Journal of Electrical Engineering & Technology
https://doi.org/10.1007/542835-023-01639-0

ORIGINAL ARTICLE q

Check for
updates

Sensitivity Analysis Based New Numerical Approach with Green
Function for Optimization

Ismail Topaloglu’

Received: 19 August 2022 / Revised: 21 May 2023 / Accepted: 24 August 2023
© Crown 2023

Abstract

In this study, sensitivity analysis based on a new numerical approach is developed for the three-dimensional structural opti-
mization of high voltage system devices. It has been developed using Green’s theorem in a closed form to satisfy all boundary
conditions and necessary conditions, including material and geometric dimensions. The developed sensitivity function and
objective function are suitable for structural optimization of all electrostatic problems. The suitability and application of the
developed function were made on the bushing. The changing geometry information was obtained from the developed sensi-
tivity function as a result of the optimization. The analysis made with the classical design and the developed function were
compared with each other. Optimization with the developed function has provided insulation and conductor size reduction.
Experimental test devices before and after optimization process produced and tested. These results are presented in the study.

Keywords Sensitivity analysis - Shape optimization - High voltage - Electrostatic

1 Introduction

Bushing device used in electrical engineering for voltage
isolation. Bushings are used in electrical panels, transform-
ers, breakers, and high voltage areas. The bushings that iso-
late an energized conductor and the conductor against the
tank, are used at the entrance of the transformer tank [1].
Elements that insulate and carry bus bars in power transmis-
sion lines, switchyards and distribution centres are called
insulators [2]. Insulators have two main tasks used in energy
transmission and distribution networks: Electrically separat-
ing the conductors from the earth and meeting the weight
of the conductor and the additional loads on the conductors
[3]. Insulators are made of porcelain and glass, which are
materials that show great resistance to electric current and
are resistant to hot and cold weather conditions. In addition
to these, silicone and epoxy resin insulators are also made,
but they are not used much because of their high cost. Insu-
lators must also have good mechanical strength in order to
safely carry the loads that may come to the conductors [4].
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High voltage systems are often described as electrostatic
problems in electromagnetic analysis. In studies in this
field, solutions are generally sought by calculating the elec-
tric field in the relevant electrostatic system [5]. When the
problems in high voltage are examined, it is obviously seen
that the research is concentrated in systems such as boundary
conditions, cables, electrode systems, circuit breakers and
transformers [6]. Boundary conditions are vital to obtaining
accurate results for the design and analysis of such systems.
In addition, they are taken into account in the breakdown
voltage calculations and the electric field calculations in the
conductor-insulator medium transitions. With the develop-
ing technology in all these areas, it is imperative to optimize
these systems [7]. For example, it is necessary to determine
the optimal cable insulation thickness for high voltage cable
or to improve efficiency in circuit breakers and transformers
or to determine the optimum geometric shapes of electrode
systems [8].

Different optimization algorithms are used for optimi-
zation in the literature [9]. However, if the topology opti-
mization is to be made, it is necessary to seek a solution
from a different perspective by providing the change of all
geometric parameters, all the desired boundary conditions,
and other conditions. In the literature, this type of problem
has been investigated by making the electric field change as
the main parameter with different mathematical approaches
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[10]. For system optimization, the well-known genetic
algorithm, sequential variable replacement, and continuous
analysis methods are preferred [11]. Many size optimization
studies in the literature are not directly related to the geo-
metric shape in the high voltage systems [12, 13]. However,
in this study, the geometric shape is a direct parameter of
the size.

In the literature, there is a wide range of integral-based
formulations based on boundary element method, finite ele-
ment method and charge simulation for solving electrostatic
problems [14]. Many studies have either ignored the force
distribution calculations or considered its effect insignificant
[15, 16]. However, the force distribution on the insulation
in the system directly affects the thickness of the conductor
insulation. In this study, the force distributions on the bush-
ing are analysed and the results are presented in the study.
In addition, the obtained objective function is integral in
closed form. The notation, derivative and integration used
are compatible with the literature [17].

Sensitivity analysis has long been a critical topic in pro-
duced high voltage systems. Many times, the quality control
process is dependent on measurements of components and
assemblies to evaluate whether they meet current standards
[18, 19]. Recently, industry has grown increasingly inter-
ested in tolerance-related factors, even during the product
design process. With this optimization, one may test the
nominal design solution and run simulations to ensure that
the design is sound in terms of permissible tolerances for
specific parameters [20]. These simulations can be used to
find critical-to-quality features that are sensitive to changes
in certain parameters.

In this study, a numerical approach based on sensitivity
analysis was developed for the three-dimensional optimi-
zation of high voltage systems. The developed method is
applied to the bushing, which is frequently used in circuit
breakers, transformers, and electrical panels in high voltage
systems. In the shape optimization, material effect, geomet-
ric dimension change effect, all boundary conditions and
other necessary conditions were obtained. The developed
sensitivity analysis function carries both material effect
and geometrical change information. In addition, instead of
electric field calculation, the function is developed using
electric flux density based on electric charge. In this way,
the displacement field, which is not directly included in the
electric field calculations, is also included in the calculation.

Sensitivity analysis is a mathematical approach used to
investigate how variations in a mathematical model’s out-
put can be attributed to variations in its input parameters. It
is frequently used in optimisation issues to determine how
changes in input variables affect the objective function [21].
These methods are frequently used in optimisation to deter-
mine the ideal input variable values that maximise or mini-
mise the objective function. Green functions, also referred

@ Springer

to as impulse response functions, are mathematical func-
tions that explain a system’s response to an impulse input
[22]. They are commonly used in physics and engineering
to solve differential equations and characterise linear system
behaviour [23].

During the shape optimization, if the optimal result
searching limits are not limited by local constraints, the
points where the optimum result occurs may contain results
that cannot be applied in reality. Therefore, it is necessary
to consider the breakdown voltage, especially in high volt-
age systems. In this case, it will be possible not only by
geometric dimension calculation and improvement, but also
by including material properties in the process. Classical
solution methods are far from including these two properties
in the calculation at the same time. In the methods that take
these two parameters into account at the same time, only
sensitivity analyses are performed for geometric shapes, not
structural-dimensional.

2 Sensitivity Analysis in High Voltage
System

This The sensitivity analysis function carries two kinds of
information. These are geometric dimension change infor-
mation and material information. The sensitivity analysis
function formulation in the high voltage electrostatic sys-
tem is derived as follows. Figure 1 shows high voltage elec-
trostatic system with boundary conditions. The boundary
conditions of optimization solution area can be defined as
I = (I'', T°) homogeneous Neumann and Q = Q, UQ, U Q,,
Dirichlet conditions seriatim. a,, a,; and a,, are normal and
tangential vectors seriatim. €, and €, are permittivity of
vacuum and material, respectively.

The objective functions can be defined as a regional
integral of electric flux density D and p, charge den-
sity V- eVV = —p & V2V = —p.

1
I'- Neumann Boundary

[0}

Q
Dirichlet
Boundary
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Electrostatic
System
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Fig. 1 High voltage electrostatic system with boundary conditions
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F(Q, u) = /f(D,V\'/E)kdr (1)
r

wherein Eq. 1. k is integral function for electrostatic system,
fis differentiable function, D is electric flux density, VE is
auxiliary electric field and I' is integral region of system.

VZE=V(V-E)—VXVXE )
VE =y P =v<v- D >—V><V>< b 3)
£r£0 67‘60 £r£()

D -
V X =0 V-VD, =—p, 4)
E.E

If the vector identity in Eq. 2 is applied to Eq. 3 in the
laplacian form, Eq. 4 is obtained. The Eq. 4 can be defined
as the equation of differential states for charge density.
Equation 5 is obtained by multiplying both sides of the
Eq. 1 with K auxiliary function and applying Green’s theo-
rem in the omega field.

F(Q,u) = / f(Vﬁ,-Vf(—pJ()dl—
I

&)

—/()B’I'{d vk € ©
- on Q

Q

where in Eq. 5. © is computable optimization and solution
area for problem. Figure 2, shows the optimization solu-
tion area, boundary conditions and material properties that
described for the three-phase high voltage bushing system.

I'? and T'' are Neumann boundary conditions, Q is Dir-
ichlet boundary. Qe iive and €y ;s sub-index objective
and limit values depend on these boundary conditions. €,
is the permittivity of free space. g, is different material
permittivity.
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Fig.2 Three phases high voltage bushing system with boundary con-
ditions

K auxiliary function is responsible for carrying chang-
ing information in objective function. When K and T
boundary conditions are applied to K auxiliary function, it
transforms I'°=0.

e(D.K) =u(k) VKe® ©)
e(Z),f{> - / VD, - VK)d; o
I
u(K) =/(Prk)dr 8)
T

where u(l_()is limitation of objective function in Eq. 6.
Objective function constraint integral form can be defined
for optimization, it can be expressed by Eqs. 7 and 8 that
when the g constraint is linear. This will only be true when
I'"=0 along the I" boundary.

0=y +u(R)-e(DK) VKkeo ©)

if the optimization problem is arranged as a state function
with the objective function constraints, Eq. 9 can be obtained.
The new function with constraint variables focuses the objec-
tive function within the solution domain I'. The sensitivity
analysis function is defined by O. By taking the first-order
derivative of the sensitivity analysis function given in Eq. 9,
only bivariate sensitivity information is obtained as in Eq. 10.

0=y+u(K)-¢(D.K) VKeo (10)

Derivative explicit forms of sensitivity analysis function
parameters are given in Egs. 11, 12 and 13. Where v is velocity
field. D is electric flux density and r is integral characteristic
function. up, uj, and u, are constraints of sensitivity function
which depends on material property and geometric changing.

. oupD  Ouy, - VD
¥ = e 5 rdr + [ uvdg (11)

r Q

. op, K -
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The derived variable state for any material can be defined
by Eq. 14.

y=—+v-V 14
y=o vV 14

If this material property is rearranged in its derivative
form within the sensitivity analysis function, Eq. 15 can
be obtained in integral closed form.

0= / (1pD — upy - VD — upy - VD + up - V(v - VD)) dr

r

+/(Pj(—P,v.w'()alr—/<v1')-v1'<+VD~w?)dr
r I

+ / (V(v-VD)-VK)+ (Vv-V(v- VK))d.
r

+ / (u,+P,K—VD-VK)vd. VYK €O
r

15)
On the I domain of the sensitivity analysis function,
where the problem is defined, the result of the first two terms
of the integral is equal to zero, since it is known that the
d integration function and the P, charge are equal to zero
on the boundary. In addition, when the first derivative of
the K auxiliary vector function is included in the sensitivity
function, then the third integral term will also be equal to

Zero.

V-V =—(up+V-up)r (16)

According to the new'situation, we must remove the
first derivative terms of K with respect to time from the
sensitivity analysis function along I'’ on the I" boundary.
Otherwise, in the first case, structural symmetry cannot
be achieved with integral functions with applied boundary
conditions equal to zero along I'” on the I" boundary. In
this way, Eq. 16 can be obtained. Where ¥ is integrated
variable of state equation. The derivative form of the inte-
grated variable is shown in Eq. 17.

/ VY- VY = (up¥ — up - V) rdy
g . (17)
- / 'y, vico
on
Q

If boundary conditions are applied to the integral vari-
able function along I'’ on the I" boundary, boundary con-
ditional integral terms of the sensitivity function disap-
pear. The disappearing term is the first term of Eq. 17.
Then Eq. 18, can be written.
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e(‘P,‘i’):/(uP‘i’—uD-V‘i’)rdr vEeo
T

The sensitivity analysis function in Eq. 19. The inte-
grated variable ¥ is transformed from being a boundary
integral to an area integral by the v - VD operation.

0:/(MD.V(V-VD)—qu-VD)dr—/(VD-V‘P)vdg+
Q

r

/ [(V(v-VD))- V¥ +VD-V(v-V¥) - P,v- V¥|dr
r

19)

When the sensitivity analysis function is examined, it
can be seen that only the normal part of the velocity field
contributes to the function. Because along the boundary the
tangent components are always equal to zero. This can be
seen in Eq. 20.

O=/[‘;_DV.VIP+?)—TV'VD—VD-V‘PV dg
J n n (20)

=>v=n>1<vn

If repetitive and mutually annihilating operations are
excluded from the sensitivity analysis function, Eq. 21, can
be obtained.

o- [[por_ s o),
B on on dt, dr; 01,07, @ 2h
Q

After all these processes, the sensitivity analysis function,
which can be used in the solution of electrostatic problems,
can be obtained as in Eq. 22. Meanwhile, Eq. 22 depends on
the electric flux density and by providing all the necessary
conditions.

0= / (D, (V)D,(¥))v,dg 22)
Q

As a result, after the sensitivity analysis function is
defined, the final state of our objective function is as in
Eq. 23.

N 2
Fe / 5 - p,] rdq 23)

Q

3 High Voltage Cable Test

After obtaining the objective function and sensitivity analysis
function in Eqgs. 22 and 23, respectively. These functions must
be modified according to base on cable geometry in order to
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Fig. 3 High voltage cable test model

be used in high voltage cable optimization problems. Since
the bushing chosen as an example application is three-phase,
the case of only one phase will be the subject of the problem
here. Because the situation in other phases will be caused by
the phase difference, because the phase angles are different
from each other. It can be seen obviously in Fig. 3.

One phase high voltage cable to be used in the example
application can be seen in Fig. 4. Where a is the conductor
radius, b is the insulation material thickness, €,is the insula-
tion material permittivity and p is the projection vector value.

If we use two well-known fundamental equations
E=-VVand D =&E to modify the objective function and
the sensitivity analysis function for this problem. Equation 24
can be obtained since geometric parameters; coordinate system
and boundary conditions are known.

- v,
E=-vv=-%; -_0 3
or *  pln(b/a)
Deebe £,V _ ~D|_ = g€,V 24)
=T /a7 T =T Gnb/a)

The value obtained by Eq. 24 can be applied to both the
objective function and the sensitivity analysis functions. In
this case, new forms of purpose and sensitivity analysis are
obtained in closed integral forms. The closed integral form
can be seen in Eq. 25 for the objective function.

F= / [13(\/)—00]2rdQ

Q
/ £r‘c"oVO - £r60V0 :
= a, — rdg
pln(b/a) * aln(b/a)
Q

If these integrals are solved, Eqs. 26 and 27 are obtained
as objective functions and precision functions, respectively.

(25)

Vgsgefr(az — b* — 2ab1n(a) + 2ab In(b))
- a2bin(b/a)
Vzegefr(cﬂ — b? — 2abIn(a) + 2ab In(b))
F= @b n(a) — In(b)

F =

(26)
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Fig.4 Optimization algorithm flowchart

In this Eq. 27, the normal component of the velocity field
in the relevant boundary condition includes the derivative with
respect to time and this can be seen in Eq. 27.

Vzegef(ln(a) —In(b))
h aln(b/a)

, V2£§£f d,
0= v, >V, =— 27
a d,

2V2£f

0=-—

4 Optimization of System
After obtaining the objective and sensitivity analysis func-

tions and modifying them according to the geometry on the
high voltage insulator and bushing where the optimization
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problem occurs, the optimization problem can now be
defined. Figure 4 shows the optimization algorithm.

Many electrical engineers currently deal with the issue
of finding a better design for electromechanical devices. In
many situations, competition makes this work a sine qua
non need. In some situations, engineers are confronted with
a variety of design restrictions. If the relationships between
variables are linearly independent, the solution is unique and
can be determined in a straightforward manner when there
are as many equality requirements as design variables. The
problem can then be solved using finite element analysis.
However, the work is rarely this easy. Typically, the num-
ber of variables, the type, and the number of restrictions
are such that a straight and simple solution is not possible.
This is when numerical optimizers must be used to find the
optimum design.

Designer may fully parameterize the geometry and set
a range of values to any dimension or location of any
component inside an assembly. Furthermore, during
analysis, material characteristics and source data may
be parameterized and modified. Adjustments in perfor-
mance criteria can be produced as a result of parameter
changes. As a result, sensitivity analysis, defined as a
relative change in performance because of a relative
change in a parameter, can be investigated. Algorithms for
optimization are mathematical in nature. As a result, the
optimizer may search the stated design space for the best
performance. The formulation of the optimization issue
necessitates an explicit explanation of the objective func-
tion, and the goal value of the objective function must be
a feasible one for the optimization to be relevant. There
is no alternative for a well-posed issue in optimization
problems, as there is in any other discipline of engineer-
ing. The optimizer’s mathematical methods ensure that
only a small number of solutions are computed in order
to arrive at the best answer.

| 5z [=rn()
——
. (28)
Minf(n(x,)) or Maxf(n(x,))
h(y(x)) =0, i=1,23,..i
( (I)) ’ ]:1,2,3,]
X zx,2x" 1=1,2,3...1t 29)

The method can be defined as Egs. 28 and 29 to minimize
or maximize the objective function Eq. 26 which uses quasi-
newton method in optimization problem. Wheref(n(x,))
objective function, g; and #; inequality and equality vari-
ables, x, vector of design variables, 1 is the second design
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variable that depends on the value x, and u, up are upper
limits constraint of optimization problem.

q
F,3.9) =100 + 5 5 [(hg) — ] (30)
i=1
AF(x)
Xiv1 = Xi NG (31

Although it is difficult to use, this optimization method
has been preferred to find the global minimum in the prob-
lem in accordance with the purpose of optimization. Equa-
tion 30 shows the usage in this method for the objective
function and Eq. 31 shows the total change of objective func-
tion parameters.

5 3D FEM (Finite Element Method) Analysis
of System and Results

Since there is no axial symmetry in the created design, three-
dimensional modelling was preferred due to the design’s
boundary conditions and geometric details. The modelled
bushing consists of ceramic parts, copper conductor, iso-
lation oil tank and other additional parts. The purpose of
three-dimensional finite element analysis is to show the
effect of electrostatic parameters caused by high voltage on
the insulator and to prepare the model for optimization. In
this way, after the optimization process, the results obtained
according to the initial situation can be compared. Operat-
ing voltage in the model is 380 kV for one phase. At the
same time, by observing the high voltage distribution on the
insulation material, the geometric places where the possible
breakdown voltage may occur can be determined.

As the thickness of the bushing begins to decrease, both
the voltage distribution and the electric field values increase.
Figure 5 shows voltage and electric field distribution on
bushing insulation material (a) and (b), respectively. It can
be seen from Fig. 5b, average electric field is 7.79%107 V/m.
The critical in this design is the determination of the opti-
mum rupture voltage withstand thickness of the insulation
of the bushing. For this, it is a sensitivity analysis-based
optimization process that needs to be done apart from the
three-dimensional analysis.

The electric flux density distribution is shown in Fig. 6.
The electric flux density values calculated here are directly
included in the process as the main optimization parameter.
Parts of high voltage systems operate under the force of con-
tinuous breakdown stress. The high electrical flux density
stress which is exposed to shortens the working life of high
voltage system parts.

Figure 7 shows forces on bushing magnitude, x direction,
y direction and z direction from top the bottom. (a) before
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Fig.5 Voltage and electric field distribution on bushing insulation
material (a) and (b), respectively

optimization (b) after optimization, respectively. When the
Fig. 8 investigated, while the magnitude force on the bushing
was 951 mN in total, it decreased to 220 mN after sensitiv-
ity analysis optimization. The remarkable reducing of the
magnitude force on the bushing after the sensitivity analysis
is another indicator of the longevity of the design. It also
demonstrates the functionality of the developed sensitivity
analysis function.

The design objective of this problem is to obtain minimum
conductor and bushing volume. At the same time breakdown
voltage must have maximum possible value. With the values
obtained in the optimization process with the developed sensi-
tivity analysis, not only the design for the optimum breakdown
voltage is obtained, but also the insulation cost of the product
is reduced by reducing the volume of the insulation material.
Figure 8 shows bushing volume optimization results. When the
results are investigated, it can be seen obviously from Fig. 8,
initial design bushing volume is 0.035 m?, classic quasi-new-
ton optimization result is 0.034 m® and sensitivity analysis

D
[mC/m*2]
0.6255

0.5838

Fig. 6 Electric flux density in high voltage system
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Fig.7 Forces on Bushing Magnitude, x direction, y direction and z
direction from top the bottom. a Before optimization, b after optimi-
zation
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Bushing Volume Optimization with Sensitivity Function

006 Sensitivity function (bushing)

Classic optimization

g
:

Initial design \

Volumofbushing) fm3]
E
L

Time fms]

Fig. 8 Bushing volume optimization results

result is 0.026 m°. In this case, the optimization process with
the developed sensitivity analysis reduced the insulation bush-
ing total volume by 25% per cent.

The volume of conductor is also variant in the optimi-
zation problem. Figure 9 shows conductor volume optimi-
zation results. When the results are investigated, it can be
seen obviously from Fig. 9, initial design conductor volume
is 0.0012 m?, classic quasi-newton optimization result is
0.00078 m® and sensitivity analysis result is 0.0005 m>. In
this case, the optimization process with the developed sen-
sitivity analysis reduced the insulation bushing total volume
by %59 per cent. An experimental test of bushing before and
after optimization was presented in Fig. 10. Total insolation
materials are reduced in experimental test devices.

6 Conclusion

A new sensitivity analysis-based optimization algorithm and
its mathematical formulation are presented in the study. Elec-
tric flux density and vector identities are used together with
the well-known green theorem, also satisfying all boundary
conditions and other requirements. Developed sensitivity func-
tion and objective function applied high voltage bushing sys-
tem. Also, quasi-newton optimization method is used to find
global minimum values of volume of conductor and bushing.
Finally, sensitivity analysis-based numerical techniques utilis-
ing the Green function have demonstrated significant potential

Volume Optimi: i itivity Function

0.0023

0.0020
Classic optimization
0.0018
0.0015
Sensitivity function

£ 00013
Initial design

0.0010

Volume{conductor) [m3]

0.0005

T
000 2000 4000 6000 8000 100.00
Time [ms]

Fig. 9 Conductor volume optimization results
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380 kV

(b)

Fig. 10 Experimental test example a before optimization b after opti-
mization

(a)

for optimisation challenges. These methods can provide use-
ful insights into the behaviour of the system and improve the
optimisation process by taking the sensitivity of the objective
function with regard to the parameters into account. The appli-
cation of the Green function allows for the efficient comput-
ing of sensitivity derivatives, allowing complex problems with
high-dimensional parameter spaces to be solved. The ability to
optimise nonlinear and non-differentiable functions, which are
ubiquitous in many real-world issues, is a significant advantage
of this approach. It can also handle problems with restrictions
and uncertainties, delivering a robust solution that takes into
account the system’s inherent unpredictability. The applica-
bility and mathematical accuracy of the sensitivity analysis
and developed objective function are shown in the study. As
a result of the optimization, both the initial insulation volume
and the total conductor volume were reduced. The developed
functions are easily applicable to other examples for designers.
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