 

ℎ total hydraulic loss, m 

ℎ𝑙 total hydraulic loss, m 

ℎ𝑖𝑑 expansion loss in impeller, m 

ℎ𝑖𝑒 mixing loss behind impeller, m 

ℎ𝑖𝑓 skin friction loss in impeller, m 

ℎ𝑉 total hydraulic loss in volute, m 

ℎ𝑉𝑑𝑒 expansion loss in nozzle, m 

ℎ𝑉𝑑𝑓 skin friction loss in nozzle, m ℎ𝑉𝑓 skin friction loss in spiral body of volute, m 𝐻 pump head, m 𝐻𝑡 theoretical head of impeller, m 𝐻𝑤 pressure difference across the wear-rings, m 
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𝑘𝑠 equivalent sand roughness of wetted wall, m 𝑘𝑠𝑖𝑓𝑐, 𝑘𝑠𝑖𝑟𝑐 critical equivalent sand roughness on the impeller shroud and hub, m 𝐿𝑖 blade length, cm 𝐿89 length of discharge nozzle, mm 𝐿𝑉 length of spiral body of volute, mm 𝑛 pump rotating speed, r/min 𝑛𝑠 specific speed of pump, 𝑛𝑠 = 3.65𝑛[𝑟/𝑚𝑖𝑛]√𝑄[𝑚3 𝑠⁄ ]𝐻[𝑚]3 4⁄  𝑃 shaft-power of pump, W 𝑃ℎ pump hydraulic power, W 𝑃𝑚 disc friction loss power of the impeller, W 𝑃𝑠𝑏  mechanical loss power in shaft seals and bearings, W 𝑄 pump flow rate, m3/h 𝑄𝑡 theoretical flow rate through impeller, m3/h 𝑞 leakage flow rate through the clearance in the wear-rings, m3/h 𝑅 radius, mm 𝑅𝑎 Roughness of wetted surface, mm 𝑅𝑒 Reynolds number 𝑅𝑒𝑤𝑓𝑐, 𝑅𝑒𝑤𝑟𝑐 critical Reynolds numbers determining low regimes in the clearance of the wear-

rings 𝑅𝑤 radius of wear-rings on impeller 𝑠 metal thickness of blade, mm 𝑡 distance between casing and impeller shroud or hub, mm 𝑇𝑢 turbulent intensity of boundary layer 𝑢𝑤 wear-ring rotational speed, m/s 𝑉3 mean velocity in volute, m/s 𝑉89 mean velocity through area of 𝜋𝐷892 4⁄ , m/s 𝑉9 mean velocity through nozzle exit, m/s 𝑉𝑚 meridional velocity, m/s 𝑉𝑢 circumferential absolute velocity, m/s 𝑊 mean relative velocity of 𝑊1 and 𝑊2, m/s 
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𝑊1 relative velocity at entrance of impeller, m/s 𝑊2 relative velocity at exit of impeller, m/s 𝑊2∞ relative velocity at the exit of impeller with infinite number of blades, m/s 

Greek 𝛽 blade angle, deg 𝛿 thickness of sub-laminar layer, m 𝛥𝑉𝑢2 slip velocity at impeller outlet, m/s 𝜂 total efficiency 𝜂ℎ hydraulic efficiency 𝜂𝑉 volumetric efficiency 𝜂𝑚 mechanical efficiency 𝜃 equivalent diffusion angle of impeller passage or discharge nozzle, deg 𝜅 dimensionless mean rotating angular velocity coefficient of the liquid in a side chamber, rad/s 𝜆 skin friction factor 𝜈 kinematic viscosity of fluid, cSt (mm2/s) 𝜉 expansion loss coefficient 𝜉0 expansion loss coefficient when 𝑅𝑒 ≥4  105 𝜌 liquid density, kg/m3 𝜎 slip factor 𝛧 number of blades 𝛧𝑏 number of balance holes 𝜙0 circumferential angle of tongue of volute, deg 𝜓 blockage factor of blade 𝜔 angular speed of impeller, rad/s 𝜔𝑓 angular speed of liquid in a side chamber, rad/s 
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cr critical 

d discharge nozzle 

f front 

i impeller 

r rear 

V volute 

Abbreviation 

BEP best efficiency point 

CFD computational fluid dynamics 

 

Appendix  Hydraulic, volumetric and disc friction loss models 

The hydraulic, volumetric and disc friction loss models are essential in determination of the 

hydraulic, volumetric and mechanical efficiencies defined in Section 2. The hydraulic and disc friction 

loss models are associated with the previous publication [17] but updated with stuffings. For instance, 

the slip factor was replaced with the well-known Weisner’s formula, effects of rotating angular speed 

of liquid in the side chambers, roughness of the inside surface and impeller outside were taken into 

account. A volumetric loss model for the leakage flow across the wear-rings and balance holes into the 

impeller entrance was developed. The rotating angular speed of liquid in the side chambers and 

roughness of the inside surface and impeller were included in the model, too. 

A1 Hydraulic loss model 

The flow of liquid in a centrifugal pump is supposed to be one-dimensional (1D), steady, either 

laminar or turbulent. This assumption suggests that the complex liquid flow in the pump can be 

represented by the simple 1D flow on the mean streamline in the impeller and the mid-span plane in the 

volute, respectively. The construction of the pump 65Y60 as shown in Fig. 4 and the velocity triangles 

at the inlet and outlet of the impeller are sketched in Fig. A1. It is assumed that the liquid has no pre-

swirl at BEP. Based on the Euler’s equation for turbomachinery, the theoretical head generated by the 

impeller is calculated by [18]: 𝐻𝑡 = 𝑢2𝑉𝑢2𝑔 , 𝑉𝑢2 = (1 − 𝜎)𝑢2 − 𝑉𝑚2tan𝛽2, 𝑉𝑚2 = 𝑄𝑡𝜓2𝐹2                    (A1) 

where 𝐻𝑡 is the theoretical head of the impeller, 𝑢2 is the impeller peripheral speed, 𝑢2=𝑅2𝜔, 𝑅2 is 

the impeller radius, 𝑅2=0.5𝐷2, 𝐷2 is the impeller diameter, 𝜔 is the impeller rotational angular speed, 𝜔 =𝜋𝑛 30⁄  , 𝑛  is the impeller rotational speed, 𝑉𝑢2  and 𝑉𝑚2  are the circumferential  and 
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meridional components of absolute velocity of liquid at the impeller outlet, respectively, 𝑄𝑡ℎ is the 

liquid volumetric flow rate through the impeller, 𝐹2 is the area of the impeller outlet, 𝐹2=𝜓2𝜋𝐷2𝑏2, 𝜓2 is the blade blockage factor at the outlet, 𝜓2=1 − 𝑍 𝑠2sin𝛽2 𝜋𝐷2⁄ , 𝑍 is the number of blades, 𝑠2 

is the metal thickness of blade at the impeller outlet, 𝛽2 is the blade exit angle, 𝜎 is the Weisner’s slip 

factor, and defined and expressed by the following empirical formulas [19]:  𝜎 = 𝛥𝑉𝑢2𝑢2 = √sin𝛽2Ζ0.7                             (A2) 

If the hydraulic loss in the pump ℎ is known at BEP, the pump head 𝐻 will be calculated from 

the impeller theoretical head 𝐻𝑡 by:  𝐻 = 𝐻𝑡 − ℎ                              (A3) 

The liquid velocity in the side-entry of the pump shown in Fig.5a is slower than the velocities in 

the impeller and volute, hence the hydraulic loss in the entry is neglected. The angles of attack of the 

flow to the leading edge of blades of the impeller and the tongue of the volute are the smallest at BEP, 

the corresponding shock losses at the leading edge are minimal, thus ignored in the paper. This means 

that the liquid experiences skin friction and diffusion losses in the impeller. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. A1  Sketch of the pump 65Y60 shown in Fig. 5, (a) meridional view, (b) mid-span view, (c) 
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velocity triangle at point 1 of inlet, (d) velocity triangle at point 2 of outlet, subscript ∞ indicates the 

situation where the number of blades is infinite 

 

In the volute the liquid suffers from the skin friction loss in the spiral body as well as skin friction 

and diffusion losses in the discharge nozzle. Additionally, a mixing loss takes place on the interface 

between the impeller exit and the volute inlet. The complicated flow passages in the impeller and volute 

are considered as straight circular pipes by using the hydraulic diameter and length of the passages, and 

the skin friction coefficients in the pipes are employed to estimate the friction loss in the passages. 

The hydraulic losses in the impeller are composed of the skin friction and diffusion losses. The 

friction loss is calculated by the following expression: 

ℎ𝑖𝑓 = 𝜆 𝐿𝑖𝐷ℎ𝑖𝑊22𝑔                             (A4) 

where 𝐿𝑖 is the blade length along the mean streamline, and it is related to the blade exit angle 𝛽2 of 

the impeller in the following expression: 𝐿𝑖 = 0.0033𝛽22 − 0.4567𝛽2 + 27.5 (cm)                 (A5) 𝑊  is the mean relative velocity of the liquid in the impeller passages, and estimated by using the 

relative velocities at the impeller inlet and outlet in the following manner: 𝑊 = (𝑊1 +𝑊2) 2⁄ , 𝑊1 = √𝑢12 + 𝑉12, 𝑊2 = √(𝑢2 − 𝑉𝑢2)2 + 𝑉𝑚22             (A6) 

where 𝑢1 is the peripheral speed at the inlet of the impeller, 𝑢1=𝑅1𝜔, 𝑅1 is the impeller inlet radius, 𝑅1=0.5𝐷1, 𝐷1 is the impeller inlet diameter, 𝑉1 is the absolute velocity of the liquid at the inlet of the 

impeller, 𝑉1 = 𝑄𝑡ℎ 𝐹1⁄  , 𝐹1 =𝜓1𝜋𝐷1𝑏1 , 𝜓1  is the blade blockage factor at the inlet, 𝜓1 = 1 −𝑍 𝑠1sin𝛽1 𝜋𝐷1⁄ , 𝑠1 is the metal thickness of blade at the impeller inlet. The hydraulic diameter 𝐷ℎ𝑖 is 

estimated by the expression: 𝐷ℎ𝑖 = 12( 4𝜋𝐷1𝑏1𝑍2𝑏1+2𝜋𝐷1𝑍 + 4𝜋𝐷2𝑏2𝑍2𝑏2+2𝜋𝐷2𝑍 )                      (A7) 

further, Eq. (A7) can be simplified to the following formula: 𝐷ℎ𝑖 = 𝐷1𝑏𝑍𝑏1+𝜋𝐷1 + 𝐷2𝑏2𝑍𝑏2+𝜋𝐷2                         (A8) 

The diffusion loss in the impellers can be calculated by using the following equation: 

ℎ𝑖𝑑 = 𝜉𝑊122𝑔                                (A9) 

where the diffusion coefficient 𝜉 is a function of the equivalent expansion angle of the impeller flow 

passages 𝜃𝑖, and calculated by: 𝜃𝑖 = 2 tan−1 [𝜋(𝐷2−𝐷1)2𝑍𝐿𝑖 ]                         (A10) 

Three kinds of hydraulic loss exist in the volute. One is the skin friction loss in the spiral body, the 

other two are the friction and diffusion losses in the discharge nozzle. The friction loss at the wall of 
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the spiral body is estimated by the expression: 

ℎ𝑉𝑓 = 𝜆 𝐿𝑉𝐷ℎ𝑉 𝑉322𝑔                            (A11) 

The hydraulic diameter 𝐷ℎ𝑉 is determined by the mean cross-section area of the volute and written as: 𝐷ℎ𝑉 = 4𝐹𝑚𝑏3+2𝐹𝑚 𝑏3⁄                           (A12) 

The mean cross-section area 𝐹𝑚 is calculated by the areas 𝐹0 and 𝐹8 of the cross-sections 0-0 

and 8-8, expressed as: 𝐹𝑚 = 12 (𝐹0 + 𝐹8)                            (A13) 

where the area 𝐹0 = 0.5(𝐷3 − 𝐷2)𝑏3. The mean velocity of liquid 𝑉3 in the volute is calculated by: 𝑉3 = 𝑄(1 − 𝜙0 360⁄ ) 𝐹8⁄                         (A14) 

where 𝑄 is the ump flow rate, 𝜙0 is the initial circumferential angle. The length of the spiral body 𝐿𝑉 is estimated by using the formula: 𝐿𝑉 = 𝜋𝐷3(1 − 𝜙0 360⁄ )                       (A15) 

The skin friction loss in the discharge nozzle is calculated by means of the expression: 

ℎ𝑉𝑑𝑓 = 𝜆 𝐿89𝐷89 𝑉8922𝑔                            (A16) 

where 𝐿89 is the length of the discharge nozzle, 𝐷89 is the mean diameter of the nozzle is estimated 

by the equivalent diameter of the section 8-8 𝐷8 and the outlet diameter of the nozzle 𝐷9: 𝐷89 = 12 (𝐷8 + 𝐷9), 𝐷8 = √4𝐹8 𝜋⁄                   (A17) 

The velocity of the liquid in the pipe with a diameter of 𝐷89 is calculated by: 𝑉89 = 𝑄 𝐹89⁄                             (A18) 

where 𝐹89  is the area of a pie with the diameter 𝐷89 , 𝐹89 = 𝜋𝐷892 4⁄  . The diffusion loss in the 

discharge nozzle is given by the following equation: 

ℎ𝑉𝑑𝑒 = 𝜉 𝑉322𝑔                            (A19) 

where the diffusion loss coefficient 𝜉 is determined by the equivalent expansion angle of the nozzle 𝜃𝑑. The angle is calculated by: 𝜃𝑑 = 2tan−1 (𝐷9−𝐷82𝐿89 )                         (A20) 

The mixing loss behind the impeller is assumed to be the loss due to a sudden expansion of the 

meridional flow and a shearing effect between the flow exiting the impeller and that in the volute in the 

circumferential direction. The mixing loss behind the impeller is calculated by: 

ℎ𝑖𝑒 = [1−𝑏2 𝑏3⁄ ]2𝑉𝑚22 +(𝑉𝑢2−𝑉3)22𝑔                       (A21) 

where the first term was proposed in [20]. 

The skin friction factor 𝜆 in Eqs. (A4), (A11), (A16) is determined by the Reynolds number 𝑅𝑒 
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and the equivalent sand roughness of wetted surfaces 𝑘𝑠. When the Reynolds number is 𝑅𝑒 ≤2300, 

the flow in a straight circular pipe is laminar regime, and the skin friction factor 𝜆  is determined 

theoretically by the formula [21]:  𝜆 = 64𝑅𝑒                             (A22) 

where 𝑅𝑒 =𝑅𝑒𝑖 (𝑅𝑒𝑖 =𝑊𝐷ℎ𝑖 𝑣⁄ ) for the impeller, 𝑅𝑒 =𝑅𝑒𝑉 (𝑅𝑒𝑉 =𝑉3 𝐷ℎ𝑉 𝑣⁄ ) for the volute, but 𝑅𝑒 =𝑅𝑒𝑑 (𝑅𝑒𝑑 =𝑉89 𝐷99 𝜈⁄ ) for the discharge nozzle are held. 

When the Reynolds number is 𝑅𝑒 >2300, the boundary layer flow of the liquid in the impeller or 

volute or discharge nozzle is in turbulent regimes. If 𝑘𝑠 𝛿 ≤ 1⁄  is held, where 𝛿 is the thickness of 

the sub-laminar layer, 𝛿 = 14.1(𝐷ℎ 𝑅𝑒 √𝜆⁄ ), then the flow is in the turbulent hydraulically smooth 

regime and the friction factor 𝜆 depends on the Reynolds number 𝑅𝑒 (𝑅𝑒𝑖 or 𝑅𝑒𝑉 or 𝑅𝑒𝑑) rather 

than the relative roughness 𝑘𝑠 𝐷ℎ⁄  (𝑘𝑠𝑖 𝐷ℎ𝑖⁄  or 𝑘𝑠𝑉 𝐷ℎ𝑉⁄  or 𝑘𝑠89 𝐷89⁄ ), and is written as [21]: 1√𝜆 = 2.0 lg(𝑅𝑒 √𝜆) − 0.8                      (A23) 

The equivalent sand roughness of wetted surfaces is 𝑘𝑠 = 4.2𝑅𝑎 for cast walls with paint [22], 𝑅𝑎 is 

the arithmetic average deviation of the rough surface valleys and peaks. The 𝑅𝑎 values inside and 

outside impeller, inside volute and discharge nozzle are listed in Table 1. 

If 1 < 𝑘𝑠 𝛿 ≤ 14⁄  is true, the boundary layer flow is in turbulent transitional or smooth regime 

and the friction factor 𝜆 is determined by both 𝑅𝑒 and 𝑘𝑠 𝐷ℎ⁄ , and written as [21]: 1√𝜆 = 1.74 − 2 lg (2𝑘𝑠𝐷ℎ + 18.7𝑅𝑒 √𝜆)                      (A24) 

Finally, if 𝑘𝑠 𝛿 > 14⁄  , the flow is in the turbulent hydraulically rough regime, the factor 𝜆  is 

related to 𝑘𝑠 𝐷ℎ⁄  only, and given by [21]: 𝜆 = 1(1.74−2 lg2𝑘𝑠𝐷ℎ )2                          (A25) 

The coefficient 𝜉 in Eqs. (9) and (19) for the diffusion loss is assumed to be equal to the coefficient 

for the diffusion loss in a conical diffuser apparently. The following empirical formula is obtained by 

best fitting the experimental data of the diffusion loss coefficient in the conical diffuser with fully 

developed inlet flow in [20]: 𝜉 = { 𝜉0𝜉0 + 0.0131 ln( 4 × 105 𝑅𝑒)⁄       𝑅𝑒 ≥4 × 105𝑅𝑒 <4 × 105             (A26) 

where 𝜉0 = −2 × 10−7𝜃4 + 4 × 10−5𝜃3 − 2.9 × 10−3𝜃2 + 0.1096𝜃-0.586, 𝜃=𝜃𝑖 for the impeller, 𝜃=𝜃𝑑 for the discharge nozzle. The last term in the second formula is based on the experimental data 

in [23]. 

The hydraulic loss in the pump ℎ is the sum of all the losses in the impeller and volute, 

and reads as: ℎ = ℎ𝑖𝑓 + ℎ𝑖𝑑 + ℎ𝑖𝑒 + ℎ𝑉𝑓 + ℎ𝑉𝑑𝑓 + ℎ𝑉𝑑𝑒              (A27) 

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
5
5
6
7
5



Accepted to Phys. Fluids 10.1063/5.0155675

Page 22 of 27 

 

A2 Leakage flow model 

 Two streams of the liquid are leaked to the impeller inlet from two side chambers through the 

clearance in the front and rear wear-rings and the balance holes on the hub as shown in Fig. A1a, 

respectively. The leakage flow rate determined by the pressure drops and flow coefficients across the 

two clearances. The pressure drops across the clearances in the front and rear wear-rings are expressed 

as: 

{𝐻𝑤𝑓 = 𝐻 − 𝑉322𝑔 −𝜔𝑓𝑓2 𝑅22−𝑅𝑤𝑓22𝑔𝐻𝑤𝑟 = 𝐻 − 𝑉322𝑔 − 𝜔𝑓𝑟2 𝑅22−𝑅𝑤𝑟22𝑔                        (A28) 

where 𝐻𝑤𝑓 and 𝐻𝑤𝑟 are the pressure drops across the two clearances, 𝑅𝑤𝑓 and 𝑅𝑤𝑟 are the radii 

of the front and rear wear-rings, 𝜔𝑓𝑓 and 𝜔𝑓𝑟 are the mean rotating angular velocities of the liquid in 

the front and rear side chambers, respectively. 𝜔𝑓𝑓 and 𝜔𝑓𝑟 are calculated by the following formulas: {𝜔𝑓𝑓 = 𝜅𝑓𝜔𝜔𝑓𝑟 = 𝜅𝑟𝜔                              (A29) 

where 𝜅𝑓 and 𝜅𝑟 are the dimensionless mean rotating angular velocity coefficients of the liquid in the 

two side chambers. 𝜅𝑓 and 𝜅𝑟 are decided by the formulas [24, 25]: 

{  
  𝜅𝑓 = 11+(𝑅𝑐𝑓𝑅2 )2√(𝑅𝑐𝑓𝑅2 +5𝑡𝑐𝑓𝑅2 )𝐶𝑓𝑐𝑓𝐶𝑓𝑖𝑓𝜅𝑟 = 11+(𝑅𝑐𝑟𝑅2 )2√(𝑅𝑐𝑟𝑅2 +5𝑡𝑐𝑟𝑅2)𝐶𝑓𝑐𝑟𝐶𝑓𝑖𝑟

                       (A30) 

where 𝑅𝑐𝑓  and 𝑅𝑐𝑟  are the radii of the pump casing in the front and rear side chambers to 

accommodate the impeller, 𝑅𝑐𝑓=𝑅𝑐𝑟=𝑅2; 𝑡𝑐𝑓 and 𝑡𝑐𝑟 are the distances between the volute side walls 

and the side walls of the front and rear side chambers, see Fig. A2, 𝑡𝑐𝑓=𝑡𝑐𝑟=0 here; 𝐶𝑓𝑐𝑓 and 𝐶𝑓𝑖𝑓 are 

the mean skin friction factors on the side wall of the casing and outside surface of the impeller in the 

front side chamber; 𝐶𝑓𝑐𝑟 and 𝐶𝑓𝑖𝑟 are the mean skin friction factors on the side wall of the casing and 

outside surface of the impeller in the rear side chamber. Based on the mean skin friction factor for 

laminar and turbulent boundary layers over a flat plate, 𝐶𝑓𝑐𝑓, 𝐶𝑓𝑐𝑟, 𝐶𝑓𝑖𝑓 and 𝐶𝑓𝑖𝑟 are calculated by 

the following empirical expressions [24, 25]: 

{   
   𝐶𝑓𝑐𝑓 = 𝐶𝑓𝑐𝑟 = 𝐶𝑓𝑖𝑓 = 𝐶𝑓𝑖𝑟 = 2.65𝑅𝑒20.875 − 28𝑅𝑒2+0.016 𝑅𝑒2⁄ + 1.328√𝑅𝑒2 , 𝑅𝑒2 ≤ 𝑅𝑒𝑐𝑟𝐶𝑓𝑐𝑓 = 0.136[−lg(0.2𝑘𝑠𝑐𝑓𝑅2 +12.5𝑅𝑒2)]2.15 , 𝐶𝑓𝑐𝑟 = 0.136[−lg(0.2𝑘𝑠𝑐𝑟𝑅2 +12.5𝑅𝑒2)]2.15 ,  𝑅𝑒2 > 𝑅𝑒𝑐𝑟            𝐶𝑓𝑖𝑓 = 0.136[−lg(0.2𝑘𝑠𝑖𝑓𝑅2 +12.5𝑅𝑒2)]2.15 , 𝐶𝑓𝑖𝑟 = 0.136[−lg(0.2𝑘𝑠𝑖𝑟𝑅2 +12.5𝑅𝑒2)]2.15 ,  𝑅𝑒2 > 𝑅𝑒𝑐𝑟                     (A31) 

where 𝑅𝑒𝑐𝑟 is the critical Reynolds number at which the laminar boundary layer transitions to turbulent 

boundary layer, or vice versa; 𝑅𝑒𝑐𝑟 =3 × 106 (1 + 104𝑇𝑢1.7)⁄   [26], 𝑇𝑢  is the turbulent intensity of 
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boundary layer, 𝑇𝑢=0.05 is a reasonable value for the flow in centrifugal pumps, thus 𝑅𝑒𝑐𝑟=48068;  𝑅𝑒2 is the impeller Reynolds number,  𝑅𝑒2=𝑅2𝑢2 𝜈⁄ ; the formula at 𝑅𝑒2 ≤ 𝑅𝑒𝑐𝑟 is from [26], and 

the formula at  𝑅𝑒2 > 𝑅𝑒𝑐𝑟 is after [24, 25].  

 

 

 

 

 

 

 

 

Fig. A2  Dimensions 𝑅𝑐𝑓, 𝑅𝑐𝑟, 𝑡𝑐𝑓 and 𝑡𝑐𝑟 of the pump casing 

 

The clearances of the front and rear wear-rings are 𝑏𝑤𝑓=𝑏𝑤𝑟=0.25mm, and the ratio of the balance 

hole cross-sectional area to the rear war-ring cross-sectional area is 3.2. Under these conditions the 

effect of the five balance holes on the leakage flow rate across the rear wear-ring is negligible [27]. 

Thus, the flow resistance generated by the balance holes should not considered. The leakage flow rates 

through the front and rear wear-rings are written as [27]: 

{  
  𝑞𝑓 = 𝐹𝑤𝑓√1.5+𝜆𝑤𝑓 𝑙𝑤𝑓2𝑏𝑤𝑓

√2𝑔𝐻𝑤𝑓
𝑞𝑟 = 𝐹𝑤𝑟√1.5+𝜆𝑤𝑟 𝑙𝑤𝑟2𝑏𝑤𝑟√2𝑔𝐻𝑤𝑟                           (A32) 

where 𝑞𝑓 and 𝑞𝑟 are the leakage flow rates through the clearances in the front and rear wear-rings; 

the total leakage flow rate is 𝑞=𝑞𝑓+𝑞𝑟; 𝐹𝑤𝑓 and 𝐹𝑤𝑟 are the cross-sectional areas of the clearances 

in the front and rear wear-rings, 𝐹𝑤𝑓=𝜋𝐷𝑤𝑓𝑏𝑤𝑓, 𝐹𝑤𝑟=𝜋𝐷𝑤𝑟𝑏𝑤𝑟; 𝜆𝑤𝑓 and 𝜆𝑤𝑟 are the skin friction 

factors of the liquid flow through the clearances, and calculated by using the following empirical 

formulas [28]:  

{ 
 𝜆𝑤𝑓 = 48𝑅𝑒𝑤𝑓 ,  𝑅𝑒𝑤𝑓 ≤ 𝑅𝑒𝑤𝑓𝑐                                       𝜆𝑤𝑓 = 0.2704𝑅𝑒𝑤𝑓0.25 [1 + 0.5 (𝑢𝑤𝑓𝑉𝑚𝑓)2]3 8⁄ ,  𝑅𝑒𝑤𝑓 ≤ 𝑅𝑒𝑤𝑓𝑐                  (A33) 

and 

{ 𝜆𝑤𝑟 = 48𝑅𝑒𝑤𝑟 ,  𝑅𝑒𝑤𝑟 ≤ 𝑅𝑒𝑤𝑟𝑐                                       𝜆𝑤𝑟 = 0.2704𝑅𝑒𝑤𝑟0.25 [1 + 0.5 (𝑢𝑤𝑟𝑉𝑚𝑟)2]3 8⁄ ,  𝑅𝑒𝑤𝑟 ≤ 𝑅𝑒𝑤𝑟𝑐                 (A34) 

where 𝑢𝑤𝑓  and 𝑢𝑤𝑟  are the front and rear wear-rings rotational speed, 𝑢𝑤𝑓 =𝑅𝑤𝑓𝜔 , 𝑢𝑤𝑟 =𝑅𝑤𝑟𝜔 ; 𝑉𝑚𝑓  and 𝑉𝑚𝑟  are the meridional velocities in the clearances in the front and rear wear-rings, 
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𝑉𝑚𝑓=𝑞𝑓 𝐹𝑤𝑓⁄ , 𝑉𝑚𝑟=𝑞𝑟 𝐹𝑤𝑟⁄ ; 𝑅𝑒𝑤𝑓 and 𝑅𝑒𝑤𝑟 are the Reynolds numbers of the clearances in the front 

and rear wear-rings, 𝑅𝑒𝑤𝑓 = 𝑏𝑤𝑓𝑉𝑚𝑓 𝜈⁄  , 𝑅𝑒𝑤𝑟 = 𝑏𝑤𝑟𝑉𝑚𝑟 𝜈⁄  ; 𝑅𝑒𝑤𝑓𝑐  and 𝑅𝑒𝑤𝑟𝑐  are the critical 

Reynolds numbers that determine flow regimes in the clearances and calculated by [28]:  

{  
  𝑅𝑒𝑤𝑓𝑐 = 996.6 [1 + 0.5 (𝑢𝑤𝑓𝑉𝑚𝑓)2]−1 2⁄
𝑅𝑒𝑤𝑟𝑐 = 996.6 [1 + 0.5 (𝑢𝑤𝑟𝑉𝑚𝑟)2]−1 2⁄                    (A35) 

A3 Disc friction loss model 

The disc friction power losses on outside surfaces of the impeller are calculated by the following 

equations: 

{𝑃𝑚𝑓 = 12𝐶𝑀𝑓𝑓𝑔𝑒𝑜𝑓𝐿𝑓𝜌𝜔3(𝑅25 − 𝑅𝑤𝑓5 )𝑃𝑚𝑟 = 12𝐶𝑀𝑟𝑓𝑔𝑒𝑜𝑓𝐿𝑟𝜌𝜔3(𝑅25 − 𝑅𝑤𝑟5 )                  (A36) 

where 𝐶𝑀𝑓 and 𝐶𝑀𝑟 are the torque coefficients on the impeller shroud (front surface) and hub (rear 

surface); 𝑓𝑔𝑒𝑜 is the shape factor for closed shape impellers of centrifugal pump, 𝑓𝑔𝑒𝑜=1.22 [24, 25]; 𝑓𝐿𝑓 and 𝑓𝐿𝑟 are the leakage flow rate influencing factor on torque coefficients, and expressed by [24]: 

{𝑓𝐿𝑓 = exp [− 300𝑞𝑓𝜋𝑅23𝜔 ( 𝑅2𝑅𝑤𝑓 − 1)]𝑓𝐿𝑟 = exp [− 300𝑞𝑟𝜋𝑅23𝜔 ( 𝑅2𝑅𝑤𝑟 − 1)]                      (A37) 

There is the critical equivalent sand roughness at which 𝐶𝑀𝑓 and 𝐶𝑀𝑟 are dependent on wetted 

surface roughness and flow Reynolds number. The critical equivalent sand roughness on the impeller 

shroud and hub is given by [21]: 

{𝑘𝑠𝑖𝑓𝑐 = 100𝜈𝜔𝑓𝑅2𝑘𝑠𝑖𝑟𝑐 = 100𝜈𝜔𝑟𝑅2                            (A38) 

where 𝑘𝑠𝑖𝑓𝑐 and 𝑘𝑠𝑖𝑟𝑐 are the critical equivalent sand roughness on the impeller shroud and hub. If 

the equivalent sand roughness on the impeller shroud and hub 𝑘𝑠𝑖𝑜𝑓, 𝑘𝑠𝑖𝑜𝑟 are smaller than 𝑘𝑠𝑖𝑓𝑐 and 𝑘𝑠𝑖𝑟𝑐, then the 𝐶𝑀𝑓 and 𝐶𝑀𝑟 are as a function of 𝑅𝑒2, and expressed as [21]: 

𝐶𝑀𝑓 = { 
 0.5 × 2𝜋 𝑅2𝑡𝑓𝑅𝑒2 ,  𝑅𝑒2 ≤ 2 × 104                           0.5 × 2.67 √𝑅𝑒2⁄ ,  2 × 104 < 𝑅𝑒2 ≤ 3 × 1050.5 × 0.0622 𝑅𝑒20.2⁄ , 𝑅𝑒2 > 2 × 105                             (A39) 

and 

𝐶𝑀𝑟 = { 
 0.5 × 2𝜋 𝑅2𝑡𝑟𝑅𝑒2 ,  𝑅𝑒2 ≤ 2 × 104                           0.5 × 2.67 √𝑅𝑒2⁄ ,  2 × 104 < 𝑅𝑒2 ≤ 3 × 1050.5 × 0.0622 𝑅𝑒20.2⁄ , 𝑅𝑒2 > 2 × 105                             (A40) 

 If 𝑘𝑠𝑖𝑓 , 𝑘𝑠𝑖𝑟  are larger than 𝑘𝑠𝑖𝑓𝑐  and 𝑘𝑠𝑖𝑟𝑐 , then the 𝐶𝑀𝑓  and 𝐶𝑀𝑟  are expressed by 𝑅𝑒2 , 
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𝑘𝑠𝑖𝑓 and 𝑘𝑠𝑖𝑟, i.e. [29]: 

{𝐶𝑀𝑓 = 0.5 (𝑘𝑠𝑖𝑓𝑅2 )0.25 (𝑡𝑓𝑅2)0.1 (𝑏3𝑡𝑓)0.2 𝑅𝑒2−0.2𝐶𝑀𝑟 = 0.5 (𝑘𝑠𝑖𝑟𝑅2 )0.25 (𝑡𝑟𝑅2)0.1 (𝑏3𝑡𝑟)0.2 𝑅𝑒2−0.2                 (A41) 

 The total disc friction power loss is the sum of the losses on the impeller shroud and hub, and 

expressed by: 𝑝𝑚 = 1.75(𝑝𝑚𝑓 + 𝑝𝑚𝑟)                        (A42) 

where the coefficient 1.75 is employed to consider the effect of real situation of flow in the side 

chambers on the disc friction power loss and the friction power losses in the shaft seals and bearings. 

The torque coefficient given by the empirical formulas based on experimental data of rotational disc in 

a cylindrical casing is always smaller than the torque coefficient of disc rotating with blade-like 

structures in a pump casing [30]. 

 The above hydraulic, volumetric and disc friction loss models are coupled each other, these losses 

are calculated in an iteration manner in a composed MATLAB program. It was shown that the losses 

and three efficiencies no longer varied after 10 iterations. 
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