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Topological Approach of Characterizing Optical Skyrmions

and Multi-Skyrmions

Amy McWilliam,* Claire M. Cisowski, Zhujun Ye, Fiona C. Speirits, Jorg B. Gotte,

Stephen M. Barnett, and Sonja Franke-Arnold

The skyrmion number of paraxial optical skyrmions can be defined solely via
their polarization singularities and associated winding numbers, using a
mathematical derivation that exploits Stokes’s theorem. It is demonstrated
that this definition provides a robust way to extract the skyrmion number
from experimental data, as illustrated for a variety of optical (Néel-type)
skyrmions and bimerons and multi-skyrmions. This method generates not
only an increase in accuracy, but also provides an intuitive geometrical
approach to understanding the topology of such quasi-particles of light and

their robustness against smooth transformations.

1. Introduction

The concept of skyrmions was proposed by Skyrme over 60 years
ago,!l originally postulated to describe the topological structure
of nucleons. Since then, these quasi-particles have been pre-
dicted and observed in a wide range of contexts, including string
theory, 2l Bose-condensates and atoms,>*! spintronics,®! mag-
netic media,l®®#] and more recently in plasmonics and optics.[>13!
While the more familiar magnetic skyrmions carry magnetic
spin textures, optical skyrmions are embedded in the polariza-
tion texture of complex vector light fields. Of particular interest
to the experimentalist are 2D skyrmions, sometimes called ‘baby
skyrmions’, which can be realized in paraxial beams, offering an
easily accessible and re-configurable platform for the investiga-
tion of topological features and their propagation dynamics.[1*19
Unlike magnetic skyrmions, freely propagating paraxial opti-
cal skyrmions are only constrained by Maxwell’s equations, and
therefore offer a versatile platform for the investigation of ex-
otic topological structures.[?l The generation of topological states
of light opens up new avenues for the controlled interaction of
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photons with material quasi-particles
such as plasmons, phonons, and
excitons.[*!]

Experimentally, polarization textures
and hence skyrmions can be assessed
by measuring the spatially varying re-
duced Stokes vector S(x,y) across the
light profile, mapping the local polariza-
tion states onto the Poincaré sphere, just
like the local spin of magnetic skyrmions
is mapped onto the Bloch sphere.l?]
The polarization texture itself can take
on almost unlimited shapes, includ-
ing Néel-type (hedgehog) and Bloch-type
skyrmions, I but the underlying topology is character-
ized by a single invariant, the skyrmion number, n, which counts
how many times S wraps around the Poincaré sphere.[Note that
while every Skyrmion beam is a Poincaré beam, the reverse does
not hold: The mapping must obey specific mapping rules. This is
intrinsic to the definition of the Skyrmion number, Equation (1)
but becomes more evident from our geometric description in this
letter]. While the polarization structure of a beam may change
upon propagation in free space and through unitary transforma-
tions, n remains conserved.

Both isolated optical skyrmions and and more complex geome-
tries with multiple optical skyrmions can be generated with state-
of-the-art light-shaping technology. Their experimental identifi-
cation in terms of their skyrmion number, however, remains
challenging. Previous work has relied either on a qualitative com-
parison between measured and ideal polarization profiles of the
target skyrmion, or evaluated the skyrmion number from its an-
alytical expression, which for a beam propagating along the z di-
rection, is defined as/®!

1 ds _ s
=L /s (2%2) iy 1
"=, <6xx6y>xy @

[12,15,20,23,24

where S =[S,,S,, S;]7 is the spatially resolved normalized re-
duced Stokes vector, and A is the entire (x, y) plane. The skyrmion
number is thus, by definition, a global property of a light beam.
Evaluating Equation (1) poses two difficulties: first, the experi-
mentally accessible part of A is limited by the numerical aper-
ture of the system. Second, gradients are notoriously sensitive
to noise, especially in low intensity regions, such as at large ra-
dial distances or in the vicinity of singularities, where the spatial
derivative of fluctuating noise levels may overwhelm the signal.

In this research article, we derive and demonstrate an al-
ternative, topological method to calculate skyrmion numbers
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that avoids products of polarization gradients and significantly
increases precision (for low n) and accuracy (in the presence
of noise). We evaluate n for a variety of experimentally gener-
ated optical skyrmions and multi-skyrmions, the latter being
constructed by combining multiple skyrmions cores as dis-
cussed in?° and.?% Our method provides geometric insight that
is missing from the surface integral representation: allowing
us, for example, to interpret multi-skyrmions as combination
of individual skyrmion structures rather than just providing
an overall skyrmion number. This method can be extended to
analyze skyrmion lattices with periodic structures.

2. Results and Discussion

2.1. Topological Definition of The Skyrmion Number

We start by deriving our topological definition from the inte-
gral definition of Equation (1). For paraxial beams, the skyrmion
number can be interpreted as the integrated flux of a skyrmion
field X, sometimes known as the topological current, across the
transverse plane,

n=i X-dA (2)
4z J,

where ¥, = %eykepq,sp@sq)(aksy) and 9; denotes differentiation
with respect to x.["*l Here, Sy = (S,,S,,S,)" is a generalized
Stokes vector that relates to the conventional Stokes vector
through an arbitrary rotation, described by a 3D rotation matrix
R, so that S, = RS.[?4

The skyrmion field X is transverse (V - £ = 0), hence it can be
expressed as the curl of a vector field v. Applying Stokes’s theo-
rem yields

1 1
n—E/AwadA—E}{v-dl (3)

where C is a suitable integration path across A, which excludes
any singularities of v. While v is not uniquely defined, a suitable
expression in terms of the experimentally accessible Stokes pa-
rameters is

v=-S,V®, where @ =arg(S,+iS) 4)

Equation (4) can be derived by recalling the Mermin and Ho
relation, 27281 but for our purposes it is sufficient that its curl is
indeed the skyrmion field X.

The skyrmion number can then be expressed as a line integral

1
n= _E}{SZVCD ~dl (5)

which depends only on the variation of the phase @ along the
path. The integration path has to enclose the entire (in principle
infinitely extended) beam area, but exclude all singularities, as il-
lustrated in Figure 1. The integrals connecting the beam periph-
ery to the singularities cancel. This leaves us with two (or more)
closed line integrals: one at a radius p — oo, evaluated counter-
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clockwise (a), and one or more around the singularities of @, eval-

uated in a clockwise direction (f)):

1 1
n_gaéjszw-dl—a?{szm-dl (6)

At the positions of the j inner singularity (x;,v;) the Stokes

parameter is simply the local value Sg), and can be taken out of
the integral. At the beam periphery the Stokes parameter con-
verges to a single value 5, because the skyrmion beam carries
a finite energy. Each integral is related to the winding number
N = (27z)"' § V@ - dl, which counts the number of turns S com-
pletes on the Poincaré sphere along the respective circular paths
and by definition is free from noise. We thus obtain a topological

definition of the skyrmion number,

_1 0 (o)
n—§<ZSZNj—SZ Nm> (7)

J

which is a function of the Stokes vector at the position of the sin-
gularities and at the beam periphery, and the corresponding in-
teger winding numbers on the Poincaré sphere. It is straightfor-
ward to show that N, = 3, N, therefore, guaranteeing that n is
an integer. Additional details of the derivation of Equation (7) are
provided in Section A of the Supporting Information. As X is in-
variant under rotations, the skyrmion number n does not depend
on the orientation of the Poincaré sphere, giving us unlimited op-
tions of choosing S when calculating n.

We will now illustrate how Equation (7) links to the topology of
the polarization texture using the example of an n = 2 skyrmion
(of the form |¥,) of Equation (8) introduced later in this arti-
cle). Figure 1a shows the polarization texture, with local polar-
ization states color-mapped to the Poincaré sphere as indicated
in the inset, along with the corresponding vectorial represen-
tation of S(x,y). If we choose S, = (S;, S,, S;), as illustrated in
Figure 1D, the polarization profile features a left-handed C-point
singularity in the center,* and a delocalized right-handed sin-
gularity at the beam periphery, as identified by the phase pro-
file ®. A suitable path integral, indicated in the left, yields con-
tributions from the line integrals around the central singular-
ity (S; = —1), and at p - oo (S; = +1). On the Poincaré sphere,
these integrals correspond to winding twice backward around
the South and North pole, respectively, so Equation (7) evaluates
ton= %((—1) - (=2) = 1+ (=2)) = 2. Alternatively, we may choose
Sk =(S,, S5, S;) as illustrated in Figure 1c. This results in four
singularities: two horizontally and two vertically polarized. The
corresponding path on the Poincaré sphere is traversed twice, al-
ternatingly winding around S, =1 (f; and ;) and S; = -1 (6,
and g,), with positive and negative winding numbers respectively,
and no contribution from the periphery, again resulting in the
correct n = 2. As anticipated, n counts how many times the po-
larization wraps around the Poincaré sphere, taking into account
the sense of the winding direction. Unlike Equation (1) our topo-
logical expression requires neither derivatives nor integration but
can be read directly from the polarization profile. We will demon-
strate in the following by experiment and simulation that our def-
inition can provide a significant increase in accuracy and preci-
sion.
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Figure 1. Topological measurement of the skyrmion number. a) Polarization profile, represented as a distribution of polarization ellipses and as a
distribution of unitary Stokes vectors, of an n = 2 skyrmion. The associated Poincaré sphere is also shown, with ellipticity () and orientation (y) angles
indicated. The insert shows the polarization color scheme used, with intensity distribution represented as opacity. Path integrals (left), phase profiles ®
(center) and Poincaré spheres (right) evaluated for S, = S3 in (b) and S, = S; in (c).

2.2. Experimental and Numerical Evaluation

When evaluating experimental data, the selection of the path
is guided by fundamental as well as practical criteria: to obey
Stokes’s theorem, the enclosed area should contain as much as
possible of the beam profile. For practical reasons, we want to
choose a path that avoids areas of low intensity as well as the im-
mediate neighborhood of the singularities, where measurements
of the skyrmion field are dominated by noise.

In the following we will compare measurement methods
Equation (1) and Equation (7) for skyrmions and bimerons!3"]
with various skyrmion numbers, as well as for multi-skyrmions.

Laser Photonics Rev. 2023, 17, 2300155 2300155 (3 of 6)

A skyrmion with number n is conveniently generated as a
superposition of orthogonally polarized Laguerre-Gaussian (LG)
modes LG’ (full expression given in Section SB, Supporting
Information):!2!

P, = %(ch 10y + LG [1)) (8)

Here p and ¢ denote the radial and azimuthal mode order re-
spectively, and |i) with i € {0, 1} are any two orthogonal polariza-
tion states (i.e., a Schmidt basis). Choosing circular (linear) po-
larization basis states results in Néel-type skyrmions (bimerons).
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Figure 2. Experimentally measured polarization textures for beams with skyrmion numbers n = 1to 5. The top row shows Néel-type skyrmions defined
in the circular basis (|0) = |/}, |1) = |r)), and the bottom row Néel-type bimerons in the linear basis (|0) = |h) and |1) = |v)). The inset at the right
shows the theoretical polarization textures of the corresponding target skyrmions for n = 5.

Table 1. Comparison of experimentally measured skyrmion numbers for
Figure 2 evaluated using Equation (1) and Equation (7), respectively.

type method n=1 n=2 n=3 n=4 n=5

skyrmion Equation (1) 0.918 1.921 2994  4.007 4.924
Equation (7) (S, =S;)  0.913 1910 2925 3.891 4.884
Equation (7) (S, = S;) 1.000 1998 2994 3989 4976
bimeron Equation (1) 0.927  1.941 2.971 3.999 4.991
Equation (7) (S, =S;)  0.915 1931 2970 3.966 4.972
)

Equation (7) (S, = S3) 1.000 1998 2992 3989 4993

We generate vector beams of the form Equation (8) by en-
coding the LG modes as multiplexed holograms on a digital
micromirror device (DMD), following the procedure out-
lined in*'32 and detailed in Supporting Information B. To
characterize our vector beam, we take spatially resolved Stokes
measurements, which can be processed to obtain spatially
resolved polarization profiles, as illustrated in Figure 2 for
skyrmions and bimerons with 1 < n <5. These profiles show
good qualitative agreement with the corresponding theoretical
polarization profiles, as the reader can confirm by comparing
the measured to the simulated n = 5 target skyrmions shown as
inset in Figure 2.

The spatially resolved Stokes measurements S(x, y) also form
the basis of a quantitative analysis of n according to the surface
integral method Equation (1) and our topological method Equa-
tion (7), summarised in Table 1. To ensure a fair comparison
between the methods, the experimentally measured Stokes im-
ages were cropped to a disk across which the intensity is < 5% of
the peak intensity, as indicated by the dashed circles in Figure 2.
Diffraction artefacts and noise were reduced by low-pass Fourier
filtering the camera images.

Equation (1) evaluates the skyrmion number directly from the
measured Stokes vectors S(x,y) and their numerical gradients.
The surface integral was performed over the entire grid space.

Our topological method, Equation (7), requires us to identify
3 (here taken as the edge of the disk), S? and the correspond-
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ing winding numbers. In Table 1, we present the experimental
results for S, = S;and S, = S, corresponding to the illustrations
in Figure 1b,c, respectively.

With both methods we obtain a skyrmion number that closely
matches the target value for each of the beams. We achieve the
highest accuracy when evaluating Equation (7) in a mutually
unbiased basis to the Schmidt basis that defines the skyrmion
in Equation (8), i.e. using S, = S, for Néel type skyrmions and
S, = S, for bimerons. This choice of generalized Stokes vectors
shifts the relevant path integrals away from low intensity regions,
where noise would compromise the evaluation of the Stokes pa-
rameters.

As the skyrmion number is a global beam property, defined
either by integration over an infinite transverse plane, or from
evaluating the Stokes parameter at an infinite radius, any mea-
surement is necessarily an approximation. [Strictly speaking this
applies only to skrymions constructed from spatial modes that
are defined over an infinite plane as e.g. the LG modes used
here or also Bessel modes]. Differences from the target skyrmion
number arise from inaccuracies in the experimental generation
process as well as the numerical evaluation. An artefact of our
particular skyrmion ‘recipe’ as defined in Equation (7) is that, es-
pecially for Equation (1), accuracy improves for higher skyrmion
numbers, as the intensity profile of the two constituting spatial
modes LG! and LG overlaps less, so that ') is better defined.

Finally, we note that the obtained skyrmion number is influ-
enced by the extent to which filtering is performed. Additional
detail on the experimental generation and analysis methods are
presented in Section SC (Supporting Information).

In our experiment, we have generated skyrmion beams with
high fidelity, however in many situations, one may not have
this luxury, e.g., when working at extremely low light levels, or
when investigating light after propagation through noisy envi-
ronments. It is perhaps no surprise that a topological identifica-
tion of n proves more effective to tackle noise, whereas noise am-
plification is an inherent property for the differentiation required
in Equation (1).

We have confirmed this by applying artificial background noise
to simulated data, adding random noise levels ranging from 0 to
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Figure 3. Comparison of skyrmion measurement methods for increasing
noise levels. Background noise is applied to simulated Néel-type skyrmion
beams with n = 1to 5, and evaluation is performed over the disk where
intensity exceeds 5% of the peak intensity. Solid lines indicate values cal-
culated using Equation (1). Dotted lines are using Equation (7) in the
Schmidt basis of the beam (S, = S;) and dashed lines show values when
evaluating in an orthogonal polarization basis (S, = Sy).

2% of the peak intensity I, independently to each raw input
image corresponding to the Stokes measurements. The result-
ing calculated Néel-type skyrmion numbers for beams withn =1
to 5 (corresponding to the upper row of Figure 2) are shown in
Figure 3. We find that noise leads to an underestimation of n for
the integral method Equation (1) and less so for the topological
method when evaluated in the Schmidt basis. Our simulations
indicate that we can obtain an almost noise-free skyrmion num-
ber (shown by dashed lines in Figure 3) when choosing to evalu-
ate Equation (7) using the mutually unbiased polarization basis.
In addition, our simulations indicate an offset for low valued n
numbers, which again disappears for topological evaluation in
the orthogonal polarization basis.

2.3. Characterization of Multi-Skyrmions
In the remainder of this research article we will highlight the geo-

metric interpretation of Equation (7) by discussing its application
to multi-skyrmions.

www.lpr-journal.org

We have seen that for individual skyrmions, a rotation of the
Poincaré sphere leads to a different interpretation of the spin
texture and its polarization singularities. For multi-skyrmions, it
may also result in a different attribution of sub-skyrmion struc-
tures. We illustrate this with a multi-skyrmion ring,

ring \/E

While such a ring of multi-skyrmions will be unfeasible in
magnetic spin structures, optically we can generate more ex-
otic skyrmion textures. The measured polarization texture of this
multi-skyrmion structure is shown in the left of Figure 4. Based
on the integral method (Equation (1)) we obtain an experimental
skyrmion number of 2.918, close to the overall target value of n =
3. The topological method yields even more accurate skyrmion
numbers of n = 2.958, n =2.996, and n = 2.998 for S, = S,, S,,
and S;, respectively. The associated phase profiles and integration
paths are provided in Figure 4a—c.

For Figure 4a, S, = S, coincides with the Schmidt basis of the
multi-skyrmion as defined in Equation (9) and the only singu-
larity appears at the centre of the beam profile. Figure 4b,c in-
terprets the beam in terms of winding numbers around diago-
nal/antidiagonal and circular polarization singularities. The six
singularities in the Stokes phase ®, where S, — +1 each rep-
resent a meron which contributes a skyrmion number of 1/2,
with no contribution from the beam edge. The experimentally
obtained skyrmion values obtained with S, = S, and S, deviate
from the ideal value of three only by about one’, an error re-
duced by an order of magnitude from that in the linear polariza-
tion basis. This arises from the higher accuracy in determining
S, at singularities positioned in beam areas of higher intensity,
which could be confirmed by applying artificial noise to a sim-
ulated multi-skyrmion ring (details are provided in Section SD,
Supporting Information), providing further evidence that a judi-
cious choice of the generalised Stokes basis allows us to optimize
measurement protocols. A detailed investigation over evaluation
areas with varying radii reported in Section SE (Supporting In-
formation) shows that the topological method, if applied in an
orthogonal basis, yields the correct n as soon as all singularities
are included within the evaluation area.

¥ (LGG [h) = LG ) )

(a)

-

2.958

Q) 2.996| |(¢) 2.998

Figure 4. Interpretation of a multi-skyrmion in terms of different polarization bases. Left: experimentally measured polarization texture of the multi-
skyrmion Equation (9), displaying n based on the integral method. Right: Phase @ (top row) and integration path for a-c) S, = S;, S,, S3, respectively,
displaying the corresponding experimentally obtained skyrmion number evaluated by the topological method.
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3. Conclusion

In this research article, we have introduced a novel method for
calculating the skyrmion number of paraxial optical skyrmion
fields that captures the topological texture by line integration.
While our method is expressed in terms of optical skyrmions, the
principles apply to any 2D skyrmions, including e.g., magnetic
skyrmions in thin films. We demonstrate excellent agreement be-
tween measured and theoretical skyrmion numbers for various
examples of experimental skyrmion and bimeron beams con-
structed from superpositions of orthogonally polarized Laguerre-
Gaussian modes. We demonstrate that our topological method,
when evaluated for a suitably chosen basis, allows us to identify
the correct skyrmion number at noise levels where the integral
method would fail. Our method also facilitates the exploration
of novel topological structures beyond individual skyrmions,
as illustrated by the example of a multi-skyrmion. Research on
optical skyrmions is still in its infancy. We anticipate that our
new method to identify and assess the quality of experimental
skyrmion fields directly benefits the growth of the discipline.

Supporting Information

Supporting Information is available from the Wiley Online Library or from
the author.
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