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A B S T R A C T

Auxetic lattices have attracted increasing attention due to their unusual mechanical behavior and potential for
an array of applications. However, a narrow window of stiffness realizable for a given cell topology limits their
applications. In this study, a pair of novel 2D re-entrant auxetic lattices capable of exhibiting enhanced stiffness
and energy absorption is proposed by introducing vertical ligaments into conventional re-entrant structures.
These modified re-entrant auxetic lattices were realized via fused deposition additive manufacturing. The
deformation patterns and the energy absorption characteristics of 3D printed auxetic lattices under quasi-static
compression were investigated both via Finite Element (FE) simulations and experiments. The effective elastic
stiffness of the proposed lattices was theoretically estimated. The FE results corroborated by experiments,
elucidate the role of different sub-cells on the effective mechanical properties of the proposed auxetic lattices.
The results indicate that the proposed structures — Type A and B variants, exhibit enhanced stiffness (+355%)
and superior energy absorption (+165%) in comparison to conventional 2D re-entrant lattices of the same mass.
Furthermore, the findings of the study suggest that the strength, stiffness, energy absorption capacity and
Poisson’s ratio of 2D auxetic lattices can be tailored by tuning the sub-cell properties and cell wall thickness.
1. Introduction

Cellular solids such as cork, wood, bone etc. are omnipresent in
nature [1,2]. They are either open or closed cell structures with a
periodic or stochastic arrangement of unit cell topology. They possess a
desirable combination of strength and toughness properties at very low
relative density. The mechanical properties of lattices (having periodic
arrangements of the unit cells) can be tuned by controlling its unit cell
topology [3,4] and has widespread applications in biomedical [5,6],
sensing [7,8], aerospace [9], defense [9–12], automobile [13–15]
industries.

Auxetic structures are a class of cellular structures that exhibit
lateral expansion under tension (conversely lateral contraction under
compression) and hence show negative Poisson’s ratio (NPR) [16].
It has been well established that a wide range of negative Poisson’s
ratios can be obtained by varying the architectural parameters of the
cellular geometry [17–20]. These auxetic structures when compressed,
deforms with bending dominated deformation modes, leading them to
capable for high energy absorption characteristics. Auxetic structures
are encountered in a range of industries such as textiles, aerospace,
automotive, biomedical etc. Auxetic materials/structures exhibit un-
usual Poisson’s ratio, and energy absorption capabilities [21]. However,
they exhibit relatively poor stiffness, strength and stability, due to
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their geometrical configuration. Usually, these drawbacks limit their
engineering applications.

In order to enhance the stiffness of 2D auxetic structures, different
methodologies have been proposed by different researchers which im-
proves the stiffness at the cost of their energy absorption capability.
In the works of Sun et al. [22], multifunctional hierarchical honey-
comb (MHH) structures were proposed where the solid walls of the
structure were replaced by two different types of NPR honeycombs
having equal masses; named as anisotropic re-entrant honeycomb and
isotropic chiral honeycomb. The MHH structure showed significant
improvement in Young’s modulus, and it can be tuned by changing
the geometrical parameters of the NPR honeycombs. A similar work
has been done by Rayneau et al. [23], where hierarchical substructure
has been added into a coarse auxetic lattice to realize ultra-lightweight
structures possessing high stiffness and strength.

The addition of ligaments within the 2D auxetic can improve the
stiffness of structure. Zied et al. [24] proposed two new designs (splined
and stiffened re-entrant honeycomb structures) to further improve
stiffness of the re-entrant honeycomb structure. The splined re-entrant
structure stiffness was improved by adding a horizontal link to the
inclined ligaments, and named as stiffened re-entrant honeycomb struc-
tures. Similarly, Lu et al. [25] reported improved stiffness by adding
narrow rib into a regular re-entrant structure. Chen et al. [26] modified
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the re-entrant honeycomb structure by adding horizontal and vertical
ribs. The vertical ribs are parallel to the loading direction. They found
that the Poisson’s ratio of the structures quadratically varies with
relative density while Young’s modulus has linear relationship with rel-
ative density. The stiffness along the stiffening direction was improved
by 200% and such improvement was obtained while sacrificing the
negative Poisson’s ratio property.

Researchers also attempted to improve the stiffness of 2D auxetic
structure by embedding different unit cells to form hybrid structures.
Fu et al. [27,28] embedded a rhombic configuration into a re-entrant
honeycomb to design a new structure. Improved stiffness was observed
at higher axial stiffness of reinforcing walls. Further, Zhang et al. [29]
proposed two novel ways to make a hybrid structure from auxetic
re-entrant and missing rib structures. In the first methodology, an
anti-tetrachiral structure was added with a missing rib (cross-chiral)
configuration, while in the second methodology a variable cross-chiral
structure was added with a square missing rib structure. The effec-
tive stiffness of proposed structures was higher than cross-missing rib
structures and can be tailored by changing geometrical parameters.
Similarly, A Ingrole et al. [30] proposed two hybrid designs by stacking
regular honeycomb with auxetic-strut unit cells.

Numerous studies show that cellular structures deform under com-
pression either in bending- or stretching-dominated mode. It has been
found that the stretching-dominated structures mostly possess higher
elastic modulus and initial peak stress (yield stress) than that of
bending-dominated structures for the same relative density, while
exhibiting a soft post-yield response which leads to lower energy
absorption [31]. On the other hand, bending-dominated structures
show higher energy absorption but lower elastic modulus and initial
peak stress (yield stress). In the first two methods (i.e. formation of
hierarchical structures, and ligament addition), due to higher node
connectivity, cellular structures exhibited stretching-dominated defor-
mation which resulted in an increase in stiffness [32,33] at the cost of
energy absorption capacity. On the other hand, in a hybrid structure,
there is an improvement in energy absorption characteristics with
a marginal improvement in stiffness (except in some cases where a
decrease in energy absorption performance was observed [30]) due
to localized deformation. The deformation of a hybrid structure is
controlled by their embedded unit cells having the same or different
strut thickness, which further leads to bending-dominated deformation.

It is clear from the above review that researchers have proposed
new auxetic designs that can improve the stiffness of the structure at
the expense of energy absorption capability. Nonetheless, a very few
studies focused on simultaneous improvement of both the properties.
This gap set the stage for the present work. In this study, conventional
re-entrant auxetic lattice was modified and two new designs namely,
Type-A and B variants were proposed. The design modification includes
selective addition of vertical ligaments to the conventional structure
that resulted in enhanced stiffness and energy absorption without
significantly altering relative density of the structure. The geometrical
configurations of the proposed structures are described in Section 2.1.
Based on the Castigliano’s second theorem, theoretical formulae for the
effective elastic constants of the structures are presented in Section 2.2.
In Section 3, fabrication methodology, experimental testing, and the
details of the Finite Element (FE) analysis are described. The FE model
validation and discussion on strength, stiffness, energy absorption per-
formance and Poisson’s ratio of the proposed structures can be found
in Section 4. In parametric analysis section, the effect of vertical strut
thickness on strength, stiffness, and energy absorption capacity are
discussed. Finally, conclusions from this study and future research
prospects are given in Section 5.

2. Novel auxetic lattices with vertical ligaments

2.1. Unit cell design

As mentioned previously, two new unit cells (Type-A and Type-B
variants) were designed by adding vertical ligaments to the re-entrant
2

honeycomb structure (Modified RH), described in the previous work of
the authors [34], as depicted in Fig. 1. The vertical ligaments are added
to nodes or joints with higher node connectivity, while the lower node
connecting joints remain unchanged. The presence of a low rotational
stiffness joint allows easy rotation of inclined ligaments about the joint
that enables higher compaction of deforming layers leading to increase
in onset of densification strain and therefore, the vertical ligament
is added only at higher node connectivity joints (see Fig. 1(b)). The
design parameters of modified RH, Type-A and Type-B variants are
summarized in Table 1. Table 2 shows the theoretical relative density
of these two proposed structures obtained by unit cell analysis while
neglecting the node size.

2.2. Analytical prediction of effective Young’s modulus using the energy
method

The energy method is employed to determine the elastic modulus of
the auxetic lattices within the purview of linear elastostatics. To find
out the expression for the average elastic modulus in the y direction
(𝐸𝑦), a compressive stress 𝜎𝑦 is applied to the structure as shown in
Fig. 2(a). Note that vertical ligaments of the unit cell only experience
the axial load. Fig. 2(b) represents the free-body diagram (FBD) of the
unit cell, where 𝐹1 and 𝐹2 are the axial loads in the vertical member
ℎ and ℎ0 respectively. The sum of all forces in the Y direction for the
whole unit cell must be equal to 𝐹 (Eq. (1)), i.e.

𝐹1 + 𝐹2 = 𝐹 (1)

where 𝐹 is the total force acting on the unit cell due to applied com-
pressive stress 𝜎𝑦. Out-of-plane thickness of the structure is assumed to
be unity. Hence, the expression for 𝐹 can be written as (Eq. (2))

𝐹 = 2𝜎𝑦
(

𝑙1 cos𝛩1 − 𝑙2 cos
(

𝛩1 + 𝛩2
))

(2)

The analysis is further simplified by considering one-fourth of the
unit cell i.e the part abcde (Fig. 2(c)). The inclined member bc and
cd are subjected to both axial (𝐹 𝑛𝑏𝑐 and 𝐹 𝑛𝑐𝑑 respectively) and transverse
loads (𝐹 𝑡𝑏𝑐 and 𝐹 𝑡𝑐𝑑 respectively) which are determined by considering
equilibrium of forces and method of joints (Fig. 2(c)). The expressions
for axial and transverse loads (Eqs. (3) to (6)) are as follows

𝐹 𝑛𝑏𝑐 =
𝐹1 sin

(

𝛩1 + 𝛩2
)

2
(3)

𝐹 𝑡𝑏𝑐 =
𝐹1 cos

(

𝛩1 + 𝛩2
)

2
(4)

𝐹 𝑛𝑐𝑑 =
𝐹1 sin

(

𝛩1
)

2
(5)

𝐹 𝑡𝑏𝑐 =
𝐹1 cos

(

𝛩1
)

2
(6)

After computing the forces in different ligaments/members, the
energy method is used to derive the expression for the stiffness of the
lattice structure. Axial, bending and shear deformations are considered
in the strain energy calculation, while strain energy due to torsion is
ignored. The total strain energy stored in one-fourth of the unit cell is
expressed as (Eq. (7)):

𝑈 = 1
2 ∫

ℎ
2

0

(

𝐹1
2

)2

(

𝑡
2

)

𝐸𝑠
𝑑𝑥 + 1

2 ∫

𝑙2

0

(

𝐹1 sin(𝛩1+𝛩2)
2

)2

𝑡𝐸𝑠
𝑑𝑥

+ 1
2 ∫

𝑙2

0

(

𝐹1 cos(𝛩1+𝛩2)𝑥
2

)2

𝐼𝑏𝑐𝐸𝑠
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𝐹1 cos(𝛩1+𝛩2)
2

)2
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+ 1 𝑙1
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𝐹1 sin(𝛩1)
2

)2

𝑑𝑥 + 1 𝑙1

(

𝐹1 cos(𝛩1)𝑥
2

)2

𝑑𝑥

2 ∫0 𝑡𝐸𝑠 2 ∫0 𝐼𝑐𝑑𝐸𝑠
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Fig. 1. (a) Unit cell topology of modified RH [34] (b) Type-A variant and Type-B variant unit cell topology (black dots represent nodes with higher connectivity; yellow dots
epresent nodes with lower connectivity; blue ligaments are added to the joints) and (c) 2D Type-A and Type-B lattices. (For interpretation of the references to colour in this
igure legend, the reader is referred to the web version of this article.)
Fig. 2. Schematic representation of (a). 2D lattice structure of type-A variant under Y direction far-field compressive loading, (b). FBD of unit cell of type-A variant and (c). force
experienced by different members of the unit cell and FBD of joints b and c.
Table 1
Architectural parameters of auxetic structures.

Structure ℎ (mm) ℎ0 (mm) 𝑙1 (mm) 𝑙2 (mm) 𝑡 (mm) 𝜃1 (◦) 𝜃2 (◦) 𝜌

Modified RH 16 – 4 4 2 40 120 0.310
Type-A variant 16 10.98 4 4 2 40 120 0.349
Type-B variant 16 13.59 4 4 2 40 120 0.346
3
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Table 2
The formulae for the relative density of Type-A and B auxetic structures.

Auxetic structure Relative density (𝜌)

Type-A variant 𝜌 =

((

h +
ℎ0
2

)

+ 2(𝑙1 + 𝑙2)
)

𝑡
(

h + ℎ0
) (

𝑙1 cos 𝜃1 − 𝑙2 cos
(

𝜃1 + 𝜃2
))

Type-B variant 𝜌 =

((

h +
ℎ0
2

)

+ 2(𝑙1 + 𝑙2)
)

𝑡
(

h + ℎ0
) (

𝑙1 cos 𝜃1 − 𝑙2 cos
(

𝜃1 + 𝜃2
))

+ 1
2 ∫

𝑙1

0

(

𝐹1 cos(𝛩1)
2

)2

𝑡𝑘𝐺𝑠
𝑑𝑥 + 1

2 ∫

ℎ0
2

0

(

𝐹2
2

)2

(

𝑡
2

)

𝐸𝑠
𝑑𝑥

+ 1
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ℎ
2

0

(

𝐹3
2

)2

(

𝑡
2

)

𝐸𝑠
𝑑𝑥 (7)

where 𝐸𝑠 is the elastic modulus and 𝐺𝑠 is the shear modulus of
the base material and 𝑘 is the shear correction factor (a value of
.83 is chosen for rectangular cross-section) which accounts for non-
niformity of shear strain within the ligament, [35]. 𝐼𝑏𝑐 and 𝐼𝑐𝑑 are
oments of inertia of inclined member bc and cd respectively. As

oth inclined members have the same cross-sectional area, they have
he same moment of inertia (𝐼𝑏𝑐 = 𝐼𝑐𝑑 = t3

12 ). Castigliano’s second
theorem is employed to find out the displacement of points. Hence total
displacement (𝛿𝑦) of one-fourth part of the unit cell in the y direction

ith respect to 8 (considering 𝛿𝑎 =
𝜕U

𝜕
( 𝐹1

2

) = 0) is expressed as (Eqs. (8)

& (9)):

𝛿𝑦 = 𝛿𝑓 − 𝛿𝑎 (8)

where 𝛿𝑓 and 𝛿𝑎 are the displacements of points f and a in the y
irection respectively.

𝑦 =
𝜕U

𝜕
(

𝐹3
2

) =

(

4𝑛ℎ20 + 4ℎ
(

𝑛 + ℎ0
)2 + ℎ0

(

𝑛 − ℎ0
)2
)

𝐹

8𝑡𝐸𝑠
(

𝑛 + ℎ0
)2

(9)

here

=

(

ℎ + 𝑙1 sin
2 𝛩1 + 3.24𝑙1 cos2 𝛩1 +

4𝑙13 cos2 𝛩1

𝑡2
+ 𝑙2 sin

2 (𝛩1 + 𝛩2
)

+3.24𝑙2 cos2
(

𝛩1 + 𝛩2
)

+
4𝑙23 cos2

(

𝛩1 + 𝛩2
)

𝑡2

)

Now, average strain in y direction, 𝜀𝑦 is obtained as (Eq. (10)):

𝑦 =
𝛿𝑦

(

ℎ+ℎ0
2

) (10)

here,
(

ℎ+ℎ0
2

)

is the initial vertical distance between points a and f.

oung’s modulus for variant- A
(

𝐸𝐴𝑦
)

can be expressed as (Eq. (11)):

𝐴
𝑦 =

⎛

⎜

⎜

⎜

⎝

2𝑡
(
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) (
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(
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(
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(
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)

⎞

⎟

⎟

⎟

⎠

𝐸𝑠

(11)

A similar approach is used to estimate Young’s modulus of variant-
B
(

𝐸𝐵𝑦
)

, and can be expressed as (Eq. (12)):

𝐸𝐵
𝑦 =

⎛

⎜

⎜

⎜

⎝

2𝑡
(

ℎ + ℎ0
) (

𝑛 + ℎ0
)2

(

𝑙1 cos𝛩1 − 𝑙2 cos
(

𝛩1 + 𝛩2
))

(
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(
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(

2𝑛 + ℎ0
)2
)

⎞

⎟

⎟

⎟

⎠

𝐸𝑠

(12)
 t
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3. Experimental and numerical methods

3.1. Additive manufacturing via FDM 3D printing

The proposed auxetic structures were fabricated using a Fused
Deposition Modeling (FDM) printer (AEQON 400 V3 make of DIVIDE
BY ZERO). Filament of Acrylonitrile Butadiene Styrene (ABS) material
with 1.75 mm diameter was used to print the samples using 0.6 mm
diameter nozzle. In principle, structures can be printed in X or Y or
Z direction. However, ‘‘Z’’ direction was chosen as the build direction
in this study to minimize the time required for printing the structure
(Fig. 3(a)). Samples were printed at a speed of 30 mm/s with 100%
infill density and 0.2 mm layer thickness. To minimize anisotropy, a
raster angle of ± 450 was chosen. Bed and extruder temperatures of
the printer were maintained at 90 ◦C and 240 ◦C respectively. The
proposed 3D printed structures (Type-A and Type-B variants) are shown
in Fig. 3(b).

3.2. Quasi-static compression tests

The crushing response of 3D printed auxetic structures was evalu-
ated via quasi static compression tests using 250 kN UTM (MEDIAN
250) at room temperature. Fig. S1 shows the experimental setup used
for the quasi-static compression test (refer to supplementary infor-
mation (S1) for more details). Samples were held in between the
top and bottom platens. The top platen was connected to the load
cell (with an accuracy of ≤ ±1%) mounted on the crosshead. The
crosshead is mounted on the column, and its position was fixed before
loading the sample. In the current set up, the top platen was fixed
and movement was given to the bottom platen at a displacement rate
of 2 mm/min [36]. This corresponds to an average strain rate of
0.00037037 s−1.

High magnification videos were recorded using Sony NXCAM video
camera to understand deformation behavior of the structures. The load–
displacement response was recorded. Three samples for each structure
were tested, and their average load–displacement response was used
for further analysis. The compressive stress (𝜎) and strain (𝜀) were
calculated from the load–displacement response using Eqs. (13) and
(14) respectively.

𝜎 = F
W × L

(13)

𝜀 = 𝛿
H

(14)

where 𝛿 is the displacement due to applied compressive load F ;H, W
nd L are the height, width and thickness (out of plane) of the structure
espectively.

.3. Finite element (FE) analysis

For systematically analyzing the quasi-static compression response
f 3D printed auxetic structures, FE analysis was conducted using a
ommercial FE package (ABAQUS) with a nonlinear explicit solver.
iscrete rigid elements were assigned for top and bottom platens

o simulate the moving and stationary platens, respectively. The top
laten was given downward motion by allowing a single degree of
reedom while all degrees of freedom for the bottom platen was con-
trained. Fig. 4 shows a typical FE mesh of the Type-A variant with
ppropriate loading and boundary conditions. The details of the tensile
nd compressive behavior of bulk parent material are given in the
upplementary information (S2).

The Linear Drucker–Prager plasticity model along with the Ductile-
amage failure criterion (Angle of Friction (𝛽) = 12 degree, Flow Stress
atio = 0.82 and Dilation Angle (𝜓) = 12 degree) was employed to
imulate the crushing behavior of auxetic lattices under quasi-static
ompression (refer to supplementary information (S3) for more de-
ails) [34]. Ductile-damage model captures the fracture and failure of
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Fig. 3. (a) Schematic diagram of FDM printing process and (b) 3D printed Type-A and Type-B 2D lattice structures.
Fig. 4. A typical FE mesh of Type-A variant structure with appropriate loading and boundary conditions for numerical modeling of quasi-static compression tests.
he struts; a fracture strain factor of 0.008, a stress triaxiality factor
f 0.33 and a strain rate of 0.00133 s−1 were considered. A ‘general
ontact interaction’ was utilized for all the surfaces, where ‘‘hard’’
ontact was used for the normal interaction and a friction coefficient
f 0.3 was assigned for tangential behavior. A mesh convergence test
as performed to select the optimal mesh size (refer to supplementary

nformation (S4) for more details). An 8-node hexahedral (C3D8R) 3D
olid element with a mesh size of 0.25 mm was used with enhanced
ourglass control and second-order accuracy consideration [37].

. Results and discussion

.1. Numerical model validation

Fig. 5 shows stress–strain response of the structures obtained from
E analysis and experiment. A good agreement between FE and exper-
mental results was found during elastic deformation. The discrepancy
n post–yield response can be ascribed to the cracks (supplementary
nformation: S5) observed in 3D printed structures at some locations in
he vertical struts during the early stages of deformation.

In the Type-A variant, deviation in the stress value was observed
round 0.017 strain where the stress falls sharply due to cracking and
t was confirmed by the deformation map (see Fig. 5(a)). It is clear
rom the FE deformation map that the high-stress concentration zones
orm near the joint at the deformed row corners (row at center) but
ractures were not observed near any joints. However, in the experi-
ental studies, micro pores were found in ligaments and one of the
5

ligaments on the outermost right-hand side fractured (see Fig. 5(a)) and
delaminated which leads to deviation in the results. Similar behavior
was also observed for Type-B variant structure (Fig. 5(b)). Optical
images captured at different locations within the structures are shown
in fig. S4 (supplementary information: S5). Similar issues associated
with pores present in FDM printed structures were reported in [38–
40]. This process induced defects were not incorporated in this FE
model. These defects could be minimized to some extent by optimizing
the process parameters but to capture the localized failure of lattices
accurately owing to localized triaxial stress-state, failure strain with
respect to the stress triaxiality ought to be considered [41] and is left to
a subsequent study. Nevertheless, due to similar deformation patterns
obtained from experimental and FE studies, the FE model is used for
further analysis.

Young’s modulus and yield stress predicted by the FE model were
also found to be consistent with experimental results. The maximum
deviation between experimental and FE results for Young’s modulus
and yield stress was 6.14% and 7.26% respectively.

4.2. Young’s modulus, yield strength and compressive strength

The Young’s modulus of the Type A and B variants obtained by
experimental testing, FEA, and theoretical models are summarized in
Table 3. For both Type A and B variants, the theoretically predicted
results were closer to the FE results. It was noted from experimental
results (Table 3) that the Type-A variant showed the highest elastic
modulus (384.73 MPa) followed by the Type-B variant (251.98 MPa).
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Fig. 5. Experimental vs. predicted stress–strain response of (a) Type-A and (b) Type-B variant auxetic structures (arrow indicates onset strain of delamination).
Fig. 6. Plot for (a) relative Young’s modulus and (b) relative compressive strength (Solid lines represent ideal stretching and bending-dominated behavior).
Table 3
Comparison of Young’s modulus of the Type A and B variant structures.

Properties Type-A variant Type-B variant

FEA Exp. Theoretical FEA Exp. Theoretical

Young’s modulus (MPa) 362.53 384.73 379.74 266.73 251.98 272.59
w
s
w
m
𝑚

m
t

The 355% and 198% improvements in Young’s modulus of Type-A and
Type-B structures respectively in comparison to ‘modified-RH’ is due
to their composite architecture with two sub-cells indicated as ‘cell -1’
and ‘cell-2’ (see Fig. S5). Like composite materials, the performance of
lattice structure depends on their constitutive sub-cell properties and
therefore, ‘‘rule of mixture’’ was used to estimate the overall stiffness of
the structures (see supplementary information; S6). The rule of mixture
is a theoretical model widely used for the estimation of the Young’s
modulus of the composite materials based on the volume fractions of
constituent phases. In this study, the sub-cell properties were obtained
using the theoretical expression (Section 2.2). The predicted elastic
moduli values using the volume fractions of sub-cells, show good
agreement within the upper and lower bound curves of the composite
rule of mixture (Table S5).

Fig. 6(a) and (b) show the scaling relation between macroscopic
properties such as Young’s modulus and compressive strength and the
relative density for Type-A and Type-B variants. As per the Ashby
6

model [1,42], approximated relation for open-cell cellular structures for
relative Young’s modulus and relative compressive strength to relative
lattice density are given by Eqs. (15) and (16) respectively.

𝐸
𝐸𝑆

= 𝐶1

(

𝜌∗

𝜌

)𝑚
(15)

𝜎
𝜎𝑆

= 𝐶2

(

𝜌∗

𝜌

)𝑛
(16)

here 𝐸 and 𝐸𝑆 are Young’s moduli and 𝜎 and 𝜎𝑆 are the yield
trengths of the cellular structure and its base material respectively,
hile 𝜌∗ and 𝜌 are the densities of cellular structure and its base
aterial respectively. 𝐶1 and 𝐶2 are constants of proportionality and
and 𝑛 are the exponents of the Ashby model.
Eq. (15) is used to obtain the scaling relation between Young’s

odulus and the relative density for Type-A and Type-B variant struc-
ures, and the value of the geometric constant of proportionality 𝐶1 and

exponent 𝑚 are obtained through curve fitting of relative modulus data
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Fig. 7. Schematic representation of images for calculation of average longitudinal and transverse distance.
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Table 4
Comparison of Yield and compressive strengths of auxetic lattices.

Structure Yield strength (MPa) Compressive strength (MPa)

Exp. FEA Error (%) Exp. FEA Error (%)

RH 2.77 2.71 −2.21 2.85 2.92 2.39
Modified-RH 3.3 3.18 −3.77 3.27 3.46 5.49
Type-A variant 7.62 6.48 −3.25 7.85 8.97 12.48
Type-B variant 5.62 6.06 7.26 7.25 8.56 15.31

obtained for various relative densities (see supplementary information:
S7 and Table 5). The geometric constant of proportionality 𝐶1 for the
Type-A variant and Type-B variant structures is in the range of 0.683
to 0.835 and 0.443 to 0.879 respectively, while exponent 𝑚 is in the
range of 1.26 to 1.43 and 0.96 to 1.54 respectively. The value of 𝐶2
and 𝑛 were found using similar method. The geometric constant of
proportionality 𝐶2 for the Type-A variant and Type-B variant structures
are in the range of 0.683 to 0.835 and 0.443 to 0.879 respectively,
while exponent 𝑛 is in the range of 1.26 to 1.43 and 0.96 to 1.54
respectively. It can be concluded that both relations follow positive
power law.

As per the Gibson–Ashby model, the value of fitting exponent 𝑚
(for Young’s modulus) is 1 for stretch-dominated structures and 2
for bending-dominated structures, while fitting exponent 𝑛 (for yield
trength) is 1 and 1.5 for stretch-dominated and bending-dominated
tructures respectively [43,44]. The fitting exponent 𝑚 for both struc-
ures is in the range of 1 to 2 (see Fig. 6(a)). It can be noted from
ig. 6(a) that at lower relative density, the deformation of the structure
s bending-dominated and as relative density increases its degree is
educed. Further, Type-B variant has the largest 𝑚 values for each
elative density and hence shows more bending-dominated deformation
ehavior than that of Type-A. This confirms the enhanced stiffness is
ainly attributed to the fact that the deformation mode is changing

rom more bending-dominated to less bending-dominated mode.

Table 4 presents the comparative analysis of yield strength and
ompressive strength of all structures with conventional RH structure.
he compressive strength of a lattice structure is the maximum stress
𝜎𝑃 ) a structure can resist before densification. Fig. 6(b) shows the
elative compressive strength as a function of relative density for all
tructures. The fitting exponent 𝑛 for both variants is higher than 1.5.
t low relative densities, the values of fitting exponent 𝑛 reach a
alue of 2.347 and 2.13 for Type-A and Type-B variants respectively,
7

nd hence they exhibit bending-dominated deformation at lower rel-
tive density. As relative density increases, the influence of bending
educes. Type-B variant outperforms the Type-A variant in terms of
ompressive strength as it is highly anisotropic. It should be noted
hat isotropic structures deform and fail due to elastic buckling [42],
hich is responsible for lower stiffness and strength while anisotropic

tructures deform due to the presence of vertical pillars (parallel to
oading direction) as these pillars directly carry the compressive loads
rom top to bottom (entire length) of the structures leading to improved
tiffness and strength of the structure.

.3. Poisson’s ratio

Poisson’s ratio (𝜈) deals with a material’s distortion when it is
ubjected to a mechanical load. It is used to compare the structural
erformance of different materials (for both homogeneous and non-
omogeneous) when they are elastically strained. It is the ratio of
ransverse (𝜀𝑡) to longitudinal strain (𝜀𝑙) (see, Eq. (17)). However, a
eries of deformed images captured at different instants during loading
ere used to calculate the Poisson’s ratio (𝜈) as a function of imposed

train (Eq. (18)).

= −
𝜀𝑡
𝜀𝑙

(17)

Poisson’s ratio for all the structures was calculated from the FE
results. A series of deformed images were taken for a given structure
and an instantaneous change in displacement of traced nodes along the
transverse and longitudinal direction was calculated. The longitudinal
distance (𝑌 ) was the average distance of marked nodes between the top
and bottom rows while the transverse distance (𝑋) was the average
distance of marked nodes between the left and right rows. The true
longitudinal (𝜀𝑙 𝑡𝑟𝑢𝑒) and true transverse (𝜀𝑡 𝑡𝑟𝑢𝑒) strains were determined
for the ith image, where preceding image (i−1)th was considered as
reference. The Poisson’s ratio (𝜈𝑦𝑥) [45] for the loading direction Y
was calculated from below Eq. (18).

𝜈𝑦𝑥 = −
𝜀𝑡 𝑡𝑟𝑢𝑒
𝜀𝑙 𝑡𝑟𝑢𝑒

(18)

Here, the method used for finding the true transverse (𝜀𝑡 𝑡𝑟𝑢𝑒) strain
is demonstrated and a similar method can be used to find the true
longitudinal (𝜀𝑙 𝑡𝑟𝑢𝑒) strain.

Firstly, the average distance of marked nodes between the left and
right rows for ith image and preceding image (i−1)th was calculated
(Eqs. (19) and (20)) [46]. Fig. 7 shows a schematic representation
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Table 5
Influence of thickness variation on Young’s modulus and yield strength.
𝑡 (mm) Type-A variant Type-B variant

𝜌 Young’s modulus (MPa) Yield strength (MPa) 𝜌 Young’s modulus (MPa) Yield strength (MPa)

1 0.18 173.08 1.38 0.18 188.72 1.64
1.5 0.27 285.66 3.25 0.27 247.13 3.79
2 0.35 362.53 6.48 0.35 266.73 6.06
2.5 0.43 534.51 9.70 0.42 524.21 9.88
3 0.50 680.63 12.97 0.49 644.82 12.65
Fig. 8. (a) Poisson’s ratio versus strain of test specimens and (b) corresponding transverse strain.
of images for the calculation of average longitudinal and transverse
distance.

𝑋𝑖 =
𝐴𝐴1 + 𝐵𝐵1 + 𝐶𝐶1 +𝐷𝐷1 + 𝐸𝐸1 + 𝐹𝐹1

6
(19)

𝑋𝑖−1 =
𝐴𝐴1 + 𝐵𝐵1 + 𝐶𝐶1 +𝐷𝐷1 + 𝐸𝐸1 + 𝐹𝐹1

6
(20)

where, 𝑋𝑖 and 𝑋𝑖−1 are the average distance of marked nodes between
the left and right rows for ith image and its preceding image (i−1)th
respectively. The transverse displacement (𝛥𝑋) can be find out by using
Eq. (21), and finally the true transverse (𝜀𝑡 𝑡𝑟𝑢𝑒) strain was calculated by
following Eq. (22) [45].

𝛥𝑋 = 𝑋𝑖 −𝑋𝑖−1 (21)

𝜀𝑡 𝑡𝑟𝑢𝑒 =
𝛥𝑋
𝑋𝑖−1

(22)

Fig. 8(a) shows Poisson’s ratio versus strain relationship of speci-
mens compressed quasi-statically along Y-direction. A similar variation
in Poisson’s ratio was observed for the RH, Type-A and Type-B vari-
ants. In the early stages of loading, their NPR increases and becomes
maximum, thereafter, further compression causes a decrease in the
NPR.

The RH structure showed the highest auxeticity compared to that
of the Type-A and Type-B variants with a Poisson’s ratio of −1.324,
−0.121 and −0.057 respectively as the inclined wall of RH-structure
moved easily inwards due to applied load leading to more transverse
strain (Fig. 8(b)). However, due to the presence of vertical strut in
Type-A and Type-B variants, the inward movement of inclined wall is
restricted which lowers the transverse strain (Fig. 8(b)). The difference
in auxeticity of RH-structure, Type-A and Type-B variants is mainly due
to their geometry, as Poisson’s ratio is geometry dependent parame-
ter [28,47]. The RH structure showed highest auxeticity compared to
Type-A and Type-B variants and hence it is more compressible than
Type-A and Type-B variants.
8

4.4. Energy absorption characteristics

4.4.1. Stress–strain response and deformation mechanism
Fig. 9 shows stress–strain curve and sequential deformation images

of Type-A and B structures. Point-1 is taken within the elastic regime
to observe the auxeticity of the structures. It can be seen from the
deformation sequence (Fig. 9(b) and (d)) that both the structures
contracted laterally resulting in NPR at point-1. Initially, the vertical
walls of the structures only experienced axial loading, while inclined
walls experienced both bending and axial loading due to which the
inclined walls moved inward and the structure showed NPR.

For both the structures, initially, there is a linear increase in stress,
as the cells of the structure deformed uniformly and elastically due
to the instant stress distribution throughout the structure [48]. After
reaching a maximum value, the stress dropped as plastic deformation
started within the first layer of the structure and continuously de-
creases till the first layer completely collapsed. The point after which
stress started dropping is marked as yield point (point-2) in both the
structures. After the yield point, the deformation of structures was
controlled by the sub-cell behavior. Since the low relative density sub-
cell is weaker than high relative density (Table 5), initially the low
relative density sub-cells were collapsed (point-3 & 4). The cells near
the top and bottom plates encounter frictional resistance arising from
contacting surfaces and leads to in-plane buckling of the structures
(point-2). The sub-cell having lower relative density and away from the
top and bottom plates is more unstable, deformed first (point-2 & 3).
Thereafter, deformation moved to the other lower relative density cells,
near to the top and bottom plates (as per their stability, point-4, Type-A
variant). Once all the lower relative density sub-cells were deformed,
the deformation wave moved to the higher relative density sub-cells
(point-5 & 6) and continued till all the cells got collapsed.

A fall in the stress was observed during the deformation of one
unstable layer (sub cell), and it continued till complete layer deformed.
Due to complete deformation of the layer, the stability of complete
structure further increases, resisting more load (a sharp increase in
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Fig. 9. Comparative analysis of auxetic structures: (a) stress–strain curve of Type-A variant (b) sequential deformation maps of Type-A variant (c) stress–strain curve of Type-B
variant and (d) sequential deformation maps of Type-B variant.
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stress) till another layer becomes unstable. This cyclic behavior of stress
(increasing and decreasing) continues till all the rows were collapsed.
Finally, densification started and after the densification, compaction of
layers continues resulting rapid increase in the stress value.

4.4.2. Energy absorption performance
The energy absorption (EA) capacity and energy absorption effi-

ciency (𝜂) of a cellular structure are calculated up to the densification
strain 𝜀𝐷. Eqs. (23) and (24) were used to calculate the energy absorp-
tion capacity (MJ/m3) and energy absorption efficiency for all auxetic
tructures respectively [49,50].

𝐴 = ∫

𝜀𝐷

0
𝜎 (𝜀) 𝑑𝜀 (23)

= 1
𝜎𝑃 ∫

𝜀𝐷

0
𝜎 (𝜀) 𝑑𝜀 (24)

here 𝜎 is axial compressive stress developed during compression and
train 𝜀 is its work conjugate. While 𝜎𝑃 is the peak stress and 𝜀𝐷 is
he densification strain of the cellular structures. Onset of densification
n lattices can be identified by three different ways [51]. In case, a
harp increase in stress is not observed at the onset of densification,
 s

9

t is identified by drawing a perpendicular line from maximum stress
nd the corresponding intersecting strain is considered as ‘onset of
ensification strain’.

The energy absorption capacities of the structures are indicated by
he hatched area under the stress–strain curve in Fig. 10 and it is
lear that the energy absorption efficiency (red color) of the structures
ncreases with strain and attains maximum at densification strain.

The comparisons of energy absorption capacities of RH, Modified-
H, Type-A and Type-B variant structures under quasi-static compres-
ion are presented in Fig. 11(a). Initially, for all the structures, the EA
urves coincide and vary linearly with lower slope up to strain value
.2, which suggests low energy absorption capacity of the structures at
ower strain. Type-A structure has slightly improved energy absorption
t 0.2 strain. Further increase in strain leads to higher energy absorp-
ion of the structures with different rates. The energy absorption of the
ype-A variant is the highest among all four structures. Table 6 shows
comparison of energy absorption capacity and energy absorption

fficiency of all structures obtained both from experiments and FEA.
The specific energy absorption (SEA) was used to compare the

tructural performance which is defined as the ratio of EA of the
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(

Fig. 10. Stress–strain response and energy absorption efficiency variation with strain: (a) RH, (b) Modified-RH, (c) Type-A variant and (d) Type-B variant. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. 11. Mechanical properties of RH, Modified-RH, Type-A variant and Type-B variant structures under quasi-static compression: (a) energy absorption capacity (b) normalized
energy absorption plot, showing the envelope curve, the plastic yielding and densification onset points corresponding to the plateau region in the stress–strain curve.
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structure to its density (𝜌). SEA of the structures is calculated by using
Eq. (25) [34].

𝑆𝐸𝐴 = 1
𝜌 ∫

𝜀𝐷

0
𝜎 (𝜀) 𝑑𝜀 (25)

It is clear from Table 6 that the SEA of Type-A variant is the highest
6079.84 J/kg) among all the structures. The SEA of Type-B variant,
10
odified-RH and RH are found to be 5870.23 J/kg, 2816.47 J/kg and
179.25 J/kg respectively. The highest improvement in SEA was seen
or Type-A variant (178.98%) followed by Type-B variant (169.37%)
hen compared with RH structure. Similarly, with respect to modified-
H, Type-A and Type-B variants have 115.87% and 108.42% higher
EA capability respectively.
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Table 6
Energy absorption response of structures.

Structure Energy absorption capacity (MJ/m3) Specific energy absorption (J/kg) Energy absorption efficiency (%)

Exp. FEA Error (%) Exp. FEA Error (%) Exp. FEA Error (%)

RH 0.701 0.739 5.142 2179.25 2332.06 7.01 28.98 30.66 5.79
Modified-RH 0.912 0.962 5.497 2816.47 2994.23 6.311 37.45 39.85 6.41
Type-A variant 2.217 2.412 8.784 6079.84 6651.97 9.41 40.27 43.27 7.45
Type-B variant 2.057 2.263 10.01 5870.23 6395.85 8.95 31.95 34.93 9.99
Fig. 12. Effect of vertical strut thickness on (a) cell collapse mechanism, (b) Young’s modulus and yield strength and (c) deformation maps with Von Mises stress distribution at
yield strain.
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Despite having same relative density, energy absorption efficiencies
of Type-A and Type-B variants are higher than RH structure by 41.12%
and 13.93% respectively. Type-A variant has the highest energy absorp-
tion efficiency (43.27%) among all the four designs and more details
about their deformation behavior can found in Section 4.4.1.

The normalized cumulative energy absorption versus peak stress
plots for all lattice structures is presented in Fig. 11, following Gibson
and Ashby et al. approach. Normalization of cumulative energy absorp-
tion and peak stress was done by dividing Young’s modulus of the ABS
material. Envelop is drawn at the best choice for a given maximum
allowable stress (𝜎𝑃 ) of each structure, which relates energy absorption
capacity (WE) to the maximum allowable stress (𝜎𝑃 ).

At normalized peak lattice stress smaller than 0.003, the Type-A
nd Type-B variant structures undergo deformation within the elastic
egime, while RH and modified-RH structures exhibit inelastic deforma-
ion and hence have higher normalized energy absorption than Type-A
nd Type-B variants. Since inelastic regimes of the Type-A and Type-
variants are much higher than those of the RH and modified-RH

tructures, therefore they exhibit better performance in terms of total
nergy absorption.
 s

11
.5. Parametric analysis: The effect of vertical strut thickness

In this section, the effect of wall thickness variation of the added
ertical strut on the performance of Type-A variant lattice structure
as studied. The numerical model was used to study the influence
f thickness, t, which varies from 1 mm to 4 mm on the mechanical
esponse of the structure. Despite slight mismatch between experimen-
al and numerical results post-yield, it is expected that the parametric
nvestigation can provide useful information for designing optimal
attice structures.

.5.1. Young’s modulus and yield strength
The cell collapse behavior of classical re-entrant honeycomb struc-

ure having variation in thickness of the walls is highly influenced by
he weaker wall [52,53] and therefore, it was observed that the Type-

variants starts deforming plastically at the end of elastic regime. The
ehavior of the elastic regime is governed by the weaker wall of the
ell as shown in Fig. 12(a).

Fig. 12(b) shows the variation of Young’s modulus and yield
trength of Type-A variants with respect to different strut thickness
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Fig. 13. Effect of added vertical strut thickness (t) for Type-A variant on (a) stress–strain response during quasi-static compression and (b) deformation sequences at different
strains are correspondingly highlighted in the stress–strain curve.
‘t’. For 1 mm strut thickness, the structure showed very low value of
Young’s modulus (292.5 MPa) and yield strength (4.11 MPa) as the
cell collapsed due to buckling of thinner vertical strut (Fig. 12(c)-(1)).
Further increase in thickness to 1.5 mm, the collapse criteria changed
from buckling to bending of the vertical members (Fig. 12(c)-(2)), and
hence improvement was observed in both Young’s modulus (347 MPa)
and yield strength (6.15 MPa). The abrupt increase in the stiffness
was observed when thickness increased from 2 mm to 2.5 mm. Before
the bending occurs, axial component of the forces in the vertical wall
contributes via axial yielding due to the short and squat wall [52].
This contribution results in higher stiffness which can be visualized
by stress-bearing capacity of the elastically deforming vertical wall
before plastic collapse (Fig. 12(c)-(3)). Further increase in thickness (to
4 mm) resulted in marginal improvement in Young’s modulus and yield
12
strength values. Table 7 presents the mechanical properties of Type-A
variants in relation to varied thickness (t) and relative density (𝝆).

4.5.2. Stress–strain response and energy absorption characteristics
Fig. 13(a) shows stress–strain response of the Type-A variant lattice

structure for different strut thickness. Despite different peak stress
intensities, the pattern of peak and valley formation within the plateau
regime was found to be similar as thickness increased from 1 mm to
4 mm. Fig. 13(a) is marked with numbers 1 to 4 to understand the
localized deformation behavior of the structure in different rows of unit
cells as the failure of lattice structure is localized and the crush bands
percolate throughout the lattice with increase in strain. The point-1
represents the end of elastic regime and after point-1, the cells deform
plastically giving a long plateau before reaching the densification. The
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Table 7
Mechanical properties of Type-A variant.

Properties Thickness ‘t’ (mm)

1 1.5 2 2.5 3 3.5 4

Young’s modulus (MPa) 292.5 347 362.53 438.8 465.8 493 509.6
Yield strength (MPa) 4.11 6.15 6.48 6.68 6.72 6.80 6.76
𝜌 0.32 0.33 0.35 0.37 0.38 0.40 0.42

Fig. 14. Effect of variation of added vertical strut thickness (t) for Type-A variant
structure on energy absorption capacity.

difference in deformation pattern can be seen for thickness of 1 mm,
2 mm and 2.5 mm and but after 2.5 mm, the deformation patterns are
found to be similar (Fig. 13(b)).

Cell collapse occurred either due to the formation of plastic hinge
at the location of the maximum moment within the strut or due to the
buckling of the strut when the load increased to its critical buckling
load (Euler buckling load).

When the thickness of added vertical strut is 1 mm the elastic be-
havior of the Type-A variant was determined by buckling of the thinner
vertical strut (Fig. 13(b)-point-1), while the plastic behavior within the
localized band was determined by both types of failure mode (buckling
and bending) as can be seen in Fig. 13(b)-point-2 to 4. Load resistance
in buckling is lower than that of bending and both are dependent
on 𝑡

𝑙 ratio of deforming strut. Since at t = 1 mm the load resistance
during deformation by different vertical members was lower and hence
lower stress response was obtained, which can be mapped with the
Von Mises stress distribution within the deformed cells. An increase
in thickness (to 2 mm) changes the cell collapse behavior and was
completely dominated by failure due to bending (formation of a plastic
hinge) (Fig. 13(b)). Further increase in thickness (2.5 mm to 4 mm)
adds an axial component of load with bending in the vertical strut
which improves its load resisting capacity (Fig. 13(b)-point-3 and 4).

Fig. 14 shows the variation of energy absorption capacity with
strain. Initially, for strain up to 0.25, the energy absorption varies
13
linearly with strain, and the influence of added vertical strut thickness
was negligible. As the strain increases, the energy absorption capacity
increases exponentially since the deformation of lattices was controlled
by sub-cell-2 which is highly influenced by thickness variation of the
vertical strut. As thickness changes the total energy absorption capacity
of the Type-A variant structure increases and reaches a maximum
value for t = 3.5 mm. Further increase in thickness (i.e.4 mm) leads
to early cell collapse and is responsible for low energy absorption
(Fig. 13(a)). Due to increase in the thickness, the distance between the
walls becomes lesser which leads to early failure (due to early perco-
lation of contacts between cell walls) and hence reducing the onset of
densification which ultimately reduces the total energy absorption.

Table 8 summarizes the energy absorption characteristics of the
Type-A variant. It can be noted that the energy absorption capacity of
the structure increased from 1.67 MJ/m3 to 4.29 MJ/m3as thickness
was increased from 1mm to 3.5 mm and reduced to 2.36 MJ/m3

for a thickness of 4mm. The maximum energy absorption capacity of
the Type-A variant was observed for a thickness of 3.5 mm. Similar
behavior was observed with the SEA of the structure. The SEA increased
from 4975.47 J/kg to 10 230.02 J/kg as thickness increased from 1 mm
to 3.5 mm and reduced to 5403.13 J/kg for a thickness of 4 mm.
The influence of added vertical strut thickness on energy absorption
efficiency is negligible and is between 30.73% to 33.99% for thickness
of 1 mm to 3.5 mm except at 2.5 mm which showed the highest
efficiency (43.27%). It is thus clear that the thickness of vertical strut
highly influences the mechanical behavior of Type-A lattice structure.
However, orientation of the struts with respect to loading also affects
its loading capacity.

5. Conclusions

In this study, two novel re-entrant auxetic lattices namely, Type A
and Type B variants were proposed by introducing vertical ligaments
into conventional re-entrant lattice structure. Type A and Type B
variants exhibit about 165% and 147% higher specific energy absorp-
tion than conventional re-entrant structure respectively, due to their
effective composite architecture. Similarly, an improvement of about
355% and 198% in Young’s modulus was observed for Type A and B
auxetics respectively. The addition of ligament converts the unit cell
into binary sub-cells and the resulting sub-cell properties were found to
significantly affect the mechanical properties. The theoretical formulae
for computing the effective Young’s modulus of the proposed structures
were developed using an energy-based approach and validated by the
FE results. The FE model was able to reasonably accurately predict the
deformation patterns and the failure observed in the experiments.

The Type A and B structures showed the highest energy absorption
compared to re-entrant honeycomb (RH) structure which was due to
deformation of higher relative density cells at higher strains. This was
not observed in the conventional RH structure but the RH structure is
more auxetic than Type-A and Type-B variants with a Poisson’s ratio
of −1.324, −0.121 and −0.057 respectively. The presence of vertical
ligament in Type A and B structures restricted the inward movement of
inclined walls, lowering the transverse strain and hence their Poisson’s
ratio. Architectural tailoring of auxetic structures opens the possibility
of simultaneously enhancing stiffness, strength, and energy absorption.

The enhanced stiffness and energy absorption capability make the
Table 8
Energy absorption characteristics of Type-A variant structure.

Properties Thickness ‘t’ (mm)

1 1.5 2 2.5 3 3.5 4

EA (MJ/m3) 1.67 1.94 2.41 3.60 3.72 4.29 2.36
SEA (J/kg) 4975.47 5534.63 6651.97 9366.27 9269.42 10 230.02 5403.13
𝜂 (%) 33.37 32.38 43.27 33.99 30.73 31.75 24.11
𝜀𝐷 0.60 0.60 0.63 0.64 0.62 0.62 0.48
𝜌 0.32 0.33 0.35 0.37 0.38 0.40 0.42



N.K. Choudhry, B. Panda and S. Kumar Thin-Walled Structures 186 (2023) 110650
proposed novel structures as potential candidates for protective devices.
However, the dynamic behavior needs to be studied for their potential
use in impact energy absorbing applications.
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