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Abstract

Erdés considered the second moment of the gap-counting function of prime divisors in 1946 and proved an upper
bound that is not of the right order of magnitude. We prove asymptotics for all moments. Furthermore, we prove a

generalisation stating that the gaps between primes p for which there is no Q,-point on a random variety are Poisson
distributed.

1. Introduction

What are the typical gaps between the prime divisors of a randomly selected integer? For m € N, we let
w(m) be the number of distinct prime divisors of m and p;(m) be the i-th smallest prime divisor of m, so
that

loglog pi(m) < ... <loglog pum(m)
is a finite sequence that depends on m. It is not difficult to show that for almost all m and almost
all 1 <i < w(m), one has log log p;,(m) ~ i; hence, log log p;,1(m) — log log p;(m) is typically bounded.
A natural question is to count the number of gaps exceeding a fixed constant z > 0, i.e. estimate
w.(m):= {1 <i<w(m): loglogp;,(m) —loglog p;(m) > z} .
Erdés [6, p. 534] was the first to study this question. He showed that for almost all m, the function w,(m)
is well-approximated by e *w(m) by proving an upper bound for the second moment:

1 Z ( —z 2 _ 3/2
- w.(m) —e*loglog n) = o((loglogn)”*), as n - +o0.

meNN[1,n]

However, it turns out that this is not of the right order of magnitude. Here, we prove asymptotics not just
for the second moment, but for all moments:

Theorem 1.1. Fix any z > 0 and r > 0. Then

1 loglogn\” . 2
- Z w.(m) — ——=—) = pu((1 —2ze9)e*log log n)"*(1 + o(1)), as n — 400,
n

ez
meNN[1,n]

where [, is the r-th moment of the standard normal distribution.

As a consequence, for all « < 8 € R one has

1 .(m) —e~“log1 1 p
lim ~z {meNn(1n): CUWZClosloem gl 1 f Pt
n—+o00 N ((1 — Zze—z)e—z log log m)l/Z 7 Y
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Setting z = 0, we recover the much celebrated Erd§s—Kac theorem [7]. Our method is different from that
of Erdds [6] in that it relies on Stein’s method on normal approximations [18]. This allows us to deal
with certain sums of dependent random variables that arise when modelling w, (). Stein’s method has
been rarely used in number theory, for example, by Harper [11].

There are many generalisations of the Erdgs—Kac theorem to functions of the form ) m 8(P) but
they do not cover w.(m), as g(p) would have to be a function of m as well. Galambos [9, Theorem 2]
studied the values of a function that is somewhat related to our w,, namely the cardinality of i < w(m)
for which log log p,(m) — log log p;(m) > z + log log log m. His results and method are rather different
as they are suited to values of large gaps, while our result relates to small gaps. A function similar to
Galambos’ occurs in the recent work of Chan—Koymans—Milovic—Pagano [4, Section 4] on the negative
Pell equation.

Remark 1.2. At the cost of a non-self sufficient argument, the number theoretic part of the proof of
Theorem 1.1 (namely, Lemma 2.9) can be alternatively verified via the Kubilius model [5, Section 12].
The approximation of w(m) by e*loglogm means that the gaps in the sequence {loglog p;(m)};
are Poissonian. It is worth mentioning that the occurrence of Poisson distribution in other areas of
Probabilistic Number Theory is not uncommon, see the work of de Koninck—Galambos 3], Harper [11],
Granville [10] and Kowalski—Nikeghbali [12], for example.

Remark 1.3 (Further developments). The interested reader may wonder whether one can use tools from
analysis to make explicit the term o(1) in Theorem 1.1. In the case of the Erdds—Kac theorem, this was
done by Rényi and Turdan [15] using complex analysis. After seeing the first version of this paper on
arXiv, R. de la Bretéche and G. Tenenbaum proved an explicit error term using methods quite different
from ours (namely, Fourier analysis); see their preprint [4] for details.

1.1. Generalisations in Diophantine geometry

In Section 3, we provide a generalisation of Theorem 1.1, given by Theorem 3.2. In brief terms, it states
that the gaps between primes p for which a typical variety over Q has no QQ,-points obey the Poisson
distribution. A statement analogous to the Erd6s—Kac theorem was proved by Loughran—Sofos [14] by
using geometric input from the work of Loughran—Smeets [13].

2. The proof of Theorem 1.1
2.1. Defining the model

The letter z will denote a fixed non-negative real number throughout Section 2. As usual, we denote
exp(z) := ¢e°. For a prime p and a positive integer m, we define

1, if p|m and m is not divisible by any prime in (p, p*P©],
8,.(m) =
0, otherwise.

In particular, w,(m) = ZP 8,,.(m), where the sum is over all primes. Our plan, initially, is to follow the
Kubilius model idea (see Billingsley [1, equations (1.8),(1.9)]) to define Bernoulli random variables B,
that model the behaviour of §,.. For this, we use the random variables X, as follows: for every prime p
the random variable X, is defined so that

1
PIX,=1]1=~, P[X,=0]=1--
p p
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and such that X,, are independent. In particular, the mean E[X, ] equals 1/p, thus, X, = 1 models the event
that a random integer m is divisible by a fixed prime p. Let [-] denote the integer part. The independence
of X, is related to the Chinese Remainder Theorem.

To model §,., we must also take into account the fact that each prime ¢ in the range (p, p™"®] must
not divide m. Thus, we are naturally led to define

B,:=X, [] (a-x,. 2.1)

g prime
<< pexp(zl

We will later prove that B, is a good model for w. =} §,. in the sense that their moments agree
asymptotically.

Remark 2.1 (Independence break-down). Definition (2.1) leads to a major difference between this paper
and the proofs of the Erdds—Kac theorem, namely, the variables B, are dependent. Indeed, for all primes
p < q with g < p™9, the quantity E[B,B,] vanishes while none of E[B,], E[B,] does.

2.2. Distribution and moments of the model via Stein’s method
For any positive N, we define
Sv=Y_B,
p<N
and denote its expectation and variance, respectively, by
cy := E[Sy] and s, := Var[Sy] .

Our goal in this section is to prove that (Sy — cy)/sy converges in law to the standard normal distribu-
tion as N — oo and that its moments are asymptotically Gaussian. This will be done, respectively, in
Propositions 2.5 and 2.7. We first need a few preparatory estimates.

Lemma 2.2. We have

et 1
E[B,]=—+0 ( ) , (2.2)
p plogp
cy=¢ “loglog N + O(1) (2.3)
and
2z\ loglog N

Proof. Recall that Mertens’ theorem states that ZP < 1/p=loglogT +c+ O(1/logT) for some
constant ¢. The independence of X, yields

1 1
E[B,]= - 1—=).
(5] p [1 ( q)

Pp<q<pPQ

which, by the approximation 1 — & = exp(—e¢ + O(¢?)) for |¢| < 1 and Mertens’ theorem is

P’ P

1 1 1 exp(—log log p®*@ +loglogp + O(1/ 1o
—ep[- Y —40| O _ exp(—loglogp glogp +0(1/logp))

P<q<pPe P<q<pPe)
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Since exp(O(1/logp)) =1+ O(1/logp), this is sufficient for (2.2). The estimate (2.3) is directly
deduced from it and the fact that Z,,(P log p)~' converges. Next, denoting /1, = E[B,] we have

sv=2_E[B, = 1)']+2 3 E[B, —h)(B,~h)].
p<N P<qsN

First note that E[(B, — h,)*] = E[B,] — h2 = h,(1 — h,). Further, if g > p© then B, and B, are inde-
pendent, hence, E[(B, — h,)(B, — h,)] =0.1If p < g < p*© then E[B,B,] vanishes, hence

E[(B, — h,)(B, — h,)| = —E[B,] h, — h,E[B,] + h,h, = —h,h,.
We obtain

sv=Y_h(Il=h)=2 > hh,

PN p<q<min{N,pP()}
2
-2 Y mh-2 > hh,
p<N pgNexp(fz) Nexp(—z) <p<N
p<q<pTPE P<q<N

By (2.2) we have h, < 1/p, hence, h2 O(1) and

2

> omhy<| DD ]% =0(1).

NEXP(—2) <p<N Nexp(—2) <p<N
P<q<N
Hence, (2.3) gives
st =e“loglogN —2 Z h, Z h, 4+ O(1). (2.5)

PENEXP(=2) P<q<pePQ

Using (2.2) we see that

Z h, Z h,= Z hy Z (e__z+0<ql(1gq)>’

pgNexp(—z) p<quexp(7) PgNexp(fz) P<q<pe"p(7') q

which, by Mertens’ theorem and }°__, (¢log ¢)~' < (log )", equals

2 a0l T (5 0lt)) (G rolids)

[,chxp(—z) pgNpr( 2)

Z 1 z
=—| > =]+o00)=--(oglogN)+0(1).
e~ PgNexp(fz) e
Injecting this into (2.5) concludes the proof. O

Lemma 2.3. For all u € N, r € N and primes p,, . . ., p., we have

u . 1
E[]‘[ 1B, — ELB,,]| } = or<—rad(pl — -p,,)> :

where rad denotes the radical.

Proof. We write the factorisation into prime powers of []_, pi’ as ]‘:1 q;fj , where ¢; are v distinct
primes. This implies that

[HIB,,,— Bp,]l”]— []’[w —E[B, |}
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Using |B,, — E[B,]| < B, + E[B,] < X, + E[X,,] = X,, + 1/, and the binomial theorem yields

g Y X;’. ij
S Sj /j /j
B, — EIB1I" < (X, +1/q)" = > (t) 77 < max —7,

felos]

hence,

E 1_[ By, — ELB, ]| ] < te[o,xll}]f.xx[o,sv]E[H 5= :| ’

) /
| j=1 =1 9

By the independence of the X, we infer that

Xy ] X,,,] d
1% | -T2 -1 1125 < T L T 11

=1 9 1 = =1 q/ =1 4 o i 4
r,_o =1 t,_o 1>1
The proof now concludes by noting that ]_[ _, g; is the radical of []_, p}". [

The following lemma is the main tool in the proof of Theorem 1.1. It is due to Stein [18, Corollary 2,
p- 110].

Lemma 2.4 (Stein). Let T be a finite set, and for each t € T, let Z, be a real random variable and T, a
subset of T such that E[Z,1 =0, E[Z!] < oo and E[ )_,., Z, > ser, Z1 = 1. Then for all real b,

1 b
P Z<b| - — e " 2dt
|:Z :| V2T Jo

teT

<A, + W, + 1), (2.6)

where the terms V; are defined through

—E[Z |E(Z,|Z,, s ¢ T’]'} JWI=E| ) 1Z| (Zzs)

teT teT seTy

and

2
WI=F !Z Z (Z.Z, — E[ZSZ,])}

teT seT;
Proposition 2.5. Fix z > 0 and b € R. For any N € N, we have

P[Sy<cy+bsyl— —/ 1241 <, (log log N)™"/4,

where the implied constant depends at most on z. In particular, (Sy — cy)/Sy converges in law to the
standard normal distribution as N — o0.

Proof. We will apply Lemma 2.4 with

« T being the set of primes in [2, V],
o T, being the set of primes in [p=*™?, p=P@] N [2, N],
« Z,=(B,— E[B,])/sy forpeT.

LetY, := B, — E[B,]. Note that if ¢ ¢ T, then Z, and Z, are independent, hence, E[Y,Y,] = 0. Therefore,

sv=Y_ EIY,Y1=Y EIV,Y,,

PgSN p<N
q€T)
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which verifies E [Z ver Zp 2 ¢eT, Zq] =1. We next observe that since for every g ¢ T,, the random
variables Z, and Z, are independent; one obtains E[Z,|Z,, q ¢ T,] = E[Z,] =0, therefore

W, =0. Q2.7)

Next, we use Lemma 2.3 to obtain

W= Y E[INIY]+2 > E[I%IY,Y,]

PSN.geT) PSN.q1<q2€T)

<<Z—+Z 1

PSNGeT) P4 PSN.q1.92€T)p Pa1q>

The sum qun, 1/q is bounded only in terms of z by Mertens’ theorem. It shows that
1
Wl sy’ Y = < (loglog N)™'7, (2.8)
PN
owing to (2.4).
To bound Ws, we write ¢, := 3 . (Y,Y, — E[Y,Y,]) to obtain
Wish =Y E[¢]+2 Z E[€,%,,]. (2.9)
PN

Furthermore, E [%;2] can be written as
ZE[(YPYq_E[YPYq])Z] +2 Z E[(Yqun _E[Y ]) ( E[Y 2])]’
9€T)p q1<q2€T)

which can be seen to be

<<Z—+ >

qun q1<q2€T)p

P99

by Lemma 2.3. Alluding to Y ___. 1/g < 1 shows that

q€Tp
Y E[€] < Z < loglogN. (2.10)
PN PN p

Let us now observe that if p, > pi™* then T,, N T,, = @, therefore €, and %), are independent. Since

for every p we have E[)] = 0 by definition, we get E[ e ]_[,:1 E[ %, ] =0. Thus,

Z Pl Z Z PI l1| ETY, P ql])( P2 qz ELY, P qz])] 211

P1<p2 <N P1<P2§£V q1€Tp,
P2 <pe’<p( %) qa€Tp,

By Lemma 2.3, this is

<Y Y Y e

PISN 5, <p2<pe"l’<2 ) q1€Tp) 2€Tp,

1pzq1qz)

For any positive integer ¢ and prime ¢, we have rad(cq) = rad(c¢) —~—. Hence, the sum over ¢, is

gud( )’

1 1 13+ 1/q 1
Ly Ly L e Ve
rad(pip2q1) taeTy, rad(p1p2q1) wer,, P rad(pip2q1) rad(pip2q1)

42€{p1-p2.q1} @2 #{p1.p2.q1}
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by Mertens’ theorem. Hence, (2.11) is

< Z Z rad(p

PISN q1€Tp,
pr<p2<pP®

1
Z rad(p,p,) Z + Z

1P291) PN q1€Ty, a1€Ty,

1 <p2<pexP(2 2) q1€{p1p2} q1¢ip1 1’2)
The two sums over g, in the right-hand side are both bounded only in terms of z. This can be proved
similarly as before with the sum over ¢,. We obtain the bound

1
< Z m_z 1 Z —<<Z—<<loglogN

2
nsk (22) PISN T ) <py<p P P PN
xp

P1<p2<p]
This shows that the quantity in (2.11) is <« loglog N, which, when combined with (2.10), can be fed
into (2.9) to yield W3sy, < log log N. Invoking (2.4) provides us with ¥; <« 1/4/log log N. Together with
(2.7)—(2.8), it implies that

‘P[SN ey + bsy] — —/ e "1 2dt & (loglog N)™'/*

owing to Stein’s bound (2.6). Finally, letting N — oo shows that (Sy — cy)/sy converges in law to the
standard normal distribution. O

Remark 2.6. We next prove asymptotics for the moments of (Sy — cy)/sy- This is possibly the central
proofin the present paper. The argument is a modification of the one by Billingsley [1, Lemma 3.2], which
relies on a version of the dominated convergence theorem. However, the underlying random variables
are now dependent; thus, we need to introduce the notion of linked indices.

Proposition 2.7. Fix z > 0 and a positive integer r. Then we have

S, — r
N—oo Sy

where i, is the r-th moment of the standard normal distribution.

Proof. Take 2k to be the least strictly positive integer with r < 2k, so that Proposition 2.5 [19, Example
2.21] implies that it suffices to prove that
S _ 2k
E|:( N CN) :|
SN

is bounded only in terms of k and z. Equivalently, by (2.4) it suffices to show

sup
N1

2k
E[(Sy — c)*] = <Z (B, EB])) <. (log log N)*.

p<N
The left side equals

Z Z (2k)v 5 []_[(BP—E[BPD”]

reN* p] <...<pu<N i=1

U3,

Using Lemma 2.3, we see that the contribution of the terms with u < k is

1 u
<, max (Z ;) & (loglog N

1<u<k
PN
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Therefore,

uelk+1,2k]
reN":= %", rj=2k P1<...<pu<N

E[(Sy —en)] < max ) E[H(B,,—E[Bp]r]+(loglogN>k, (2.12)

i=1

with an implied constant that is independent of N.

For given u €N, z >0 and primes p, <... <p,, we say that two consecutive integers i,i+ 1 in
[1, u] are linked if and only if p;., < p{™®. In particular, p,,, lies in a relatively small interval; hence,
its contribution will be small. Denote the number of linked pairs (i, i + 1) by £(p). By Lemma 2.3, we
obtain

u u—L(p)
1
> E|:l_[ B, — E[B,,])’f:| < (Z ;) < (log log N)y""®,

P1<..<pu<N i=1 PN

where we used the estimate » _ _ewo 1/p; <. 1 whenever i and i+ 1 are linked. Hence, the

contribution of all prime vectors (py, . . ., p,) with at least £(p) > u — k linked pairs is at most
& (loglog N)"™*® « (log log N)¥,
which is acceptable. By (2.12), we obtain

E[Sy—en™] < max 37 E[l‘[ <Bp—E[Bp])’f}+(1oglog1v)k, (2.13)

reN':= 3" ri=2k P1<-.<pusN i=1
L(p)<u—k

We will now show that every sum over p; in (2.13) vanishes. Denoting the cardinality of 1 < i < u with
r; = 1 by a, we see that the number of i with r; > 2 is u — a. Since 2k = fo:, ri,we get2k > a+2u — a).
Equivalently, 2(u — k) < a, hence, by £(p) < u — k one gets

20(p) <d{iell,ul:ri=1} (2.14)
We now partition the integers in [1, u] into disjoint subsets 7, . . ., &7, using the following rules:

« if i and i+ 1 are in S; then they are linked,
e ifieS,andi+ 1 €S, for some a # b then i and i + 1 are not linked.

The inequality s < 2(—1 + s) for s > 2 gives
#{i € [1, u] : i linked to some index} = Z f.a7, < Z 2(—1 4 te).

1< 1<j<r
28k 2<8h;

This equals 2¢(p) since each .7 has —1 + f.¢7 linked pairs and the total number of links is £(p). By
(2.14), we infer that there exists an index j for which ; = 1 and that is not linked to any other index. This
implies that the following random variables are independent:

1_[ (B i E[Bp,-])ri and (Bp,' - E[Bp,-])rj = Bpj - E[Bp,']'
1<i<u
i#i
Since E [B,,j —E [Bpj]] = 0, we infer that every expectation in the right-hand side of (2.13) vanishes. This
concludes the proof. O

2.3. Justifying the model

Let n be a positive integer and denote by €2, the uniform probability space NN [1, n]. Our goal now
becomes to show that, as n — oo, the moments of w.(m) for m in 2, are asymptotically the same as
the moments of Sy for some parameter N = N(n) — oo. Recall (2.1). For technical reasons, we will first
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work with a truncated version of w_, namely,

o (m) =" 5,.(m), (2.15)

PN

where N = N(n). The function §,, imposes simultaneous coprimality conditions of m with several
primes in large intervals, and to deal with this, we shall need the Fundamental Lemma of Sieve Theory
[8, Corollary 6.10].

Lemma 2.8 (Fundamental Lemma of Sieve Theory). Let &2 be a set of primes. Given any sequence
a,, = 0 for m € N and any square-free d < x that is only divisible by primes in &2, we assume that

Y an=Xed)+r,

m<x
m=0(mod d)

for some real numbers X, ry and a multiplicative function g. Assume that 0 < g(p) < 1 and that there
exist constants K > 1, k > 0 such that

_ logy \"*
[T a—so» 1<K<10g )
w<p<y gW

peP

holds for all2 <w < y. Then for all D >y > 2, we have

Y. a=X|[Ta-sen|0+oe}+0]| > w@inl|. @16
pe 9'; f ;:nﬂm: If:g” I’|di<P[é P»

where s =log D/ logy and the implied constants depend at most on k and K.

Lemma 2.9. Assume that there exists a function N : [1, 00) — [1, 00) satisfying

lim N(n) = 400, 2.17)

Jim sup (log N(n))(log log log N(n)) £ 400 (2.18)

n—00 log n

Fix z>0and k € N. Then we have

k
. W,y — CN
lim E,cq, - = M
n—o0 SN

where . is the k-th moment of the standard normal distribution.

Proof. By Proposition 2.7 and (2.17), it is sufficient to prove

k k
lim (Emg [(M) } —E [(SN _C”) D —0. (2.19)
n—00 Ny Ny

Let r € N. By (2.15), the fact that §,, € {0, 1} and the binomial theorem, we obtain

r!

Emesz,, w;, N(m) Z Z P Z Epea, [SPM(m) Y 8M(m)] ) (2.20)
u=1 r1r1+ fr”rfNr U pr<o<pu<N
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Let & be the set of all primes in |J!_, (p;, "] and let a,, be the indicator function of integers divisible
by p, - - - p,. In particular,

Epco,[85,.:(m) - -+ 8,,,.(m)] = Z -

1<m<n
pe!?ﬁpfm
We assume that p;,, > pi™® forall i=1,2,...,u — 1 since otherwise the sum clearly vanishes. We will
now use Lemma 2.8 with X =n/(p, - - pu), g(d) =1/d,D=./n,y=N>**?_If d is divisible only by
primes in 2, then it is coprime to p; - - - p,, hence,
)
> a-[]
— P pad
m=0(mod d)

thus, |r,| < 1 because r, is the fractional part of X/d. Furthermore, we can take K to be any large fixed
positive constant and k¥ = 1, owing to

- _ _ logy
[Ta-sen' =[] a-1p' <[] a-1p' <o
wp<y wp<y w<p<y w
peP peP

The bound |r,| < 1, means that ), <b w(d)|ry) < D= ./n. Since p, < N, every prime in &2 is strictly
smaller than y, hence, (2.16) gives

Epca, [8 -+ 8y, H [T a-uptfr+o(e=f)lrous, @21
tp<q<pw()

where the implied constant depends at most on » and z.
By the binomial theorem, we get

S

p<N u=l rp,..meN ! pr<-<pus<N
rit..try=r

and we note that we can restrict the sum over p; to the terms with p,,.; > p{™® for all i, since otherwise

E [B,,] .- B,)“] 0. Under this restriction, the random variables B,, are independent, hence,
H [] a-1/p=E[B, --B,].
p <q<pP®

We infer from (2.20) and (2.21) that

< E[sy]e =S 42y 30

u=1 py<..<pu<N

By (2.3), this is < (loglog N)" exp(——=2~__) 4+ n~'/>N". Thus, the difference in (2.19) is

4exp(z) logN

EmeQn [a)z,N(m)r] - E[S[rv]

k

<t 32 () et a for] - £I3)

<sit {e—mé?z%(cﬁv +loglog NY +nA(N + cN)k} .

We need to show that this vanishes asymptotically, and by (2.4) and (2.17), it suffices to show

(2loglog N)* <exp _ logn and (2N)* < n'?
h 4 exp(z) log N =
Both of these inequalities can be directly inferred from (2.17) to (2.18). O
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Lemma 2.10. Assume that there exists a function N : [1, 00) — [1, 00) satisfying

log log N
Jim 0g10g N _ (2.22)
n—co  loglogn

. (log N(n))+/log logn
lim sup =400

(2.23)
100 logn
Fix 7> 0. Then sy((1 — 2ze)e~*loglogn)™'* — 1 as n — oo and

i max{|(a)z—e*zloglogn)—(wZ’N—cN)| :meNﬂ[l,n]} 0
im =0.
n—00 Jloglogn

Proof. Combining (2.4) and (2.22) one immediately gets

SN

im =
n—o0 ((1 — 2ze~?)e~% log log n)!/2

For any m € [1, n], we have
‘(wz —e“loglogn) — (w.n — CN)| < Z 8,:(m) + [e~*(loglog n) — cy|.
p>N
Since §,, takes only values in {0, 1} and §,.(m) = 1 implies that p divides m, we see that
logm < logn

S, < : N} < < .
> 8,.m) <tip|m:p>N) ogV < logN

p>N

Furthermore, (2.3) gives
logn ¢ logn
logN ~logN’

e “(loglogn) —cy < 1+1log

The proof now concludes by using (2.23). O

2.4. Proof of Theorem 1.1
The function
N(I’l) = nl/loglogn

fulfills (2.17)—(2.18)—(2.22)—(2.23). Hence, we can apply Lemmas 2.9-2.10.

For any r € N, ¢ € C any probability space €2, and any two sequences of random variables X,, Y,
satisfying lim,_, o SUp,,cq 1Xa(m) — Y, (m)| =0 and lim,_, , E,.cq,[X.(m)"] = c it is easy to see by the
binomial theorem that lim,_, o, E,cq,[Y.(m) ] = c. Using this with , =NN[1, n],

X.(m) = w, n(m) —cy and Y, (m) = w,(m) —e“loglogn ,
SN SN

in combination with Lemmas 2.9-2.10, shows that for every k € N one has

(m) —e~*logl ¢
lim E, .o, |:<a)~(m) e log Ogn> ]Iﬂk-

n—00 SN

Given any sequence a, € R having limit 1 and any sequence of random variables X, with E[X,] having
limit ¢, it is clear that a,E[X,] has limit c. Using this with
SN w.(m) —e*loglogn

((1 = 2ze=%)e~% log log n)!/? and X, (m) Sy

ay
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and invoking Lemma 2.10 shows that for every k € N one has

(m) — e~ log 1 ¢
lim E, .o, |:( w.(m) —e“loglogn >]=Mk~ (224)

1—>00 ((1 —2ze %)e~2loglogn)'/?

This proves Theorem 1.1 whenever r is a positive integer and this is sufficient. To see that, take any
r € [0, 00) and note that (2.24) implies that

w.(m) —e*loglogn

T, =
(1 —2ze*)e~*log log n)'/?

converges in law to the standard normal distribution. Taking p to be the least even integer strictly exceed-

ing r in [19, Example 2.21] shows that the r-th moment of 7, converges to the r-th moment of the

standard normal distribution. O

3. Poissonian gaps for local solubility in families of varieties

Serre’s problem [16] on the probability that a random variety over Q has a QQ-rational point has recently
received a lot of attention due to its extension by Loughran—Smeets [13] to a very general setting, namely,
for any dominant morphism f: V — P", where, V is a smooth projective variety over Q and f has a
geometrically integral generic fibre. The fibres of f form an infinite family of varieties and typically one
is interested in how often they have a QQ-rational point. Imposing the harmless condition that the generic
fibre of f is geometrically integral, it is easy to see that for every x outside of some proper Zariski closed
set the function

wp(x) == ¢ {p prime : (f ' ())N(Q,) =0},

is bounded due to the Lang—Weil estimates and Hensel’s lemma. This function helps us in understanding
the density of fibres with a Q-rational point. Ordering P*(Q) by the standard Weil height H on P"(Q)
and assuming that a certain invariant A(;r) is non-vanishing, Loughran and Sofos [14] recently proved
the analogue of Erd6s—Kac’s theorem for w;(x), namely that

wr(x) — A(mr) log log H(x)
(A() log log H(x))'/?
converges in law to the standard normal distribution. This was the first instance of an Erd6s—Kac law in
Diophantine geometry.
Our goal in this section is to go further and study the gaps between the primes p counted by w/(x).
For x € P*(Q) with f~'(x) smooth, we let p;(x) be the i-th smallest prime number for which f~!(x) has
no Q,-point. We then define for all z > 0,

wp(x):= g{i > 1: loglog p;;,(x) — log log p;(x) > z}.

Before stating our theorem, we must recall the definition of the invariant A(f) that is due to Loughran
and Smeets [13].

Definition 3.1. Let f: V — X be a dominant proper morphism of smooth irreducible varieties over
a field k of characteristic 0. For each point x € X with residue field k (x), the absolute Galois group
Gal(k (x)/k (x)) of the residue field acts on the irreducible components of

f_l(x)m = f_l(x) Xie(x) Fx)
of multiplicity 1. Choose some finite group ', through which this action factors and define

y fixes an irreducible component
giyel,:
of £~ (%) of multiplicity 1

8.(f) = T
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and
A=Y (1=8(f),
Dex(

where XV denotes the set of codimension 1 points of X.

Theorem 3.2. Let V be a smooth projective variety over Q equipped with a dominant morphismf :V —
P* with geometrically integral generic fibre and A(f) # 0. Let H be the usual Weil height on P". Fix any
z20andr>0. Then
Z (a)f’z(x) — A(f) exp(—zA(f)) log logB)r
ermmes N VA exp(=zA(f) log log B

f" (x) smooth

exp(A(f)z)
as B — 00, where [, is the r-th moment of the standard normal distribution.

2A "
_ ( )z ) ¢ (x e PY(Q): Hx) < B} (1 + o(1)),

The case z = 0 recovers Theorems 1.2—1.3 of Loughran—Sofos [14].
Taking r =2 in Theorem 3.2 and [14, Theorem 1.2] shows the following after a use of Chebychev’s
inequality:

Corollary 3.3. Letf: V — P" be a morphism as in Theorem 3.2. Fix any z > 0. Ordering P"(Q) by the
usual Weil height, 100% of fibres f~'(x) satisfy

0.0 A¢)

wi(x) e

< (loglog H(x))™""*.

Remark 3.4. As the right-hand side vanishes asymptotically, the corollary means that for almost all
fibres f~(x), the proportion of gaps in the sequence {loglog p;(x)}> exceeding z is roughly constant,
independently of the fibre!

In our proof, we use the arguments from Section 2, where the uniform probability space NN [1, n]
is replaced by {x € P"(Q) : H(x) < B}. The main number—theoretic we use is Proposition 3.6. In sieve
theory language, this is a level of distribution result for the fibres of f. The level of distribution it provides
is less than B for any constant ¢ > 0, which is well-known to be a problematic regime for any sieve theory
problem; we overcome this by extirpating small primes p < #,(B) from @, see (3.5).

3.1. Proof of Theorem 3.2
For a prime p, we define

j:t{x eP(F,):f(x)is non—split}
0, = )
! P (F,)
where we use the term “non-split” in the sense of Skorobogatov [17, Def. 0.1]. We then introduce the
random variable X, so that

P[)’?p:]]:dp,P[?p:O]:]_O’p

and such that }?,, are independent. We then define

B,.=X, [] a-X).
g prime
p<q<pexp(z)
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Furthermore, for any positive N, we define
Sy = ZE,), Ty = E[§N] and 3 := Var[Sy].
<N

Using [14, Proposition 3.6] instead of Mertens’ theorem and the estimate o, < 1/p from [14, Lemma
3.3], the arguments in Lemma 2.2 can be modified to yield

~ 1
E[B,] =exp(—zA(f))o, + O ( ) , 3.1
plogp
oy = A(f) exp(—zA(f)) loglog N + O(1) (3.2)

and

- _(1_ 2A(f)z ) A loglogh ). 3.3)

WU T exp(a(Nn)) exp(A(2)

Next, the proof of Lemma 2.3 goes through easily upon replacing B, by B owing to the inequality
E[B 1< E[X 1= 0, < 1/p. Replacing Sy by Syin | the statement of Proposition 2.5, we see that the proof
goes through by replacmg Z, by Z = (B —E[B ,1)/Sy. Finally, using all the analogues of results in
Section 2 that we mentioned so far allows one to modify the arguments of the proof of Proposition 2.7
to obtain the following result:

Proposition 3.5. Fix z > 0 and a positive integer r. Then we have

lim E|:(SN — cN) :| = Krs
N—oo SN

where [, is the r-th moment of the standard normal distribution.

This concludes the probabilistic part of the proof of Theorem 3.2. The number—theoretic part requires
the Fundamental lemma of sieve theory and the following:

Proposition 3.6. Keep the setting of Theorem 3.2. Then there exist constants § > 1, A > 0 that depends
on'V and fwith the following property. Let Q € Nwithp{ Q for allp < A. Then forall ¢ > 0 and Q < B"®,
we have

S(u(Q)Bn-H
:Can-*—I HGP+O <— )
Qmin{p | Q}

H(x) <B,f! h
4 {x cPQ): (x) 7 (x) smoot }
rlQ

7 0@Q)=0vplQ

where the implied constant is independent of B and Q.

Proof. By [14, Proposition 3.4], there exist « > 0, d € N such that the left-hand side is at most
e8! ([ ], +a/ph) +0 (4O @* B + 0B'(log B)'")) .
plQ

while, it exceeds a similar quantity with « replaced by —a. As shown in [14, Lemma 3.7], we have
Qad)*@
H(ap+a/p2)=nap+0 <— .
10 o Qmin{p:p|Q}
This is satisfactory by defining § = 2 + max{4d, 2ad}. Finally,
n+1 Bn+1
o = Qmin(p| 0)
owing to Q < B'/S. O

QZ/H—IB + QBn 10gB <<
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Our next task is to show that the moments of a truncated version of wy, are asymptotically Gaussian.
For this we shall follow the arguments in Section 2.3, where 2, = NN [1, n] is replaced by the uniform
discrete probability space

Q= {xeP(Q): H(x) <B,f ' (x) smooth}

for B> 0. The condition that f~ (x) smooth is included in the definition of QB to make wy,(x) well-
defined for each x € §2;. Choosing a polynomial which vanishes on the singular locus of f, we see that

#{x e P"(Q) : H(x) < B, ' (x) not smooth} = O(B").
Then the standard result
tix € P"(Q): Hx) < B} = ¢,B""' + O(B"(log B)"''™),
where ¢, =2"/¢(n+ 1), shows that
Q= c,B"" + O(B"(log B)"™) .

We furthermore let for x € P"(Q),

- I, iff~')(Q,) =0 and f~'(x)(Q,) # @ for every prime g € (p, p™©],
8, (x) :=
: 0, otherwise.

We shall choose any two functions f, ¢, : (0, co) — (0, 00) satisfying

1 <t(B)<t,(B) <B, ;im to(B) = I}im t(B) = o0. 34
They will be chosen optimally later. The analogue of (2.15) in our setting is defined as
D)= Y 8. (3.5)
10B)<p<t (B)

We obtain for r € N,

E.ci, [@.8(x) ] Z > o 2 Ealh.oos.w]. 6o

! 10(B)<py <~ <pu<11(B)
r+..try=r Pir1>p; exp(z) vi

where we added the assumption p,,; > pi™™? Vi since otherwise the expectation in the right-hand side
vanishes.
Let us now define the function m; : P"(Q) — N given by

mg(x) = 1_[ p-

10(B)<p<11(B)
FLE@p)=0

Letting X be the product of all primes p < £,(B) we note that my(x) <X. Now let & be the set of all
primes in |J!_, (p;, pi*"“'] and for m € N let

f{xe sz T mg(x) = m}/ﬁfzg, ifm=0(modp,---p,),
Ay =
0, otherwise.
This gives

Exeﬁg [’S;?],Z('x) U ’g;’uvZ(x)] = Z Zim-
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We shall use Lemma 2.8 with a,, := 4@,,, kK = A(f),

1_[ Op;> gld)= 1_[0,,, Bl/m, y=t1(B)ze"P<Z).

i=1 pld

The assumption 0 < g(p) < 1 is satisfied here due to 0, < 1/p and p > 1,(B) — oo. Note that for square-
free d that is only divisible by primes in &7, we have

re=—gdX+ Y Gy
mz(r)n(iﬁd d)

Assuming that
log t,(B) = o(log B) 3.7

we see that when d < D, one has

og 71 (B)

dp; - - p, <dn(B)' < Dty (B)" = B < BYe (3.8)
for all large B. This allows us to employ Proposition 3.6 with Q =dp; - - - p, to obtain

_ C,,Bn+1Xg(d) (Su+w(d)Bn+l (log B)[l/n] (Sw(d)
Z m = ~ 0 = 2 = Xg(d) + OM 2 u
~ 4 1Qsdp’ps - - - pu B dpi [, pi
m=0(mod d)

where we used £Q = ¢,B"! + O(B"(log B)!'/"1) and Xg(d) <« 1. The inequality (3.8) shows that

dp; l_[, 2pz 15 < B
) d l_[P SB = log B’

hence,

P

— —Xg(d G,
ri=—Xgd+ ) S T
m<xX,m=0(mod d) =

This shows that the error term occurring in (2.16) is
X d)sed X 1 1\’
<ETMa-ap+ ¥ MO X T (141)
€ ey d<B lwpr e pillap peP? p
pe? pld=pe?

The product over p € & equals

8
u 1 5 u lo ;:xp(z)
[T II <1+—) <] g J) 1.
=1 gy cpep™P p i=1 log p;
Furthermore, the estimates p,; > #,(B) and X < 1/(p; - - - p,) show that

X 1 1\’ 1 1

pe e~ T I+ —> < . :

e pillp pl;[, < p) " pi--p.min{e, 1o(B))

The main term occurring in Lemma 2.8 is

u

x[Ta-ep=[T|o [T a-on].

peP i=1 Di <p<pexP( 2

hence, the expectation E, g, [Em’z(x) . Spmz(x)] in the right-hand side of (3.6) equals

u

1 1
[Tle. J] -0 +0(p1...pl‘min{ex,ro(m})'

=l pi<p<py®@
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Injecting this into (3.6) produces the error term

1 (loglogt,(B))
mm{e3 1(B)} Z Z < min{e, ,(B)}

i1 pr<epu<n@ P17 Pu

Following arguments similar to the ones in the proof of Lemma 2.8, the main term is

Z Z Vu‘ Z li[a,. 1_[ (1 —0,)=E[T;].

=1 riy.. €N " 1(B) w<pu<t1(B) i=1 exp(z)
" rlrlJr..Hrrrf:r 0 1:511:17?);]2 Vil ! Pi<P<p;
where
Ty:i= Y B,
t0(B)<p<t1(B)
We have shown that for all » € N one has
- (loglog #,(B))"
E. s |osx)|—E|T,|| <K —————.
| XGQB[ MB( )] [ B] r mln{ex,to(B)}

Noting that T = E,I(B) — 3,0(3) gives

E[T;]=E[S, 4] + O < mﬁ‘,XlE zr(](g)Sfl(B) )
and the Cauchy—Schwarz inequality shows that

B[] = 5] + 0. o, B E] ")

0<h<r—1

Since 0 < INBP < X, we infer that 0 < §N <Y X, hence,

p<N Ap>
Bl ($5) -2 ¥ 2 ¥ Tlem
p<N u=1 g fr“rfN; T pr<-<pu<N i=1

But E[}?;f] = E[)N(p] =0, < 1/p, hence, E[E;]] <« (loglog N)". Hence,

r—in71/2 1/2 —k
max E[Sp" ] E[Sk,] T < ,max_(loglog to(B)) “(log log t,(B))",

0<k<r—1

which is « (log log #,(B))(log log t,(B))"~". Hence,

~ loglog t,(B))"
|Evcty [@en@) ] — E Sme)]‘ < = (10 %0 ti)l( : '
mln{ —loi 105 [(‘)(B) , €5, tO(B)}
Therefore,
E§B <CT):,B(£) _Ez,(3)>k _E (SN: El](B)>k
St(B) St1(B)
is

k
<L Guw)™ Z |al(3)‘k_r (Es, [@05] — E[S;5]) -

r=0
which, by (3.2)—(3.3) is
(loglogt,(B))" ¢ 1

3 loglogti(B) . : loglogt;(B) ¢ :
mln[ loglog19(B)’ € tO(B)} mln{ log log 1(B)° ¢, tO(B)}

< (loglogt,(B))™
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This vanishes asymptotically as long as we assume that
log log #o(B) = o(log log t,(B)). 3.9)
This is due to (3.7) which implies that
log D 1 log B
S = = — 400
logy 20exp(z) logt (B)
We have therefore shown that, subject to (3.4)—(3.7)—(3.9), one has

‘ . (x) — C, k \
2B (B)
E'{ZB ( ~ - ) > Mk
5t|(B)

The concluding arguments follow those in Lemma 2.10, the only difference being dealing with primes
p < to(B). Recall from [14, Lemma 3.2, part (2)] that there exists a constant A > 0 and a homogeneous
F € Z[x, . . ., x,] (both of which depend only on f) with the property that for all primes p and x € P"(Q)
with f~'(x) smooth and f~'(x)(Q,) = @, one has p | F(x). Then

0< W) —Bp< Y 1+ > 1<0B)+1{p| F@):p>1(B)).

p<to(B) p>11(B)
£ @)=

For z>1 and m e N, we have g{p |m:p > z} < (logm)/(log z). For x € fZB, we have H(x) < B, thus,
log |F(x)| < log B. In particular,

7 O | t(B P
wf,z(x) = wz,B(x) + ( 0( ) * log 151 (B)) ’

where the implied constant is independent of B, z and x. Combined with arguments similar to the ones
in Lemma 2.10, we obtain

- max{ | (w;.(x) — A(f)e™2" log log B) — (&,5(x) — T, s)| 1 x € 2}

B—oo J/loglog B

=0,

as long as

1
to(B) = 0(,/10g log B) and logi B = 0(,/10g log B) . (3.10)

The proof of Theorem 3.2 concludes by adapting the arguments in Section 2.4 to the current setting.

This can be achieved as long as we assume that
loglog t,(B
olg 01g 1; ) 1 and loglog B — loglog 1,(B) = o /log Iog B) G.11)

oglog

and it now remains to find functions #(B) and #,(B) that satisfy all assumptions (3.4)—(3.7)—-(3.9)—(3.10)—
(3.11). This can be done by choosing #,(B) and ¢,(B) so that

log#(B) logloglog B
logB ~ /loglogB
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