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a b s t r a c t 

Progressive left ventricular (LV) growth and remodelling (G&R) is often induced by volume and pressure 

overload, characterized by structural and functional adaptation through myocyte hypertrophy and ex- 

tracellular matrix remodelling, which are dynamically regulated by biomechanical factors, inflammation, 

neurohormonal pathways, etc. When prolonged, it can eventually lead to irreversible heart failure. In this 

study, we have developed a new framework for modelling pathological cardiac G&R based on constrained 

mixture theory using an updated reference configuration, which is triggered by altered biomechanical 

factors to restore biomechanical homeostasis. Eccentric and concentric growth, and their combination 

have been explored in a patient-specific human LV model under volume and pressure overload. Eccentric 

growth is triggered by overstretching of myofibres due to volume overload, i.e. mitral regurgitation, whilst 

concentric growth is driven by excessive contractile stress due to pressure overload, i.e. aortic stenosis. 

Different biological constituent’s adaptations under pathological conditions are integrated together, which 

are the ground matrix, myofibres and collagen network. We have shown that this constrained mixture- 

motivated G&R model can capture different phenotypes of maladaptive LV G&R, such as chamber dilation 

and wall thinning under volume overload, wall thickening under pressure overload, and more complex 

patterns under both pressure and volume overload. We have further demonstrated how collagen G&R 

would affect LV structural and functional adaption by providing mechanistic insight on anti-fibrotic inter- 

ventions. This updated Lagrangian constrained mixture based myocardial G&R model has the potential to 

understand the turnover processes of myocytes and collagen due to altered local mechanical stimuli in 

heart diseases, and in providing mechanistic links between biomechanical factors and biological adaption 

at both the organ and cellular levels. Once calibrated with patient data, it can be used for assessing heart 

failure risk and designing optimal treatment therapies. 

Statement of significance 

Computational modelling of cardiac G&R has shown high promise to provide insight into heart disease 

management when mechanistic understandings are quantified between biomechanical factors and un- 

derlying cellular adaptation processes. The kinematic growth theory has been dominantly used to phe- 

nomenologically describe the biological G&R process but neglecting underlying cellular mechanisms. We 

have developed a constrained mixture based G&R model with updated reference by taking into ac- 

count different mechanobiological processes in the ground matrix, myocytes and collagen fibres. This 

G&R model can serve as a basis for developing more advanced myocardial G&R models further informed 

by patient data to assess heart failure risk, predict disease progression, select the optimal treatment by 

hypothesis testing, and eventually towards a truly precision cardiology using in-silico models. 

© 2023 The Author(s). Published by Elsevier Ltd on behalf of Acta Materialia Inc. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

Heart disease is known as the leading cause of human mor- 

ality worldwide [1] . The incidence of heart failure, such as af- 

er myocardial infarction, has remained persistently high due to 
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aladaptive growth and remodelling (G&R) of heart in the activa- 

ion of compensatory mechanisms, which are aimed at maintaining 

ormal pump function. Cardiac G&R involves physiological, neuro- 

ormonal, molecular and cellular adaptations in response to inter- 

al or external environmental changes, such as mechanical load- 

ng conditions, i.e. volume or pressure overload [2] . These adaptive 

rocesses under disease-induced stimuli are usually referred to as 

athological cardiac G&R. 

Of the various pathological conditions associated with cardiac 

&R, one such example is an overload of left ventricular (LV) pres- 

ure in systole. This can be caused by aortic valve stenosis or sys- 

emic hypertension. In order to accommodate this resultant high 

fter-load, an increase in myocardial contractile force is neces- 

ary, with the associated adaptation of myocytes realised through 

arcomerogenesis due to the very low rate of myocyte turnover. 

ore specifically, myocytes will react to the increased systolic wall 

tress by adding sarcomeres in parallel, leading to wall thicken- 

ng at the organ level, so-called concentric growth [3] . A second 

ommon condition is an overload of LV cavity volume in diastole, 

.g. due to mitral valve regurgitation, which results in a high my- 

cardial stretch at end-diastole. When this occurs, myocytes react 

y adding sarcomeres in serial, which leads to LV chamber dila- 

ion and wall thinning, so-called eccentric growth. Not only struc- 

ural and functional adaption in myocytes, the extracellular ma- 

rix, mainly the collagen network, also experiences extensive G&R 

ith altered cardiac fibroblast function, which is further dynami- 

ally regulated by biomechanical factors [4] . Consequently, systolic 

tress and diastolic stretch have commonly been considered to be 

he triggers of pathological cardiac G&R in previously published 

tudies [5–7] . 

In this study, we will only briefly discuss two main frameworks 

f modelling cardiac G&R: the kinematic growth theory [8] and the 

onstrained mixture theory [9] . Details on both methods are given 

n Niestrawska et al. [10] , Sharifi et al. [11] , Yoshida and Holmes 

12] , Humphrey [13] , while a summary of recent G&R studies on 

he cardiovascular system is included in Table 1 . The kinematic 

rowth theory, first proposed by Rodriguez et al. [8] , involves a 

ultiplicative decomposition of the deformation gradient tensor 

 , such that F = F e F g , following the concept of plasticity. The in-

lastic growth tensor F g describes changes in shape and size of 

 stress-free tissue, and the elastic deformation gradient tensor 

 e assembles the added and original mass into a new compati- 

le grown state, in which residual stress may be generated due 

o incompatible growth. The evolution of F g , commonly referred 

o as the “growth law”, is necessary to define the relationship be- 

ween growth extent and stimuli from changed local environments 

stretch, stress, inflammation, etc.), while we note that the tissue 

echanical stress is singularly derived from F e (i.e. no contribu- 

ion from F g ). Since its first introduction, kinematic growth theory 

as been widely used to model cardiac G&R under physiological 

nd pathological conditions. For example, the generic eccentric and 

oncentric growth [5,6,14–16] , reversal G&R [17,18] , explaining ex- 

erimental observations [19,20] , as well as post myocardial infarc- 

ion [21] . 

Kinematic growth theory is a simple yet elegant approach to 

escribe and predict soft tissue G&R, with additional benefits of 

imple concept and fast computation. A downside of this sim- 

licity is that the phenomenological growth law usually uses one 

rowth tensor to describe overall G&R in biological tissue, but 

ot individual F g for different constituents. Thus, the fundamental 

echanobiological mechanisms of biological constituents are usu- 

lly missing. To address that, constrained mixture theory was pro- 

osed by Humphrey and Rajagopal [9] to take into account the 

eposition and degradation of individual constituents. The main 

ypothesis of this fundamentally different framework is that the 

dded mass of a constituent i can be deposited at an intermediate 
376 
ime τ with a certain pre-stretch F i pre (τ ) along with degradation 

f the existing mass. Known as the classical constrained mixture 

odel, this has primarily been used to study vascular G&R [22–

7] . However, tracking the reference configuration of each individ- 

al mass comes at a very high computational cost. To overcome 

his, Cyron et al. [28] introduced a temporally homogenized con- 

trained mixture model which does not require tracking the ref- 

rence configuration of each added mass. Instead, for each con- 

tituent i , the total G&R tensor F i gr is assumed to be a product of

n inelastic remodelling tensor F i r and an inelastic growth tensor 

 

i 
g . As such the tensor F can be decomposed into F = F i e F 

i 
r F 

i 
g where,

s before, F i e is the elastic deformation tensor. Different configura- 

ions of added mass at different times can thus be homogenised 

nto F i r meaning that the initial reference configuration can instead 

e used to model G&R, saving considerable computational costs. 

his method was then adopted by Gebauer et al. [7] who applied 

t to an idealised LV to study both mechanobiological stability and 

eversal G&R. 

In the temporally homogenised constrained mixture model, the 

volution of the inelastic remodelling tensor, F i r , must still be es- 

ablished, which can in itself prove challenging. Furthermore, a sin- 

le reference geometry is irrelevant to newly added mass [14] and 

ould also be complicated if a topological change is introduced in 

he middle of G&R process. Hence, in this study, we aim to develop 

 G&R model using updated reference based on the constrained 

ixture model by taking into account different mechanical prop- 

rties and adaptation of individual myocardial constituents, which 

re the ground matrix, myofibres (bundles of myocytes) and col- 

agen network. Instead of tracking historical configurations of each 

dded mass, we will introduce an updated Lagrangian approach by 

pdating the reference configuration of the homogenized mixture 

t each G&R cycle. This method of updating the reference config- 

ration has previously been applied to kinematic growth models 

f cardiac G&R [14,18] , but it has not been studied in constrained 

ixture models of cardiac G&R. We then test this new framework 

sing a subject-specific LV geometry under pressure and volume 

verload. Finally, qualitative comparisons with experimental stud- 

es and clinical observations will be analyzed, including wall thick- 

ning/thinning and residual stress. 

. Method 

The Method section is structured as follow: first, 

ection 2.1 briefly describes the updated reference configura- 

ion approach; secondly, Section 2.2 introduces the constrained 

ixture theory within one G&R cycle; thirdly, Section 2.3 describes 

he new G&R framework we propose, including updated refer- 

nce configuration with residual stress, growth laws and strain 

nergy function evolution; fourthly, Section 2.4 lists various G&R 

odels; and finally, Section 2.5 describes a human left ventricular 

odel for cardiac G&R modelling. A summary of nomenclature is 

ncluded in Table 2 for all notations used throughout this paper. 

.1. Updated reference configuration 

As different constituents in soft tissue experience a continuous 

urnover (deposition and degradation), using a fixed reference con- 

guration is irrelevant for newly added mass and unnecessary for 

egraded mass. For that reason, an evolving reference configura- 

ion is needed in soft tissue G&R, which is naturally incorporated 

n the constrained mixture theory. Using kinematic growth theory, 

roon et al. [14] was the first group to investigate the difference 

etween fixed and updated reference configurations in an LV G&R 

odel, and they suggested that updated reference configurations 

ould be more physiological instead of fixing it, and further con- 

luded that the reference configuration plays a crucial role when 
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Summary of recent G&R studies on the cardiovascular system. I : the identity matrix, ϑ : the growth amount, n : the normal direction. Refer to [10–12] for excellent recent reviews. 
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Table 2 

Nomenclature table. 

Symbol Meaning Symbol Meaning 

F the total deformation tensor F g the general growth tensor 

F r the residual stretch tensor F e the total elastic deformation tensor 

F gr the general G&R tensor F eg the mapping between two grown states 

V r the left stretch tensor of F r R r the rotation matrix of F r 
F ζ the deformation tensor under loading F gr the G&R tensor in fictitious states 

G individual growth tensor P r the inelastic remodelling tensor 

F r the elastic assembling tensor F e the total fictitious elastic tensor 

θ the total growth ratio ϑ the incremental growth ratio 

f 1 − s 1 − n 1 the orthogonal fibre-sheet-normal system at the beginning of one G&R cycle 

f u − s u − n u the updated orthogonal fibre-sheet-normal system at the end of one G&R cycle 

f 0 , s 0 , n 0 the fibre, sheet, sheet-normal directions in a fictitious configuration B 1 , 0 ( Fig. 3 ) 

c s , c n the cross-fibre directions with respect to f 0 in a fictitious configuration B 1 , 0 ( Fig. 3 ) 

CF-R collagen with remodelling only s.t. G = I 

CF-E collagen without G&R s.t. G = I , P r = I 

CF-G collagen with the same G&R as myofibres 

EDP end-diastolic pressure ESP end-systolic pressure 

EDV end-diastolic volume ESV end-systolic volume 

EF ejection fraction SV stroke volume 

P-V pressure-volume LV left ventricular 

CMT constrained mixture theory G&R growth and remodelling 

Fig. 1. Schematic illustration of the update reference configuration framework in 

the first two G&R cycles. The configuration B 0 is stress-free for the first G&R cycle, 

whilst B 1 and B 2 with non-zero residual stress due to incompatible G&R, G 1 and 

G 
2 are pure growth tensors, F 1 e and F 2 e are assembling tensors after the pure growth 

step that are responsible for non-zero residual stress, F 1 eg and F 2 eg are the mapping 

deformation tensors between two grown configurations without loading, and F 1 r is 

the residual stretch tensor. This updated reference configuration is similar to Kroon 

et al. [14] . 
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Fig. 2. Schematic illustration of G&R and loading process for three main con- 

stituents of the myocardium (the ground matrix, myofibres and collagen fibres) in 

one G&R cycle, consisting of the long-time G&R step and the short-time loading 

step. The configuration B 1 is the updated reference, which will grow into an in- 

compatible configuration B 1,g under the pure growth tensor G i , followed by a re- 

modelling process towards B 1,gr with an inelastic remodelling tensor P i r . Since B 1,gr 

is still incompatible, finally an elastic tensor F i r assembles all grown constituents to 

a compatible state B 2 . That is the G&R step. The loading step begins at B 2 that 

deforms into B ζ under external loads, the corresponding deformation tensor is F i 
ζ
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odelling G&R in soft tissue. Subsequently, Lee et al. [18] em- 

loyed the updated reference scheme when simulating an inte- 

rated electromechanical-growth heart model. 

The classical constrained mixture theory (CMT) requires track- 

ng the evolution of reference configurations of individual con- 

tituents [9] with time, which has limited its wide applications 

10] . In this study, to overcome the difficulty of tracking all histor- 

cal reference configurations of grown materials, an updated refer- 

nce framework similar to Kroon et al. [14] is adopted as shown 

n Fig. 1 . In this new framework, the initial configuration B 0 is 

ssumed to be stress-free ( σr = 0 ) before growing to a new com-

atible configuration B 1 with nonzero residual stress ( σr � = 0 ). Fol- 

owing the kinematic growth framework, this process of G&R from 

 0 to B 1 can be split into two sub processes. In the first sub- 

rocess, B 0 grows purely with a growth tensor G 

1 towards a fic- 

itious grown configuration B 0,gr , an incompatible configuration 

ith zero residual stress by assuming pure growth will not gener- 

te stress. In the second sub-process, an elastic deformation ( F 

1 
e ) is 

ollowed to assemble incompatible grown materials in B 0,gr into a 

ompatible grown configuration B 1 , in which a non-zero residual 

tress field could be induced by F 

1 
e . The tensor F 1 eg describes the 

otal deformation in one growth step that contains both the pure 

rowth and the elastic deformation. In the next growth step, B 1 

s used as the new reference configuration, in other words, B 1 is 

he updated reference configuration for the next growth cycle. By 

ulling back B 1 with its residual stretch tensor ( F 1 r ), a correspond- 

ng fictitious incompatible configuration B 1 , 0 with zero residual 
378 
tress can be found. We then assume all material growth occurs 

n this stress-free incompatible configuration with a pure growth 

ensor G 

2 , leading to, as before, an incompatible grown configura- 

ion B 1,gr , then followed by an elastic deformation F 

2 
e to reach the 

nal compatible grown configuration B 2 with none-zero residual 

tress. Note that F r is the corresponding residual deformation re- 

ated to σr , and that the two configurations B 0,gr and B 1,0 are vir- 

ually identical. All subsequent growth steps follow the same way 

rom B 1 to B 2 by using the previous grown configuration as the 

pdated reference configuration. Furthermore, we note that the as- 

umption of zero σr in the very first configuration B 0 can be re- 

axed if the initial residual stress is known. 

.2. Constrained mixture theory 

Following the classical constrained mixture theory, we consider 

he myocardium to be composed of three main constituents, which 

re the ground matrix, myofibres (myocyte aggregates) and colla- 

en network, denoted by { g,m,c } , respectively. In constrained mix- 

ure theory, although the deformation of each component is quan- 

ified in its own reference configuration, all components share the 

ame geometrical configuration before and after a G&R process, i.e. 

haring the same total deformation mapping tensor F [9,28] . The 

onstrained G&R process proposed in this study is shown in Fig. 2 

nd consists of two time-scale steps: 
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Fig. 3. G&R in the updated reference configuration with residual stress. The con- 

figuration B 1 is now with non-zero residual stress due to the residual stretch F i r . 

Fictitious incompatible stress free configurations ˜ B 1 , 0 , B 1 , 0 , B 1,g and B 1,gr are in- 

cluded to depict the G&R process. In particular, ˜ B 1 , 0 is pulled back from B 1 by the 

residual stretch F i r . After polar decomposition of F i r , an equivalent stress-free B 1 , 0 

is obtained from 

˜ B 1 , 0 through a rotation process ( R i r ). Note by applying the cor- 

responding left stretch tensor V i r , we can also arrive B 1 . In this study, we assume 

the pure growth starts from B 1 , 0 to B 1,g and followed by an inelastic remodelling 

to B 1,gr . Finally the incompatible fictitious state B 1,gr is assembled into B 2 by an 

elastic tensor F i r , or deforms into B ζ under external loadings with the total elastic 

deformation F i e . The index i represents the ground matrix, myofibres and collagen 

fibres. 
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• the G&R step ( B 1 → B 2 ), the long-time scale occurring within 

days and weeks; 

• the loading step ( B 2 → B ζ ), the short-time scale occurring 

within seconds, i.e. every heartbeat. 

In detail, a G&R step starts from a compatible configuration B 1 , 

ach individual constituent then grows into a fictitious incompat- 

ble grown configuration B 1,g with individual growth tensors ( G 

i ). 

 further remodelling process, denoted by P 

i 
r , follows which in- 

olves e.g. rearranging collagen fibres and results in an incompati- 

le configuration B 1,gr . In this study, the growth tensor is denoted 

y G 

i and the remodelling tensor by P 

i 
r and we note that neither 

f these will introduce stress, meaning that no stress exists in B 1,g 

nd B 1,gr . By assuming there exist elastic tensors ( F 

i 
r ) for each con-

tituent based on constrained mixture theory, a compatible config- 

ration B 2 can be obtained where the residual stress may exist 

epending on G 

i and P 

i 
r . Note B 2 is the unloaded state that could 

e measured experimentally. The above is the long-time G&R step. 

or the short-time loading step, the unloaded configuration B 2 is 

onstantly loaded with external forces under significant deforma- 

ion B ζ , i.e. LV blood pressure. Thus B 2 → B ζ represents a purely

echanical process without G&R due to the very short time. Fi- 

ally, the total deformation from B 1 → B ζ can be written as 

 = F i ζ F 

i 
r P 

i 
r G 

i , ∀ i ∈ g,m,c (1) 

here the total elastic deformation is F 

i 
e = F i 

ζ
F 

i 
r . We define the in-

lastic part F 

i 
gr = P 

i 
r G 

i that doesn’t directly lead to stress genera- 

ion, and F eg = F 

i 
r P 

i 
r G 

i for the mapping from B 1 to B 2 . 

.3. Constrained mixture theory with updated reference configuration 

.3.1. Update reference configuration with residual stress 

As illustrated in Fig. 1 , except for the first G&R cycle, subse- 

uent G&R commences from an updated reference configuration 

ith non-zero residual stress in general. We now consider the ref- 

rence configuration ( B 1 ) in Fig. 2 with non-zero residual stress. 

n order to include residual stress in B 1 , we rely on the resid-

al elastic deformation tensor F r . Figure 3 summarises how a G&R 

ycle is modelled using an updated reference configuration ( B 1 ). 

irstly, B 1 is pulled back to a fictitious incompatible state ˜ B 1 , 0 us- 

ng the residual elastic deformation tensor F i r of each constituent. 

econdly, from the polar decomposition, we have F i r = V 

i 
r R 

i 
r , which 
379 
eans we can apply a rotation tensor R 

i 
r to ˜ B 1 , 0 to obtain a zero- 

tress incompatible configuration B 1 , 0 . Finally, the left stretch ten- 

or V 

i 
r provides a direct mapping from B 1 , 0 to B 1 . Thus the two 

ctitious stress-free configurations ˜ B 1 , 0 and B 1 , 0 can be obtained 

y using the residual deformation tensor. 

Existing G&R modelling research usually assumes that pure 

rowth occurs in a stress-free state [5] . We also follow this by con- 

idering pure growth will only occur in B 1 , 0 but not in B 1 . In each

&R cycle, the long-time growth step is B 1 , 0 → B 1 → B 2 , and the

hort-time loading step is B 2 → B ζ . Under this assumption of re- 

tricting pure growth to B 1 , 0 , an equivalent fictitious pathway for 

oth the short-time and long-time steps can be established as 

hown in Fig. 3 , specifically 

• the long-time G&R step: B 1 , 0 → B 1,g → B 1,gr → B 2 ; 

• the short-time loading step: B 1,gr → B ζ . 

From B 1 , 0 to B ζ , the mapping for each individual constituent 

an be written as 

V 

i 
r = F 

i 
e P 

i 
r G 

i , (2) 

n which G 

i is the pure growth tensor for i th constituent, P 

i 
r is the

nelastic remodelling tensor, and F 

i 
e is the total elastic tensor con- 

isting of the residual deformation ( F 

i 
r ) and the loading ( F i 

ζ
). There-

ore, 

 

i 
e = FV 

i 
r (P 

i 
r G 

i ) −1 , (3) 

hich is required for computing Cauchy stress at B ζ . Similarly, the 

esidual deformation from B 1,gr to B 2 is given by 

 

i 
r = F eg V 

i 
r (P 

i 
r G 

i ) −1 . (4) 

he algorithm for obtaining F 

i 
r can be found in Appendix E 

 Algorithm 2 ). Here we note that the geometries in B 1 , B 2 and

 ζ can be observable. 

In the next G&R cycle, B 2 becomes the updated reference con- 

guration as highlighted by the red rectangle in Fig. 3 . By pulling it

ack using F 

i 
r , we can obtain 

˜ B 2 , 0 where next pure growth occurs. 

.3.2. The fibre-sheet-normal system after G&R 

As can be seen from Fig. 3 , B 1 is the reference configuration for 

he current G&R cycle, and B 2 is the updated reference configura- 

ion for the next G&R cycle. In this study, we assume myofibres al- 

ays form a layered architecture with three orthogonal directions 

n the (updated) reference configuration, the so-called fibre-sheet- 

ormal system. The assumption of a layered fibre-sheet-normal 

ystem in (updated) reference configurations is based on various 

xperimental studies [29–31] and has been widely used in the 

ardiac modelling community [32,33] . Further discussion can be 

ound in Section 4.6 . In B 1 , the unit fibre direction is f 1 , the unit

heet direction is s 1 , and the unit sheet-normal is n 1 . After a G&R

rocess with F eg , we have 

 

′ = F eg f 1 , s 
′ = F eg s 1 , n 

′ = F eg n 1 . (5)

t is worth mentioning that f 
′ 
1 , s 

′ 
1 and n 

′ 
1 are not orthogonal in

eneral. When B 2 is used as the updated reference configuration 

or the next G&R cycle, we implicitly assume a further remodelling 

rocess to ensure an orthogonal fibre-sheet-normal system ( f u −
 

u − n 

u ), such that 

 

u = 

f 
′ 

| f ′ | , n 

u = 

f u × s 
′ 

| f u × s ′ | , s u = 

n 

u × f u 

| n 

u × f u | . (6) 

n an updated reference configuration, we further assume the 

round matrix is isotropic, and the collagen fibres follow the my- 

cytes with the same fibre-sheet-normal system for the local ma- 

erial coordinate system. 
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.3.3. Growth tensor G 

i 

We now consider the directional growth that is mainly deter- 

ined by myocytes since they make up 70% of the myocardial 

ass [34] . The orthogonal fibre-sheet-normal system f 1 − s 1 − n 1 

t B 1 for myocytes can be pulled back to B 1 , 0 using the residual 

tretch tensor V 

i 
r , 

 

i 
0 = 

(V 

i 
r ) 

−1 f 1 

| (V 

i 
r ) 

−1 f 1 | , s i 0 = 

(V 

i 
r ) 

−1 s 1 

| (V 

i 
r ) 

−1 s 1 | , n 

i 
0 = 

(V 

i 
r ) 

−1 n 1 

| (V 

i 
r ) 

−1 n 1 | . (7) 

nstead of defining G 

i using f i 
0 

− s i 
0 

− n 

i 
0 

because it is not an or-

hogonal system in general, we assume the primary directions of 

rowth are along the myofibre direction f i 
0 

and the cross-myofibre 

irections which are defined as 

 

i 
n = 

f i 0 × s i 0 
| f i 

0 
× s i 

0 
| , c i s = 

c i n × f i 0 
| c i n × f i 

0 
| , (8) 

n which c i s is along the radial (transmural) direction in general. 

inally, the growth tensor related to B 1 , 0 is defined as 

 

i = ϑ 

f ,i f i 0 � f i 0 + ϑ 

s ,i c i s � c i s + c i n � c i n , (9) 

here ϑ 

f ,i and ϑ 

s ,i are the incremental growth ratios along the 

yofibre and cross-myofibre directions, respectively. 

Following [5] , the evolution equation for stretch-driven fibre 

rowth ( θ f ) with respect to the initial non-grown state (i.e. B 0 in 

ig. 1 ) can be formulated as 

˙ f 
n +1 = 

1 

τ f 

(
θmax,f − θ f 

n +1 

θmax,f − 1 

)
(λe − λcrit ) H(λe − λcrit ) with 

λe = 

| F e · f 0 | 
ϑ 

f 
n 

, (10) 

n which τ f is the parameter related to the duration of one G&R cy- 

le with a unit of time , θmax,f is the maximum growth ratio along 

he fibre direction, λcrit is the critical threshold of fibre stretch, F e 
s the total elastic stretch tensor, and H(·) is the Heaviside func- 

ion. The total growth ratio from the first growth cycle (the ini- 

ial non-grown state) to the current (n + 1) th growth cycle is θ f 
n +1 

,

nd the incremental growth ratio from the n th growth cycle to the 

n + 1) th growth cycle is 

 

f 
n +1 = θ f 

n +1 /θ
f 
n . (11) 

In a similar way, the stress-driven cross-fibre growth ratio re- 

ated to the initial non-grown state [5] is 

˙ s 
n +1 = 

1 

τ s 

(
θmax,s − θ s 

n +1 

θmax,s − 1 

)(
tr (σ ) − p crit 

)
H 

(
tr (σ ) − p crit 

)
, (12) 

n which τ s is also the parameter related to one G&R cycle with a 

nit of time , θmax,s is the maximum growth ratio along the sheet 

irection, p crit is the critical threshold value, and σ can be the peak 

tress in systole. Accordingly, the incremental growth ratio is 

 

s 
n +1 = θ s 

n +1 /θ
s 
n . (13) 

Equations (10) and (12) are discretized with finite difference 

or the first-order material time derivative. At each G&R cycle, we 

llow θ f and θ s to achieve the most possible growth. The ex- 

ct unit for τ f and τ s needs to be determined with experimen- 

al data, which could be day or week , etc. Details of how these 

wo equations are solved numerically can be found in Appendix E 

 Algorithm 1 ). 

.3.4. Strain energy functions 

For the stress-free configuration B 1 , 0 in Fig. 3 , the strain energy 

unction of the myocardium is 

= φg 
n �g + φm 

n �m 

+ φc 
n �c , (14) 
380 
here φg 
n , φ

m 

n and φc 
n are volume fractions of the ground matrix, 

yofibres and collagen fibres in the n th growth cycle, respectively. 

ere, we also assume each constituent is incompressible with the 

ame constant density. The strain energy functions for the ground 

atrix ( �g ) and myofibre ( �m 

) are defined as 

�g = 

a g 

2 b g 
{ exp [ b g (I 1 − 3)] − 1 } , 

m 

= 

a m 

2 b m 

{ exp [ b m 

(I ∗4m 

− 1) 2 ] − 1 } , (15) 

here a g , b g , a m 

, b m 

are material parameters, I 1 = trace ( C 

g ) with

 

g = ( F 

g 
e ) 

T 
F 

g 
e , I 4m 

= f m 

0 · C 

m f m 

0 is the strain invariant with C 

m =
F 

m 

e ) 
T 

F 

m 

e , and f m 

0 
is the mean fibre direction in the reference con- 

guration B 1 , 0 . The modified invariant I ∗
4 i 

= max (I 4 i , 1) is to ensure

nly the stretched fibres can bear load passively. 

Following the strain energy function proposed by Holzapfel and 

gden (HO) [35] , we consider the collagen fibre network is respon- 

ible for the orthogonal material response in the myocardium, thus 

ts strain energy function is 

c = 

a cf 

2 b cf 

{ exp [ b cf (I ∗4cf − 1) 2 ] − 1 } + 

a cs 

2 b cs 
{ exp [ b cs (I ∗4cs − 1) 2 ] − 1 }

+ 

a cn 

2 b cn 
{ exp [ b cn (I ∗4cn − 1) 2 ] − 1 } , (16)

here a cf , b cf , a cs , b cs , a cn , b cn are material parameters, and 

 4cf = f c 0 · C 

c f c 0 , I 4cs = s c 0 · C 

c s c 0 , I 4cn = n 

c 
0 · C 

c n 

c 
0 , (17)

here C 

c = (F 

c 
e ) 

T 
F 

c 
e , f c 

0 
, s c 

0 
and n 

c 
0 

are the mean fibre, sheet and

heet-normal directions of the collagen network in the reference 

onfiguration B 1 , 0 . We further assume the collagen network has 

ransverse isotropic mechanical property, i.e., a cs = a cn and b cs = 

 cn . 

After each growth cycle, the total myocardial volume and in- 

ividual volumetric fraction need to be updated. The incremental 

inematic growth ratio at the end of the n th growth cycle is 

 

T 
n = 

V n 

V n −1 

= 

∑ 

i = { g,m,c } J i n V 

i 
n −1 

V n −1 

= 

∑ 

i = { g,m,c } 
J i n 

V 

i 
n −1 

V n −1 

= 

∑ 

i = { g,m,c } 
φi 

n −1 J 
i 
n , 

(18) 

here V n −1 is the total volume, V i 
n −1 

is the individual volume of 

onstituent i in the (n − 1) th growth cycle, and J i n = det (G 

i ) . The

pdated volume fraction φi 
n of each constituent at the end of the 

 th growth cycle is given by 

i 
n = 

V i n 

V n 
= 

J i n V 
i 

n −1 ∑ 

i = { g,m,c } J i n V i n −1 

= 

J i n V 
i 

n −1 /V n −1 ∑ 

i = { g,m,c } J i n V i n −1 
/V n −1 

= 

φi 
n −1 J 

i 
n ∑ 

i = { g,m,c } φi 
n −1 

J i n 
. 

(19) 

As introduced in Section 2.2 , each growth cycle consists of a 

ong-term G&R step and a short-term loading step. In the short- 

erm loading step, the growth tensor G 

i and the remodelling tensor 

 

i 
r are assumed to be constant, then the passive stress response 

f the myocardium is only a function of the elastic deformation 

ensor F 

i 
e as suggested in Luo and Zhuan [6] , that is 

i 
p = J −1 

F 
i 
e 

F 

i 
e 

∂�i 

∂F 

i 
e 

, (20) 

here J 
F i e 

= det (F 

i 
e ) . Following the additive stress approach, the to- 

al Cauchy stress at the n th growth cycle is 

t = φg 
n σ

g 
p + φm 

n σ
m 

p + φc 
n (σ

cf 
p + σ cs 

p + σ cn 
p ) + φm 

n σ
m 

a , (21) 

ith the active stress tensor 

m 

a = T a ̂ f 
m 

� ˆ f m , (22) 
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n which 

ˆ f m is the unit myofibre direction at the current config- 

ration, and T a is the active tension generated by myocytes. The 

ctive tension is determined by a well-established length-tension 

odel [36,37] , 

 a (t, l) = 

T max 

2 

(
1 − exp 

(
B l 0 − B 

√ 

I 4m 

l r 

))(
1 − cos 

(
ω(t, 

√ 

I 4m 

l r ) 
))

, 

(23) 

n which T max is the maximum isometric active tension, l 0 is 

he minimum sarcomere length to produce active stress, l r is the 

tress-free sarcomere length, ω is a time function after onset of 

ontraction, and B is a constant. Details of this active contraction 

odel can be found in Guccione and McCulloch [36] , Sack et al. 

37] . 

.4. Eccentric, concentric and hybrid G&R 

In this study, we will mainly focus on generic pure eccentric 

rowth driven by stretch, pure concentric driven by stress, and the 

ombination of the two types of growth (hybrid). The actual my- 

cardial G&R will be much more complex than what we have con- 

idered here. 

.4.1. Myofibres 

In eccentric growth, the myofibre growth tensor G 

m is defined 

s 

 

m = ϑ 

f,m f m 

0 � f m 

0 + c m 

s � c m 

s + c m 

n � c m 

n , (24) 

here ϑ 

f,m is the incremental growth ratio along myofibres, i.e. 

arcomerogenesis in series. 

In contrast, for concentric growth, the myofibre growth tensor 

s 

 

m = f m 

0 � f m 

0 + ϑ 

s,m c m 

s � c m 

s + c m 

n � c m 

n , (25) 

here ϑ 

s,m is the incremental growth ratio for the cross-myofibre 

irection, i.e. sarcomerogenesis in parallel. 

Accordingly, for hybrid growth, we define 

 

m = ϑ 

f,m f m 

0 � f m 

0 + ϑ 

s,m c m 

s � c m 

s + c m 

n � c m 

n . (26)

ote inelastic remodelling is not considered here, i.e. P 

m 

r = I , thus, 

he total elastic tensor for myofibre from B 1,gr to B ζ shown in 

ig. 3 is F 

m 

e = FV 

m 

r (G 

m ) −1 . 

.4.2. Ground matrix 

We assume that the ground matrix does not grow ( G 

g = I ) but

nly experiences an inelastic remodelling process with conserved 

olume to be compatible with myofibre G&R. This suggests that 

he same directional stretch for the ground matrix as myofibres 

row, while the directions not experiencing myofibre G&R will be 

ompressed due to the incompressible constraint. Note myofibre 

&R refers to sarcomerogenesis either in parallel or in series. Based 

n such an assumption, the inelastic remodelling tensor for the 

round matrix is 

 

g 
r = 

⎧ ⎨ 

⎩ 

ϑ 

f,m f m 

0 � f m 

0 + 

1 √ 
ϑ f,m 

c m 

s � c m 

s + 

1 √ 
ϑ f,m 

c m 

n � c m 

n , eccentric growth , 
1 √ 
ϑ s,m 

f m 

0 � f m 

0 + ϑ 

s,m c m 

s � c m 

s + 

1 √ 
ϑ s,m 

c m 

n � c m 

n , concentric growth,

ϑ 

f,m f m 

0 � f m 

0 + ϑ 

s,m c m 

s � c m 

s + 

1 
ϑ f,m ϑ s,m c 

m 

n � c m 

n , hybrid growth . 

(27) 

he total elastic tensor for the ground matrix from B 1,gr to B ζ

hown in Fig. 3 is F 

g 
e = FV 

g 
r (P 

g 
r ) 

−1 . 
381 
.4.3. Collagen fibres 

The collagen network, the main component of the extra-cellular 

atrix (ECM) of the myocardium, is tightly regulated by the depo- 

ition of new collagen from myofibroblasts and degradation of old 

ollagen by matrix metalloproteinases (MMPs) [38] . Under patho- 

ogical G&R, myocardial ECM is mediated by the activation of my- 

fibroblasts and MMP expression accompanied by myocyte G&R 

hrough sarcomerogenesis, together they will contribute to the 

verall ventricular G&R. Studies have shown that increased MMP 

ctivity will lead to partial degradation of the interstitial ECM 

hat precedes a chronic volume overload or rapid pacing [39,40] . 

t also has been demonstrated that increased MMP activity could 

ead to progressive LV G&R in diseased hearts through degrada- 

ion or damage of the collagen network, resulting in myocyte slip- 

age and myocardial wall thinning [41] . Activation of myofibrob- 

asts is another response under pathological conditions. Ultimately, 

t will lead to excessive collagen deposition and ECM expansion 

42] . We point the reader to Frangogiannis [42] for a recent re- 

iew on ECM G&R in heart. In this study, modelling of specific 

iologically-informed collagen G&R patterns is out of scope, thus 

e only consider three simplified scenarios for collagen G&R aim- 

ng to predict general cardiac G&R patterns. In specific, 

1. CF-R : Corresponds to an extreme condition when MMP only 

degrades collagen crosslink to allow myofibre slippage, but the 

total mass of collagen network is preserved. Thus the collagen 

network only experiences inelastic remodelling to be compat- 

ible with myofibre G&R. We have G 

c = I , and the inelastic re- 

modelling tensor for the collagen network 

 

c 
r = 

⎧ ⎨ 

⎩ 

ϑ 

f,m f m 

0 � f m 

0 + 

1 √ 
ϑ f,m 

c m 

s � c m 

s + 

1 √ 
ϑ f,m 

c m 

n � c m 

n , eccentric growth 
1 √ 
ϑ s,m 

f m 

0 � f m 

0 + ϑ 

s,m c m 

s � c m 

s + 

1 √ 
ϑ s,m 

c m 

n � c m 

n , concentric growth ,

ϑ 

f,m f m 

0 � f m 

0 + ϑ 

s,m c m 

s � c m 

s + 

1 
ϑ f,m ϑ s,m c 

m 

n � c m 

n , hybrid growth . 

(28) 

Then the total elastic tensor for the collagen network from B 1,gr 

to B ζ shown in Fig. 3 is F 

c 
e = FV 

c 
r (P 

c 
r ) 

−1 . 

2. CF-E : We assume the collagen network does not experience any 

growth and remodelling, which would correspond to an ex- 

treme condition when both MMP and myofibroblasts are not 

activated. Then G 

c = I and P 

c 
r = I , and the total elastic tensor

for the collagen network from B 1,gr to B ζ shown in Fig. 3 is 

F 

c 
e = FV 

c 
r . 

3. CF-G : The collagen network is assumed to grow exactly the 

same as the myofibres with P 

c 
r = I , corresponding to an ideal 

scenario when the net G&R of the collagen network is the same 

as the myofibre G&R under well controlled myofibroblast acti- 

vation and MMP expression. Then 

G 

c = 

{ 

ϑ 

f,m f m 

0 � f m 

0 + c m 

s � c m 

s + c m 

n � c m 

n , eccentric growth 

f m 

0 � f m 

0 + ϑ 

s,m c m 

s � c m 

s + c m 

n � c m 

n , concentric growth , 

ϑ 

f,m f m 

0 � f m 

0 + ϑ 

s,m c m 

s � c m 

s + c m 

n � c m 

n , hybrid growth , 

(29) 

and the total elastic tensor of the collagen network from B 1,gr 

to B ζ shown in Fig. 3 is F 

c 
e = FV 

c 
r (G 

c ) −1 . 

.5. A human LV G&R model 

A healthy human LV geometry reconstructed at early-diastole 

dapted from [33] is used here. Figure 4 (a) shows this LV geome- 

ry with a rule-based fibre structure. Myofibres linearly rotate from 

picardium ( −60 ◦) to endocardium ( 60 ◦) [43] . A simplified sys- 

emic circulation system [44] is attached to the LV model to pro- 

ide physiologically accurate boundary conditions (see Fig. 4 (b)). 

e consider the LV geometry at early diastole to be the unloaded 

eference configuration though in reality it is not because of con- 

tant pressure loading inside LV. See further discussion about un- 
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Fig. 4. The human LV model (133,042 linear tetrahedral elements and 26,010 

nodes) with rule-based generated myofibre architecture (a), and the myofibre an- 

gles from −60 ◦ at epicardium to 60 ◦ at endocardium; (b) a simplified closed-loop 

circulation system attached to the LV model. MV: mitral valve; AV: aortic valve; LA: 

left atrium; Ao: aorta; Sys: systemic circulation. A grounded spring with a stiffness 

( k ) is tuned to provide the appropriate pressure-volume response (i,e. compliance) 

of the attached cavity, and C V is the viscous resistance between two cavities. Uni- 

directional flow is controlled by AV and MV. 
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oaded configuration in Section 4.4 . Details of this LV model can 

lso be found in Gao et al. [33] , Guan et al. [44,45] . 

The hypothesis that there exists a homeostatic state, an inter- 

al steady state maintained by living tissue, has become the cor- 

erstone in biological soft tissue G&R. Biomechanically, it refers to 

 preferred mechanical state targeted by various mechanobiologi- 

al activities [4] , i.e. myocyte hypertrophy and fibrosis. It has been 

emonstrated that mechanical stimuli such as stress/strain play a 

ignificant role in soft tissue G&R though many open questions are 

et to be answered. As discussed in Eichinger et al. [4] , homeosta- 

is shall be in a range near the preferred state but not a fixed 

alue, and very adaptive under different loading and pathological 

onditions. In this study, average values of end-diastolic stretch and 

eak active tension have been used to represent the homeostatic 

tates, similar to other modelling studies [18,46] . Specifically, we 

ave chosen the average tr (σa ) at peak systole as the only stimu- 

us to trigger concentric growth, neither the Mandel stress [5] nor 

he trace of total Cauchy stress [6] . It is worthwhile to mention 

hat future work shall consider the total stress tensor over cardiac 

ycles. 

The LV model is firstly simulated without G&R in order to deter- 

ine λcrit in Eq. (10) and p crit in Eq. (12) , denoted as the baseline

ase. In detail, the LV is firstly preloaded with a linearly increased 

ressure up to normal end-diastolic pressure (EDP), i.e. 8 mmHg, 

nd λcrit is calculated as the spatial mean myofibre stretch at end- 

iastole. Then, the iso-volumetric contraction begins, followed by 

he systolic ejection when the LV pressure exceeds a prescribed 

ortic pressure (80 mmHg), and finally, the ejection ends when the 

V pressure is lower than the aortic pressure. Values of λcrit and 

p crit are obtained from the baseline case as 

crit = 

1 

N 

N ∑ 

i =1 

λmax 
i , and p crit = 

1 

N 

N ∑ 

i =1 

p max 
i , (30) 

here N is the total number of elements in the LV model, λmax 
i 

s the maximum myofibre stretch in diastole for the i th element, 

nd p max 
i 

is the maximum of the trace of active stress tr (σa ) in 

ystole. Parameters of the baseline model can be found in Table 3 . 

he details for determining the passive material parameters can be 

ound in Appendix A by ensuring that the baseline model behaves 

hysiologically [47] . 

Young et al. [48] reported that the LV EDP was twice or triple 

igher in hearts with eccentric G&R under mitral regurgitation 

han the value from normal hearts. For that reason, increased EDP 
382 
s usually applied when modelling eccentric cardiac growth [17,46] . 

o trigger eccentric growth, the LV EDP is increased to 16 mmHg 

ith no change in contractility. Aortic stenosis has been consid- 

red the paradigm for pressure overload in LV, triggering a hyper- 

rophic response with increased wall thickness [49] . To trigger con- 

entric growth, only the aortic resistance C AV 
V 

is increased from 1.0 

o 10 MPa mm 

2 s/tonne while the contractility ( T max in Eq. (23) )

emains constant again, see Fig. 4 (b). Ten-folder increase in C AV 
V is 

hosen such that the end-systolic pressure at the final growth cycle 

s within the reported range in ( 197 ± 5 mmHg) [50] , see Fig. 9 (a–

). In hybrid growth, both EDP and the aortic resistance are in- 

reased to the values of eccentric and concentric growth. Table 4 

ists the parameter values for the eccentric growth and concentric 

rowth laws, respectively. 

The nonlinear finite-element software ABAQUS EXPLICIT (Das- 

ault Systemes, Johnston RI, USA) is used to simulate LV G&R, and 

he strain energy function defined in Eq. (14) is implemented us- 

ng a Fortran user-subroutine. In-house developed MATLAB codes 

re used to update the reference configuration of the grown LV ge- 

metry. All simulations are run on a Windows workstation with 42 

PU cores (Intel(R) Xeon(R) CPU E5-2680 v3 @ 2.50 GH, 64 GB), 

nd one growth cycle takes around 3.5 h. 

Please note in our simulations, cycle 0 is the LV model in the 

aseline state, and the pathological boundary conditions are ap- 

lied from cycle 1, thus there is no G&R in cycle 0, and the initial

rowth ratio for cycle 1 is one. Subsequently, the growth tensor for 

ach constituent is determined from the previous cycle. We found 

ost simulations finish in 10 cycles when the average incremental 

rowth to the previous cycle is within 1%. We further compared 

he mean myofibre stretch at end-diastole and peak-systolic active 

tress from the 10th cycle to the thresholds λcrit , p crit , and both 

alues are close to the predefined thresholds, see Fig. D.1 in Ap- 

endix D for a detailed comparison. We note here that using the 

verage incremental growth as the criteria may not be the opti- 

al one, and some cases after 10 growth cycles may not meet the 

hosen criteria. Considering the computational cost of running all 

imulations and to have a like-for-like comparison, we ran all sim- 

lations with 10 growth cycles in the following analysis. Additional 

rowth cycles can be simulated, see Section 4.5 for further discus- 

ion. 

. Result 

.1. Eccentric growth 

Figure 5 (a) shows the final grown LV geometries under three 

&R scenarios of collagen. In general, the endocardium experiences 

uch higher θ f than the epicardium (see Fig. 5 (a)), and the most 

rowth occurs at the base and mid-ventricle but least at the apex. 

arge spatial variations of θ f can be seen in the three cases, which 

re resulted from spatially varied mechanical environments. For 

xample, the apex usually experiences the least stretch and stress, 

hus with the least growth. The final grown LV geometries are 

imilar for cases CF-R and CF-G, whose cavity volumes are much 

arger than the baseline case. The least growth is found in case 

F-E, which could be potentially explained by the elastic stretch 

n collagen fibres induced by myofibre G&R, and this in turn hin- 

ers further myofibre G&R. The average growth ratio θ̄ f is shown in 

ig. 5 (b). It can be found that θ̄ f gradually increases until it reaches 

 plateau when no growth can occur either because of approach- 

ng the growth limit θmax,f or below the critical threshold of fi- 

re stretch λcrit . The final θ̄ f at the end of the 10th cycle is 1.28 

or case CF-R, 1.26 for case CF-G, and 1.12 for case CF-E. The aver- 

ge incremental growth ratio ϑ̄ 

f decreases with time as shown in 

ig. 5 (c), and ϑ̄ 

f approaches 1 much faster in case CF-E compared 

o other two cases. Figure 5 (c) further shows the standard devia- 
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Table 3 

Parameter values for the lumped circulation model, and material parameters for passive and active responses for 

the baseline case. 

Parameters of the lumped circulation model [45] 

C AV 
V C MV 

V C Sys 
V 

k AOR k LA 

( MPa · mm 

2 · s / tonne ) ( N / mm ) 

1.0 0.8 50 1.2 0.1 

Material parameters of the myocardium 

a g (kPa) b g a m (kPa) b m a cf (kPa) b cf a cs = a cn (kPa) b cs = b cn T a (kPa) 

0.3527 0.1158 0.9324 4.0968 29.772 4.0985 54.744 2.4095 140 

Initial volume fractions of the ground matrix, myofibres and collagen fibres [34] 

φg 
1 

(%) φm 
1 (%) φc 

1 
(%) 

27.4 70 2.6 

Fig. 5. Comparison of growth ratio in eccentric growth. (a) Distributions of growth ratio at the end of 10th G&R cycle, (b) the average total growth ratio θ̄ f and (c) the 

average incremental growth ratio ϑ̄ f . 

Table 4 

Parameter values for eccentric and concentric growth [5] . 

Eccentric growth parameters Concentric growth parameters 

τ f (time) λcrit θmax,f τ s (time) p crit (kPa) θmax,s 

0.8 1.176 1.4 0.2 61 2.0 
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ion of ϑ 

f , from which we can see that its value is getting much

maller in late growth cycles. The much reduced standard devia- 

ion of ϑ 

f also suggests the LV reaches a stable grown state at the 

0th cycle since θ f does not change much temporally with further 

rowth cycles. 

Figure 6 (a–c) shows the pressure-volume (P-V) loops of the 

hree cases within 10 growth cycles. In general, the P-V loops grad- 

ally shift to the right with reduced systolic pressure but much in- 

reased end-diastolic volume (EDV) and end-systolic volume (ESV). 

ase CF-E has the least LV cavity compared to other scenarios. 

igure 6 (d) shows ejection fraction (EF), and Fig. 6 (e) shows the 

orresponding stroke volume (SV). Both EF and SV decrease signif- 

cantly after the first few G&R cycles, except for case CF-R at the 

econd cycle. That is presumably because inelastic remodelled col- 

agen fibres in case CF-R allow the LV to be filled more, leading 

o increased stroke volume according to the Frank-Starling law. As 

he wall gets thinner and thinner, from the third cycle, the over- 

ll contractile force from the thin LV wall would be reduced, thus 
383 
eading to decreased SV. At the final G&R cycle, EF is 31.4% for case 

F-R, 29.7% for case CF-G, and much higher in case CF-E (40.7%). 

lthough case CF-E has the least SV (60 mL), but still within the 

ower bound of reported values in healthy humans (95 ±14 mL) 

51] . The average wall thickness at the unloaded state is shown in 

ig. 6 (f). LV wall thinning occurs in cases CF-R and CF-G, but not 

n case CF-E that surprisingly has a slightly thicker wall compared 

o the baseline case with 2% increase. Detailed comparison of LV 

ump function can be found in Table 5 . 

Because of no growth in the ground matrix, its volume fraction 

s gradually reduced as shown in Fig. 7 (a). The volume fraction of 

yocytes increases for all three scenarios as shown in Fig. 7 (b), 

hile its increase is much reduced when the collagen does not ex- 

erience G&R. The highest myofibre growth occurs when the col- 

agen only experiences inelastic remodelling. Figure 7 (c) shows the 

hange in the collagen volume fraction. In case CF-G, a slightly in- 

reased collagen volume fraction is observed since it grows exactly 

he same as myocytes, but for the other two scenarios, its volume 

raction decreases, in particular for case CF-R because of no growth 

n collagen. Figure 7 (e) shows the uni-axial stretch-stress response 

long the myofibre direction at the end of the 10th growth cycle. 

ompared to the baseline case, myofibre stiffness is slightly higher 

or case CF-G because of growth in both myofibres and collagen, 

ut slightly lower for the other two cases because of the reduced 

olume fraction of collagen fibres. Detailed comparison of volume 

raction can be found in Table 6 . 
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Fig. 6. Evolution of the cardiac function with eccentric growth. P-V loops for cases CF-R (a), CF-E (b) and CF-G (c). The black solid line is the baseline case with EDP 8 mmHg, 

the blue dashed line is the first loading step after applying volume overload (EDP 16 mmHg), the red dot line is from the 10th G&R cycle, and the green thin lines are from 

in-between G&R cycles. Corresponding ejection fractions (EF) are in (d) with stroke volumes (SV) in (e) and average wall thickness in (f). (For interpretation of the references 

to colour in this figure legend, the reader is referred to the web version of this article.) 

Table 5 

LV pump functions for the baseline case and cases CF-R, CF-E and CF-G at the first and tenth cycles. The minimum and maximum values from the 10th cycle are highlighted 

in boldface. 

ESP (mmHg) EDV (ml) ESV (ml) EF (%) SV (ml) 

Baseline G&R cycle 120.9 102.2 42.6 58.3 59.6 

CF-R CF-E CF-G CF-R CF-E CF-G CF-R CF-E CF-G CF-R CF-E CF-G CF-R CF-E CF-G 

Eccentric 1 123.5 123.5 123.5 124.0 124.0 124.0 46.4 46.4 46.4 62.5 62.5 62.5 77.6 77.6 77.6 

10 111.7 111.5 109.5 221.3 146.7 213.5 151.8 86.8 150.0 31.4 40.7 29.7 69.5 59.8 63.5 

Concentric 1 125.4 125.4 125.4 102.2 102.2 102.2 57.8 57.8 57.8 43.4 43.4 43.4 44.4 44.4 44.4 

10 155.3 182.1 161.9 58.6 73.6 62.0 22.5 30.4 23.7 61.5 58.5 61.6 36.0 43.1 38.2 

Hybrid 1 129.3 129.3 129.3 124.0 124.0 124.0 68.1 68.1 68.1 45.1 45.1 45.1 55.9 55.9 55.9 

10 151.2 153.6 182.3 74.8 193.4 115.0 37.4 104.7 48.1 49.8 45.8 58.1 37.3 88.7 66.9 

384 
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Fig. 7. The evolution of volume fraction of ground matrix (a), myofibres (b) and collagen fibres (c) with eccentric growth, and (d) stretch-stress responses along myofibres 

in a virtual uniaxial tension test after the end of 10th G&R cycle. 

Table 6 

Volume fractions of the ground matrix ( φg ), myofibres ( φm ) and collagen fibres ( φc ) for cases CF-R, CF-E and CF-G at the beginning 

of the first cycle and the end of the tenth cycle. 

φg (%) φm (%) φc (%) 

G&R cycle CF-R CF-E CF-G CF-R CF-E CF-G CF-R CF-E CF-G 

Eccentric 1 26.2 26.2 26.2 71.3 71.3 71.2 2.5 2.5 2.6 

10 23.0 25.2 23.1 74.8 72.4 74.1 2.2 2.4 2.8 

Concentric 1 26.3 26.3 26.2 71.2 71.2 71.1 2.5 2.5 2.6 

10 23.5 21.5 23.1 74.2 76.5 74.1 2.2 2.0 2.8 

Hybrid 1 24.9 24.9 24.8 72.7 72.7 72.5 2.4 2.4 2.7 

10 20.0 17.3 17.9 78.1 81.1 79.2 1.9 1.6 2.9 
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In summary, eccentric growth would lead to increased end- 

iastolic and end-systolic cavity volume with decreased ejection 

raction and stroke volume. Collagen G&R could play an important 

ole in overall LV wall G&R. Specifically, by eliminating collagen 

&R, the grown LV has the least increase in its cavity volume with- 

ut wall thinning and nearly the same passive stiffness along the 

yofibre direction. 

.2. Concentric growth 

Similar to the cases of eccentric growth, myocardial G&R mainly 

ccurs at the endocardium and the base as shown in Fig. 8 (a), and

early no growth in the apex. LV cavities in three scenarios are 

ll reduced with a thicker ventricular wall compared to the base- 

ine case. Interestingly, case CF-E grows longitudinally with much 

igher θ s near the base compared to the other two cases. The aver- 

ge θ̄ s at each G&R cycle is plotted in Fig. 8 (b) where case CF-E has

 maximum value of 1.44 with reduced values in cases CF-G (max: 
385 
.29) and CF-R (max: 1.27). Figure 8 (c) shows the average incre- 

ental growth ratios ( ̄ϑ 

s ). It can be seen that cases CF-G and CF- 

 have much slower incremental growth compared to case CF-E. 

gain, the standard deviation of ϑ̄ 

s is getting smaller and smaller 

t late growth cycles. 

The P-V loops for the three cases are very similar as shown 

n Fig. 9 (a–c), all with decreased ESV and EDV, and signifi- 

antly increased end-systolic pressure (ESP). For example, ESP is 

82.1 mmHg in case CF-E at the 10th cycle, 155.3 mmHg for CF-R 

nd 161.9 mmHg for CF-G. EDVs are reduced to 73.6 ml for CF- 

, 58.6 ml for CF-R, and 62.0 ml for case CF-G. Similarly, ESVs 

re 30.4 ml for CF-E, and around 23 ml for the other two cases. 

igure 9 (d) shows EFs at each growth cycle. EF at the first G&R cy-

le (43.4%) is much lower compared to the baseline case (58.3%). 

ecause of concentric growth, the thickened wall would generate 

igher active tension to overcome the increased resistance due to 

ortic stenosis, EF gradually increases to the normal range ( > 50%) 

fter the first 2 growth cycles. Interestingly, EF peaks at the 5th 
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Fig. 8. Comparison of growth ratio in concentric growth. (a) Distributions of growth ratio at the end of 10th G&R cycle, (b) the average total growth ratio θ̄ s and (c) the 

average incremental growth ratio ϑ̄ s . 
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rowth cycle and then decreases for all three cases, which may 

ndicate that at the 5th growth cycle, the heart is at its optimal 

ompensatory condition, further G&R might lead to a decompen- 

ated state, i.e. decreased EF and SV. At the final growth cycle, 

Fs for all three scenarios are all above 55%, while case CF-E has 

he least EF. Similar trends can be found for SVs as shown in 

ig. 9 (e). Specifically, SV peaks after the first several growth cycles 

nd then decreases significantly till the 10th cycle due to the re- 

tricted LV cavity, which is much smaller compared to the baseline 

ase (59.6 mL). Only case CF-E reaches a higher SV than the base- 

ine case from the 3rd to the 5th growth cycles but with the high-

st ESP. Figure 9 (f) shows the average wall thickness, which is the 

east in CF-E, followed by CF-G, and the highest in CF-R. Detailed 

omparison of LV pump function can also be found in Table 5 . 

The volume fractions of the ground matrix decrease for all three 

cenarios ( Fig. 10 (a)), and the myofibre volume fraction increases 

s shown in Fig. 10 (b), while the volume fraction of collagen only 

ncreases in case CF-G ( Fig. 10 (c)) as expected. Figure 10 (d) further

hows the uni-axial stretch-stress responses of the myocardium at 

he end of the 10th cycle. Again, case CF-G is slightly stiffer com- 

ared to other cases because both myofibres and collagen grow 

imultaneously. Detailed comparison of volume fraction can be 

ound in Table 6 . 

In summary, concentric growth leads to decreased end-diastolic 

nd end-systolic cavity volume with increased ejection fraction 

nd end-systolic pressure. The stroke volume initially increases but 

hen decreases significantly at later G&R cycles, which may suggest 

n intervention could be necessary to prevent adverse G&R when 

V achieves the highest EF and SV, for example at the 4th G&R 

ycle ( Fig. 9 (e)). Compared to cases CF-R and CF-G, case CF-E pro-

otes the most growth in myocytes with the least collagen fibre 

olume fraction and slightly softer passive property. This leads to 

 larger stroke volume with the least wall thickening, although ESP 

s the highest. Again our results might suggest that collagen G&R 

ould also play an important role in concentric G&R. Specifically, 

y eliminating collagen G&R, the grown LV has the least decrease 

n its cavity volume with moderate wall thickening and nearly the 

ame passive stiffness along the myofibre direction compared to 

he baseline case. 
386 
.3. Hybrid growth 

As shown in Fig. 11 (a), case CF-R leads to a much shorter 

ongitudinal length compared to the baseline case, but not in 

ase CF-E, which experiences both longitudinal lengthening and 

all thickening. The much shortened LV geometry in case CF- 

 may be explained by compaction in the longitudinal direction 

aused by elongation along the fibre and cross-fibre directions 

n the collagen network since both θ̄ f and θ̄ s are greater than 

, shown in Fig. 11 (b, c). On the contrary, the additional elas- 

ic stretch in the collagen network along the fibre and cross-fibre 

irections in case CF-E leads to elongated LV because the pre- 

ompressed collagen network in the longitudinal direction facil- 

tates longitudinal lengthening to accommodate growth along f m 

0 
nd c m 

s . 

In general, myocardial growth mainly occurs at the base and 

he mid-ventricle with the least growth in the apex. As shown 

n Figs. 11 (b, c), case CF-E experiences the highest growth both 

long myofibre and cross-fibre directions, with the least cross- 

bre growth in CF-R that is different when compared to eccen- 

ric growth (the highest for CF-R and the least for CF-E). Further 

imulations were carried out with reduced growth in the myofibre 

irection, details can be found in Appendix B ( Fig. B.1 ). We found

y reducing myofibre directional growth, case CF-E is more con- 

entric growth dominated with limited chamber dilation and much 

ncreased systolic pressure, similar to the other two cases. There- 

ore, it seems stretch-driven growth competes with stress-driven 

rowth in hybrid growth, and such competing effect would lead 

o different phenotypes of LV G&R compared to pure eccentric or 

oncentric growth. 

Figure 12 (a–c) show P-V loops under hybrid growth. It can be 

ound that EDV initially increases due to increased EDP, and fur- 

her ESP also increases to a higher level with a larger ESV than 

he baseline because of aortic stenosis. Gradually, EDV decreases in 

oth cases CF-R and CF-G, but not in case CF-E. ESP keeps increas- 

ng in case CF-G but decreases in case CF-R. Interestingly, EDV and 

SV keep increasing in case CF-E while ESP increases very slowly 

ompared to the other two cases. At the 10th cycle, case CF-E has 

DV: 193.4 mL and ESV: 104.7 mL and ESP: 151.2 mmHg. EFs of 
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Fig. 9. Evolution of the cardiac function with concentric growth. P-V loops for cases CF-R (a), CF-E (b) and CF-G (c). The black solid line is the baseline case with the aortic 

valve resistance C V = 1 . 0 , the blue dash line is from the first loading step after increasing aortic stenosis to C V = 10 . 0 , the red dot line is from the 10th G&R cycle, and the 

green lines are from in-between G&R cycles. Corresponding ejection fraction in (d) with stroke volume in (e) and average wall thickness in (f). (For interpretation of the 

references to colour in this figure legend, the reader is referred to the web version of this article.) 
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hree cases can be found in Fig. 12 (d), EF for case CF-R peaks at

he 4th cycle (58.8%) with an SV of 70.6 mL ( Fig. 12 (e)), though

ase CF-E has always increased SV, due to increased EDV, its EF 

s below 45%. Case CF-G has increased EF towards 58.1% at the 

0th cycle, its SV increases initially until the 4th cycle, then de- 

reases slightly. Wall thickness keeps increasing for all three cases 

s shown in Fig. 12 (f). Detailed comparison of LV pump function 

an be found in Table 5 . Our results seem to suggest that case CF-
387 
 experiences the most concentric growth, followed by case CF-G, 

hile case CF-E experiences the most eccentric growth ( Fig. 12 (b)). 

Volume fractions of the ground matrix, myofibres and colla- 

en fibres are similar to those of concentric growth as shown in 

ig. 13 (a–c). In particular, case CF-E has the highest myofibre vol- 

me with the least collagen and ground matrix, which may explain 

ts softer stiffness along myofibre direction due to its least collagen 

ontent, see Fig. 13 (d). 
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Fig. 10. The evolution of volume fraction of ground matrix (a), myofibres (b) and collagen fibres (c) with concentric growth, and (d) stretch-stress responses along myofibres 

in a virtual uniaxial tension test after the end of 10th G&R cycle. 
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Table 7 

Myofibre angles at endocardium and epicardium for cases CF-R, CF-E and CF-G at 

the beginning of the first cycle and the end of the 10th cycle. 

Endorcardium ( ◦) Epicardium ( ◦) 

G&R cycle CF-R CF-E CF-G CF-R CF-E CF-G 

Eccentric 1 54.5 54.5 54.5 −45.7 −45.7 −45.7 

10 50.4 53.6 50.9 −41.6 −45.4 −42.2 

Concentric 1 54.5 54.5 54.5 −45.7 −45.7 −45.7 

10 51.5 53.4 51.8 −46.7 −48.7 −47.2 

Hybrid 1 54.5 54.5 54.5 −45.7 −45.7 −45.7 

10 41.6 52.8 49.1 −35.1 −44.1 −42.8 

a

c

2

t

s

c

k

e
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s  

C

e  
In summary, the competition between stretch-driven and 

tress-driven, and the interactions between myofibres and collagen 

&R would play an important role in this hybrid G&R, which may 

ead to either eccentric or concentric-dominated growth. Eliminat- 

ng collagen G&R may not be the best option as found in pure ec- 

entric or concentric growth. Instead, when collage grows simulta- 

eously with myocytes, the final grown LV geometry and its pump 

unction could be closer to the baseline case as shown in Fig. 12 (c).

herefore, careful control of G&R in myofibres and collagen net- 

orks would be critical to prevent adverse remodelling in hybrid 

rowth. 

.4. Residual stress and myofibre evolution 

At the end of each growth cycle, the LV model is unloaded to a 

ompatible state where residual stress usually exists due to incom- 

atible growth. Figure 14 shows the average circumferential resid- 

al stress ( τcc ) from endocardium (0%) to epicardium (100%) at the 

0th cycle. For eccentric growth ( Fig. 14 (a)), τcc of cases CF-R and 

F-G is positive at the endocardium (0.75 kPa and 0.5 kPa), then 

ecomes negative ( −0.37 kPa and −0.24 kPa) at the middle wall, 

nd finally increase to 0.1 kPa at the epicardium. While for case CF- 

, τcc remains very low from the endocardium to epicardium. For 

oncentric growth, all three scenarios experience negative τcc at 

he endocardium and positive τcc at the epicardium, see Fig. 14 (b). 

imilar trends of τcc can be found in hybrid growth ( Fig. 14 (c)) 
388 
s concentric growth. The highest levels of τcc can be found in 

ase CF-R under hybrid growth in a range between −2.0 kPa and 

.8 kPa from the endocardium to the epicardium. The distribu- 

ions of τcc resulting from concentric and hybrid growth are con- 

istent with literature-reported values, i.e. negative at the endo- 

ardium and positive at the epicardium within a range of several 

Pa [6,52–54] . Negative τcc at the middle wall and positive at the 

ndocardium and epicardium in eccentric growth ( Fig. 14 (a)) could 

e explained by higher growth in the middle-wall (stretch-driven), 

ee Fig. 5 . Similar results have been reported in Genet et al. [54] ,

hoi et al. [55] . 

We further summarize myofibre angles at the endocardium and 

picardium at the end of the 10th cycle in Table 7 . The largest
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Fig. 11. Comparison of growth ratio in hybrid growth. (a) Distributions of growth ratio at the end of 10th G&R cycle, (b) the average total fibre growth ratio θ̄ f and (c) the 

average total cross-fibre growth ratio θ̄ s . 
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ariation can be found in cases CF-R with more circumferentially 

ligned myofibres, i.e. smallest angle values at the endocardium 

nd epicardium, in particular in hybrid growth, which may also 

artially explain the most squashed LV shape when unloaded for 

ase CF-R, see Fig. 11 (a). 

. Discussion 

.1. Comparisons with existing studies 

In this study, we have studied generic pure concentric growth, 

ure eccentric growth and the combination of the two types of 

rowth using this updated Lagrangian constrained mixture the- 

ry based G&R model. Parameters in growth laws are not esti- 

ated from experimental data but adapted from existing studies 

5] . Thus, the eccentric, concentric and hybrid growth shall not be 

onsidered as the actual myocardial G&R under pathological con- 

itions. Nevertheless, our new G&R model with updated reference 

s able to capture concentric growth with sacrcomegenesis in par- 

llel and eccentric growth with sacrcomegenesis in series. Specifi- 

ally, for pure eccentric growth, the LV at the final G&R state has 
389 
 much larger LV cavity and lower EF compared to the baseline 

tate, see Fig. 6 . There are a few experimental-based studies on 

ardiac eccentric growth. For example, Tsamis et al. [56] measured 

nfarct-induced cardiac dilation in vivo in eleven adult sheep up 

o 8 weeks, and they reported that infarct could lead to longitudi- 

al growth of more than 10% and wall thinning of more than 25%. 

ostabal et al. [57] studied myocardial G&R under volume over- 

oad due to moderate to severe mitral regurgitation in six pigs. 

hey measured myocardial G&R both at the cellular and organ lev- 

ls within eight-week time. They found that the average myocyte 

ength increased by 26%, corresponding to θ f = 1 . 26 , while the 

verage myocyte width remained almost constant. Both the end- 

iastolic and end-systolic volumes increased by 47% and 70%, re- 

pectively, but with decreased ejection fraction from 55 . 6 ± 4 . 9 % to

7.7 ± 9.5%. More recently, Fan et al. [20] inversely estimated my- 

fibre and transverse growth in 4 three-month old swine who un- 

erwent treadmill exercise training for 12 weeks. Using the kine- 

atic growth theory, they inferred myofibre growth θ f = 1 . 58 ±
 . 196 with a negligible cross-fibre growth θ s = 1 . 04 ± 0 . 08 at week

, and θ f = 1 . 793 ± 0 . 156 with θ s = 1 . 078 ± 0 . 094 at week 12. The

igher θ f and θ s in Fan’s study [20] could be potentially explained 
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Fig. 12. Evolution of the cardiac function with hybrid growth. P-V loops for (a) CF-R, (b) CF-E and (c) CF-G cases. The black solid line is the baseline case with the aortic 

valve resistance C V = 1 . 0 and EDP 8 mmHg, the blue dash line is the first loading step with increased aortic stenosis C V = 10 . 0 and EDP 16 mmHg, the red dot line is from 

the 10th G&R cycle, and the green lines are from in-between G&R cycles. Corresponding ejection fraction in (d) with stroke volume in (e) and average wall thickness (f). (For 

interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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y the fact that young swine also grow in size physiologically. The 

verage θ f from our pure eccentric growth is 1.28 for case CF-R, 

.26 for CF-G and 1.12 for CF-E, which are in the range reported in

hose experimental studies mentioned above. 

In the clinic, few studies have tried to measure myocardial G&R 

n vivo but mainly focused on global changes in LV structure and 

unction, such as LV cavity volume and wall thickness. With the 

evelopment of cardiac magnetic resonance imaging, quantifying 
390 
ocal myocardial change is made possible by tracking G&R post- 

I. For example, O’Regan et al. [58] studied LV G&R in MI pa- 

ients within one-year follow-up post-MI in 47 patients. Recently, 

i et al. [59] estimated apparent growth tensor using cardiac mag- 

etic resonance images from 16 patients within seven months 

ost-MI. Growth multipliers were summarized in terms of dilation, 

o-change and shrinkage groups based on LV end-diastolic vol- 

me [60] . They reported that myofibre lengthening can be found 
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Fig. 13. The evolution of volume fraction of ground matrix (a), myofibres (b) and collagen fibres (c) with hybrid growth, and (d) stretch-stress response along myofibres in 

a virtual uniaxial tension test after the end of 10th G&R cycle. 

Fig. 14. Distributions of circumferential residual stress after the 10th G&R cycle varied from endocardium (0%) to epicardium (100%) for eccentric growth (a), concentric 

growth (b) and hybrid growth (c). 
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n the dilation group (adverse G&R) with θ f = 1 . 05 ∼ 1 . 06 and θ s =
 . 94 seven months post-MI, which suggested eccentric growth was 

resent in this group. The smaller value of θ f in the dilation group 

ompared to our results and others [57] may be explained by the 

omplexity of patient recovery under medications and challenges 

f tracking myocardium with limited and sparse imaging data. 

In a series of studies, we have shown myofibre and collagen mi- 

rostructures can play an important role in both passive filling and 

ctive contraction [61,62] . Studies have shown that fibre structures 

re also under continuous change both physiologically and patho- 
391 
ogically. For example, Fomovsky et al. [63] found collagen fibres 

ere more circumstantially oriented in post-MI heart, and similar 

esults were reported in Mojsejenko et al. [64] . Avazmohammadi 

t al. [16] observed the reorientation of myofibres towards longi- 

udinal direction under pulmonary hypertension in rat hearts, and 

hey further modelled myofibre reorientation by assuming myofi- 

res would adapt their directions according to the largest stretch. 

lthough myofibre orientation in this study is not remodelled ac- 

ording to its stretch state, we still observe a significant myofi- 

re reorientation for all cases, especially for case CF-R with hy- 
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rid growth as shown in Table 7 . The transmural rotation angle of 

ase CF-R at the 10th cycle is 76 . 7 ◦, a reduction of 43 . 3 ◦ from the

aseline case ( 120 ◦). Future cardiac G&R studies shall include fibre 

tructure re-orientation regulated by certain evolution mechanisms 

nder various stimuli [65] . 

To overcome the high computational cost of the classical con- 

trained mixture model [9] , a temporally homogenized constrained 

ixture model has been proposed to take advantage of both the 

inematic growth theory and the constrained mixture theory with 

 single time-independent reference configuration [28] . This model 

as recently been applied to an idealized LV under hypertension 

7] . Our proposed model also makes use of both kinematic growth 

heory and the constrained mixture theory, while there exist sev- 

ral differences to the temporally homogenised constrained mix- 

ure model cited above. These include: (1) In our framework, the 

eference configuration is updated at every growth cycle, obviat- 

ng the need for tracking the temporal evolution of inelastic de- 

ormations of added mass with respect to a constant geometric 

onfiguration; (2) It is unnecessary for us to adhere to the prior 

ssumption that the incompressible remodelling tensor, through 

ass turnover, aligns with the same direction in the reference con- 

guration. Rather, we define both the growth and remodelling ten- 

ors in the updated reference configuration, which may be formu- 

ated independently in accordance with the underlying mechanobi- 

logy; (3) Residual stress/stretch is explicitly included in updated 

eference configurations; (4) Our proposed framework has the po- 

ential to allow for geometrical change. One example of this would 

e that it may be possible to predict how the heart will respond 

o ventricular reconstructive surgery in patients with ventricular 

neurysms [66] . In summary, both this updated Lagrangian con- 

trained mixture model and the temporally constrained mixture 

odel [7] can model generic cardiac G&R well with the specific 

hoice depending on the specifics of the problem being examined, 

nd the available data, etc. 

Kroon et al. [14] and Lee et al. [18] both have modelled car- 

iac G&R with updated references. However, neither of these mod- 

ls included the turnover of each individual constituent due to the 

henomenological nature of the kinematic growth theory. More- 

ver, residual stress/stretch was discarded at the beginning of each 

rowth cycle. In other words, stress-free was assumed in all up- 

ated reference configurations in Kroon et al. [14] , Lee et al. [18] .

e further investigated the impact of neglecting residual stretch 

nd revealed that it gives rise to a more concentrically domi- 

ant final grown LV geometry, featuring larger growth ratios, EDV, 

nd ESV compared to the outcomes obtained when accounting 

or growth-induced residual stress. Details can be found in Ap- 

endix C. Therefore, our results may indicate that including G&R 

nduced residual stretch/stress is important in capturing a more 

hysiologically realistic G&R. 

.2. Growth laws targeting mechanical homeostasis 

Mechanical homeostasis in the myocardium is largely unde- 

ned, in particular in vivo . In this study, we define the homeo- 

tatic state using the average end-diastolic stretch and the average 

eak systolic active tension from the baseline case, which is similar 

o [18,46] . Other options could also be possible, such as location- 

ependent stretch/stress. In this regard, it is urgently essential to 

xperimentally quantify the mechanobiological mechanism of dif- 

erent heart cells under physiological and pathological conditions, 

n order to bring cardiac G&R models into the clinic. 

Currently, there is no universal consensus on how to formu- 

ate a growth law to characterize soft tissue G&R. Various growth 

aws exist in the literature, such as stretch/stress-driven [5] or 

ypertrophic hormone-driven laws [67] . Even for stretch/stress- 

riven laws, different components have been used, including fi- 
392 
re stretch [5] , cross-fibre stretch [46] , the trace of Mandel stress 

5,21] , and the trace of Cauchy stress [6] . By testing eight differ-

nt phenomenological myocardial G&R laws in a kinematic growth 

odel, Witzenburg et al. [68] found that only three laws with 

ultiple inputs could capture experimentally observed G&R under 

oth pressure and volume overload, but none of them could lead 

o a completely homeostatic state. They further recommended that 

oorly coupled mechanical stimuli (end-diastolic and end-systolic 

tretch/stress) from multiple directions (fibre, cross-fibre, etc.) will 

e needed to improve the predictability of cardiac G&R models, es- 

ecially under both pressure and volume overload, which is usu- 

lly found in patients with heart disease. By preliminarily com- 

ining eccentric and concentric growth triggered by both the end- 

iastolic stretch and peak-systolic active tension, we have studied 

he hybrid growth using the same LV model. Because the grown 

V geometry will affect subsequent LV biomechanics, the hybrid 

rowth is not a simple addition of the pure eccentric and con- 

entric growth. Our results have shown that the competition be- 

ween eccentric and concentric growth could affect how LV adapts 

ts function and structure. For example, cases CF-R and CF-G are 

ore concentrically dominated while case CF-E is more eccentric, 

ven though they start from the same LV geometry with the same 

assive and active properties. This further suggests that not only 

tretch-driven and stress-driven compete with each other, but also 

he coupling between myofibre and collagen G&R could lead to dif- 

erent LV G&R phenotypes. 

It is still sparse to quantitatively describe the temporal course 

f LV G&R. For example, Costabal et al. [57] carried out an eight- 

eek-long volume overload study of six pigs, and they observed 

 steep increase in myocyte length from week 6 to week 8 with 

 myofibre growth ratio of 1.26. Similar growth amounts can be 

ound in case CF-E with hybrid growth, and cases CF-R and CF-G 

ith eccentric growth. This might suggest one G&R cycle in our 

odel roughly corresponds to a week based on the experimental 

easurements from [57] by considering 10 growth cycles corre- 

ponding to 8 weeks. Figure D.1 in Appendix D shows that both 

he mean diastolic fibre stretch and active tension are very close 

o the set-point values with some local variations. This further in- 

icates the LV model is roughly in a mechanically balanced state 

fter 10 growth cycles, or close to a mechanical homeostatic state. 

e are not aware of human cardiac G&R longitudinal data except 

59] , in which apparent growth tensors were estimated in 10 days 

nd 7 months post-MI. 

The growth laws in this study can also be formulated follow- 

ng the constrained mixture approach according to intra- and ex- 

racellular turnover processes in the myocardium. For example, by 

ssuming a constitutive relation of the net mass production of my- 

cardium including both deposition driven by stress and degrada- 

ion following a simple Poisson process, the growth can be en- 

orced by penalizing the myocardial strain energy function on the 

patial density [7] . Interested readers can refer to [69] for further 

etails. It is also possible to include hormonal drivers in growth 

aws as proposed in Estrada et al. [67] , where the radial com- 

onent of the growth tensor was determined by a cellular-level 

etwork model of hypertrophic signalling pathways that took into 

ccount both mechanical and hormonal stimuli. Furthermore, the 

yocardium also experiences reversal remodelling either physi- 

logically (adaptive G&R i.e. during pregnancy or exercise) or 

athologically, e.g. fibrosis post-MI. Studies have found that med- 

cations and medical devices can stop or even reverse cardiac 

&R e.g. left ventricle assistance device [70] . Thus it is essen- 

ial that a clinically-useful cardiac G&R model shall capture reverse 

emodelling. A few studies have shown that both the kinematic 

rowth theory [17] and the constrained mixture theory [7] can be 

sed to predict reverse G&R. Our framework can also be extended 

o model reverse remodelling either phenomenologically following 
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he kinematic growth theory or the constrained mixture theory, 

hich will be our next step of work. 

.3. Extracellular matrix G&R 

ECM is a highly adaptive structure that is dynamically regulated 

y the local micro-environment [2] . Clinically, pathological myocar- 

ial G&R in heart wall has often been divided into three stages, 

hey are (1) the acute stage with rapid transitory myocyte adap- 

ation and rapid ECM degradation followed by new matrix forma- 

ion, (2) the compensated stage with continued ECM turnover with 

otential ECM net degradation leading to further LV chamber dila- 

ion and wall thinning; (3) the decompensated failure with con- 

inued increase of ECM turnover leading to ECM net deposition, 

hus increased myocardial stiffness and pump failure eventually. 

olume overload-induced heart failure is usually associated with 

all thinning and chamber dilation, and excessive ECM deposition 

2] . In pressure overload-induced heart failure, excessive deposition 

f collagen fibres and increased cross-linking are usually present 

71] . In this study, we have only considered three simple scenar- 

os of ECM G&R with no new deposition and degradation in both 

F-E and CF-R cases, and a controlled net deposition for case CF-G 

ith the same growth tensor as myocytes. In this aspect, all three 

cenarios are within the compensated stages since ECM net depo- 

ition is limited and myocardial passive stiffness does not increase 

ignificantly at the final growth cycle. 

Although with simplified assumptions of collagen G&R, our re- 

ults are in general consistent with experimental studies and clin- 

cal observations with some interesting results regarding collagen 

&R [2,72] . For instance, CF-E with eccentric growth can limit the 

ncrease of LV chamber, wall thinning and EF reduction although 

ts stroke volume is slightly smaller compared to the other two 

cenarios. In concentric growth, CF-E leads to the least reduction 

n LV chamber and wall thickening with the highest SV although 

he peak systolic pressure is the highest. This may suggest by re- 

ucing collagen G&R, the LV pump function could be closer to its 

ealthy state than in other scenarios under either volume overload 

r pressure overload. While for hybrid growth, because of the si- 

ultaneous eccentric and concentric G&R, case CF-E leads to a very 

ifferent phenotype of LV G&R with increased EDV and ESV, the 

argest SV and the least wall thickening and ESP ( < 150 mmHg). 

ince fibrosis is often associated with end-stage heart failure, lim- 

ting collagen G&R (deposition or degradation) would be benefi- 

ial to prolong myocardium adaption in the compensatory state. 

esults of case CF-E might further provide evidence and in-silico 

ools for anti-fibrotic interventions in patients with cardiac fibro- 

is [71] , a major focus in the past two decades but with limited

uccess [73] . We expect that once the proposed G&R model is cal- 

brated with different patterns of collagen G&R, it would have the 

otential to improve our understanding of the dynamic role of car- 

iac fibrosis in myocardial mechanics, and further aid in the devel- 

pment of effective therapeutic strategies by promoting the adap- 

ive function of collagen network but not compromising myocyte 

ontraction. 

.4. G&R-induced residual stress 

It is widely hypothesized that incompatible G&R will lead to 

esidual stress [74] . Genet et al. [54] have further demonstrated that 

rowth-induced residual stresses were comparable with experi- 

ental studies both qualitatively and quantitatively. For that rea- 

on, we have adopted a similar approach to determine the resid- 

al stresses after G&R. The exact origin of residual stress is still an 

pen question. For example, Cyron et al. [28] suggested that the 

esidual stress is more likely to result from deposited pre-stresses 

ather than differential growth. In this study, the growth-induced 
393 
esidual deformation is used to take into account residual stress 

ut not the residual stress tensor directly [53,75] . Residual defor- 

ation has been widely used in other studies [54,76,77] because 

t can be directly included in the multiplicative decomposition of 

he observed mapping F , making using of the continuum theory of 

ctitious configurations. 

In both concentric and hybrid growth, the average circumferen- 

ial residual stresses are negative at the endocardium and positive 

t the epicardium with transmural variations, which is consistent 

ith experimental findings [52,78] and modelling studies [6,17,54] . 

enet et al. [54] reported the fibre residual stress varied from - 

.5 kPa to 0.3 kPa that was computed from an isotropic growth 

aw in porcine hearts. Wang et al. [53] estimated residual stress at 

he mid-anterior free wall of a human LV using measured resid- 

al strain data from Costa et al. [52] , which varied from −0 . 2 kPa

t endocardium to 1 kPa at epicardium. In a recent study, Zhuan 

nd Luo [6] reported residual stress in a kinematic growth model 

f a small animal LV, and the circumferential residual stress was 

n a range of −2 kPa to 3 kPa. In general, quantitative agreement 

n circumferential residual stress can be found between both con- 

entric and hybrid growths of our models and published results 

6,54] . Non-physiological residual stress has been reported in Luo 

nd Zhuan [6] by using the classic kinematic growth theory with a 

xed-reference configuration, which was addressed by using an in- 

remental growth law defined in the current configuration. In this 

spect, the incremental G&R defined in the updated reference con- 

guration, see Eqs. (10) and (11) , is similar to the current-growth 

rame proposed in Luo and Zhuan [6] . 

As shown in Fig. 14 , the residual stress distribution from ec- 

entric growth is very different from published results [52,54] , 

.e. compressed in the middle wall while stretched near endo- 

ardium and epicardium in cases CF-R and CF-G. As discussed in 

enet et al. [54] , Choi et al. [55] , the diastolic myofibre stretch is

arger in the middle wall but not in the sub-endocardial region, 

hus stretch-induced G&R (pure eccentric growth) will be higher in 

he mid-wall compared to sub-endocardial/epicardial wall, which 

ould lead to compression (negative τcc ) in the mid-wall but 

tretch (positive τcc ) in the sub-endocardial/epicardial wall, see 

ig. 14 . The associated residual stress field under pure stretch- 

riven eccentric growth is considered not physiological [78] . This 

n turn might indicate the distributions of residual stress constraint 

lausible function forms of growth law. 

The evolution of residual stress in the heart under pathologi- 

al G&R is still unclear. Omens et al. [79] found the opening an- 

le of a rat LV decreased during ageing, but it was unclear how 

he decreased opening angle would impact the residual stress be- 

ause ageing is usually associated with increased tissue stiffness. 

ee et al. [17] showed that residual stress increased during ventric- 

lar G&R while decreased during reverse remodelling using a com- 

utational model based on the kinematic growth theory. Zhuan 

nd Luo [6] recently reported that the residual stress increased ini- 

ially and then decreased in either eccentric or concentric growth 

hen formulating the growth tensor in the current configuration. 

evertheless, future experimental studies are needed to quantify 

yocardial residual stress evolution under both physiological and 

athological conditions along with the changes in myocardial stiff- 

ess, to test and validate various G&R models, and to even identify 

ppropriate growth laws [80] . 

.5. Computational cost 

We further compared the computational time of one G&R cycle 

etween our method and the kinematic growth theory by using 

he same growth tensor for the ground matrix, myofibres and col- 

agen network. We found extra 20 minutes were needed to com- 

ute F r in our current implementation compared to the kinematic 
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rowth model. We further note that higher computational cost 

ould be needed in our framework because each cycle is a finite 

ime G&R, whilst the kinematic growth theory could reach the fi- 

al grown state by simply using the total growth tensor [20] . Thus, 

t is expected that the computational time of our approach will 

e longer than the kinematic growth theory. In a recent study, 

ebauer et al. [7] reported their computational time of LV G&R 

sing a temporally homogenized constrain mixture model. It was 

ithin 2 hours for the first 250 days of G&R on one Intel Xeon E5-

630 “Haswell” (16 cores, 2.5 GHz, 64 GB memory) using an ideal- 

zed LV geometry with 3970 quadratic tetrahedral elements. Note 

he LV model in this study was discretized with 133,042 linear 

etrahedral elements, 30 times denser compared to the LV mesh in 

ebauer et al. [7] . Translating cardiac G&R models into the clini- 

al setting will require real-time prediction, existing 3-dimensional 

&R models rarely can be solved in minutes, especially considering 

he time needed for model construction and calibration. Therefore, 

lternative approaches are needed for real-time predictions, such 

s reduced-order models [81] , or statistical emulators [19,82,83] . 

In this study, all simulations finish in 10 growth cycles. We are 

ware of three simulations that do not meet the prescribed con- 

ergence criteria (1% difference of the average incremental growth 

atio between consecutive growth cycles), they are cases CF-E with 

oncentric and hybrid growth, and case CF-G with hybrid growth. 

he average incremental growth ratios to the previous cycle for 

he three cases are 1.013, 1.017 and 1.012, respectively, close to the 

% difference criteria. We further ran the case CF-E with hybrid 

rowth for 20 cycles because it has the highest average incremen- 

al growth ratio. We found it can meet the criteria at the 20th cy- 

le, while the differences in LV pump function between the 10th 

ycle and the 20th cycle were not that significant, i.e. 4% in ESP, 

% in EDV, and 7.6% in ESV. Hence, we do not expect further sim- 

lations with extra growth cycles will change the results. 

.6. Further limitations 

In addition to what has been discussed previously, we note fur- 

her limitations here. The LV geometry was constructed from a 

ealthy volunteer at early diastole but not a patient LV under pres- 

ure or volume overload. Also because of non-zero pressure load- 

ng at early diastole, the LV geometry is not a truly unloaded ge- 

metry with zero residual stress. Various methods have been de- 

eloped to determine unloaded geometries from a loaded in vivo 

onfiguration, such as the so-called inverse elastic problem [84,85] , 

r the inverse displacement approach [53,54] . Hadjicharalambous 

t al. [86] studied how different choices of the unloaded refer- 

nce configurations influence personalized cardiac models, includ- 

ng image-derived geometry at end-systole, inversely estimated ge- 

metry from end-diastole, and unloaded in vitro geometry. Their 

esults showed that all three configurations could lead to consis- 

ent pressure-volume loop and myofibre stress-strain responses de- 

pite variations in absolute values, with little qualitative effect on 

yocardial active contraction. They further suggested that image- 

erived reference configuration (i.e. at end-systole) could be used 

n personalized cardiac modelling for reliable comparative analysis 

rovided that all models employ the same reference configuration. 

n fact, the early-diastole LV geometry is very close to end-systolic 

eometry because early-diastole is the time when the mitral valve 

rst opens just after LV iso-volumetric relaxation. Future studies 

hall investigate how different reference configurations influence 

yocardial G&R. 

At each grown state, we have assumed the orthogonal fibre- 

heet-normal ( f − s − n ) layered architecture is preserved. This lay- 

red architecture has been predominately reported from various 

xperimental studies [30,31] since its early description by LeGrice 

t al. [29] . However, the orthogonal f − s − n may become dis- 
394 
upted in the diseased state, i.e. fibrosis after myocardial infarction. 

n this regard, longitudinal studies of myocyte and collagen organi- 

ations under normal ageing and pathological conditions would be 

ery necessary to provide insights into cardiac function and dys- 

unction, and also be great of interest to the cardiac modelling 

ommunity. 

We have mainly focused on myocyte G&R by assuming no 

rowth in the ground matrix and simplified G&R scenarios in col- 

agen fibres. While the actual pathological cardiac G&R is a multi- 

actor driven process, stress/strain factors together with hormonal 

nd inflammatory signals for different constituents need to be in- 

orporated in G&R laws [72] . Other parts of the heart are also 

ot considered in this study, like the right ventricle, the pericar- 

ial wall, the atria and valves, etc. Hemodynamic loads also do 

ot adapt over time. Furthermore, myocardial G&R not just oc- 

urs biomechanically but also involves G&R in electrophysiology 

nd electro-mechanics coupling, etc. However, such a model will 

e extremely challenging both mathematically and numerically. 

. Conclusion 

In this study, we have developed an updated Lagrangian con- 

trained mixture theory framework to model pathological cardiac 

&R with updated reference configuration at each growth cycle. 

his new framework can integrate critical mechanisms of individ- 

al biological constituent’s adaptations to altered biomechanical 

nvironments, which are the ground matrix, myofibres and colla- 

en network in this study. Eccentric and concentric growth, and 

heir combination have been explored in a patient-specific human 

eft ventricular geometry under volume and pressure overload. Ec- 

entric growth is triggered by the overstretching of myofibres with 

ncreased end-diastolic pressure, whilst concentric growth is driven 

y excessive contractile stress caused by aortic stenosis. We further 

nvestigate the interactions between collagen and myofibre G&R. 

esults have shown that this constrained mixture theory motivated 

ardiac G&R model can capture different phenotypes of maladap- 

ive LV G&R under pathological conditions, consistent with experi- 

ental studies and clinical observations, i.e. chamber dilation and 

all thinning/thickening. This cardiac G&R model has the potential 

o serve as a basis for developing more advanced predictive mod- 

ls informed by patient data to assess heart failure risk, predict 

isease progression, select the optimal treatments, and eventually 

owards a truly precision cardiology using in-silico models. 
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ppendix A. Passive material parameters 

Passive material parameters were estimated by fitting to the bi- 

xial and simple shear data reported by Sommer et al. [32] . The 

otal passive Cauchy stress is 

t = φg 
n σ

g 
p + φm 

n σ
m 

p + φc 
n (σ

cf 
p + σ cs 

p + σ cn 
p ) . (A.1) 

he fitting procedure is the same as in our previous work [87] . 

igure A.1 shows the fitting goodness, in which mechanical re- 

ponses of the ground matrix, myofibre and collagen fibre are plot- 

ed against the measured equi-biaxial data along the mean fibre di- 

ection (MFD) and the cross-fibre direction (CFD). In Fig. A.1 (a), we 

an find that the ground matrix has the lowest stiffness, followed 

y myofibres and collagen fibres. Collagen fibres gradually become 

tiffer than myofibres under a high stretch ratio, which will pre- 

ent excessive stretch of myofibres [88] . In Fig. A.1 (b), collagen fi- 

re along the cross-fibre direction, i.e. sheet-normal direction, al- 

ost bears all loading. The shear stress of the simple shear case 

nf) also agrees well the measured data as shown in Fig. A.1 (c). 

The estimated parameters are listed in Table A1 , which were 

e-scaled following the approach proposed in Gao et al. [47] , Guan 

t al. [62] to ensure the dynamics of the baseline LV model is phys-

ologically realistic. After the re-scaling procedure, the filling vol- 

me in diastole was around 60 mL which is in the normal physio- 

ogical range of human cardiac function. 
ig. A.1. Fitting goodness of the constitutive law ( Eq. (14) ) against the biaxial and simp

MFD) and (b) the cross-fibre direction (CFD), and (c) the simple shear stress in the n-f p

Table A1 

Passive parameter estimated by fitting to the experim

biaxial stretch (ratio of 1 MFD : 1 CFD). 

Estimated material parameters by fitting to experim

a g (kPa) b g a m (kPa) b m a cf (kPa

0.7054 1.158 1.8648 40.968 59.544 

Re-scaled material parameters 

a g (kPa) b g a m (kPa) b m a cf (kPa

0.3527 0.1158 0.9324 4.0968 29.772 
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ppendix B. Reduced growth in myofibre direction 

To reduce growth in myofibre direction, τ f was increased from 

.8 to 3.2, and the other parameters in Table 4 remain the same. 

he updated parameters for hybrid growth are further listed in 

able B1 . Because of reduced myofibre growth, all three cases ap- 

Table B1 

Parameter values for reduced fibre growth in hybrid growth. 

Eccentric growth Concentric growth 

τ f (time) λcrit θmax,f τ s (time) p crit (kPa) θmax,s 

3.2 1.176 1.4 0.2 61 2.0 

ear more concentrically dominated growth with much increased 

ystolic pressure as shown in Fig. B.1 (a–c). In particular, case CF- 

 has much less chamber dilation compared to the result in 

ig. 12 (b) when τ f = 0 . 8 , even though we do not see a smaller

SV at the 10th cycle. Values of θ̄ f and θ̄ s are shown in Fig. B.1 (d).

omparing to Fig. 12 in Section 3.3 , all cases have smaller θ̄ f with 

early the same values of θ̄ s . It may suggest stretch-driven and 

tress-driven compete in hybrid growth, and such competing ef- 

ects could lead to different phenotypes of LV G&R compared to 

ure eccentric or concentric growth. 

ppendix C. The hybrid growth case CF-R with zero residual 

tress 

We set pre-stretch tensor F 

i 
r = I for each component at the up- 

ated reference configuration of case CF-R with hybrid growth, 

hus the residual stress is zero at the beginning of each G&R cy- 

le. Zero residual stress in the updated reference configuration has 

een applied in Kroon et al. [14] , Lee et al. [18] . Figure C.1 (a) shows

he final grown LV geometry for case CF-R with hybrid growth. The 
le shear data measured by Sommer et al. [32] along (a) the mean fibre direction 

lane along the myofibre direction, i.e. (nf) case. 

ental data of one shear response (nf) and one 

ental data 

) b cf a cs = a cn (kPa) b cs = b cn 

40.985 109.488 24.095 

) b cf a cs = a cn (kPa) b cs = b cn 

4.0985 54.744 2.4095 
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Fig. B.1. P-V loops for cases CF-R (a), CF-E (b) and CF-G (c), and the average growth ratios along myofibre and cross-fibre directions (d). 

Fig. C.1. Growth amount in hybrid growth of case CF-R without pre-stretch in the updated reference configuration. (a) Distributions of growth ratio at the end of the 10th 

growth cycle, (b) the average total fibre growth ratio, (c) the average total cross-fibre growth ratio, and (d) corresponding P-V loops at each G&R cycle. 
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verage growth ratios along myofibre θ̄ f and cross-fibre θ̄ s direc- 

ions are shown in Fig. C.1 (b) and (c), respectively. Both growth 

atios are higher than the same model with residual stress at the 

eference configuration, 1.26 (without residual stretch) vs. 1.2 (with 

esidual stretch) for θ̄ f , and 1.5 (without residual stretch) vs. 1.31 

with residual stretch) for θ̄ s . P-V loops within the 10 growth cy- 

les are shown in Fig. C.1 (d), which gradually shift to the right 

ith increased ESP, EDV and ESV, but opposite when the resid- 

al stretch is included in the updated reference configuration as 

hown in Fig. 12 (a). 

ppendix D. Diastolic myofibre stretch and peak active tension 

n the last growth cycle 

Mechanobiological stability or biomechanical homeostasis is as- 

essed by comparing the maximum myofibre diastolic stretch and 

eak active stress (the trace of active stress) in the 10th growth cy- 

le with corresponding threshold values estimated from the base- 

ine case. As can be seen in Fig. D.1 , the average diastolic λmax 
i 

and

p max 
i 

are very close to the chosen threshold values. Thus, our LV 

odels are roughly in a biomechanical homeostasis state though 

ocally some regions may still experience G&R. 
ig. D.1. Violin plots of the maximum stretch ( λmax 
i 

) of each element in diastole (a) a

ctivating eccentric and concentric growth are represented by the red dotted lines. (For in

o the web version of this article.) 
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ppendix E. Algorithms 

1. Numerical scheme for Eqs. (10) and (12) 

Equations (10) and (12) are discretized with finite difference 

or the first-order material time derivative. Following the implicit 

uler backward-type time stepping schemes, Eq. (10) is reformu- 

ated in terms of the discrete residual R 

f with respect to the un- 

nown fibre grown θ f at ( n + 1 ) growth cycle, 

 

f = θ f 
n +1 − θ f 

n −
1 

τ f 

(
θmax,f − θ f 

n +1 

θmax,f − 1 

)
(λe − λcrit ) H(λe − λcrit ) 

�t 
. = 0 

ts linearization gives the tangent for local Newton iteration K = 

 R 

f / d θ f 
n +1 

. Details of numerical implementation of Eq. (10) can 

e found in Algorithm 1. Here we set �t = 1 , and Newton iter-

tion stops when R / K is less than 10 −9 . In fact �t is for the

onvenience of computation rather than the real time, its choice 

an be arbitrary as long as the solution converges. In other words, 

e assume for each G&R cycle, maximum potential G&R will be 

chieved. Equation (12) is solved in the same way. See Algorithm 1 

or details. 
nd the maximum trace of active stress ( p max 
i 

) in systole (b). Threshold values of 

terpretation of the references to colour in this figure legend, the reader is referred 
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Algorithm 1 Numerical scheme for Eq. (10) . 

Require: λe − λcrit 

Ensure: ˙ θ f 
n +1 = 

1 
τ f 

(
θmax,f −θ f 

n +1 

θmax,f −1 

)
(λe − λcrit ) 

if λe > λcrit then 

if θ f 
n +1 

> = θmax,f then 

θ f 
n +1 

= θmax,f 

else 

while |R 

f / K| > 1 . 0 −9 do 

p k = 

1 
τ f 

(
θmax,f −θ f 

n +1 

θmax,f −1 

)
(λe − λcrit ) 

R 

f = θ f 
n +1 − θ f 

n − p k �t 

K = 1 . 0 −
(

1 

τ f (θ f 
n +1 

−θmax,f ) 

(
θmax,f −θ f 

n +1 

θmax,f −1 

))
�t 

θ f 
n +1 

= θ f 
n +1 

− R 

f / K 

end while 

end if 

else 

θ f 
n +1 

= θ f 
n 

end if 
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2. Computing residual deformation 

The residual deformation after G&R is obtained by solv- 

ng the stress balance equation with zero pressure loading, see 

lgorithm 2 for details. 

lgorithm 2 Residual deformation in B 2 with B 1 the reference 

onfiguration. 

equire: B 1 , P 

i 
r and G 

i at the (n + 1) th growth cycle, and F 

i 
r from

the n th growth cycle. 

nsure: Div σ = 0 with zero loading at the (n + 1) th growth cycle 

At the (n + 1) th growth cycle 

F i r = F 

i 
r 

F i r = V 

i 
r R 

i 
r ⇒ V 

i 
r = F i r (R 

i 
r ) 

−1 

F 

i 
r = F eg V 

i 
r (P 

i 
r G 

i ) −1 with F eg the mapping from B 1 to B 2 (to be

determined by Div σ = 0 ) 

Compute σ i 
p as defined in Eq. (20) using F 

i 
r 

Numerically solve Div σ = 0 with σ from Eq. (21) and zero load- 

ing 

Calculate element-based F e eg = 

∂x (B 2 ) 
∂X (B 1 ) 

Output element-wise residual deformation using F 

i 
r = 

F e eg V 

i 
r (P 

i 
r G 

i ) −1 
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