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ABSTRACT: Many advanced constitutive models which can capture the strain-softening and state-dependent dilatancy re-

sponse of sand have been developed. These models can give a good prediction of the single soil element behaviour under various 

loading conditions. But the solution will be highly mesh-dependent when they are used in real boundary value problems due to 

the strain-softening. They can give mesh-dependent strain localization patterns and bearing capacity of foundations on sand. 

Nonlocal regularization of an anisotropic critical state sand model is presented. The evolution of void ratio which has a significant 

influence on strain-softening is assumed to depend on the volumetric strain increment of both the local and neighbouring inte-

gration points. The nonlocal model has been used in simulating both drained and undrained plane strain compression. In plane 

strain compression, mesh-independent results for the force-displacement relationship and shear band thickness can be obtained 

when the mesh size is smaller than the internal length. The regularization method is thus proper for application in practical 

geotechnical engineering problems. 
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1 INTRODUCTION 

Many advanced constitutive models for sand have been 

developed (Jefferies, 1993; Li and Dafalias 2000, 2002; 

Dafalias et al., 2004; Gao et al., 2014; Yao et al., 2017, 

2019, 2020; Tian et al., 2017). These models can cap-

ture the state-dependent dilatancy and strain-softening 

of single sand elements under various loading condi-

tions. But a sand model with strain-softening can give 

highly mesh-dependent results when used in finite ele-

ment analysis of real boundary value problems. For in-

stance, the model gives a non-unique force and dis-

placement relationship for plane strain compression on 

dense sand with strain localization (Galavi and Schwei-

ger, 2010; Mallikarachchi and Soga, 2020). The com-

puted thickness and orientation of shear bands are also 

mesh-dependent. The shear band thickness decreases as 

the element size decreases and the shear band direction 

may follow the direction of element edges (Galavi and 

Schweiger, 2010). When a sand model with strain-sof-

tening is used in practical boundary value problems, the 

solution can become unreliable due to the mesh-depend-

ency. For instance, the bearing capacity predicted by a 

strain-softening sand model can change dramatically 

when the mesh size and orientation change (Loukidis 

and Salgado, 2011; Chaloulos et al., 2019). The mesh-

dependency is caused by the assumption used in stand-

ard elastoplastic models that the stress-strain relation-

ship at an integration point is dependent on the local 

stress, strain and state variables only.  

Many methods for regularizing the mesh-dependence 

of finite element solutions of strain-softening models 

have been developed, including the nonlocal theories 

(Eringen, 1972; Bažant and Gambarova, 1984; Galavi 

and Schweiger, 2010; Mallikarachchi and Soga, 2020), 

viscous plasticity (Oka et al., 1995; Di Prisco et al., 

2002), strain-gradient plasticity (Arsenlis and Parks, 

1999; Chambon et al., 2001; Huang et al., 2004) and 

mico-polar theories (Chang and Ma, 1991; Tordesillas 

and Walsh, 2002; Tejchman and Wu, 2010). These 

methods can significantly reduce the mesh sensitivity of 

the finite element solutions. In particular, the nonlocal 

method is found effective and convenient in regulariz-

ing strain-softening models for soils (Galavi and 

Schweiger, 2010; Mallikarachchi and Soga, 2020; Di 

Prisco and Imposimato, 2003; Summersgill et al. 2017, 

2018; Mánica et al., 2018). In a fully nonlocal constitu-

tive model, the stress, strain and state variables should 

all be considered as nonlocal variables. Since a fully 

nonlocal model makes the constitutive equations com-

plex, the partially nonlocal approach has been used in 

most cases. In a partially nonlocal model, some of the 

state variables (e.g., plastic shear strain, void ratio or 

yield surface size) are assumed nonlocal (Galavi and 
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Schweiger, 2010). Indeed, the partially nonlocal ap-

proach is found sufficient for regularizing most soil 

models with strain softening.  

This paper presents a method for regularizing an ani-

sotropic critical state sand model based on the work by 

Mallikarachchi and Soga (2020). The paper is organized 

as follows. The original constitutive model and regular-

ization method are first introduced. The nonlocal model 

is then used to simulate strain localization in plane strain 

compression. The practicality of this regularization 

method in real geotechnical engineering problems is 

discussed. 

2 THE ORIGINAL CONSTITUTIVE MODEL 

The model used in this study was developed based on 

the anisotropic critical state theory which considers the 

fabric evolution of sand during loading (Li and Dafalias, 

2012). A detailed discussion of the model can be found 

in (Gao et al. 2014, 2020). This model accounts for the 

plastic deformation of sand under shear only. Therefore, 

a Mohr-Coulomb type yield function is used 

 

𝑓 = 𝑅/𝑔(𝜃) − 𝐻𝑑 = 0                                            (1) 
 

where 𝑅 = √3𝑟𝑖𝑗𝑟𝑖𝑗/2 , 𝑟𝑖𝑗 = (𝜎𝑖𝑗 − 𝑝𝛿𝑖𝑗)/𝑝  is the 

stress ratio tensor, 𝜎𝑖𝑗 is the stress tensor, 𝑝 = 𝜎𝑖𝑖/3 is 

the mean effective stress, 𝛿𝑖𝑗 is the Kronecker delta (=

1 for 𝑖 = 𝑗, and = 0 for 𝑖 ≠ 𝑗), 𝐻𝑑 is the hardening pa-

rameter and 𝑔(𝜃) is an interpolation function which de-

scribes the variation of critical state stress ratio with the 

Lode angle 𝜃 of 𝑟𝑖𝑗 (Li and Dafalias, 2002; Gao et al., 

2014) The hardening law for the yield function is ex-

pressed as 

 

𝑑𝐻𝑑 = 〈𝐿〉𝑟𝐻                                                              (2a) 

 

𝑟𝐻 =
𝐺ℎ1exp(ℎ2𝐴)

(1+𝑒)2√𝑝𝑝𝑎𝑅
[𝑀𝑐𝑔(𝜃)exp(−𝑛휁) − 𝑅]         (2b)             

 

where 𝐿  is the loading index, 〈 〉  are the Macaulay 

brackets which make 〈𝐿〉 = 𝐿  for 𝐿 > 0  and 〈𝐿〉 = 0 

for 𝐿 ≤ 0, ℎ1, ℎ2 and 𝑛 are model parameters, 𝐺 is the 

elastic shear modulus, 𝐴 is the anisotropic variable (Li 

and Dafalias, 2012; Gao et al., 2014), 𝑒 is the void ratio, 

𝑝𝑎  is the atmospheric pressure, 𝑀𝑐 is the critical state 

stress ratio in triaxial compression and 휁 is the dilatancy 

state parameter (Li and Dafalias, 2012). This hardening 

law can capture the strain-softening response of dense 

sand.  The plastic shear strain increment 𝑑𝑒𝑖𝑗
𝑝

 is ex-

pressed as 

 

𝑑𝑒𝑖𝑗
𝑝
= 〈𝐿〉𝑚𝑖𝑗                                                      (3) 

 

where 𝑚𝑖𝑗 =

𝜕𝑔

𝜕𝑟𝑖𝑗
−(

𝜕𝑔

𝜕𝑟𝑚𝑛
𝛿𝑚𝑛)𝛿𝑖𝑗/3

‖
𝜕𝑔

𝜕𝑟𝑖𝑗
−(

𝜕𝑔

𝜕𝑟𝑚𝑛
𝛿𝑚𝑛)𝛿𝑖𝑗/3‖

  and 𝑔 is the plastic 

potential function in the 𝑟𝑖𝑗 space 

 

𝑔 = 𝑅/𝑔(𝜃) − 𝐻𝑔𝑒
−𝑘ℎ(1−𝐴)

2
= 0                        (4) 

 

where 𝑘ℎ  is a model parameter and 𝐻𝑔  is determined 

based on the current stress state and 𝐴. The term involv-

ing 𝐴 in Equation (4) enables the model to capture the 

non-coaxial response of sand caused by fabric anisot-

ropy (Gao et al., 2013, 2014). The total plastic strain in-

crement 𝑑휀𝑖𝑗
𝑝

 as below 

 

𝑑휀𝑖𝑗
𝑝
= 𝑑𝑒𝑖𝑗

𝑝
+

1

3
𝑑휀𝑣

𝑝
𝛿𝑖𝑗 = 〈𝐿〉 (𝑚𝑖𝑗 +√

2

27
𝐷𝛿𝑖𝑗) (5) 

 

where 𝑑휀𝑣
𝑝

 is the plastic volumetric strain increment 

and 𝐷 is the dilatancy function (Gao et al., 2020). In this 

model, the fabric evolution with plastic shear strain is 

considered 

 

𝑑𝐹𝑖𝑗 = 〈𝐿〉𝑘𝑓(𝑛𝑖𝑗 − 𝐹𝑖𝑗)                                       (6) 

 

where 𝑑𝐹𝑖𝑗  is the increment of fabric tensor, 𝑘𝑓  is a 

model parameter and 𝑛𝑖𝑗  is the loading direction de-

fined as 

 

𝑛𝑖𝑗 =

𝜕𝑓

𝜕𝑟𝑖𝑗
−(

𝜕𝑓

𝜕𝑟𝑚𝑛
𝛿𝑚𝑛)𝛿𝑖𝑗/3

‖
𝜕𝑓

𝜕𝑟𝑖𝑗
−(

𝜕𝑓

𝜕𝑟𝑚𝑛
𝛿𝑚𝑛)𝛿𝑖𝑗/3‖

                                   (7) 

 

3 NONLOCAL FORMULATION OF THE 

CONSTITUTIVE MODEL  

Following Mallikarachchi and Soga (2020), the incre-

ment of void ratio 𝑑𝑒 is assumed to be nonlocal as be-

low 

 

𝑑𝑒 = (1 + 𝑒)𝑑휀𝑣𝑛                                                (8) 

 

where positive 𝑑𝑒 is associated with volume contrac-

tion and 𝑑휀𝑣𝑛  is the nonlocal volumetric strain incre-

ment 

 

𝑑휀𝑣𝑛 =
∑ 𝑤𝑖𝑣𝑖𝑑 𝑣𝑖
𝑁
𝑘=1

∑ 𝑤𝑖𝑣𝑖
𝑁
𝑘=1

                                                   (9) 

 

where 𝑁 is the number of integration points within the 

averaging area, 𝑤𝑖 , 𝑣𝑖  and 𝑑휀𝑣𝑖  represent the weight 

function, volume and local volumetric strain increment 

of integration point 𝑖. The weight function proposed by 

Galavi and Schweiger (2010) is used 
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𝑤𝑖 =
𝑟𝑖

𝑙2
exp (−

𝑟𝑖
2

𝑙2
)                                                    (10) 

 

where 𝑙 is the internal length, 𝑟𝑖 is the distance between 

the current integration point and the 𝑖 -th integration 

point used for calculating the averaged value in Equa-

tion (8). Note that several other weight functions have 

also be proposed in the literature but one in Galavi and 

Schweiger (2010) is found to give the best regulariza-

tion results for soils with strain softening (Summersgill 

et al., 2018).  More details can be found in Gao et al. 

(2021). 

4 STRAIN LOCALIZATION UNDER PLANE 

STRAIN COMPRESSION  

The strain localization under plane strain compression 

will be simulated by ABAQUS. The model parameters 

(Table 1) are the same as those in Gao et al. (2020). The 

sample size (60mm×120mm) and boundary conditions 

are shown in Figure 1. 

Figure 1. The boundary conditions and bedding plane orien-

tation for the plane strain test simulations 

 
A confining pressure of 𝑝0 = 200kPa is applied on the 

two vertical sides. Vertical displacement is applied on 

the top side with the horizontal displacement uncon-

strained. The bottom side is pinned at the left and free 

to move to the right. The strain localization is triggered 

by assigning a ‘weak’ area (12mm×12mm) with in-

clined bedding plane orientation (𝛼 = 45°). Horizontal 

bedding plane orientation (𝛼 = 0°) is specified for the 

remaining area. The 8-noded plane strain elements with 

reduced integration are used in the simulations. The in-

itial void ratio of the sample is 𝑒0 = 0.65 (relative den-

sity 𝐷𝑟 = 88%) and the initial degree of anisotropy is 

𝐹0 = 0.4. 
 

Table 1. Model parameters for Toyoura sand 

Model  
Parameters 

Value 

𝐺0 
𝜈 
𝑀𝑐  
𝑐 
𝑒Γ 
𝜆𝑐  
𝜉 
𝑛 
ℎ1 
𝑑1 
𝑚 
𝑘𝑓 

𝑒𝐴 
𝑘ℎ 
ℎ2 

125 
0.1 
1.25 
0.75 
0.934 
0.019 
0.7 
2.0 
0.45 
1.0 
3.5 
0.5 
0.075 
0.03 
0.5 

 

The internal length 𝑙 is an important parameter for non-

local soil models, as it is used for the weight function of 

Equation (10). Figure 2 shows the effect of 𝑙  on the 

𝑠 − 𝑅𝑣  relationship predicted by the nonlocal model, 

where 𝑠 is the vertical displacement and 𝑅𝑣 is the total 

vertical reaction force measure on the top surface of the 

sample.  

The mesh size is 4mm×4mm (450 elements). The 

nonlocal model always gives a higher peak 𝑅𝑣  and a 

slower rate of strain-softening than the local model. 

This is due to that the nonlocal model makes the stress 

and strain distribution more uniform in the soil. For the 

nonlocal model, the peak 𝑅𝑣 shows little variation with 

𝑙 the rate of strain-softening is slower at bigger 𝑙. 
 

 
Figure 2. Effect of internal length l on the force-displacement 

relationship in plane strain compression 

Vertical displacements 

  

p0=200kPa 

α 

p0=200kPa   

‘weak’ area 
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4.1 Simulation of the strain localization  

(a) 

 

 (b) 
Figure 3. Force-displacement relationship predicted by the 

(a) original and (b) nonlocal model for drained condition  

 

Figure 3 and Figure 4 show the 𝑠 − 𝑅𝑣 relationship pre-

dicted by the local and nonlocal models with different 

mesh sizes. The same internal length of 𝑙 =12 mm is 

used in both drained and undrained condition. The local 

model gives mesh-dependent 𝑠 − 𝑅𝑣  relationship with 

higher peak 𝑅𝑣 and slower rate of strain-softening at a 

bigger mesh size (Figure 3(a) and Figure 4(a)). The 

𝑠 − 𝑅𝑣 relationship predicted by the nonlocal model is 

insensitive to the mesh size. The visible difference can 

only be observed at 𝑠 > 0.1𝐻 , where 𝐻  is the initial 

height of the sample (Figure 3(b) and Figure 4(b)).  

 

(a) 

 

(b) 
Figure 4. Force-displacement relationship predicted by the 

(a) original and (b) nonlocal model for undrained condition

 

 
Figure 5. Shear band predicted by the nonlocal model at 𝑠/𝐻=0.09 (a) 800 elements; (b) 200 elements and (c) 50 elements 

 
Figure 6. Shear band predicted by the local model at 𝑠/𝐻=0.09 (a) 800 elements; (b) 200 elements and (c) 50 elements

(a) (b) (c) 

(a) (b) (c) 
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Figure 5 and Figure 6 show the shear strain localiza-

tion predicted by the local and nonlocal models under 

drained condition, where SDV11 represents the total 

shear strain. The shear band thickness 𝑡𝑠measured at 

𝑠 = 0.09𝐻 for drained condition is shown in Figure 7 

(a) and undrained condition in Figure 7 (b). When the 

mesh size ℎ < 𝑙 , the location and thickness of shear 

bands predicted by the nonlocal model are independent 

of the mesh size (Figure 7). When ℎ = 𝑙, the shear band 

predicted by the nonlocal model locates at a lower posi-

tion (Figure 5(c)). The shear band thickness is also close 

to that predicted by the local mode (Figure 7). This 

means that the regularization method works when ℎ <
𝑙. When the mesh size is the same, the shear band thick-

ness predicted by the nonlocal model increases with 𝑙 
(Figure 8). But there is not a linear relationship between 

ℎ and 𝑙, which has been reported in previous research 

(Galavi and Schweiger, 2010). The shear band thickness 

predicted by the local model increases with the mesh 

size, which is in agreement with existing studies (Figure 

8). The shear band orientation predicted by the nonlocal 

model varies between 47
。
(50 elements) and 51

。
(800 el-

ements), and that predicted by the local model varies 

between 47
。
(50 elements) and 53

。
(800 elements) (Fig-

ure 5 and Figure 6). This indicates that the shear band 

orientation predicted by the nonlocal model is not sen-

sitive to the mesh size. 

 

 (a) 

 (b) 

Figure 7. The effect of mesh size (a) drained and (b) un-

drained condition on the shear band thickness. The internal 

length 𝑙 is 12 mm for the nonlocal model  

 (a)  

 (b) 
Figure 8. The effect of internal length (a) drained and (b) un-

drained condition on the shear band thickness. The internal 

length 𝑙 is 12 mm for the nonlocal model 

 

Based on these results, it can be concluded that the 

nonlocal model can give a mesh-independent force-dis-

placement relationship for different mesh sizes. But 

mesh-independent strain localization pattern can only 

be observed when the mesh size is smaller than the in-

ternal length. To improve the regularization method for 

larger mesh sizes, more state variables which control the 

strain-softening (e.g., 𝐹𝑖𝑗  and 𝐻𝑑 ) should be assumed 

nonlocal. But this would significantly increase the 

model complexity and computational time, which has 

been discussed before. 

5 CONCLUSIONS 

Nonlocal regularization of an anisotropic critical state 

sand model is presented. The evolution of the void ratio 

is assumed to depend on the volumetric strain increment 

at the local and neighbouring integration points (Mal-

likarachchi and Soga, 2020). The nonlocal model has 

been implemented for finite element analysis using the 

in drained and undrained plane strain compression on 

the sand. 

The nonlocal model gives a mesh-independent force-

displacement relationship in plane strain compression 

with strain localization. The location and thickness of 

the shear band are mesh-independent when the mesh 
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size is smaller than the internal length. Better regulari-

zation results for the strain localization can be obtained 

if the two variables 𝐹𝑖𝑗 and 𝐻𝑑 which affect the strain-

softening are made nonlocal. But this would signifi-

cantly increase the model complexity and the computa-

tional time. The regularization method is thus proper for 

solving practical geotechnical engineering problems. 
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