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Standard Model predictions for B — K£*¢~, B - K[ ¢} and B — Kvv
using form factors from Ny=2+1+1 lattice QCD
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We use HPQCD’s recent lattice QCD determination of B — K scalar, vector and tensor form factors
to determine Standard Model differential branching fractions for B - K£7¢~, B — K. f?’fg and
B — Kui. These form factors are calculated across the full ¢> range of the decay and have smaller
uncertainties than previous work, particularly at low ¢°. For B = K+~ we find the Standard Model
branching fraction in the ¢> region below the squared J/y mass to exceed the LHCb results, with
tensions as high as 4.7¢ for B¥ — K*u*u~. For the high ¢? region we see 3¢ tensions. The tensions are
much reduced by applying shifts to Wilson coefficients Cy and C, in the effective weak Hamiltonian,
moving them away from their Standard Model values consistent with those indicated by other B
phenomenology. We also update results for lepton-flavor ratios R% and R}, and the “flat term,” F/ ¢ in the
differential branching fraction for £ € {e, u, z}. Our results for the form-factor dependent contributions
needed for searches for lepton-flavor violating decays B — K¢[¢5 achieve uncertainties of 7%. We also
compute the branching fraction 5(B — Kvp) with an uncertainty below 10%, for comparison with

future experimental results.
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I. INTRODUCTION

The weak B — K transition involves a b — s flavor-
changing neutral current (FCNC) which proceeds at loop
level in the Standard Model (SM), where contributions are
suppressed by loop factors and associated elements of the
Cabbibo-Kobayashi-Maskawa (CKM) matrix [1,2]. This
makes FCNC processes promising places to look for effects
from new physics.

Tests for new physics require the accurate calculation
in the SM of quantities that can be compared to exper-
imental results. Because the weak transition occurs between
hadronic bound states of the » and s quarks, key inputs
to the SM calculation are the hadronic matrix elements of
the weak currents, parametrized by form factors. The form
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factors are functions of the 4-momentum transfer, g,
between B and K and depend on the strong interaction
effects that bind the quarks inside the mesons. To calculate
the form factors from first principles in quantum chromo-
dynamics (QCD) requires the use of lattice QCD. Here we
will update the phenomenology for B — K decays in the
SM using improved form factors calculated using lattice
QCD by the HPQCD collaboration [3] and compare to
existing experimental results. We also provide tables
of results in a variety of ¢> bins that will be useful for
comparison to future experimental analyses.

The lattice QCD form factors that we use [3] improve
on previous calculations in a number of ways. They are
the first to be calculated on gluon-field configurations
(generated by the MILC collaboration [4]) that include u,
d, s, and c quarks in the sea (N; =2 + 1 + 1). They use a
fully relativistic discretization of the QCD Dirac equation
on the lattice [5] which allows accurate normalization
of the lattice weak currents to their continuum counter-
parts [6,7], rather than the O(a,) perturbative normali-
zation used in earlier lattice QCD calculations [8,9].
The calculation must be done at a range of masses for the
heavy quark, from that of the ¢ quark upwards, and at a
range of values of the lattice spacing. Very fine lattices
must be used to get close to the » quark mass for the
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heavy quark. Fits to the results then enable form factors
for B — K to be determined and smoothly connected
(since only the heavy-quark mass changes) to those for
D — K. Our form factors for D — K agree well as a
function of ¢ with those inferred from the experimental
results for the tree-level weak decay D — K£v [10], also
giving a better than 1% determination of V.. We do
not expect to see new physics in this decay, so this is a
strong test of the agreement of (lattice) QCD with
experiment for a SM weak process. Our B — K form
factors build on this. They are also the first to cover the
full physical ¢* range of the B — K decays; this is possible
because of the use of very fine lattices. This means in
particular that our form factors have smaller uncertainties
in the low-¢? region, allowing more accurate SM phe-
nomenology here than has been possible before.

The B — K process studied most to date is
B — K¢£+¢~, for lepton £ = e or u. B - K¢~ exper-
imental data has been collected by BABAR [11-13],
Belle [14,15], CDF [16], and LHCb [17-23]. We hope
to see more experimental data for z leptons in the final
state in the future.

The most direct comparison between the SM and
experiment is for the differential branching fraction as a
function of g?. A complication is that of contamination by
long-distance contributions from charmonium resonances
in the intermediate-g> region [24]. These are not easily
included in the SM analysis (and will not be included here)
and so the key comparisons to be made are at low g2, below
the resonance region, or at high g%, above the resonance
region. Tensions between the SM and experimental results
have been seen in earlier work [8,9,25-28]. Here we will
provide an improved analysis with smaller theory uncer-
tainties from the form factors, particularly in the low-g>
region. We will also update SM results for the lepton
universality-violating ratios, R, and R}, (although form
factor effects largely cancel in these ratios) and give results
for the “flat term,” F%,.

The lepton-number violating decay B — K£7¢;5 is of
interest for new physics constraints and upper limits on
this decay have been obtained by experiment [15,29-31].
Here we provide the hadronic input needed for future
analyses of this decay.

The B — Kvv decay promises to be a useful mode for
study in the future, because it is free of charmonium resonance
contamination. There is a small amount of experimental data
on this from Belle [32], Belle-II [33] and BABAR [34], with
the promise of more to come [35]. Here we provide the SM
predictions for the differential and total branching fractions
for this decay mode with an improved level of accuracy
compared to previous calculations.

As well as comparing to experimental results, where
available, we will also compare to earlier theoretical
calculations [8,9,25-28,36,37]. These use a variety of form
factors from light-cone sum rules [38,39], lattice QCD

(with Ny = 2 + 1 sea quarks) [40,41] and a combination of
the two, also including dispersive bounds [42].

The rest of the paper is organized as follows. Most of the
paper is dedicated to the well-studied B — K£~¢* decays.
We begin with these decays in Sec. II, which outlines the
calculation of SM observables in Sec. Il A (including
discussions of how we deal with resonances, and the
effects from isospin, QED and lepton flavor), comparisons
with experiment in Sec. II B and comparisons with previous
theoretical results in Sec. IIC. Section III looks at the
lepton-flavor number-violating B — K¢ 7£; decay, calcu-
lating several parameters relevant to this channel. In Sec. IV
we calculate the branching fraction for the B — Kvv decay,
comparing with experimental bounds and other theoretical
work. We conclude in Sec. V.

II. B> K¢+¢-

The majority of theoretical and experimental work on
B — K weak decays has focused on B — K£t¢£~. An
example of a Feynman diagram for this process, sometimes
called a penguin diagram, is shown in Fig. 1. The analysis
of such decays in the SM starts from the effective weak
Hamiltonian constructed from 4-fermion operators multi-
plied by Wilson coefficients (C;—C;y), with the matrix
elements of the 4-fermion operators expressed in terms of
form factors [43]. This section discusses the calculation
of SM observables related to these decays in Sec. Il A,
reviewing the inputs used in the evaluation of observables
in Sec. [ A 1 and focusing on the Wilson coefficients in
Sec. I A2. Section I A 3 then discusses how we handle
resonance contributions in a way that allows comparison
to experiment. Sections Il A4 and IT A5 then discuss the
uncertainties to account for the fact that our form factors are
determined in a pure QCD calculation on the lattice in the
strong-isospin limit (m, = my,). The discussion of uncer-
tainties there is also relevant to our input form factors
for Secs. III and IV. Section II B gives our main results
for SM observables and their comparison to experiment.

u > u

FIG. 1. An example of a Feynman diagram for the process
Bt - KT/t
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Section II C closes the section with a comparison to earlier

theoretical results.

A. Calculating SM observables

The SM differential decay rate for B — K£"¢~ for

lepton £ is constructed as follows, where we use the
notation in [40,44]:

where a, and c, are given by

(q’MB7MK)

A
as =C|q*|Fp|* + 1 (IFal* + |Fy]?)

+ 4mIM3|F 4> + 2m, (M3 — M% + ¢*)Re(FpF?) |,

CA(q, Mg, Mg)p>
4

cp=- (IFal? + Fy ). (2)

with

G2 | V., VE|2
C:(’?Ew F) Agw|Vi V| Be/ Mg, Mp, M),

M,

Be=1\/1—4m3/q*,

Ma,b,c) = a* + b* + c* = 2(a’b? + a*c® + b*c?).  (3)

Fpy 4 are constructed from the scalar, vector and tensor
form factors f(, f, and fr respectively, by

M?% — M3
Fp=-m;C f+—%(fo—f+) ’
2mS ()
F., = Ceff,l b b Ceff,l ,
v 9 f++7MB+MK 7 fr(s)
Fy= C10f+- (4)

The Wilson coefficient C3'' = CS™0 + ACST + 55"
includes nonfactorizable corrections in ACE, as well as
O(a,) and more heavily suppressed corrections in 6CS'.
Similarly, C5™!' = ™0 4+ 5CS™ contains O(a,) correc-
tions in 6CST. These corrections are discussed in detail
in Appendix B.

CS™0 (=Cy(u,) + Y(g?)) is a function of > through

4 64 . o4
Y(q*) = §C3 +?C5 +ﬁc6
1 4 64
— (% 0)( Cy +=Cy + 16Cs +— C;
2 3 3
» 4
+,’l(q ,mc) §C1 +C2+6C3 +60C5

1 4 64
— Eh(qz, mb) <7C3 + § C4 —|— 76C5 + ?C()) s

(5)
where
h(2 ) 4 1nm2 2 4(2+)
om)=——(In—5—-=—x] —= X
a o\ 273 9
Vx—1 arctan\/%, x> 1
x . (6)
VI—x(miv=oi), c<r,

1. Inputs

Key inputs to our determination of the differential rate
are our recently calculated scalar, vector and tensor form
factors [3]. These are plotted as a function of ¢? in Fig. 2.
The plot shows the 4-16 error bands, smaller than those for
previous results, especially in the low-¢ region. See [3] for
details on how these form factors were calculated. Note that
we run f7 (calculated in [3] at scale 4.8 GeV) to a scale
u, = 4.2 GeV, to match the scale used in the Wilson
coefficients of Table I. This is achieved by following [7]
and multiplying our form factor result f,(u, = 4.8 GeV)
by a factor of 1.00933(16).

Further external input parameters needed for Eq. (1) are
provided in Table I. We include a factor #ngw to account

3.0 r3.0
1 — fild) L
254 — f@ F2.5

fr(q®, = 4.8 GeV)

0.0 0.0
0 5 10 15 20

¢*[GeV?]

FIG. 2. Form factors used in this analysis, from [3].
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TABLE I. Input parameters used to calculate SM observables.
Details of the error on the Wilson coefficients are given in [45],
and these are quoted at u;, = 4.2 GeV. For more details on
Wilson coefficients and their uncertainties, see Sec. II A 2.
mMS (mMS) is obtained using mMS(3 GeV) = 0.9841(51) [46]
and running the scale to its own mass. m, and m,, are the c- and
b-quark pole masses obtained from the masses in the MS scheme
at three loops (see Appendix A for details).

Parameter Value References
newGFr 1.1745(23) x 107 GeV™2 [47], Eq. (7)
mMS (mMS) 1.2719(78) GeV See caption
mF(ﬂb) 4.209(21) GeV [48]
m, 1.68(20) GeV

my, 4.87(20) GeV
fx+ 0.1557(3) GeV [49-52]
[ 0.1894(14) GeV [53]
Tpgo 1.519(4) ps [54]
Tge 1.638(4) ps [54]
1/agw(My) 127.952(9) [47]
sin® @y, 0.23124(4) [47]

IV Vil 0.04185(93) [55]
C(up) -0.294(9) [45]
Ca(up) 1.017(1) [45]
Cs(up) —0.0059(2) [45]
Cahy) ~0.087(1) [45]
Cs(uyp) 0.0004 [45]
Ce(up) 0.0011(1) [45]
Cgff«o ) —-0.2957(5) [45]
C;ff(ﬂ —0.1630(6) [45]
Co(up) 4.114(14) [45]
C5" (uy) Colup) + Y(q?) 5
Cio(pp) —4.193(33) [45]

for universal short-distance corrections to G from box
diagrams in the SM [56]. Here we take

M
Tew = 1 + “E7wlog (M—z) = 1.007(2). (7
where the uncertainty allows for a factor of 2 variation in
the lower scale, M.

Except in the case of Eq. (4), all expressions above (and
in Appendix B) use the pole masses m,. and m,; given in
Table I. These pole masses are derived from the masses
given in the same table in the MS scheme, determined to
high accuracy using lattice QCD calculations [46,48]. We
convert to the pole mass using the standard perturbative
matching factor at three-loop order [57,58]. For more
details, see Appendix A. The perturbation series in this
expression suffers from the presence of a renormalon in the
pole mass. To account for renormalon-induced uncertain-
ties [59] in the pole mass, we allow an error of 200 MeV
which dwarfs any other uncertainty in the mass. We assess

the impact of this uncertainty by shifting the central values
of m, and m,, down by 200 MeV. In the case of m,,, we find
almost no effect on the branching fractions in the important
1.1 £¢*/GeV? <6 and 15 < ¢*>/GeV? < 22 regions. In
the case of m,, a maximal effect of 0.3¢ is seen.

To obtain the branching fraction B, we note that B, =
I'y7p, where 75 is the lifetime of the B meson. The values
for 7 used are given in Table I.

The value of |V, V| that we use comes from the
recent HPQCD lattice QCD calculation [55] of the mixing
matrix elements for the B; meson, the first to be done with
Ny =2+ 14 1 quarks in the sea. |V,, V| is obtained by
combining the lattice QCD result with the experimentally
determined B, oscillation rate [47]. The oscillation rate
can be determined to high precision, so the uncertainty in
|V, V3| is dominated by that from the lattice QCD result,
where the uncertainty is smaller than that for previous
lattice QCD calculations. The value of |V | quoted in [55]
used |V,,| = 0.999093 from [60]. The value of |V | that we
use is about 1o higher than values based on CKM unitarity
that do not use the information from the B, oscillation rate,
for example that in [61].

2. Wilson coefficients

The Wilson coefficients we use are from Table I of [45].
They are quoted at y;, = 4.2 GeV with uncertainties given
for higher-order corrections, as well as for a variation
(doubling and halving) of the matching scale at the top
quark mass, m,. These uncertainties do not allow for
possible scale dependence in p;, however. While our
differential decay rates should be scale independent, we
test this over a reasonable variation of y; and include an
uncertainty to account for any variation. We look at the
effect of changing p;, to 4.8 GeV on branching fractions
(for both meson charges and £ € {e, u}) in the key ranges
1.1 GeV? < ¢*> <£6GeV? and 15 GeV? < ¢> <22GeV2.
This involves the following changes:

(i) Removing the running of f(u,) described above,

so we have f7(u, = 4.8 GeV).

(i) Running the m}'S(u;) given in Table I to m}'S(

4.8 GeV) = 4.108(24) GeV.
(iii) Shifting the central values of the Wilson coefficients
to the 4.8 GeV values given Table I of [45].

After making these changes, we observe a change of the
same absolute size and sign in the branching fractions for
both g? regions. This corresponds to a change of between
1.4 and 2.6% on the branching fraction, a maximum of
0.36. Though a modest effect, we account for this by
including a 2.5% uncertainty on a, and ¢, across the full g
range to allow for reasonable variations in p,.

Hp =

3. Resonances and vetoed regions

From Fig. 1 it is easy to see how a resonance that
couples to the photon can affect the differential rate for
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B — K£*¢~, causing a spike at g> = M? for a resonance
of mass M. These “long-distance” resonance effects are
not included in the “short-distance” SM calculation of
Eqgs. (1)—(6). The resonances of concern are uit and dd
resonances (the p and ), which appear at very low ¢,
below 1 GeV?, the 55 ¢ close to 1 GeV? and ¢¢ resonances,
which affect the intermediate-g region. The ¢ resonances
that dominate are the J/y and w(2S) and experimentalists
typically discard their data in the vicinity of these reso-
nances for a B — K£T¢~ analysis. While the regions
blocked out vary somewhat from experiment to experiment,
we will use the choices 8.68 < ¢?/GeV? < 10.11 and
12.86 < ¢%/GeV? < 14.18, which are adopted by several
experiments, and mark these as“vetoed regions” (grayed
out in our plots). In these two regions and between them,
the resonance contributions are large [22] and there are
strong violations of quark hadron duality [24]. The decay
rate is dominated by B - K¥ — K£7¢~ [62] and is
approximately two orders of magnitude larger than the
short-distance rate of Eqgs. (1)—(6).

To avoid these resonances in the comparison between
the SM short-distance calculations and experiment it is
common practice to restrict the g> range to two “well-
behaved” regions, giving separate results for the integrals
over 1.1 £¢*/GeV? <6 and 15 < ¢*/GeV?> <22 (or
similar). The lower-g> region here is above the light-quark
resonances but below the c¢ resonances. The higher-¢>
region is above the dominant c¢ resonances, but small
contributions are seen in the experimental data from higher
resonances in this region [22]. Following [9], we allow for
an uncertainty of 2% on the differential rate in this high-g>
region to allow for these additional resonance contribu-
tions. We do this by applying a factor of 1.00(2) to a,
and ¢, [Eq. (1)] above ¢> = 14.18 GeV?. We will adopt
these two ¢° regions here and our key results will be a
comparison with experiment for these two regions. This
allows us to test for the presence of new physics in as clean
a way as possible.

It is also informative, however, to quote the total
branching fraction for the decay, integrating over the full
g* range. This means that some approach must be adopted
for the g* regions where the resonances sit so that a
comparison can be made between the short-distance SM
branching fraction and experiment. In the very low-¢°
region this is not an issue; the light-quark resonances
contribute only at the 1% level [22]. The narrow ¢
resonance can be cut out of the experimental data, where
the data are sufficiently accurate to warrant it [19]. The c¢
resonances in the intermediate-g> region have a bigger
impact over a larger ¢* range. The integration over this
region must then be handled carefully in a way that is
consistent with what is done in experimental analyses. To
cover the c¢ resonance region, we linearly interpolate a,
and c, across the whole of the two vetoed regions and the

gap between them, i.e. for 8.68 < g*>/GeV? < 14.18. This
is only necessary for the case ¢ € {e,u}, as £ = 7 sits
mostly above this region. This approach is used in [9] and
similar interpolations are performed in experimental papers
(see [19], the interpolation of which will be compared with
ours below). This means that the total branching fraction is
then also comparable between theory and experiment. Of
course, comparisons with other theoretical calculations that
are based on Egs. (1)~(6) can be done at any ¢° value.

Finally, it should be noted that the m_. value we use
(Table I) is such that 4m2 = 11.34 GeV?. This sits between
the two vetoed regions and therefore inside the region in
which we perform the linear interpolation described. This
means that the cusp arising at this point from the function &
of Eq. (6) is not visible in our plots.

4. Isospin and lepton flavor

The B — K decays we wish to study are for B —
K°%*¢~ and B* — K*¢*¢~. The charged and neutral
B-meson cases differ only in the flavor of the light spectator
quark, which can either be an up or a down. The masses of
the BY* and K%* differ slightly as a result of this (along
with QED effects). We take these masses from the Particle
Data Tables [47] and use these in the equations of Sec. IT A
for each case; it has negligible effect on the differential
rates. The difference in branching fractions between the
charged and neutral cases is much larger, however, because
of the difference in B+ and B° lifetimes, which we take
from [54] and give in Table I.

We must also include an uncertainty for the fact that our
form factors [3] were calculated in pure lattice QCD, with
no QED effects included and with degenerate u and d quark
masses (as were previous lattice QCD calculations of these
form factors [40,41]). Instead of having separate values
for m, and m,; we used m, = my; = m;, where m; is
denoted “the light-quark mass.” For this reason, our form
factors represent the case with Mg = (Mpo + Mp+)/2 and
My = (Mgo + Mg+ )/2 with the light-quark mass tuned to
the physical point m,/m; = 27.18(10) corresponding to
m; = (m, + my)/2. In order to work out how much our
form factors would change if the u and d quark masses
were different, we follow the procedure adopted in
HPQCD’s D — K analysis [10].

We can repeat our analysis to fit the B — K form factors
from [3] but changing the physical value of m; so that it
corresponds to either m,, or m, (this means taking m;/m;, =
27.18 x 3/2 or 27.18 x 3/4 respectively). Note that this will
give an overestimate of the effect because this change refers
to all the light quarks in the simulation, whereas in fact we
just want to change the valence quark in the B and K. At the
same time as making this change to m; we also change the
meson masses that appear in the fit function to their
appropriate values corresponding to a u or d spectator quark.
For details on the fit function for the form factors see [3].
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Looking at the effects of these tests on the f, f, and f7
form factors across the ¢° range, we find a maximal effect
of ~0.5% [3]. To allow for the full effect as an uncertainty
on our form factors for the analysis here, we apply an
uncorrelated multiplicative factor of 1.000(5) to each of
our form factors. We include this uncertainty in our form
factors for all of the calculations discussed here, both in this
section on B — K£*£~ and Secs. III and V.

The lepton masses, m,, m, and m, as appropriate, also
appear in the equations to determine the differential rate
[see Egs. (2) and (3)]. One of the notable changes between
leptons is in the minimum ¢° value, since g2, = 4m2. In
practice, in the case of the differential decay rate, our final
result is almost identical for £ = e and £ = u because their
masses are both so small. We sometimes treat these cases
together, simply using the £ = u case where a lepton is
not explicitly stated. Larger differences are seen for the
¢ =t case and we show results for that case in Sec. II C
where we compare to other theory calculations.

5. QED effects

The largest QED effects in the decay rate for
B — K¢T¢~ are expected to be from final-state inter-
actions of the charged leptons. The photon radiation
produced can cause several issues within the experimental
analysis, particularly in the hadronic environment of the
LHC. These are handled using the PHOTOS software [63] to
correct the differential rate to a fully photon-inclusive rate
that can be compared with theory. It is also used in the LHC
context to obtain a value for ¢2. Theoretical tests [64,65]
indicate that this is a robust procedure.

We should allow an uncertainty for QED effects in our
comparison with experiment, however, and we will base it
on the size of QED final-state radiative corrections [64,65].
This will then comfortably include the uncertainty from
other QED effects missing from our calculation, such as
that from the fact that the quarks inside the B and K mesons
have electric charge and that there are additional structure-
dependent radiative effects from the K mesons. We will
quote the uncertainty for QED effects as a separate
uncertainty in Tables where we quote values so that its
impact is explicit. We will not include it in plots of the
differential rate, nor in comparison with other theory results
that do not include a QED uncertainty.

From [64,65], we take an overall multiplicative 5% (2%)
uncertainty to allow for missing QED effects in the case of
final-state electrons (muons). This is a conservative move,
but we shall see that this uncertainty has minimal effect on
our results. We take the QED uncertainty for final-state 7 to
be negligible because the 7 is so heavy.

For the case of the lepton-flavor universality violating
ratio R, there have been a great deal of analyses of QED
effects [65-67]. There is agreement that QED effects are
well accounted for using PHOTOS [63]. An additional 1%
uncertainty for QED effects in the comparison between

theory and experiment is suggested in [66] and we adopt
that here when discussing R% in Sec. II B 3.

B. Comparison to experiment

In this section we will give our results for the SM
short-distance differential branching fractions (and inte-
grals thereof) for B - K£* ¢~ using Egs. (1)-(6) and the
improved B — K form factors of [3]. We will compare to
experimental results and show where tensions exist, and
how significant they are.

There are numerous experimental results in the literature
from BABAR [11-13], Belle [14,15], CDF [16] and LHCb
[17-23], for decays B® — K%*#~ and B* — K*¢+¢~
where £ € {e, u}. There are few for £ = 7, which we will
treat separately. Experiments are labeled in figures and
Table II provides a correspondence between references and
labels. Naturally, different analyses from one particular
experiment are likely to be correlated, and should be
viewed as such. One could take the most recent data from
each of the experiments. However, owing in part to the
large number of different choices made with regard to ¢>
limits, meson charge and lepton flavor, we find it most
informative to display all available results in general, even
in the case where older measurements have been super-
seded by more recent analyses. This allows the reader to

TABLE II. Labels used in figures and the corresponding

references.
Label References
Experiment
BABAR °08 [11]
BABAR 12 [12]
BABAR 16 [13]
Belle 09 [14]
Belle "19 [15]
CDF ’11 [16]
LHCb "12A [17]
LHCb ’12B [18]
LHCb ’14A [19]
LHCb ’14B [20]
LHCb *14C [21]
LHCb ’16 [22]
LHCb 21 [23]
Theory
AS ’12 [36]
BHP °07 [25]
BHDW 11 [26]
BHD 12 [27]
FNAL/MILC 15 [9]
GRDV 22 [68]
HPQCD 13 [8]
HPQCD 22 This work
KMW 12 [28]
WX ’12 [37]
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observe the progress of experimental results, in comparison
with our own numbers. In the discussion of branching
fraction B (for £ € {e,u}) that follows, we will group
experimental data by B/K charge, as our results are
sensitive to this. We will not group results by e or u lepton
flavor because our results (in the SM) are not sensitive to
this (see Appendix C for tables including our results for
different ¢). In the case of lepton flavor, experiments
sometimes give e and p values separately and sometimes
both together. In this latter scenario we will call the lepton ¢
and take an average of e and u. All these will be treated
together for a given B/ K charge. Similarly, results are given
for a fixed meson charge, as well as for the average of the
charged and uncharged case. We will use the following
labeling conventions, which are adopted in many exper-
imental papers. Where a charge is specified, it will be
labeled, with the unlabeled case indicating the average
of the charged and neutral cases. Similarly, e and u leptons
will be labeled explicitly, with # indicating an average of
the two. Where possible in plots comparing values with
experiment, one set of charges or lepton flavors will be
given in red, the other in blue, and the average in purple.

1. Differential branching fraction and integrals over
low- and high-q* regions avoiding c¢ resonances

Figures 3, 4, and 5 show our calculation (as a blue band)
of the differential branching fractions for the cases of
positively charged mesons, neutral mesons, and the average
of the two, respectively, across the full physical ¢> range.
Note that the different charges give shapes which vary not
just because of the overall factor of the lifetime 7o+, but
also because of the charge dependence of the corrections
to Cgff’o detailed in Appendix B. The black vertical bands
indicate regions vetoed because of the J/y and y(2S)
resonances, not included in our calculation. As discussed

O 5_ A CDF’11 _O 5
— ®m Belle 19 ’
I ® LHCh 12B
>o 0.4+ e tuchua [0-4
&} 3 o ® LHCb '14C
o, 0.3 ‘ o ruchar 0.3
= =
=~ T
i‘l) 0.29 i 0.2
= £
'S 0.1 0.1
0.04 : : : : 0.0
0 5 10 15 20
¢*[GeV?)
FIG. 3. Differential branching fraction for BT — KT£7¢~,

with our result in blue, compared with experimental results
[15,16,18,19,21,23]. Note that Belle *19, and LHCb "14C and °21
have £ = e, while otherwise # = u. Horizontal error bars indicate
bin widths.

0.6+ A corn 0.6
— e LHCH 124
| LHCD "14A
2
g0.4- L0.4
&
<
=021 0.2
2
5

0.0 0.0

FIG. 4. Differential branching fraction for B — K%/ *¢~, with
our result in blue, compared with experimental results [16,17,19].
All experimental results take ¢# = u. Horizontal error bars
indicate bin widths.

in Sec. II A 3, our result is interpolated across these regions
and the gap between them.

Experimental results for decays to electrons, muons or
both (averaged) are displayed in each case as colored
points, with the results shown for each experimental g bin.
The horizontal error bars on the experimental results reflect
the width of the bin. Some of the experimental results are
for £ = e and some for £ = y; our results are insensitive to
the difference. The experiments ignore data taken in the
black vetoed regions, but there are results in between these
regions. However, we cannot make a reliable comparison
between our short-distance SM results and the experimental
results between the vetoed regions.

Figures 3, 4, and 5 show that our results are somewhat
higher than experiment in most cases, particularly in the
region 4 < ¢%>/GeV? < 8.68. This is most clearly visible in
Fig. 3, where the tension between our result and the most
precise data from LHCD is obvious.

0.5 — 10.5
B Belle '09
¢ BaBar 12
e 0.4 A corun 04
=
[<5)
O, 0.3 0.3
5
S 0.24 0.2
=
= 0.1 0.1
0.0~ 0.0
0 5 10 15 20
¢*[GeV?]
FIG. 5. Differential branching fraction for B — K#*¢~, with

our result in blue, compared with experimental results [12,14,16].
CDF 11 takes ¢ = pu, while Belle 09 and Babar 12 do not
differentiate e from u. Horizontal error bars indicate bin widths.
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TABLE III. Comparison of branching fractions with recent experimental results [15,19,23] in well-behaved regions of ¢. Note that
the Bt — K*e™e™ result quoted here from LHCb 21 is obtained using the BT — K*u"u~ result from LHCb *14A, combined with the
ratio determined in LHCb *21. In the fifth column, the tension is given by mean(Experiment—HPQCD) /s (Experiment—HPQCD). An
additional uncertainty for QED of 5% for e and 2% for yu is included in brackets on each branching fraction (see Sec. Il A 5).
Additionally, the final column gives the tensions including this uncertainty in brackets, alongside the tension neglecting the QED

uncertainty.

Channel Result q*/GeV? range B x 107 Tension with HPQCD 22
Bt - KTeTe™ LHCb 21 (1.1,6) 140110078 £ 0.064 —3.36(-3.00)
BT — Ktete HPQCD 22 (1.1,6) 2.07 £ 0.17(£0.10) g e

BT - KteTe™ Belle *19 (1,6) 1.661032 +0.04 —1.26(-1.20)
Bt - Ktete™ HPQCD 22 (1,6) 2.11 £ 0.18(£0.11) op, ces

B® = Kou*u~ LHCb "14A (1.1,6) 0.927017 +0.044 -3.66(-3.50)
B® = KOuty~ HPQCD 22 (1.1,6) 1.74 £ 0.15(40.04) o, e

BY = KOutu~ LHCb 14A (15.22) 0.67151; +0.035 ~3.20(=3.10)
B — KOutyu~ HPQCD 22 (15,22) 1.16 £ 0.10(£0.02) op, oo

BY — K*yutu~ Belle "19 (1,6) 2.301044 £0.05 +0.40(+0.40)
Bt > Ktutu~ HPQCD 22 (1,6) 2.11 = 0.18(%0.04) g e

BT - K utu~ LHCD *14A (1.1,6) 1.186 £ 0.034 + 0.059 —4.76(—4.60)
Bt — Ktutu~ HPQCD 22 (1.1,6) 2.07 £ 0.17(£0.04) ogp, e

BT - KTutu~ LHCb "14A (15,22) 0.847 +0.028 + 0.042 —3.406(-3.30)
BT - K utu~ HPQCD 22 (15,22) 1.26 + O.ll(j:O.OS)QED cee

To examine this tension in more detail, we integrate over
two well-behaved ¢ regions, one above and one below the
cc resonances, as discussed in Sec. II A 3. For these regions
we can make a reliable comparison with experiment.
We show the results in Table III; these constitute our
main numerical results. In Table III, we compare our
branching fractions with the most recent experimental
results available for B — Kete™ and B — Ku"yu~. Note
that our relative uncertainties are comparable to those from
the experiments for most of the values. We have larger
uncertainties than those for LHCb "14A for B — Ktutu~
but smaller uncertainties than those from Belle *19. Our
uncertainties are dominated by those from the form factors,
followed by those from the CKM elements |V, V5|.

We find our partial branching fractions to be significantly
higher than the experimental values, typically with tensions
exceeding 36 and with LHCb 14A [19] in the low-g?
region with a tension reaching 4.7¢ for B — Ktu*tu~.
We do not see any tension with the Belle’19 results [15],
which are themselves in tension with LHCb ’14A for
B — K*u"u~. Belle 19 have considerably larger uncer-
tainties than those from LHCb and those from our results.
The uncertainties we allow for QED make little difference
to the tensions that we see.

The same results, plotted in the form of a ratio of the
experimental branching fraction to our result, are shown in
Fig. 6, with error bars indicating 1, 3, and 5S¢ differences
from a value for the ratio of 1. This makes the tensions
graphically clearer and also shows the difference in the size

of uncertainties in the comparison with different experi-
ments. Note that the tensions in the comparison of the ratio
to the value 1 are not exactly the same as in the differences
between our result and experiment shown in Table III.

It is worth noting that the corrections to C5"* and C§™°
(discussed in Appendix B) shift our results by amounts of

Belle '19 [ : ——
Bt — K'ete™
LHCb 21 ——
LHCb '14A ——@+—+— m (11,6
B — K%t~ H (15,22)
LHCDb "14A ——t®—+— mm (1.0
Belle 19 |
LHCb "14A | B* = K*p'pu~ ————
LHCD '14A ——
08 —04 00 04 08 12 16 20
BEX})/BHPQCD’QQ

FIG. 6. Comparison of branching fractions with recent exper-
imental results [15,19,23] in low- and high regions of ¢> away
from the charmonium resonance region. Here we show the ratio
of the experimental branching fraction to our results, compared to
the black vertical line at the value 1. The error bars are 5o long,
with markers at 1, 3 and 5o. Note that the ¢ here are for the ratio,
so not the same as those calculated for the difference in Table III.
On the right, labels indicate the colors of the q2 bins in units of
GeV?. No uncertainty from QED is included in this plot.
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between 0.3 and 1o, depending on the g> region. In the
high-g? region, this is mostly driven by corrections to Ciff’o.
In the low-g? region the size and direction of the shift
depends on the meson charge. The impact of the correc-
tions on the tension between our SM theory and experiment
given in Table III then amounts at most to 0.6c.

Our numerical results for integration of our differential
branching fraction for a variety of ¢ ranges are given in
Table VII in Appendix C.

In Sec. V we discuss the effect on our results, and the
tensions with experimental values, of changing the values
of the Wilson coefficients Cy and Cj that we use in Eq. (4).
This tests the impact of possible new physics at a high scale
that would change the effective weak Hamiltonian.

2. Total branching fractions

In this section we discuss the total branching fraction,
i.e. dB/dq* integrated across the physical g* range from
@iy = 4m% 10 ghax = (Mg — Mg)?. By convention, exper-
imentally measured branching fractions are extrapolated
to the full physical g> range, ignoring resonances. This is
achieved using correction factors based on an assumed ¢>
distribution (see e.g. [69]) to the branching fraction
integrated over the experimentally measured bins (see
discussion in [19]). This achieves the same result as our
interpolation across the c¢ resonance region (discussed in
Sec. II A 3) and this should make our short-distance theory
results comparable to experiment here.

Figures 7, 8, and 9 show this comparison for the
¢ € {e,u} case. Again, results are split up by meson
charge and our result (HPQCD °22) is given at the top,
denoted by a black star. The gray band carries our result
down the plot. The experimental results are split up
according to lepton flavor, but as discussed earlier, our
results are insensitive to this distinction. As we do not have
information about correlations between the various results

HPQCD 22 ———
Belle 19 + + )t p— ——
Belle 09 | B~ = K7 —
BaBar '08 ——

Belle 19 ——

Belle 09 | B — KTete™ —
BaBar 08

Belle 19 ——
LHCb 16 @

LHCb "14A H@

LHCb ’12B | Bt — Ktutu e+
CDF 11
Belle ’09 ——

BaBar 08 | — I‘ — 1 .
2 3 4 5 6 7
10'B)

FIG. 7. The total branching fraction for B* — K*#*#~. Our
result (HPQCD ’22) is given by the black star and gray band,
as compared with experimental results [11,14-16,18,19,22].
Dashed lines indicate the effect of adding QED uncertainty
(see Sec. I A5) to our result.

HPQCD ’22 [
Belle '19 il
Belle "09 — B — KO%t¢~
BaBar 08 ——
Belle 09 —— 0 0 .+, —
BaBar 08 |—4—— B = Kete
LHCD "14A @+
LHCDb "12A @
CDF '11 —A— B — K'utu
Belle '09 i
B&Bar 708 T T 1T }' T T '¢I T } T T
01 2 3 4 5 6 7 8 9 1011
10"B0)

FIG. 8. The total branching fraction for B — K°/*#~. Our
result (HPQCD ’22) is given by the black star and gray band, as
compared with experimental results [11,14—17,19]. Dashed lines
indicate the effect of adding QED uncertainty (see Sec. [l A 5) to
our result.

for each experimental collaboration we do not give an
experimental average here for comparison.

Our result is in general larger than the experimental
values, reflecting the pattern in Figs. 3, 4, and 5, which do
not contain exactly the same experiments. This is clearest in
the case of the neutral meson decay, but both the charged
and neutral LHCb *14A results with g in the final state in
Figs. 7 and 8 show clear tension: 4.5(4.7)c for B™ and
4.7(4.8)c for BY, with(without) QED uncertainty.

To test the effect of the LHCb 14A ¢? interpolation
across the vetoed regions, we compare our total branching
fraction (without QED uncertainty) with that when we
exclude the regions vetoed by LHCb ’‘14A (8 <
g*/GeV? <11 and 12.5 < ¢?/GeV? < 15); we obtain
ratios 1.3814(84) and 1.3951(84) for the B+ and B° cases,
respectively. This compares very well with the factor of
1.39 used by LHCb, and indicates that the interpolation

HPQCD 22 ——
BaBar 12 B Kt~ ——
Belle 09 ——
BaBar 08 b
Belle ;09 B Keto- A
BaBar 08 ———
CDF 11 —A—
Belle 09 |B — Kutu~ -
BaBar 08 1 % !
2 3 1 5 6 7
108

FIG.9. The total branching fraction for B — K#*¢~. Our result
(HPQCD °22) is given by the black star and gray band, as
compared with experimental results [11,12,14,16]. Dashed lines
indicate the effect of adding QED uncertainty (see Sec. [l A 5) to
our result.
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used by them is consistent with our linear interpolation
approach. This adds confidence that the comparison
between theory and experiment here is a reliable one.

We conclude that in agreement with what was seen in the
low- and high-¢” regions in Sec. II B 1, significant tension
(exceeding 40) is also seen between the total short-distance
SM branching fraction and the most accurate (LHCb)
results for B — KZ ¢,

For the decay with 7 in the final state, experimental results
are much less mature. The BABAR collaboration reported the
first measurement of the total BT — K*z™¢~ branching
fraction in [13]. Their result of (1.317J86%93%) % 1073,
(where errors are statistical and systematic respectively)
is consistent with no signal. It is also consistent with our

7%-accurate SM result of Bfr) = 1.83(13) x 1077, where
we do not include an uncertainty for QED effects since
the 7 is so heavy. Note that the ¢> range available for the case
with the 7 is much smaller than for the lighter leptons.
We will discuss the 7 case further in Sec. II C.

Our numerical results for the total branching fraction
for £ € {e,u} are given in Table VII in Appendix C.
Results for 7 in the final state are given in Table X in the
same appendix.

3. R,

We define the ratio of branching fractions for decays to
different leptons,

Guapp 4Br, 2
R i) =t 0
£ \iow- dupp) = i dszd 2
qunw a4

We calculate this separately for the charged and neutral
meson cases, R’Z(O/ ). We also give the charge-averaged
result, R,, which is obtained from performing a charge
average in each of the numerator and denominator of Eq. (8).

As discussed above, the effect of changing lepton flavor
between electrons and muons on our branching fraction is
very small. The factors of f in Egs. (2) and (3) mean that
R <1 at very small values of g*> and the factors of m,
mean that RY > 1 at large values of g>. However, for almost
the entire ¢> range R% is very close to 1. This also means
that effects from the form factors and from the resonances
cancel between numerator and denominator and the theory
uncertainties in RY are small. Our results are tabulated in
Table VIII in Appendix C for a variety of ¢ ranges; we find
R’ to differ from 1 by a few parts in 1000.

Radiative corrections from QED (see Sec. II A 5) affect
the p and e cases differently but are well understood
[64,66]. Tests show that the corrections applied on the
experimental side using PHOTOS [63] should be reliable up
to 1% [66]. We will take a 1% uncertainty on our results
to allow for missing QED effects in the comparison of our

HPQCD 22
R::((I?nim qgmx) H
BaBar 12 | ¢ & 4
Belle '09 % » |
Belle '19 | RX(g 2) = :
HPQCD ’22 i
R (1.1GeV, 6GeV?)
LHCH 21 —@—i
08 10 12

Iy

FIG. 10. The ratio of branching fractions to muons and
electrons, as defined in Eq. (8), with various ¢ limits. Our result
(HPQCD ’22) has negligible uncertainty compared to experiment
[12,14,15,23], and does not differ visibly when integrated over
different ¢ ranges. Note that for the ratios of total branching
fractions (top two panels), we have used a lower limit on the ¢?
integral, ¢2. . that differs between e and y cases in the ratio. This
was done to match what was done in the experiment, but has no
visible effect. We include a 1% uncertainty to allow for possible
QED corrections [66] as discussed in the text. This completely
dominates our theoretical error here. The vertical dotted line is at 1.

results with experiment. However, where this uncertainty
is already included in the experimental results this will
amount to a double counting of this source of error. This
QED uncertainty dominates all other sources of uncertainty
in our determination of R%.

Figure 10 shows a comparison of our result for R
(including the 1% uncertainty) with those from experiment.
The most notable experimental results are the recent values
from LHCb 21 [23] with relatively small uncertainties
for the charged meson decay, integrated over the low-g>
region. The LHCD °21 result differs from 1 (taken as the
SM result when QED corrections are removed [66]) by
3.16. The relative uncertainty from theory is negligible so,
having improved form factors, as we do here, makes no
difference to this tension. When we come to compare with
other theoretical work in Sec. II C, potential deviations of
RY from 1 will be studied in more detail.

4. FL

Two additional experimentally measured quantities with
which we can compare are based on studying the angular
distribution of decay products. The differential distribution
in angle is given by [25]

1 ar, 3 1
Edcosezz(l - Fo)(1 —00529)+§FZ+A]§BCOS6?,
©)

where 6 is the angle between B and ¢ as measured in
the dilepton rest frame. Both the flat term, F' i, /2, and the
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HPQCD '22
LHCb "12B v
LHCb "14B T

0.4+

 lof 2

+)

Fﬂ
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¢*[GeV?]

0.2 . -0.2
T °
] l | | l !
r 4 4
0.0 ;aﬁ, : % * i e s XY

S

FIG. 11. The flat term F%, for the B¥ — K*u*u~ decay. Our
result (HPQCD °22) is given for bins between integer values of
g%, with the uncertainty included but too small to be visible.
Experimental results [18,20] are included for comparison.

forward-backward asymmetry, Afp, are small, and
sensitive to new physics. A% =0 in the SM, up to
QED corrections, so we will not consider it here. We
can construct F4, from [25]

2
[0y + c)de?
low (10)

> .
qu]z:fvp(af +¢./3)dq?

Fi (@l dapp) =

Figure 11 shows F%, for the BY — K*u*yu~ decay. The
black stars show our result, calculated in bins between
integer values of g*>/GeV?, with the exception of the first
bin, which starts at g2, . Experimental results from [18] are
included for comparison, as are those from [20]. In the
latter case, central values are not given for the data, and so
in order to add the systematic error to the statistical
confidence interval, this interval is assumed Gaussian,
and the central value taken as the middle of the interval.
The effect of this approximation is negligible, owing to the
small systematic errors, and does not affect the comparison
with our results, as the overall confidence interval is broad.

As with RY, the cancellation of correlated uncertainties in
Eq. (10) means that our result here is very precise compared
with experiment (our error bars are included in Fig. 11 but
not visible). We can see that a large reduction in exper-
imental uncertainty will be required in order to reveal any
meaningful inconsistency (if one exists) between SM
theory and experiment.

Our results for Fy, for £ € {e,u} are tabulated in
Table IX in Appendix C for a variety of g* ranges; we
will discuss the flat term for the 7 case in Sec. I1C.

C. Comparison to theory

In this section we compare to previous theoretical
results, both from previous lattice QCD calculations
[8,9] and others [25-28,36,37,68]. Again, Table II provides

a correspondence between references and labels in figures.
Different theory calculations differ both in the form factors
they use and in their input parameters used to determine
the differential rates. In [3] we compare the improved
lattice QCD form factors that we use here with earlier
lattice QCD form factors. Here we will show comparisons
of differential and total branching fractions, flat terms etc.
as for the comparison with experiment in Sec. II B. There
are many more theory results for the case of 7 leptons in the
final state, so we can make more detailed comparison of
that case.

1. Differential and total branching fractions

We compare differential branching fractions for
¢ € {e, u} in the same manner that we did for experiment,
allowing us to factor in the different ¢ bin choices made by
different authors. As before, lepton flavor makes an
insignificant difference for ¢ € {e, u}, so we treat all cases
together. However, we split the cases up by meson charge.
The three charge cases (charged B, neutral B and the
average of the two) are shown in Figs. 12, 13, and 14.

0.6 0.6
e BHP 07
& e BHDW 11
'> e DBHD'I2
(bv 0.4 A FNAL/MILC 15 |y 4
OV ; > GRDV 22 '
S s EaES
-~ s
<H
0.2 0.2
2
'S
0.0+ | : : : 0.0
0 5 10 15 20
¢*[GeV?]

FIG. 12. Differential branching fraction for B* — K*#+¢-,
with our result in blue, compared with earlier work [9,25-27].
Error bars in ¢? indicate bin widths.

o BHP 07

— e BHDW Il

g7 0.4 BOKMWOI2 0.4

= A FNAL/MILC 15

. 0.3 . 0.3

ND“

<=

= 0.2 0.2

Q

S

'é 0.1 0.1
0.0 0.0

¢[GeV]

FIG. 13. Differential branching fraction for B — K'/+¢-,
with our result in blue, compared with earlier work [9,25-28].
Error bars in ¢” indicate bin widths.
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e HPQCD 13

044 ¢ AS12 Lo4
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& 0.3+ 0.3
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= 0.21 0.2

«Q

=

S 0.1 0.1
0.0 0.0
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FIG. 14. Differential branching fraction for B - K£7¢~ (the
average of that for charged and neutral B), with our result in blue,
compared with earlier work [8,36]. Error bars in ¢ indicate bin
widths.

Again, note the effect of the charge dependence of the
corrections to Cg'* detailed in Appendix B.

We see good agreement with previous work, although
our uncertainties are generally much smaller. We do not
agree with the results of AS’12 [36] at low ¢> shown in
Fig. 14. Our central values are slightly higher than most
previous results. In the comparison with FNAL/MILC *15
[9], this 0.5-10c effect can be traced to the larger value of
|V,s| that we use, based on more recent B-mixing results
(see Sec. II A 1); we agree well on the form factor central
values (see [3]). GRDV ’22 [68] fix their form factors from
a combination of earlier lattice QCD results (at high g?)
and values derived from light-cone sum rules (at low ¢?).
Our form factors have lower central values than theirs
but this is partly offset by the difference of values of |V |
used. Note that GRDV ’22 also include nonlocal form
factors in their calculation that account for charmonium

0.3 0.3
il
2027 0.2
L {
=
=
% 0.1 0.1
= @ HPQCD 13
— A FNAL/MILC 15
A FNAL/MILC 15 \
0.0~ T T 0.0
14 16 18 20 22
¢’[GeV?]

FIG. 15. Differential branching fraction for B — Kzz~, with
our result as a blue band (B® — K?) and a red band (B — K™),
compared to earlier results from FNAL/MILC ’15 [9] (blue and
red filled triangles). Results from HPQCD ’13 [8] are for the
average of the charged and neutral B-meson cases. Error bars in
g* indicate bin widths.

HPQCD 22 - ——
HPQCD '13 BoKpip™ | o
HPQCD 22 "
FNAL/MILC 15 B* = K*00~  — & —
WX 12 )—’—1
HPQCD '22 o
FNAL/MILC 15 B’ — K%~ —A—
WX 12 —
HPQCD 22 [ % me . o pife
BI?DW 1 e B 7 K o,
T T T T

1 2 3 4. 5 6 7 8

10'B
FIG. 16. The total branching fraction for B — K£7¢~
(¢ € {e,u}), integrated from ¢, to g2, compared with
[8,9,26,37]. Different meson charges are treated separately.
The lowest panel shows a comparison to BHDW ’11 in which

the integration over the differential branching fraction starts at
qu»n = 14.18 GeV>.

resonance contributions. The uncertainty in their differ-
ential branching fraction is dominated by that from their
local form factors.

We compare our results for the differential branching
fraction for the case £ = 7 to those of FNAL/MILC *15 [9]
and HPQCD °13 [8] in Fig. 15. The ¢ range is limited by
the much larger value of ¢2,  in this case (set by m,), and so
no interpolation across the vetoed c¢ resonance region is
required. We include both the charged and neutral meson
cases on the same plot, in red and blue respectively. We see
again that our results are somewhat, but not significantly,
higher than the earlier results largely because of the
change in |V |.

Figures 16 and 17 show the total branching fraction for
the # € {e, u} and £ = 7 cases respectively. The figures are
broken down according to meson charge, with the integral

HPQCD 22 —%—
FNAL/MILC '15 | B* = K*r77 - A
WX 12 : L :
HPQCD 22 -
FNAL/MILC 15 | B’ — K7~ —A—
WX 12 1 & |
giggg :i‘%) B= KT+T(I4,18GeV2,q;Z,.ax)
HPQCD 22 B~ — K77-+T(I4,1scevl,q5mx)
BHDW 11 : ® :
—r+ 1 1T T T 1T ° T 7
08 1.0 1.2 14 1.6 1.8 20
10'B

FIG. 17. The total branching fraction for B — Kr'7z~, inte-
grated from qrzmn to g2, compared with [8,9,26,37]. Different
meson charges are treated separately. The lowest two panels
show a comparison to BHDW 11 and HPQCD °’13 in which the
integration over the differential branching fraction starts at
g% = 14.18 GeV2.
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extending from ¢2. to g2y, except as indicated otherwise
in the plot. In HPQCD °13 [8] the branching fraction to
electrons is also given, but (as is the case for us) is
insignificantly different from the muon case shown, so
we omit it. Again, our results are somewhat higher than
previous work, but not by a significant margin. Our results
provide an improvement in uncertainty over earlier values.

2. R; and R},

We now look in more detail at the ratio of branching
fractions to different flavors of leptons, defined in Eq. (8).
Figure 18 shows our results (as black open stars) for
the deviation of the ratio R% from 1.0, as a function of g°.
We use ¢ bins of width 2 GeV?, following the pattern
2-4 GeV?, 4-6 GeV? etc, except for the first bin which
covers 0.1-2 GeV2. We plot our results for the charged-B
case; values for the neutral-B case are indistinguishable,
except in the lowest g> bin (numerical values for each
bin are given in Table VIII in Appendix C). As discussed
earlier, the ratio is very well determined theoretically in a
pure QCD calculation; uncertainties from possible QED
corrections that would affect experiment are not included in
Fig. 18. We see that RY differs from 1 at the level of 1073,
with a larger deviation at large ¢*. There is also a sizable
effect in the smallest g> bin where the kinematic cutoff from
the u mass starts to have an effect.

Figure 18 also shows a comparison to earlier theory
results. Good agreement is seen between the different
calculations.

Figure 19 shows our results for the ratio R}, [Eq. (8)] as
open black stars, calculated in ¢ bins of width 2 GeV?.
The lowest bin is from the top of the c¢ resonance region
at 14.18 GeV? (slightly above the kinematic end point
of 4m?) to 16 GeV?, the next 14-16 GeV? and so on.

104 BHP 07 10
1 HPQCD '13 H
8‘_ FNAL/MILC 15 ) _‘8
—~ 6-_ % HPQCD '22 =S _—6
I
4+ r4
<o 4 . e b
. -2
= 0] 0
—27 F—2
e L

0 5 10 15 20
¢’[GeV?]

FIG. 18. The deviation of the ratio R: [Eq. (8)] from 1. Our results
(HPQCD ’°22) are shown as open black stars for the charged-B case,
evaluated in g> bins defined by 0.1, 2,4, 6, ..., 22 GeV?. Error bars
in ¢2 indicate bin widths. Earlier theory results are from [8,9,25].
We do not include any uncertainty from possible QED corrections
that would affect experimental results.

2.0 2.0
—A—
1.5 F1.5
e f & i
I 7 |
1.0- 2 | F10
V7] S a— ¥ HPQCD 22 L
O HPQCD 13
/\  FNAL/MILC 15 |

14 16 18 2 )
¢[GeV?]

FIG. 19. The ratio R}, [Eq. (8)]. Our results (HPQCD ’22, open
black stars) are evaluated in q2 bins defined by 14.18, 16, 18,
20,22 GeV?, for the charged B-meson case. We compare with
HPQCD 13 [8] and FNAL/MILC ’15 [9]. No uncertainty is
included for QED corrections that would affect experiment.

Results are shown for the charged-meson case, but the
neutral-meson results are indistinguishable; see the numeri-
cal values given in Table XI in Appendix C. R deviates
from 1.0 much more strongly than R%; given the lepton
masses involved this is not surprising. The results show a
similar pattern to R, with lepton-mass effects pushing R
values upwards as g increases. R results would not differ
visibly and so are not shown. Again, the comparison to
earlier results shows good agreement.

In Fig. 20 we give our result for R. using the full ¢>
range from 4m}, to gq,. This is shown as the deviation
from 1 in units of 102, Note that in forming this ratio we
integrate both the numerator and denominator of Eq. (8)
through the vetoed region as discussed in Sec. Il A 3. We
also give our result for R}, using the range from 14.18 GeV?
(the upper edge of the vetoed region) to g2,,. Both of our

HPQCD 22 i
(RZL - 1)(14A18GeV2,q;{,{‘x)
HPQCD 13 P
HPQCD 22 -
107 % (RY = 1) (m q2,.)
HPQCD 13 — e
—02  —01 00 01 02

FIG. 20. Our result for R, (filled blue star) determined from
Eq. (8) using the full ¢g> range and shown as the deviation from 1
in units of 1072, The filled red star gives our result for R}, using
the ¢® range from 14.18 GeV? to g2,,,. We compare to results
from [8] (filled hexagons). No uncertainty for QED corrections is
included here.
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results are consistent with zero deviation from 1 at the 2¢
level. We compare to HPQCD ’13 [8] and see reasonable
agreement; our result for R% has half the theory uncertainty
of their earlier value.

3. F, Fy and F},

Here we examine in more detail the quantity F%,
twice the flat term of Eq. (9), for different lepton flavors.
F%, is determined from the ratio of Eq. (10) in bins of ¢>.
Figures 21, 22, and 23 show our results for e, 4 and 7 cases
respectively as open black stars. We use ¢> bins of width
2 GeV?, as for R in the previous section. Since meson
charge does not affect the results, except in the smallest q*
bin, we show our results for the charged-B cases. Our
results are given in detail in Tables IX and XII in
Appendix C. No additional uncertainties from QED effects
that would affect experiment are included in the plots.

For the light, e and u, lepton cases F 1": is small across
most of the ¢ range but rises rapidly towards the low-g>

0.94
Y  HPQCD 22

O HPQCD 13 L0.92

/\  FNAL/MILC 15
~0.90
] . F0.88

T~ A N c—
R Ross
: F0.84
F0.82

4 16 18 20 2

¢[GeV?]

FIG. 23. Open black stars show our results for Fj, for the
charged-B case in bins of ¢? defined by 14.18,16, 18,20,
22 GeV?. We compare to HPQCD 13 [8] and FNAL/MILC
15 [9].

end. For small values of m, and ¢? the integrand in the
numerator of %, [Eq. (10)] is proportional to #(1 — %) [see
Eq. (2)]. For ¢*> = O(4m?), this has no suppression by m>
and gives a large contribution to the integral. This means

2.5 Ch HPQCD '13 F2.5 that great care must be taken in integrating the numerator in
] FNAL/MILC 15 ¢ the region ¢> — 4m2 (see Appendix C 1)
1 ¥ HPQCD 22 F g q ¢ pp )

2.09 ) 2.0 In Figs. 21, 22, and 23 we also compare to earlier
. ] g . (mainly lattice QCD) results, plotting the values for the
f;; ] r o charged-meson case where both are given. There is good
— 0_3 3_1 0 agreement between the different calculations in general;

] - our results have an improvement in uncertainty. We see

054 e £0.5 some tension (2.8¢) for F§, and F%, with results from

] F FNAL/MILC ’15 in the smallest g bin for the charged-B
0.0 Ty = o 0.0 case, but agree well for the neutral-B case. This can be seen
2oV by comparing our Table IX with Tables IX and X of [9]. For
1 F?, we see some tension with HPQCD °13 [8].
FIG. 21. Open black stars show our results for F§, for the
charged-B case in bins of ¢ defined by 0.1,2,4,6, ...,22 GeV>. HPQCD 22 F—k— N L
We compare to HPQCD 13 [8] and FNAL/MILC *15 [9]. B = KTeTeyuna )
FNAL/MILC 15 | A
, Bt = K*tetel , ,
104 BHP 07 L10 HPQCD 722 |# € Clamig)
e HPQCD '13 ,
| FNAL/MILC 15 | HPQCD 22 BY s K0te— o
8 ) BHD '12 3 R gz,
1 ¥¢  HPQCD 22 FNAL/MILC 15 | &
& 6 -6
X 0 I HPQCD 22 |#  B' = K'eeqn .
- 44 H4 L L WL L L S L L L B R |
50 100 150 200 250
T r 1 3 Fe
o] e Ly 0°Fy
0-| — et il e lh() FIG. 24. Filled stars in the top and third from top panels show
0 5 10 15 20 our results (‘HPQCD °22°) for F¢, integrated over the full ¢>

¢*[GeV?]

FIG. 22. Open black stars show our results for F%, for the
charged-B case in bins of q2 defined by 0.1,2,4,6,...,22 GeVZ2.
We compare to HPQCD ’13 [8], FNAL/MILC ’15 [9] and
BHD 12 [27].

range (from 4m? to g2,,) for the charged and neutral meson
cases respectively. Our results for this case are compared with [9]
(filled triangles). We also give values for our results integrated
from 4m,% to g2« (open stars, second from top and lowest panels)
to illustrate the large contribution of the integral from very small
g* values.
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HPQCD '22 e
B* = Kty
FNAL/MILC 15 —A—
HPQCD 22 e
B()_>K0,u+'u7
FNAL/MILC 15 —A&—
HPQCD 22| .
B = K, scoe g
BHDW 11 | ——@—
5 0 5 0 %
10°F,

FIG. 25. FY%, integrated over the full ¢* range, for the charged-
and neutral-meson cases, and over a reduced range from
14.18 GeV? in the case of the average of the charged and neutral
cases (lowest panel). Our results are shown as the filled stars and
denoted ‘HPQCD °’22’. This work is compared with [9,26],
shown as filled triangles and circles respectively.

Figures 24, 25, and 26 show Fg as defined above,
integrated over the full ¢° range ¢2. < ¢* < g%, except
in cases where the range is stated explicitly. These plots
are split up according to meson charge, although in most
cases the difference is insignificant. A significant differ-
ence is seen for F'f, between the charged and neutral cases
when integrating from 4m? up to g2,,. This difference
comes from the nonfactorizable corrections to C§ dis-
cussed in Appendix B. These depend on meson charge
and have a sizable impact at very small value of ¢2,
relevant to F'¢, (see below) but not for other lepton flavors
or to other quantities.

We see good agreement with previous work for F%; and
F7%,, with our results showing a considerable improvement

HPQCD 22 e
Bt — Kt~
FNAL/MILC '15 : A e
HPQCD 22 e
Q B — KVrtr-
FNAL/MILC '15 | A :
HPQCD 22 -
HPQCD 13 |B — KT+T<I4.1scevl,q,{m) HH
BHDW 11 | ° :
084 086 088 090  0.02
Fy

FIG. 26. F%, integrated over the full g* range, for the charged-
and neutral-meson cases, and over a reduced range from
14.18 GeV? in the case of the average of the charged and neutral
cases (lowest panel). Our results are shown as the filled stars and
denoted “HPQCD °’22.” This work is compared with [8,9,26],
shown as filled hexagons, triangles and circles.

in uncertainty in most cases. For F§, our results are in
tension with those of FNAL [9] when we integrate from
4m?2 up to ¢2,,. Given the good agreement seen for most
of the ¢” range in Fig. 21 it seems likely that the tension is
a result of behavior in the integrand of the numerator
towards the lower limit of the ¢ integral, discussed
above. We illustrate this in Fig. 24 by showing results also
for the case where the lower cutoff on the ¢ integral is
4m,24 rather than 4m2. Doing this gives considerably lower
values for F'§; because the integral in the numerator of F'§,
changes; the denominator is half the total branching
fraction and very insensitive to small changes in g2 .
We conclude that determining F¢, at small-¢> values or
integrated over the full kinematic range requires care over
integration and is sensitive to small-g> corrections.
However, away from small-g> values there are no issues
with determining F§, (see Fig. 24) and this is the
experimentally more accessible region.

1L B > K¢; ¢}

We also investigate the rare lepton-flavor number-
violating (LFV) B — K¢7¢5 decay, with different final-
state leptons ¢ # ¢, (with masses m; and m,). The
differential branching fraction for this decay is given in
Eq. (9) of [70] in terms of a number of Wilson coefficients
and functions ¢;(¢*) [Eq. (10) of [70]]. The knowledge
of these functions in the SM can be combined with
experimental measurements to set limits on the Wilson
coefficients [71].

In the case that the LFV in B — K£7¢; arises from
purely vector or purely scalar operators, we can write
simple forms for the branching fraction, in terms of Wilson
coefficients Cg), C(lg, Cg) and CY) and lepton-flavor
dependent coefficients al?, b2, el? and f2.

10°B(B - K¢,¢,) = a?|Co + Ch|> + bI2|C1p + C'|?
(11)

for the vector case and

10°B(B — K¢,¢,) = e|Cs + C5|* + fRICp + Ch|?
(12)

for the scalar. The factor of 10° makes the coeffi-
cients O(10).

Here, we will construct the functions ¢q, @19, @5, @p,
which, once multiplied by |Ng(g?)|% can be integrated to
give the coefficients above [70].
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1
(ﬂ9,10(qz) = §|f0|2(m1 F my)

1
+§|f+|2’1(q’MBvMK)<1_ 5

_ 612|f0|2_
Z(mlgds(ﬂb) - mlsws(/lb»z

<oty -2 (1-P2E) )

(PS,P(CIZ) =

q2

agy (mewGFp)* |V Vis|?
5127r5M133

VMg M) ). (15)

q

INk(g%)]> = 73

where the £ s are matched with 9,10 and S, P. We use our
improved f, and f, form factors [3] to determine these
functions, including uncertainties for strong-isospin break-
ing discussed in Sec. II A 4. For the MS s mass in Eq. (14)

we take mMS(u, =4.2 GeV) = 0.07966(80) GeV, run

from mYS(u=3GeV)=0.08536(85)GeV [72]. m}S(u,)
is given in Table I, along with the other parameters
used. None of the ¢ functions are sensitive to inter-
changing 1 <> 2, so neither are the resulting coefficients
(al? = a%, etc.).

We plot the functions ¢;(q*) = |Ng(q*)|>p;(¢*) in
Figs. 27 and 28, for the choice ¢ = u, £, = 7, and find
good agreement with similar plots in [70]. Note that there is
no issue with ¢¢ resonances in this case. The functions
are insensitive to B-meson charge, so the neutral case is
shown here—the charged case differs mainly by the overall
multiplicative factor of 7z used in Eq. (15). Plots for
lepton combination et are nearly identical to those for ur,
and are not shown.

] ¢ b
0.8 0 h0.8
O.S - |-
< 0.6- -0.6
=041 0.4
£ ] I
0.2 0.2
0.0 0.0
T 1 T T 1 " T T T T T T T T T
5 10 15 20
¢*[GeV?]

FIG. 27.  ¢h919(q*) x 10° for the B — K°ur decay.

4]2

_ l(q’ my, m2)>

4

» (M3 ;2M%<)2 (1 _(my £ m2)2)

(my ¥ mz)z

p 3 (13)

The shape of ¢ p(g*) varies little with lepton-flavor
choices, so we show only the one example in Fig. 28. The
shape of ¢y ;( is more sensitive, however, and we plot the
case of ey in Fig. 29. It shows the functions falling much
more abruptly towards the minimal ¢g*> = (m; + m,)? value
than when one lepton is a 7.

Integrating ¢ j.5p across the full physical ¢* range
for each 7, £, combination yields a?, b2, e}? and fi
respectively, and we report their values in Table IV. These
are updates to the values in [70] (which took LCSR form
factors from [38]). We agree well with the results found
in [70], with a modest improvement in af and b¥
uncertainties. Table IV gives results for both charged
and neutral mesons, which are slightly different because
of the change in lifetime 7o+ .

The results of Table IV can be inserted into Egs. (11)
or (12) to obtain a branching fraction for given Wilson

1.6 1.6
1.4-_ _-1.4
[ 12_ _12

2 ] [
— 1.0+ 1.0

X 4 L
s 0.8 0.8

L, ] [
7 0.6 0.6

- ] [
< 0.4-_ _-0.4
0.2-_ _-0.2
0.01_= e 0.0

5 10 15 20
¢*[GeV?]

FIG. 28. ¢sp(q*) x 10° for the B — K%ut decay.
1.24 — & 1.2

] — ¢ [
1.0 1.0

OO i L
0.8 0.8

X 1 L
. 0.6 0.6
g 0.4-_ -0.4
0.2 0.2
0.0 0.0
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FIG. 29. g 0(q?) x 10° for the B® — Keu decay.

014511-16



STANDARD MODEL PREDICTIONS FOR B — K¢~ ...

PHYS. REV. D 107, 014511 (2023)

TABLEIV. Results for the coefficients of Egs. (11) and (12) for
BY —» K%°,¢, and BT - K*¢,¢, decay. No additional uncer-
tainty is included for QED effects.

f] fz a}(z b}(z e}(z }(2

BY - Ky 19.2(1.4) 19.2(1.4) 26.6(1.5) 26.6(1.5)
B? - KOt 12.01(75) 12.02(75) 15.14(86) 15.15(86)
B —» Ko%r  11.76(75) 12.21(75) 14.58(83) 15.63(89)
BT - K'teu 20.8(1.5) 20.8(1.5) 28.8(1.6) 28.3(1.6)
Bt — KTer 13.00(82) 13.00(82) 16.42(93) 16.42(93)
Bt - Ktur 12.72(81) 13.21(81)  15.80(90) 16.94(96)
coefficient values. Current experimental limits for

B(B — Kepu) are 7.0 x 107 for B* [31] and 3.8 x 1078
for BY [15]. These limits start to provide constraints on
beyond the Standard Model (BSM) physics, for example
models with leptoquarks [73]. Current experimental limits
for Bt — htz# are a few times 107> [30] and so need to be
reduced by several orders of magnitude to provide a test of
this decay mode.

IV. B - Kvw

Lastly, we study the rare decays B — Kvw, which are of
phenomenological interest [74]. Precise measurements in
this channel could shed light on new physics models to
explain lepton-flavor universality violation [75,76].

There are limited experimental data at the present time,
and currently no experimental results have conclusively
demonstrated a nonzero branching fraction. However, more
experimental results are anticipated in the near future, and
the upper limit on the branching fraction may soon be
driven down close to theoretical determinations [35].

We can calculate the short-distance (SD) contribution
to the differential branching fraction (summed over neu-
trino flavors) [9,77,78], which depends only on the vector
form factor:

dB(B — Kvb)sp _ (newGr)’aiwXi

dq?  327%sint Oy
X TB|thV;Fs‘2|ﬁK|3fi(q2)’ (16)

with X, = 1.468(17) [79], and other parameters are given
in Table I. We evaluate this expression using our improved
vector form factor determined in [3], including uncertain-
ties for strong-isospin breaking discussed in Sec. I A 4. If
the reader wishes to reproduce this, £ (¢*) can be easily
obtained using the code attached to [3]. Note that no QED
uncertainty is required in this case.

This SD expression is sufficient to describe the case of
BY — K% decays and dominates the branching fraction
in Bt - K*v,v, decays. In the case of Bt - K'v.r,
however, long-distance (LD) effects from a double

charged-current interaction have a noticeable contribution.
These are given by [80]

|(mewGr)* Vi Visf k5>

B(B* = K*v,0,) p =

1287 M3,
oMy =) (M3, — m2)?
F1FB+ )

(17)

We take the following parameter values to determine
this branching fraction. |V ;| = 0.00370(10)(12) is given
from exclusive B — zn£v decays in [47,54], based on
experimental data and lattice QCD form factors from
[81,82]. Other values, |V,|fx+ = 0.03509(4)(4) GeV
[47,83,84], fp- =0.1894(8)(11)(3)(1) GeV [53] and
7, = 0.2903(5) ps [47] are used to obtain

B(B+ g K+VTZ77>LD - 626(55) X 10_7. (18)

This is a minor update on the 6.22(60) x 10~ calculated
in [9], and represents an adjustment of about +10% (or
roughly 1.5¢) to our B(BT — K'v,17,)gp result.

Our results for the differential branching fractions for the
short-distance contribution are shown in Fig. 30 for both
the charged- and neutral B-meson cases. Note that there
is no issue with ¢¢ resonances or nonfactorizable terms in
this case so the SM calculation is very straightforward and
simply requires an accurate vector form factor. From the
differential branching fraction we calculate the total
branching fractions, adding in the LD contribution to the
charged case. These values are given in Table V, and show a
total uncertainty of around 7%. Of this uncertainty 5%
comes from the vector form factor, 4.4% from the CKM
elements |V, V3| and 2.3% from X?.

Table V also compares our values to experimental
limits and earlier theoretical results. Our results sit
slightly higher than previous theoretical determinations
and have smaller uncertainty. The comparison of our

o 3.04 £3.0
| ] £
?_5) 2.5-E 5-2.5
~ 2.07 £2.0
[l ] L
= 154 £1.5
2 ‘
% 1.0-E 5-1.0
é 0'5_; — B'— K%igp ;_05
0.09 — B Kwe 0.0
L L L A AL ISR SR
0 5 10 15 20
¢[GeV?]

FIG. 30. The short-distance contribution to dB(B — Kup)/
dq?, for both the charged- and neutral B-meson cases.
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TABLE V. Summary of experimental and theoretical results for
the branching fraction B(B — Kuvp), summed over neutrino
flavors. Our results are denoted by “HPQCD °22” and include
the long-distance contribution of Eq. (18) in the charged-B case.
Experimental results are given as 90% confidence limit and
marked “Exp.” In the case of [85], we use |V, V| (Table I) to
obtain the result.

Decay B x 100 References
B - K% < 13 (90% C.L.) Exp. [32]
B® > K% <49 (90% C.L.) Exp. [34]
4.01(49) [9]
4.1 [37]
4.67(35) HPQCD 22
BT - Ktwp <16 (90% C.L.) Exp. [34]
<19 (90% C.L.) Exp. [32]
<41 (90% C.L.) Exp. [33]
5.10(80) [77,80]
4411 [37]
3.98(47) [78]
4.94(52) [9]
4.53(64) [85]
4.65(62) [86]
5.67(38) HPQCD °22

B* — K*'vb branching fraction result with other theo-
retical values is shown in Fig. 31. Results in various ¢>
bins are presented in Table VI.

Current experimental bounds on the B — Kvi branching
fraction are roughly an order of magnitude larger than the
SM expectation given by the theory results of Table V.
The uncertainty that we have achieved here, however,
complements the x~10% error expected from Belle II with
50 ab~! [35], allowing for a more stringent test of this
quantity in the future. This is demonstrated in Fig. 32,
which compares our result with the 90% confidence limits
set by BABAR [34] and Belle II [33] in Table V, as well as
the precision forecast by Belle II with 5 and 50 ab™! [35],
assuming a result centered on our value.

HPQCD 22 e
BV 22 —a—
BV 21 Pt
FNAL/MILC '15 —A—-A
BGNS '14 ——
WS’12 | l
ABSW "09 1 {
3 4 56
10°B(B* — K*vw)
FIG. 31. Our result for B(B"™ - Kvp), including long-

distance effects, compared with other theory calculations from
Table V [9,37,77,78,80,85,86].

HPQCD 22 *
Belle II 50 ab™* L
Belle [I5ab™t | +a

Belle 11 |

BaBar

0 10 2 30 40
10°B(BT — K*vp)

FIG. 32. Our result (black filled star) for B(B™ — K*wp),
summing short- and long-distance effects, compared with current
90% confidence limits from BABAR [34] and Belle II [33] (blue
lines). Red filled squares with error bars show the expected
precision to be achieved by Belle II with 5 and 50 ab~! [35],
assuming our result is obtained for the central value.

V. CONCLUSIONS

We have used our improved scalar, vector and tensor
form factors calculated in Ny = 2 + 1 + 1 lattice QCD [3]
to determine SM observables for B— K£T¢7, B - K£7¢5
and B — Kvv decays. The form factors were calculated in a
fully relativistic approach which enables the full g> range
of the decay to be covered. This approach also gives
better control of the current normalization than in previous
calculations. Our form factors then have smaller uncer-
tainties, particularly at low g2, than earlier work so that we
can improve QCD uncertainties on the SM observables.
We have tabulated all of our results across a variety of ¢°
bins in Appendix C, for future use.

For B - K¢£"¢~ we determine the differential rate
for both charged- and neutral-meson cases, including an
analysis of nonfactorizable corrections at low ¢> (see
Appendix B). We then compare to the wealth of exper-
imental information (see Figs. 3, 4, and 5) focusing on the
low- and high-¢” ranges below and above the region where
cc resonances make a large contribution to experimental
results, but are not included in our calculation. We allow an
uncertainty for QED effects missing from our calculation in
this comparison.

Previous lattice QCD calculations by the Fermilab/
MILC collaboration [9] saw a 20 tension between the
SM branching fraction and LHCb results [19] in the low-
and high-¢? regions, with the SM results being higher than
experiment in both regions. Our improved form factors
significantly sharpen this tension, which becomes particu-
larly strong in the region below the charmonium resonan-
ces. For 1.1 < ¢g> <6 GeV? we find a tension of 4.7¢
for BY - KTutu~ and 3.66 for B® — K'u*u~ with
LHCb ’14A [19] and 3.3c for B" - KTete™ with
LHCb 21 [23] (see Table IIl and Fig. 6). We see no
tension with results from Belle 19 [15] in this low—q2
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region, but they have much larger uncertainties. The tension
between our results and LHCb in the high-¢> region
(15 < g% < 22 GeV?) amounts to 36, again with our SM
results being higher than experiment.

The tension between the SM and LHCb results in the
“safe” g* regions away from narrow c¢ resonances points
to the possibility of BSM physics that would have the effect
of changing the Wilson coefficients of the effective weak
Hamiltonian. Recent analyses (see, for example, [68,87])
focus on BSM changes to Cy and Cy( and include a number
of different B decay processes in providing a best-fit result
for these BSM effects. Gubernari et al. [68] give values
ACBSM = —1.0 and ACSM = +0.4 at y = 4.2 GeV from
comparison of their SM results to experiment in three
separate analyses, one of which is a combined one using
B — Kutu~ and B — u'u~ and the other two are for
B - K*u"p~ and B, — ¢u* ™. If we repeat our analysis
changing Cy and C;y by these BSM shifts we see
significantly lowered values for the differential rate for
B - K£+¢~ because Cy and C;;, now have smaller
magnitudes. We find the tension with LHCb ’14A in the
low-g° region (1.1-6 GeV?) to be reduced from 4.7 to
1.96. All of the tensions seen in Table III where the SM
result exceeds the experimental value are now reduced
below 20. At the same time a 1.9¢ tension with the Belle
’19 result for BY - K*u"u~ develops in the opposite
direction. We conclude that BSM shifts to Cy and C;, of
—1.0 and +0.4 respectively give improved agreement
between our results and the experimental values for the
B — K£7¢~ branching fractions.

We update results for ratios of B — K¢ ¢~ branching
fractions to leptons of different flavor, £, giving results for
g’ bins across the kinematic range in Sec. II C 2. The flat
term in the lepton angular distribution is also examined in
detail in Sec. II C 3 for different 7.

We have also provided improved results for the form-
factor dependent pieces that, multiplied by appropriate
Wilson coefficients, give the branching fraction for the
lepton-flavor number-violating decay B — K¢{Z5.
Table IV gives our results for all three lepton-flavor pairs
and for charged- and neutral B mesons, with uncertainties
of 6-7%. These can be used to constrain BSM models in
future searches for this decay.

Finally, Table V gives our improved SM values for
B(BT — K*wp) and B(B® - K°vi). We have uncertainties
below 10%, commensurate with that expected from Belle II
with 50 ab~! worth of data. This decay mode, expected to
reach 3¢ significance at Belle Il with 5 ab~! of data, is an
exciting possibility for future tests for BSM physics, since
it is theoretically “cleaner” than B — K# ¢~ across the full
g* range with no need for vetoed regions.

We have shown here the improvements to B — K
semileptonic decay phenomenology that result from our
improved lattice QCD form factors covering the full
kinematic ¢*> range. For B — K/T¢~ our relative

uncertainties are comparable with those from experiment.
Our uncertainties are dominated by those from the form
factors so further improvements in the lattice QCD calcu-
lation of the form factors will reduce them further. This is
possible in the future with increased computational power
enabling smaller statistical errors and a push towards
smaller values of the lattice spacing reducing residual
discretization effects. A more detailed comparison will
then be possible with future experimental results with
smaller uncertainties for B — K¢+~ and future differ-
ential rates for B — Kvp. In combination with analysis of
other decay processes for hadrons containing b quarks, this
is a promising way forward to uncover physics beyond the
Standard Model.
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Noted added in proof.—While this paper was being
prepared for publication, a set of new results for Rgx and
R} appeared from LHCb [88]. These results agree with
Standard Model expectations (see Sec. II B 3) and super-
sede their earlier values.

APPENDIX A: CALCULATING POLE MASSES

The three-loop relation between quark masses in the MS
scheme and the pole-mass scheme is [58]

@: 1 +A(%> +B(%)2+C<%>3,
4

A=—7,
3

B = 1.0414N, — 14.3323,

C = —0.65269N2 + 26.9239N, — 198.7068, (A1)

where /7 is the MS mass, m is the pole mass and N, is the
number of active light quarks. We evaluate «, at scale m
and use N; = 3 for ¢ and N; = 4 for b.
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Inverting (A1) gives

m = im(m) [1 —A(%) + (A2 - B) <a;)2
+ (=A% +24B - C) (%) 3}.

We solve Eq. (A2) iteratively, making an initial guess for m,
then evaluating a,(m) by running from (5.0 GeV)

0.2128(25) [89] and /n(m) by running from the mMS (mMS)

or mlg’ls(mb ) value in Table I. Plugging these results
into Eq. (A2) results in an updated value for m. The initial
guess for m is adjusted to reduce the difference between it
and the value obtained from Eq. (A2). This process is
repeated until the values of m converge.

Using this method, we obtain the pole masses
m. = 1.684(22) GeV and m, = 4.874(32) GeV. The
perturbation series in this expression suffers from the
presence of a renormalon in the pole mass [59], so we
take a 200 MeV uncertainty on both numbers. The effect of
this uncertainty is described in Sec. II A 1. We note that
4m2 = 11.34 GeV? falls within the vetoed charmonium
resonance region.

(A2)

APPENDIX B: CORRECTIONS
TO 5" AND 5™

As mentioned in Sec. II A, corrections need to be applied
to C5™ and €™ to obtain the values of C5™' and C§™!
that enter Eq. (4). The corrections are defined by

Ceff,l
7

= 5™ 4 5cet, (B1)

ct = M0 L ACT + 5CET (B2)
where C5™° and C5™° are given in Table I. The corrections
are discussed in Appendix B of [9], which compiles results
from [26,27,62,90-100]. We do not repeat formulas from
that reference here, but direct the reader there for more
detail; our aim here is to assess the significance of these
corrections to the decay rates. Below we outline the form
of the corrections, plot them versus g> and discuss their
sizes relative to C5™0 and C§™°. All numerical inputs not
explicitly stated below can be found in Table I.

The leading contribution to the correction SCST is from
O(ay) effects,

aS
6C5T = - 22 (G —6C,)F\) + cyFY)),  (B3)

where the expression for F 572 is lengthy and provided in the

C + + header files of [91]. F g) is given in Appendix B
of [9]. We use a,(4.2 GeV) = 0.2253(28), which is run
from a,(5.0 GeV) = 0.2128(25) [89]. The next-higher

order contribution, which we neglect, is suppressed by a
W) = Yy = 0.01980(62) [9] and is O, 4.

The leading-order contributions to the correction 5Ceff are
given by

factor of 1,

as
SC§" = s (CIF(1?2 + Cng?c) + CSF?))

A m) =W 0) (564 C2). (B4

We neglect the O(aslgf)) term, which is even smaller [see
Eq. (B11) of [9] for more details]. The function h(q?, m) is
defined in Eq. (6) and F é9) is given in Appendix B of [9].
Expressions for F (192 and F 592 are also provided in the
C + + header files of [91]. The corrections 5CST and 6CSIt
are applicable across the full ¢> range.

We plot the real and imaginary parts of SCST and 5CSt
in Fig. 33, showing separately the O(a,) and (9(/15,‘"))
contributions to SCE. The correction Re[sC<] is approx-
imately 20% of Re[CEff 9] & —0.3 (Table I). The magmtude

of Im[6CS"] is small in comparison to |CS™!|. The (9( i )
contributions to 5C‘9’ff are negligible in comparison to
Cgff‘o, which is approximately 4 across the full ¢ range
(Table I). The O(a,) contributions to SCT peak at
g> ~ 10 GeV?, due to the behavior of the functions
F (172 Fgg <2 and F, () This peak occurs within the
experimentally vetoed J /¥ resonance region and is
largely contained within the region of g> between the
J/¥ and W(2S) resonances, outside of which the con-
tributions are modest. As a result, it has minimal impact
on results in the well-behaved regions of g> below the
J/¥ and above the W(2S). The uncertainty in Re[6CS']

and Re[6CS] grows rapidly towards g2, because of

the behavior of Fg (7/9) [9]. This effect is suppressed

0.8 0.8
0 6- B Re[5CT(O(a))] 0.6
Y] Im[0C§H(O(ay))] .
0.4__ Re[5C(O(ax))] 0.4
0.2_- 0.2
0.0 0.0
—0.2+ 02
_0.4_' I [5CT(O(ay))] —0.4

1 B R[5S (OOY))]
067 s a0 ) o 2 e
—081T—————T1—— n T oy 08
5 10 15 20
¢*[GeV?]

FIG. 33. The real and imaginary parts of SCS and of

the O(a,) and O(/lff) ) contributions to 6CST, as defined in
Egs. (B4) and (B3).
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in observables by the fact that the differential decay rate
vanishes at g2, and so it is not noticeable in plots of
observables versus g or in uncertainties of observables in
the largest g> bins.

Nonfactorizable corrections are accounted for via ACgff,
which is dependent on the meson charge (see below).
Following the notation of [9],

27 my, [ pfk
3M3f .

x ; AOOLZ)‘DB.i(a’)

1 aS n
x /0 du®y (1) [TQLEJF%CFTKQ . (BS)

ACS" =

where Cr = 4/3, and ng)+ = 0. The functions @p . (®),

Oy, and nggf) are given in [90] and Eq. (BS) is discussed
in detail in Appendix B of [9]. We evaluate the expressions
for @3 . (®), Ok, and T %‘:O using the following inputs:
wy! =3(1) GeV™' [90], af =0.0453(30), and af =
0.175(50) [101] (we take ®g to second order). The
nonfactorizable corrections are valid for small ¢, and
we turn them off at > = 8.68 GeV?, the start of the vetoed
J/¥ resonance region. We do not calculate through this
region. Instead, we linearly interpolate, beginning from the
point where the corrections are turned off through the
W(2S) resonance, so the differential branching fraction is a
smooth function of ¢ (see, e.g. Fig. 13).

The contribution from ACST to observables is via the
term f JFACgff‘1 in Eq. (4). This has the effect of canceling
the dependence of f, ACS! on the form factor f .. The real
and imaginary parts of the three nonzero contributions to
fLACE! in Eq. (B5), corresponding to TE(O,)_ and ng/inf), are
plotted in Figs. 34 and 35. In these plots we remove a decay

0.2 0.2
0.1 0.1
0.0 TE—— (| ()
—0.19 (fe/eRelacst(T )] F—0.1
| (fr/e)RelACS (T2 ] T
—0.29 preacely 0.2
N ——
0 2 4 6 8
’[GeV?]

FIG. 34. The real parts of the contributions to £, ACST from
each of the three nonzero terms, TQ_ and TS?E_Z [Eq. (BS)]. A

decay channel-specific factor of e, € {2/3,—1/3} is removed

from TE?’)_ and Tgf_)

0.0
-—0.2
-—0.4
(o femiacs (@) [
—0.6 (o fegmiacyiryy 06
fmpc@yh
—0.8 T T T T T T T —0.8
2 4 6 8

¢’[GeV?]

FIG. 35. The imaginary parts of the contributions to f, ACSH!
from each of the three nonzero terms, Tﬁf}_ and TS?Z [Eq. (BS)].
A decay channel-specific factor of e, € {2/3,—1/3} is removed

from TQ_ and Tﬁ?f_)

channel-specific factor of the light-quark charge, e, which
is 2/3 for B¥ — K+ and —1/3 for B - K°. Among these

terms, the TS?’)_ contribution is dominant, especially
for g> <1 GeV?.

The combined effect of these terms to f,ACET is
shown in Fig. 36, where the real and imaginary parts are
plotted separately for both the B® and B* cases. Both the real
and imaginary parts are smooth functions of ¢ in the region
below the J/W¥ resonance where they are considered
(4m2 < ¢* < 8.68 GeV?), and are small for g> > 1 GeV>.
For g> < 1 GeV?, where the nonfactorizable corrections are
largest, they also have little impact. This is because the
differential decay rate falls rapidly as ¢ approaches m?

for kinematic reasons [see the factor of f = /1 —4m2/q>

in Eq. (3)]. As a result, the corrections do not make a
significant contribution to the differential branching fraction.

The overall modest contributions of the above correc-
tions are shown for C§ in Fig. 37 and for C§ in Fig. 38.
In each plot, both corrected and uncorrected values

0.4 0.4
0.2 0.2
0.0 , - 0.0
—0.21 —0.2
1 FRe[ACST(B)] FIm[ACST(B))
—0.4+ S ReACT(BY)] fmaceiay —0.4
T T T T T T T
2 4 6 8

¢*[GeV?]

FIG. 36. The real and imaginary parts of f, ACST for both the
BY and B* cases.
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0.0_ .................................................... 00
—0.11 —0.1
—0.2 —0.2
_03_ ........................... _03
—0.4+ —0.4
—0.5 — — —0.5

5 10 15 20
¢’[GeV?]

FIG. 37. The real and imaginary parts of C5"* and C5"' [see
Eq. (B1)], showing the combined effect of the nonfactorizable
and O(a,) corrections. Note that this plot is independent of the
meson charge. Corrected values are shown with solid lines and
dark fill color, while uncorrected values are shown with dotted
lines and light fill color.

are plotted. In the case of C§, the difference between the
B - K% and B* — KT corrections, arising from the
charge dependence of ACS", is responsible for the slightly
different shapes of the differential branching fractions

6

¢’[GeV?]

FIG. 38. The real and imaginary parts of C5"* and C5™' [see
Eq. (B2)] for B® —» K° (top) and B* — K+ (bottom), showing
the combined effect of the nonfactorizable and O(a,) corrections.
Corrected values are shown with solid lines and dark fill color,
while uncorrected values are shown with dotted lines and light fill

color. Cy = cgff*o — Y(q?) (Table I) is included for comparison.

(see e.g. Figs. 3 and 4). Cusps in CST and CSf either
occur within the vetoed J/¥ resonance region near g> ~
10 GeV? or at ¢g*> = 4m2 ~ 11.3 GeV?, between the J/¥
and ¥(2S) resonances. In this region between the reso-
nances, we linearly interpolate the differential decay rate
and are therefore unaffected by the cusp at g> = 4m?2. The
most significant effect of the corrections is an approxi-
mately 20% shift to Re[CS™'] arising from Re[6CET]. In fact
the total effect of all corrections on our results in the well-
behaved regions is small (Sec. II B), so we do not include
additional uncertainty on the corrections. The growth of
corrections and in their uncertainties at high- and low ¢? is
suppressed by kinematic factors in the decay rate, resulting
in modest impact in the well-behaved regions of g> where
we give our main results (Table III), as discussed.

APPENDIX C: NUMERICAL RESULTS

The tables in this appendix list our numerical results in a
number of ¢> bins, aimed at matching those appearing in
previous work and providing good coverage for future
work to compare with. The charged- and neutral-meson
case, as well as the average (no charge label), is given.
Similarly the e, y, average of e and y (labeled as ) and
cases are all given. In all cases, the average is taken
(including correlations) after all other calculation and
integration has taken place. In most cases the meson charge
and/or light-lepton flavor makes no significant difference.
We include all cases for completeness, and ease of
comparison with future results.

1. Integration

When performing integrals to generate the data in the
following tables, as well as to generate the figures above,
we use the trapezoid rule. That is to say,

S S (k) +210) + -+ 2£(dh1) + F i)
©n

where f is evaluated at N + 1 evenly spaced g® values in
total. In order to ensure accurate results, we start with
N =16, and double N repeatedly until the result for 2N
differs from that for N by less than 0.02¢ (as uncertainties
are given to two significant figures, this is the point at
which on average the last digit of the mean has only
changed by 1). Using this method allows us to confirm that
our integrals have converged, and most do so for N < 1024.
An exception is Fy. In this case, the integrand in the
numerator [Eq. (10)] changes very rapidly as we approach
the lower limit 4m2 ~ 107° GeV? and a naive approach
will not allow the integrals to converge without very
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TABLE VI.  Short-distance contributions to branching fractions B/*) = B(B%/* — K%*vp)q, [Eq. (16)] for the rare decay B — K
integrated over various g> bins. Numerical values for ¢ bins are in units of GeV?2.

g* bin (0.001,4) (4.8) (8,12) (12,16) (16,20) (20, ¢2.x)
10°B(B* — K*vigp) 1.189(97) 1.155(90) 1.071(84) 0.905(72) 0.597(48) 0.127(11)
109B(B° — Kwigp) 1.102(90) 1.071(83) 0.992(78) 0.837(66) 0.550(44) 0.1149(97)

TABLE VII. Branching fractions integrated over some commonly used g2 binning schemes for the electron, muon and #, which is the
average of the two. In the first bin of the top panel, giving the branching fraction integrated over the full ¢> range, the first number is the
whole integral, while the one which follows in square brackets is the result when the ranges 8.68—10.11 GeV? and 12.86-14.18 GeV?
are excluded. Numerical values for g> bins are in units of GeV2. QED corrections discussed in Sec. Il A5 are not included here.

g% bin (4m2, g2ax) (0.05,2) (1,6) (2,43) (4.3,8.68) (14.18,16) (16,18) (18,22)

10'B(BT = Ktete™)  7.04(55) [6.06(47)] 0.815(71) 2.11(18) 0.978(82) 1.77(16)  0.533(48) 0.478(43) 0.496(45)
10'B(B® - K%*e™)  6.28(49) [5.39(42)] 0.710(62) 1.78(15) 0.814(70) 1.56(14)  0.493(44) 0.442(39) 0.454(41)
10'B(B — Kete™) 6.66(52) [5.73(44)] 0.763(66) 1.94(16) 0.896(75) 1.67(14) 0.513(46) 0.460(41) 0.475(43)

(B*
(
(B
107B(B* — K*utu~)  7.03(55) [6.06(47)] 0.809(70) 2.11(18) 0.978(82) 1.77(16)  0.533(48) 0.479(43) 0.498(45)
107B(B° — Ko%utu~)  6.26(49) [5.36(42)]  0.703(61) 1.78(15) 0.815(70)  1.56(14)  0.493(44)  0.442(39) 0.456(41)
107B(B = Ku*u-) 6.64(51) [5.71(44)]  0.756(65) 1.94(16) 0.896(75) 1.67(14) 0.51346) 0.461(41) 0.477(43)
(
(
(

10’B(B* — KT¢+¢7)  7.04(55) [6.06(47)] 0.812(70) 2.11(18) 0.978(82) 1.77(16)  0.533(48) 0.479(43) 0.497(45)
10’B(B° — K%+¢~)  6.27(49) [5.38(42)] 0.707(62) 1.78(15) 0.815(70) 1.56(14) 0.493(44) 0.442(39) 0.455(41)
10’B(B —» K¢+¢7) 6.65(51) [5.72(44)] 0.759(66) 1.94(16) 0.896(75) 1.67(14) 0.513(46) 0.460(41) 0.476(43)

B
B

¢* bin 0.1,2) (2,4) (4,6) (6,8) (15,17) (17,19) (19,22) (1.1,6) (15,22)
107B(BT — KTete™) 0.798(69) 0.852(71) 0.825(72) 0.803(72) 0.537(48) 0.412(37) 0.308(28) 2.07(17) 1.26(11)

107B(B° — K%*e™)  0.690(60) 0.708(60) 0.713(61) 0.713(63) 0.496(44) 0.380(34) 0.281(26) 1.74(15) 1.16(10)
107B(B — Kete) 0.744(64) 0.780(65) 0.769(65) 0.758(66) 0.517(46) 0.396(35) 0.294(27) 1.90(16) 1.21(11)
107B(B+_>K+ﬂ+,r) 0.795(69) 0.852(71) 0.826(72) 0.803(72) 0.538(48) 0.413(37) 0.309(28) 2.07(17) 1.26(11)
10'B(B® — K%*u~)  0.687(60) 0.708(60) 0.714(61) 0.714(63) 0.497(44) 0.381(34) 0.282(26) 1.74(15) 1.16(10)
107B(B — Ku* ") 0.741(64) 0.780(65) 0.770(65) 0.759(66) 0.518(46) 0.397(35) 0.296(27) 1.90(16) 1.21(11)
107B(B* — K+£+4-)  0.796(69) 0.852(71)  0.825(72) 0.803(72) 0.538(48) 0.412(37) 0.308(28) 2.07(17) 1.26(11)
107B(B° — KO¢+¢~)  0.688(60) 0.708(60) 0.713(61) 0.713(63) 0.497(44) 0.380(34) 0.282(26) 1.74(15) 1.16(10)
107B(B — K£+¢-)  0.742(64)  0.780(65) 0.769(65) 0.758(66) 0.517(46) 0.396(35) 0.29527) 1.90(16) 1.21(11)
¢* bin (0.1,4) (4.8.12) (10.2,12.8) (14.18, g2 (10.09,12.86) (16, ¢2a)
107B(B+ — K+ete™) 1.65(14) 1.68(15) 0.918(76) 1.52(13) 0.979(81) 0.987(88)
10'B(B® — K%*e™) 1.40(12) 1.47(13) 0.837(69) 1.40(12) 0.893(74) 0.906(81)
10'B(B — Ke*e™) 1.52(13) 1.57(13) 0.878(72) 1.46(13) 0.936(77) 0.946(85)
10'B(B* — Km W) 1.65(14) 1.68(15) 0.919(76) 1.52(13) 0.980(81) 0.990(88)
10'B(B® - K°u" ™) 1.39(12) 1.47(13) 0.838(69) 1.40(12) 0.894(74) 0.909(81)
10'B(B —>K,¢ ﬂ-) 1.52(13) 1.57(13) 0.878(72) 1.46(13) 0.937(77) 0.949(85)
10'B(B+ — K*¢+¢7) 1.65(14) 1.68(15) 0.918(76) 1.52(13) 0.979(81) 0.988(88)
107B(B® — K°¢+¢7) 1.40(12) 1.47(13) 0.838(69) 1.40(12) 0.893(74) 0.908(81)
10'B(B — K£+¢7) 1.52(13) 1.57(13) 0.878(72) 1.46(13) 0.936(77) 0.948(85)

large values of N. This is not the case for F, as the  integrating from g2, = 4m2 to 1042, then from 1043,
integrals do not span so many orders of magnitude for  to 10043, and so on, up to q%pp' In each case we increase N
4’"% ~0.05 GeV?. To solve this problem, we split the until the result is stable, as above, and then we sum the
integral limits up into different orders of magnitude,  (correlated) subintegrals to get the final value for both
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TABLE VIIIL

The ratio R% [Eq. (8)] integrated over some commonly used ¢> binning schemes. We give results for the charged-meson

case, the neutral-meson case and the charge-averaged case (defined as the ratio of the two charge-averaged integrals). Numerical values
for ¢* bins are in units of GeV2. The 1% uncertainty from QED effects [66] (see Sec. II B 3) is not included in these numbers.

¢* bin (4m2, G (0.05,2) (1,6) (2,4.3) (438.68)  (14.18,16) (18,22)
3R — 1) —0.08(28) —7.84(95)  03930)  041(30)  0.62(25) 1.43(23) 1.9125)  3.81(37)
10° (RO — 1) —0.81(29) ~10.30(96)  0.44(34)  047(33)  0.65227) 1.43(23) 1.9225)  3.85(37)
103 (R - 1) —0.44(26) —9.03(90)  041(32)  044(31)  0.63(26) 1.43(23) 1.92(25)  3.83(37)
4% bin 0.1,2) 2.4) (4,6) (6.8) (1517)  (17,19)  (19,22) (15,22)
3R — 1) —=3.29(76)  040(30)  054Q27)  0.65(25)  1.6324)  231Q27)  457(42)  040(30)  2.57(29)
3RO 1) —425(82)  046(34)  058(29)  0.68(26)  1.6424)  23227)  463(43)  045(33)  2.59(29)
103(R" — 1) —3.75(79)  0.43(32)  0.56(28)  0.66(25)  1.63(24)  2.32(27)  4.60(42)  0.43(32)  2.58(29)
¢* bin 0.1,4) 4,8.12) (10.2,12.8) (14.18, g2, (10.09,12.86) (16, ¢2a)
100 RV 1) ~1.35(50) 0.60(26) 0.98(23) 2.50(29) 0.97(23) 3.08(32)
10° (RO _ 1) —2.30(54) 0.63(27) 0.99(23) 2.51(29) 0.99(23) 3.10(32)
103(R: — 1) ~1.80(52) 0.61(26) 0.98(23) 2.50(29) 0.98(23) 3.09(32)

TABLE IX. Fj [Eq. (10)], which is double the flat term, integrated over some commonly used g> binning schemes for the e and u
final-state cases for charged- and neutral-meson decays. Numerical values for g> bins are in units of GeV2. No uncertainty to allow for
QED is included in these numbers.

4 bin (4m2, @Ry (0.05,2) (1,6) (2.4.3) (43.8.68)  (14.18,16) (16.,18) (18,22)

108 <) 119(18) 279.933)  57.8(1.0)  53.44(75)  26.71(63)  13.76(55)  13.74(59)  16.97(86)
108740 226(32) 3124(5.0)  574(1.1)  5342(83)  26.71(66)  13.78(55)  13.77(59)  17.06(87)
103 ) 21.61(89) 105.0(1.1)  24.46(43)  22.66(31)  11.37(26) 5.87(23) 5.85(25) 7.22(36)
103 F0) 22.35(92) 115.1(1.5)  2429(44)  22.65(34)  11.37(28) 5.87(23) 5.87(25) 7.26(37)
4* bin 0.1,2) 2.4) (4,6) (6,8) (15,17) (17,19) (19,22) (1.1,6) (15,22)

J0SF<T) 2384(25)  55.56(75)  33.14(64) 24.10(59)  13.65(56)  14.15(64) 1848(99) 55.91(99)  15.00(68)
105F<0)  2563(3.1)  55.57(83)  3320(68) 24.16(62)  13.67(56)  14.19(64) 18.6(1.0)  555(1.0)  15.04(68)
J03FA) O488(90)  23.55(31)  14.1027)  102625)  5.8224)  6.0327)  7.86(42) 23.66(41)  6.39(29)
13RO 10L4(LD)  23.56(34)  14.12(29)  102926)  5.8224)  6.0427)  792(42) 234942)  6.41(29)
4 bin 0.1,4) (4.8.12) (10.2,12.8) (14.18, g2, (10.09,12.86) (16, g2
108 <) 143.9(2.4) 28.47(64) 17.15(56) 15.13(67) 17.18(56) 15.87(75)
10840 154.7(2.3) 28.46(67) 17.15(57) 15.16(67) 17.17(57) 15.91(76)
10° 1) 57.97(94) 12.12(27) 7.31(24) 6.44(28) 7.32(24) 6.75(32)
10° 10 61.89(89) 12.11(28) 7.31(24) 6.45(29) 7.32(24) 6.77(32)

TABLE X. Branching fractions for decays to z leptons, integrated over some commonly used g> bins. Numerical values for g> bins are
in units of GeV2. No uncertainty to allow for QED is included in these numbers.

g% bin

(4m?, gmax) (14,18, o)

(14.18,16)  (16,18)

(18,22)

(15,17)

(17,19)

(15,22)

10’B(BT - K"tt17)
107B(B° = K°z*17)
10’B(B — Krt17)

1.83(13) 1.62(11)
1.68(12) 1.49(10)
1.75(12) 1.55(11)

0.388(28) 0.462(33) 0.712(50) 0.454(32) 0.449(32) 0.492(34) 1.396(97)
0.359(26) 0.427(30) 0.655(46) 0.420(30) 0.415(29) 0.452(31) 1.288(90)
0.374(27) 0.445(31) 0.683(48) 0.437(31) 0.432(30) 0.472(33) 1.342(94)
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TABLE XI.

The ratio R [Eq. (8)] for the 7 case to the electron, muon and #, (which is the average of the two) cases, integrated over

some commonly used g> bins. Numerical values for ¢ bins are in units of GeV2. No uncertainty to allow for QED effects is included in

these numbers.

g*bin  (4m2,ql.)  (14.18,¢2,)  (14.18,16) (16,18) (18,22) 15,17) (17,19) (19,22) (15,22)
R 0.902(34) 1.065(42) 0.729(26)  0.966(36)  1.434(62) 0.846(31) 1.091(42) 1.600(74) 1.111(44)
;(0> 0.902(35) 1.066(42) 0.730(26)  0.967(36) 1.441(63) 0.847(31) 1.094(42) 1.610(74) 1.113(44)
R? 0.902(35) 1.065(42) 0.729(26)  0.967(36)  1.438(63) 0.847(31) 1.092(42) 1.605(74) 1.112(44)
R;(Jr) 0.900(34) 1.063(42) 0.728(26)  0.964(36)  1.429(62) 0.845(31) 1.089(42) 1.592(73) 1.108(44)
R,Z(O) 0.900(34) 1.063(42) 0.729(26)  0.966(36)  1.436(62) 0.846(31) 1.091(42) 1.603(73) 1.110(44)
R} 0.900(34) 1.063(42) 0.728(26)  0.965(36)  1.432(62) 0.845(31) 1.090(42) 1.597(73) 1.109(44)
R;H) 0.901(34) 1.064(42) 0.729(26)  0.965(36)  1.432(62) 0.845(31) 1.090(42) 1.596(73) 1.110(44)
R;(()) 0.901(34) 1.064(42) 0.729(26)  0.967(36)  1.438(63) 0.846(31) 1.092(42) 1.606(74) 1.112(44)
R% 0.901(34) 1.064(42) 0.729(26)  0.966(36)  1.435(62) 0.846(31) 1.091(42) 1.601(74) 1.111(44)
TABLE XII.  F%, [Eq. (10)] integrated over some commonly used g bins for charged- and neutral B-meson decays. Numerical values

for g* bins are in units of GeV2. No uncertainty to allow for QED effects is included in these numbers.

Zbin  (4m2, ¢2y)  (14.18.¢%.) (14.18,16)  (16,18) (18,22) (15,17) (17,19) (19,22) (15,22)

FEO O 0.8843(46)  0.8743(50)  0.9105(32) 0.8667(50) 0.8543(64) 0.8871(41) 0.8525(57) 0.8576(66) 0.8656(54)
H

FIO0.8848(46)  0.8747(50)  0.9106(32) 0.8669(50) 0.8551(64) 0.8873(41) 0.8529(57) 0.8586(66) 0.8661(54)

the numerator and denominator. This method concentrates
the number of evaluations of f in regions where they are
most needed, and so reduces the total number of evalua-
tions required for the whole integral, making it tractable.

To assess the suitability of this method, and check that
we are not introducing bias with our algorithm, we checked
the integration against the VEGAS PYTHON package [102],
and confirmed that the results agree.
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