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ABSTRACT ARTICLE HISTORY
The skewness of the roughness height distribution is one of the key Received 30 September 2022
topographical parameters that govern roughness effects on wall- Accepted 19 January 2023

bounded turbulence. In this paper mathematical bounds for realis-
able values of skewness and kurtosis are discussed in the context of
irregular multi-scale rough surfaces, which are representative of typ-
ical forms of engineering roughness. The properties of a set of irreg-
ular rough surfaces fully covered by roughness features with very
high positive and negative skewness and high kurtosis are investi-
gated using direct numerical simulations of turbulent channel flow at
Re; = 395. While an increase of the roughness function is observed
at moderate skewness values in line with empirical predictions and
previous results for moderately skewed surfaces, the roughness func-
tion saturates at extreme values of skewness. Overall, the roughness
effect is found to be more sensitive to skewness over the negative
skewness range compared to the positive skewness range. Surface
pressure statistics show that for surfaces with extreme skewness
fully covered by roughness features extreme pits or peaks do not
dominate the roughness effect and that surrounding roughness fea-
tures (‘background’ roughness) retain a significant influence. This
is because, while extreme roughness features emerge as skewness
approaches high positive or negative values, they tend to be sparse
decreasing their overall impact on the wall-bounded flow.

KEYWORDS
Turbulence; roughness

1. Introduction

While the default assumption in fluid dynamics is that wall-boundaries are smooth, in
reality, most surfaces encountered in engineering and geophysical applications exhibit at
least some degree of roughness. This is because even for surfaces with an initially high
degree of surface finish, the inevitable processes of decay, such erosion or fouling, will result
in the formation of roughness on a surface.

Based on early works by Nikuradse [1], Schlichting [2], Colebrook [3], and others,
surface roughness significantly affects wall-bounded turbulence provided the roughness
features are sufficiently high to interact with the buffer and the log-layer of the flow; i.e. ks,
the ‘equivalent sand-grain roughness’ of the surface scaled by the viscous length scale of
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the flow, falls into the transitionally rough (5 < k™ < 70) or fully rough regime (k" 2 70)
[4]. Numerous experimental and numerical studies have shown that not only the height of
the roughness features but also their topography influence how strongly a wall-bounded
flow is affected by the presence of roughness (see, e.g. recent reviews by Chung et al. [5]
and Kadivar et al. [6]).

Many topographical surface parameters have been identified that influence the response
of wall-bounded turbulence to roughness. The most dominant parameter is the height of
the roughness features, although ‘roughness height’ is a deceptively simple parameter, since
the definition of ‘roughness height’ is not straightforward in the context of irregular rough
surfaces where multiple roughness height parameters such as the mean roughness height
(Sa), rms roughness height (Sq), mean peak-to-valley height (Sz5x5), and maximum peak
to valley height (Sz) are in use [5-8].

Beyond this primary roughness parameter, further topographical parameters are
required to capture secondary topographical aspects that can influence the flow, such as
the shape of the height distribution [9-12], the spatial arrangement of roughness features
(anisotropy, clustering, regularity vs irregularity, etc.) [11, 13, 14] and the orientation of a
rough surface with respect to the dominant flow direction [15].

Two secondary topographical parameters that are known to have a strong influence on
the fluid dynamic roughness effect [5] are the skewness of the roughness height distribution
Ssk [9, 12, 16] and the frontal solidity Ay [2, 17], which is identical - except for a factor of
1/2 - to the (streamwise) effective slope ES [10, 18-20]. The present study investigates the
effect of extreme skewness Ssk and the influence of frontal solidity / effective slope will be
controlled by keeping this parameter to an approximately constant value.

Figure 1 shows examples for skewness Ssk and kurtosis Sku reported for engineering
rough surfaces in the literature. Also shown is the boundary of Pearson’s inequality [21]

Ssk> — Sku+1<0 (1)

which constrains the possible combinations of skewness Ssk and kurtosis Sku. Many sur-
faces display moderate values of skewness and kurtosis falling into the approximate range
of Ssk € [—1,+1] and Sku € [2,5]. This range of skewness / kurtosis values has been the
focus of most previous studies on the topography-dependence of flow over irregular rough
surfaces. However, there are also a substantial number of cases where considerably higher
skewness and kurtosis values have been reported. Extreme skewness and kurtosis values
are typical of the initial stages of surface roughness formation. For example, in the case
of fouling processes the sparse deposition of contaminants will result in high kurtosis and
high positive skewness values (see, e.g. biofouling by tube worms [22]). This is because
in the early stages, most of the surface is still smooth or displays considerably lower lev-
els of roughness, which may have been left behind by other processes such as surface
machining and finishing. Contamination-induced deviations from the smooth-wall (or
low background-roughness) plane will appear extreme and strongly influence the shape
of the height distribution. With increasing contamination, deviations from the smooth-
wall / low background-roughness plane become more common and as a result, skewness
and kurtosis decrease (see, e.g. barnacle biofouling with increasing coverage [23]). Simi-
larly, in the case of roughness generation processes where material is removed, e.g. due to
impact of objects on the surface, the initial pits will appear extreme compared to the rest of
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Figure 1. Map of skewness-kurtosis combinations reported for irregular engineering rough surfaces
(black circles) adapted from Jelly & Busse [8]. The black line shows the boundary of Pearson’s inequal-
ity (1). The red squares show the skewness-kurtosis combinations investigated in the current study.
The blue dotted line gives the boundary of possible skewness-kurtosis combinations for unimodal
distributions (3).

the surface resulting in high kurtosis and high negative skewness of the roughness height
distribution. As the surface acquires more blemishes over time, kurtosis and skewness will
revert to more moderate values.

Considering the data shown in Figure 1 two regions with high kurtosis values can
be identified - cases with high kurtosis and high positive skewness and cases with high
kurtosis and high negative skewness. The combination of high kurtosis and nearly zero
skewness is less prevalent; this is because the processes described above that lead to rough-
ness with high kurtosis tend to result in either high positive skewness (‘additive’ roughness
generation) or high negative skewness (‘subtractive’ roughness generation) in their initial
stages.

Another observation that can be made from Figure 1 is that, while extreme skewness
values do occur for irregular roughness, the limits of Pearson’s inequality are not attained,
i.e. the skewness values fall significantly below the maximum bound allowed by Pearson’s
inequality for a given value of kurtosis. This is because for attaining the boundary of Pear-
son’s inequality the height distribution of a surface must be a Bernoulli distribution [24],
i.e. a probability distribution where only two possible values can be realised. In the context
of a rough surface this can be described as

1—2%p forx3=0
plxs, Ap) = 1 Ap forx; =k (2)

0 otherwise
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where 1, is the fraction of the surface covered by roughness features of uniform height
k and x3 is the wall-normal coordinate. While rough surfaces with height distributions
that correspond to a Bernoulli distribution do exist, for example, surfaces partially cov-
ered by cubes or square bars of uniform height (see, e.g. [25-30]), such surfaces are created
by deliberate human design and are not the result of typical surface roughness generation
processes encountered in an engineering or geophysical context, such as corrosion, fouling,
machining, or erosion. Klaassen, Mokveld & van Es [24] showed that for unimodal distri-
butions, i.e. distributions with one clear peak, as are typically found for irregular rough
surfaces, a stricter bound for skewness and kurtosis can be derived resulting in a modified
version of Pearson’s inequality.

189
Ssk? — Sku + 5 = 0. (3)

Therefore, cube and bar roughness of uniform height, which are popular forms of rough-
ness employed in fundamental studies of flow over rough surfaces, are, based on their
skewness / kurtosis properties, mathematically in some respects distinct from typical forms
of roughness found in engineering and geophysical applications.

While systematic variations of very high skewness and kurtosis values have been pre-
viously realised in the context of surfaces generated using roughness elements in the limit
of low planform solidities 1, — 0 (see, e.g. [2, 23, 31]), these studies typically do not con-
trol for the influence of effective slope, since - as the number of roughness elements on a
surface is changed - both skewness and effective slope will change simultaneously. The aim
of the current study is to systematically investigate the fluid dynamic properties of irregu-
lar rough surfaces from moderate to extreme skewness and kurtosis values in the case of
homogeneous irregular roughness of approximately constant effective slope. The surfaces
considered are rough all over, i.e. extreme peaks (or pits) are surrounded by smaller-scale
roughness features.

This paper is structured as follows: In Section 2 details of the surface generation process
and the direct numerical simulation approach for obtaining the surfaces’ fluid dynamic
properties are given. The resulting mean flow and turbulence statistics are presented in
Section 3 and discussed in the context of the empirical relationship by Flack & Schultz [9,
16]. Section 4 gives a summary and conclusions.

2, Methodology

In this section, the methodology for the artificial generation of irregular rough surfaces
with high skewness and kurtosis is described and the influence of the surface autocorrela-
tion on skewness-kurtosis bounds is discussed. The generated irregular rough surfaces are
then characterised using standard surface topographical parameters. This is followed by a
discussion of the numerical approach employed in the direct numerical simulations.

2.1. Surface generation

Irregular rough surfaces with increasing positive and negative skewness were generated
using the discrete surface generation algorithm of Patir [32] and Bakolas [33] combined
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with the Fourier-filtering approach by Busse et al. [34]. Together, Patir’s and Bakolas’ algo-
rithms allow to generate discrete height maps z;; with (nearly) arbitrary skewness and
kurtosis and specified discrete 2D surface autocorrelation function (ACF) Ryq. This is
achieved by using a matrix of correlation weights, g, to generate an N x M array of cor-
related random numbers, z;;, by applying a n x m weighted moving average to an N x M
array of uncorrelated random numbers, ;. In discrete form, this can be expressed as

i=12,...,N

n m

o ji=12,....M

=22 s (YK 1) mod Nj 41 ?
k=1 I=1 s=[(i+1-1) mod M]+1

where mod denotes the modulo operation. Note that since periodic boundary conditions
will be employed in the direct numerical simulations of turbulent channel flow, the surface
algorithm by Patir [32] and Bakolas [33] was adapted to generate discrete periodic height
maps.

The matrix of coeflicients, ¢y, and the discrete ACF, Ryg (both arrays of size n x m) are
related through a system of non-linear equations

— p=0,1,...,n—1
Rpq = Z Z HMktplta 5 —0,1,...,m—1 ®)
k=1 I=1

which is solved numerically using an iterative solver [35].
Arbitrary autocorrelation functions can be employed; in the present study a simple
exponentially decaying function was used [32]

2 2
p q .
—2.3 _— _— f " d
Rpy = exp \/<n—1) Jr<m—l> if p < fx(n) and q < f, (m) ©)

0 otherwise

where the floor functions

-1 —1
fe () = {— (”2—3) In (R@J . fy(m) = {— (’“2—3> In (R@J (7)

return the number of points in the streamwise (n) and spanwise () direction in order to
achieve a user-specified threshold, Rs. Throughout this work, a cutoff of R, = 0.001 was
prescribed.

After the coefficients have been determined, an uncorrelated random number matrix,
nij» has to be generated with a specified statistical distribution. If a Gaussian heightmap
is desired, then 7;; is generated with a Gaussian distribution (Ssky, Sku;,) = (0,3). On
the other hand, if a non-Gaussian heightmap is desired then 7, is generated with a
non-Gaussian distribution with a specified combination of Ssk; and Sku,,. Following the
recommendations of Bakolas [33] non-Gaussian random number sequences are generated
using Johnson's Translator System (JTS) [36]. Given a Gaussian random number input
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sequence, ¢, JTS returns an output sequence, 17, employing three main types of translator
curves:

Su: ¢ =y +8sinh™! (?) (8)
sL:;=y+aln(”f) (n> &) (9)
. n—§

SB'C_V_'_MH(—S—F)\—??) E<n<&4+N) (10)

where the parameter set {6, §, £, 1} is determined via Hill’s algorithm [37] in order to select
the unbounded (Sy), log-normal (Sz), or bounded (Sp) curve.

Since the heightmap Equation (4) is essentially a weighted moving average (MA) pro-
cess, the relationship between the moments of an input (1) and output (z) random number
sequence can be derived explicitly. Following approach by Bakolas [33], the present 2D MA
process described by Equation (4) can be rewritten as a 1D moving average process

nm—1

K=0

by applying a suitable index transform

z1=zj where i=1...,N;j=1,...,.M;I=(@G—-1DM+(—1)
Ok =cg where k=1,...,m;l=1,....m; K=k —-1m+({(-1)
nr =1y where r={[(i+k—1) mod N|]+ 1;

and s=[(j+!—1) mod M|+ L R=(r— DM+ (s—1)

(12)

For a 1D moving average process the input and output skewness and kurtosis are related
by factors 8; and S, which are defined as [33, 38]

nm—1 nm—1
0 O
SSkZ = % SSkn, Skuz = ZZnKm 01 2K 5 (Skun — 3) + 3. (13)
ZK:B GK) ( K=0 9K>
B B2

In Equation (13), (Ssky, Sku,) are the skewness and kurtosis of the uncorrelated ran-
dom number matrix 7;; (Equation (4)) required to achieve the desired combination of
Ssk, and Sku; of the correlated discrete heightmap z;;. Since |0k| < 1, the rescaling factors
(B1, B2) < 1and hence (|Ssky|, |Skuy, — 3|) > (|Ssk.|, |Sku, — 3|), i.e. the output skewness
and kurtosis will revert to less extreme values (closer to a normal distribution) compared
to the input skewness and kurtosis.

Since the magnitude of the rescaling factors (81, B2) in Equation (13) is determined by
the coefficients «y, realisable combinations of (Ssk;, Sku,) depend on the specified ACE.
This can be seen by recasting Pearson’s inequality (1) in terms of Ssk, = B;Ssk;, and Sku, =
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B2(Sku, — 3) + 3 to obtain

1
(Ssk)* < Bt [ﬁ— (Skuz — 3) + z} (14)
2
where the lower bound on Sku, is
min (Sku,) =3 —2f, (15)

The bounds on (Ssk;, Sku;) for a general ACF are determined by inequality (14) and
Equation (15) - provided the coefficients ory; and rescaling factors f; and $; are known.
In the simple case of a linear autocorrelation matrix [32]

Ry = (1_3)(1—%) forp <nandq <m

n (16)
0 otherwise
the correlation weights are constant and the coefficient matrix can be expressed as
— (17)
Cr] =
kl o
After substituting (17) into Equation (13), the inequality (14) simplifies to
2
(SSkz,lin)2 =< (Skuz,lin - 3) + — (18)
nm
where the lower bound on Sku, is
2
min (Skuz,lin) =3- — (19)
nm

In the limit of a perfectly decorrelated surface (nm — 1), inequality (18) reduces to Pear-
son’s inequality (1) and sets the theoretical boundary for uncorrelated random variables
which is attained in the limit of binary white noise. However, since the majority of natu-
rally existing roughness has finite correlation length (1 < nm < 00), the skewness-kurtosis
combinations of physical roughness specimens cannot land close to Pearson’s theoretical
limit (1) both because their height distributions are not Bernoulli distributions as discussed
above and the fact that they have finite autocorrelation.

In summary, the moving averaging process will decrease the absolute excess kurtosis
and the absolute value of the skewness. This needs to be taken into account when speci-
tying input skewness Ssk; and kurtosis Sku, using the JTS. The degree of change between
input and output skewness and kurtosis is influenced by the chosen form of autocorrelation
function and correlation lengths. Furthermore, the susceptibility of skewness and kurtosis
to finite size sampling effects needs to be considered [39], i.e. the ideal theoretical relation-
ship between input and output skewness and kurtosis is reliably attained only in the case
of infinitely large random number arrays.

In a final step, which does not form part of Patir’s and Bakolas’ algorithm, the discrete
surfaces, zjj, are filtered using a circular low-pass Fourier filter with a cut-off wave number
of k. = 40 to create continuous and differentiable heightmaps, h(x, x2), similar to the low-
pass filtering approach previously applied to surface scans [34]. It should be noted that this
step results in a further reduction of absolute skewness and kurtosis since extreme surface
features are reduced by low-pass filtering.
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2.2. Topographies of the generated surfaces

In the present study, four different surfaces were generated using the methodology
described in the previous section. This includes a surface with an approximately Gaus-
sian height distribution which will be used as a reference case (see Figure 2(a)) and three
surfaces with increasing kurtosis and increasing negative skewness (see Figure 2(b-d)).
Based on these three negatively skewed surfaces three positively skewed counter-parts
were generated by mirroring them with respect to the horizontal (x; — x,—) plane (see
Figure 2(e-g)). The corresponding probability density and cumulative distribution func-
tions are shown in Figure 3.

Key topographical parameters of all surfaces are given in Table 1. All surfaces have been
scaled to the same mean peak to valley height Sz5,.5/8 = 1/6 and a surface size of 85 x 43,
where § is the mean channel half-height, was used in all cases. Corresponding surface

h(azl,xg)/é

Figure 2. Visualisations of the generated irregular rough surfaces. First row: Gaussian reference surface;
second row: negatively skewed surfaces from left to right in order of increasing |Ssk|; third row: positively
skewed surfaces from left to right in order of increasing Ssk.
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Figure 3. (a) Probability density functions and (b) cumulative distribution functions of h(x, y) of the
surfaces shown in Figure 2. Line styles are given in Table 2. The inset plots show the same data with a
logarithmic y-axis.

Table 1. Key topographical parameters of the surfaces investigated in the current DNS.

Name sa/s Sq/8 Sz5x5/8 Ssk Sku ES, Es, Smax/8 Smin/8

Gaussian 00263 0.0330 0.167 0.0 30 0209 0220  +0.1429  —0.09%
skew_plp0 00205  0.0269 0.167 +10 58 0204 0207 402239  —0.0735
skew_mip0 00205  0.0269 0.167 —10 58 0204 0207 400735  —0.2239
skew_plp5 00173 00234 0.167 +15 80 0204 0203  +02126  —0.0605
skew_mlp5 00173 00234 0.167 -15 80 0204 0204 400605  —0.2126
skew_p2p3 00168  0.0237 0.167 +23 170 0198 0195 403044  —0.0749
skew_m2p3 00168  0.0237 0.167 —23 170 0198 0195  +00749  —0.3044

Notes: Sa — mean roughness height; Sg - rms roughness height; Szs..5 mean peak-to-valley height; Ssk — surface skewness;
Sku - surface kurtosis; ESy — streamwise effective slope; ESy - spanwise effective slope; Smax - maximum height; Smin -
minimum height.

heights and sizes were successfully used in previous DNS studies on irregular anisotropic
roughness [13] and Reynolds number-dependency of irregular roughness [8] for neutrally
skewed surfaces generated using the same methodology. The mean-peak-to-valley height
was chosen as characteristic length scale in line with previous results, which showed that
this length scale tends to be for isotropic irregular roughness much closer in magnitude to
the equivalent sand-grain roughness of a surface than height measures such as the mean
roughness height Sa or rms roughness height Sq [40, 41]. Since the mean-peak-to valley
height is the fixed height scale, other height scales such as the rms roughness height Sq
decrease as the absolute skewness and kurtosis is increased. Furthermore, the streamwise
effective slope of all surfaces was limited to approximately 0.2 & 0.01 to minimise the influ-
ence of this parameter. The spanwise effective slope was also kept close to 0.2, meaning that
all surfaces are statistically isotropic which allows to exclude the effects of anisotropy in the
present study. The only parameters in which the surfaces vary significantly between each
other are the higher moments of the height distribution, i.e. skewness and kurtosis. The
skewness and kurtosis combinations investigated in the current study have been included



66 (&) A.BUSSEANDT.O.JELLY

in the map shown in Figure 1 and are representative of surfaces with very high positive or
negative skewness and high kurtosis reported in the literature.

2.3. Direct numerical simulations

Direct numerical simulations (DNS) of incompressible turbulent channel flow were used
to investigate the fluid dynamic properties of the generate rough surfaces. All simulations
were conducted at Re; = 8u; /v = 395 where § is the mean channel half-height, u; the
friction velocity based on the constant mean streamwise pressure gradient driving the flow,
and v the kinematic viscosity. The rough surfaces were applied to both sides of the chan-
nel to ensure statistical symmetry with respect to the channel centre plane. The upper
rough surface corresponds to a shifted mirror image of the lower surface. The applied shift
corresponds to half of the domain size in the streamwise and spanwise direction to min-
imise local blockage effects. Periodic boundary conditions are applied in the streamwise
and spanwise direction. The inherently periodic surface generation process ensures that
there are no steps or other artefacts in the surfaces at the periodic boundaries. To resolve
the flow past the irregular rough surfaces an iterative version of the embedded boundary
method of Yang & Balaras [42] was employed on a structured grid; second order centred
differences are used for the spatial discretisation and the second order Adams-Bashforth
method for the time-advancement. Details of the computational approach applied can be
found in reference [34].

Key simulation parameters are summarised in Table 2. Uniform grid spacing was set in
the streamwise and spanwise direction at Ax]” = AxJ < 5 meeting standard resolution
criteria for rough-wall flows. This resolution also ensures that the shortest wavelengths
remaining in the surface after the low-pass filtering are resolved by 16 grid points follow-
ing a criterion developed in the context of simulation of flow over filtered surface scans
[43]. In the wall-normal direction, uniform grid spacing at Ax;fmin = 0.667 was used
across the height of the roughness. Above, the wall-normal grid spacing was gradually
increased reaching its maximum Ax;fmax at the channel centre; the maximum wall-normal
grid-spacing was kept below Ax;fmax < 5inall cases. Also included in Table 2 are the corre-
sponding parameters from a previous smooth-wall simulation at Re; = 395 for a matching
domain size [13].

In the following, - is used to indicate the time average. Mean flow and turbulence statis-
tics were time-averaged in excess of 62 flow through times L; /U (where U is the bulk flow

Table 2. Simulation parameters for the current rough-wall channel flow DNS.

case L4 Ly L3 Ny X Ny X N3 Axf A Ax;:min AXax line style
Gaussian 8 4 2 640 x 320 x 576 494 4.94 0.667 4.04

skew_p1p0 8 4 2 640 x 320 x 576 4,94 494 0.667 4.92 -
skew_m1p0 8 4 2 640 x 320 x 624 4.94 494 0.667 4.80 ==
skew_p1p5 8 4 2 640 x 320 x 576 494 494 0.667 4.66 ————
skew_m1p5 8 4 2 640 x 320 x 624 494 494 0.667 4.59 ————
skew_p2p3 8 4 2 640 x 320 x 672 4.94 494 0.667 4.40 —
skew_m2p3 8 4 2 640 x 320 x 720 494 494 0.667 4,96

smooth 8 4 2 640 x 320 x 360 494 494 0.50 3.98 0000

Notes: L1: streamwise domain size; L,: spanwise domain size; L3: mean channel height; ny x ny x n3:number of grid points;
Axy": grid-spacing in streamwise direction; Ax;” grid-spacing in spanwise direction; Ax3 ;.- minimum wall-normal grid-
spacing; Ax;rmaxz maximum wall-normal grid-spacing.
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velocity) or 44 large-eddy time scales §/u.. Triangular brackets (-) are used to indicate the
spatial average over wall-parallel (x;-x;) planes. For the spatial average the intrinsic average
was used which is defined for an arbitrary scalar variable ¢ (x;, x2, x3, t) as

L (L Y OT—
— o Jo? clxr, x2, X3) (x1, %2, %3) da dxy

(@) (x3) = 20)
X3 0L1 f()LZ C(xl)xz,X3) dx2 dx1

where c(x1, x2, x3) is set to 1 in fluid occupied areas and to 0 in the solid areas.

3. Results and discussion

In this section, mean flow and turbulence statistics obtained from the direct numerical
simulations are discussed. In Section 3.1 the mean velocity profiles are presented. The
dependency of roughness function and estimated equivalent sand-grain roughness on the
surface skewness are evaluated in Section 3.2 and compared to predictions by an empiri-
cal relationship. Reynolds stress and dispersive stress statistics are shown in Section 3.3. In
Section 3.4 insight into the reasons for the observed saturation of the roughness function
at extreme skewness is obtained by considering surface pressure statistics.

3.1. Mean velocity profile

The mean streamwise velocity profile is shown Figure 4(a). As nominal wall reference loca-
tion (x3 = 0) for the rough-wall cases the roughness mean plane (h(x1, x2)), i.e. a geometry
based condition, was used [44]. This wall reference location yields an excellent collapse of
the outer-layer of the velocity defect and Reynolds stress profiles on the smooth-wall ref-
erence case (see below). In all rough cases, the slope in the logarithmic region is similar to
the smooth-wall reference case and therefore no zero-plane displacement was applied to
the velocity profiles. The difference between the smooth wall and the rough wall profiles
(shown in the inset in Figure 4(a)) is approximately constant above the highest roughness
crest.

As expected, all surfaces induce a clear roughness effect as is evident from the down-
wards shift in the mean streamwise velocity profiles compared to the smooth-wall profile.
The roughness effect is higher for the positively skewed surfaces than for the negatively
skewed surfaces which is in line with previous results on skewness-dependency of rough-
wall flows [9, 11, 12, 45]. In all cases, the velocity profile in defect form (see Figure 4(b))
shows a very good collapse on the smooth wall case, indicating that outer-layer similarity
of the velocity profile is recovered.

The recovery of outer-layer similarity is further supported by considering the differ-
ence between the smooth-wall and the rough-wall defect profiles (shown in the inset in
Figure 4(b)), which is close to zero above the highest roughness crest. This shows that the
high peaks for the positively skewed surfaces only affect the flow locally but do not change
the global behaviour of the velocity defect profile. This can be explained by considering
that while surfaces with high skewness tend to exhibit high peaks, these high peaks occur
rarely, i.e. are sparse. While a high peak will alter the local flow behaviour significantly by
inducing a velocity defect in its wake, due to sparseness of high peaks, their effect is not
substantial enough to distort the shape of the averaged velocity profile.
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Figure 4. (a) Mean streamwise velocity profile; the inset shows the local downwards shift, i.e. the dif-
ference between the smooth-wall and the rough-wall velocity profile vs the wall-normal coordinate; (b)
Velocity defect profile; the inset shows the difference between the smooth-wall and rough-wall velocity
defect profile. Line styles are given in Table 2.

3.2. Roughness function

The roughness function AU, shown in Figure 5(a) was measured based on the average
difference between the mean streamwise velocities between the smooth and the rough wall
case for x3/8 > 0.5 (see Table 3). In all cases, a significant roughness effect is observed, and
the measured values fall into the mid to upper transitionally rough regime. For moderate
skewness, i.e.in the range —1.5 < Ssk < 1 anincrease in the roughness function with skew-
ness can be observed. However, surprisingly, with further increase in the absolute skewness
value, the roughness function starts to saturate. The present data approximately follows the
shape of a hyperbolic tangent function (shown as the dashed line in Figure 5(a)).

AUY = atanh(Ssk + b) + ¢ (21)

with the fitting constants a = 1.39,b = 0.67 and ¢ = 5.11. The shift b > 0 indicates that for
the present set of surfaces AU™ is more sensitive to negative than to positive skewness val-
ues. The above fit is not intended as an empirical relationship for the prediction roughness
effects since it does not capture the dependency on other relevant topographical parameters
such as the roughness height.

An important empirical relationship for the skewness dependence was developed by
Flack & Schultz [9] and later refined based on additional experimental data [16]. This rela-
tionship relates the equivalent sand-grain roughness to the rms roughness height Sq and
the surface skewness Ssk:

a=248,8 =224,y =1 for Ssk > 0,
ks =a Sq(y + Ssk)? where a=211,8=0,y =1 for Ssk = 0, (22)
o =273,8=-045y =2 forSsk < 0.

o, B3, and y are empirical constants that depend on whether a surface is positively, nega-
tively, or neutrally skewed. To be able to compare the present data to this relationship we
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Figure 5. (a) Roughness function vs surface skewness. The black dashed line shows the fit given in
Equation (21). (b) Estimated equivalent sand-grain roughness normalised by rms roughness height vs
skewness. The corresponding behaviour predicted by the empirical relationship (22) is also shown -
blue line: negative skewness branch; red line: positive skewness branch; black cross: neutral skewness
condition.

Table 3. Mean flow quantities measured for the present surfaces.

case Ue U Rec Re AUt Fo/Ftot
Gaussian 14.30 11.73 5,647 9,267 5.93 0.53
skew_p1p0 13.72 11.51 5421 8,810 6.54 0.53
skew_m1p0 15.55 12.86 6,144 10,160 4.73 0.47
skew_p1p5 14.01 11.34 5,534 8,972 6.29 0.51
skew_m1p5 16.32 13.60 6,445 10,744 3.97 0.44
skew_p2p3 13.76 11.17 5,436 8,824 6.52 0.54
skew_m2p3 16.37 13.63 6,465 10,773 3.93 0.43
smooth 20.92 17.57 8,015 13,882 - 0.0

Notes: Uc: centreline velocity; U: bulk flow velocity; Rec = 8U,/v: Reynolds number based on centreline velocity; Re =
28U/ v: Reynolds number based on bulk flow velocity; AU™: roughness function; Fy/Fro; fractional pressure drag con-
tribution.

estimate the equivalent sand-grain roughness based on the roughness function based on
the expected behaviour in the fully rough limit [5]

ke exp(k (AUT — A+ By(0)))
% = @3)

wherex &~ 0.4and A — B;(00) &~ —3.5. Since the present cases are not all in the fully rough
limit, the above relationship provides merely an estimate, but the resulting values should
give a reasonable indication of the expected trends of ks with extreme skewness.

Results for the estimated equivalent sand-grain roughness normalised by the rms rough-
ness height are shown in Figure 5(b) and compared to the behaviour predicted by the
empirical relationship (22). In the present cases, the positively skewed surfaces show a
much more gradual increase of the roughness effect with Ssk than predicted by the empiri-
cal correlation. The disagreement in the negatively skewed cases is even stronger. Here the
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empirical relationship predicts a rapid increase of k; as skewness approaches —2, whereas
for the present cases ks decreases and approaches an approximately constant value.

The empirical relationship (22) was derived based on data with moderate skewness
(—1 5 Ssk < 1) and in its present form it has limitations when applied to cases with more
extreme skewness. The most obvious limitation is that it is not defined for surfaces with
high negative skewness Ssk < —2; to allow a relationship in the form (22) to be applied for
all negative skewness values, Ssk = —oo ... 0, the empirical constant y must be less than
zero. In the positive skewness case, the relationship predicts that the equivalent sand-grain
roughness will rapidly approach infinity as Ssk is increased assuming constant Sq. How-
ever, this is unlikely to be the correct limiting behaviour. If we for example consider the
simple case of rough surfaces constructed by placing cubical roughness elements of uni-
form height k on a smooth surface (which corresponds to Bernoulli-type roughness height
distribution (2)), then the rms roughness height of the surface will vary as

Sq(rp) = kay (1= 2p)"/? (24)
with the planform solidity A, (i.e, the percentage of the surface covered by the roughness
elements) and the skewness as

1— 24,
[1p(1 = 2]

In the extreme limit of very low coverage (1, — 0) and extreme skewness (Ssk — 00),
where the cubes are infinitely spaced apart, we would expect the equivalent sand-grain
roughness to approach zero ks — 0. This implies for any relationship of the form

Ssk(rp) = (25)

ks = a Sq(y + Ssk)? ~ SqSskP (26)
)LPHO

that the Ssk term can only be taken to a power less than one (8 < 1) to allow k; to approach
zero since in the limit A, — 0, rms roughness height and skewness behave asymptotically

as Sq ~ )\Il,/ ? and Ssk ~ Ap 12, Similarly, if we consider the extreme limit of negative skew-
ness in the case of a rough surface constructed from extremely densely spaced cubes of
uniform height we would expect the equivalent sand grain roughness to approach zero as
the coverage approaches 100% (1, — 1) since in the limit of full coverage the cubes will
merge to form a smooth surface. This in turn also places a constraint for the exponent
of B < 1 since for A, — 1 rms roughness height and skewness behave asymptotically as
Sq ~ (1 — Ap)!/? and Ssk ~ —(1 — Ap)~V/2.

3.3. Reynolds and dispersive stress statistics

The spatio-temporal variations of the velocity field can be split into the turbulent fluctua-
tions around the local mean value

WG t) = wiGa ) — (X) (27)

which give rise to the Reynolds stresses (uguj’-), and the spatial variation of the time-
averaged fields

1 (xX) = ui(x) — (u;)(x3) (28)
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Figure 6. (a) Streamwise Reynolds stresses; (b) streamwise dispersive stresses; line styles are given in
Table 2. The abscissae have been clipped to the range [—0.2, 1.0]. The inset plots show the maxima as a
function of the surface skewness Ssk.

which give rise to the dispersive stresses (u;u;) [46]. The streamwise Reynolds stresses (see
Figure 6(a)) exhibit a clear reduction in their peak values for all rough cases. Above the
highest roughness crest a good collapse on the smooth-wall reference case can be observed.
This also applies to all other Reynolds stress components. The peak magnitude, shown
in the inset, decreases further the higher the roughness effect of the surface. A decrease
in the peak value with increasing skewness was for example also observed by Kuwata
& Kawaguchi [45] who covered the skewness range Ssk € [—1,+1] in their study. How-
ever, as for the roughness function, a saturation of the peak value at the extreme end of
skewness can be observed - there is little difference in the peak value when comparing
the Ssk = —2.3 and Ssk = —1.5 cases, and at the other extreme, the peak value does not
decrease much further when skewness is increased above 1.

Substantial streamwise dispersive stresses can be observed for all cases (see Figure 6)
which arise from the spatial variation in the time-averaged streamwise velocity field (see
Figure 7 for illustration). When considering the peak values, the neutrally skewed case
gives rise to the highest streamwise dispersive stress values, whereas significantly lower
values occur both for high positive and negative skewness. The lower peak values for the
negatively skewed surfaces can be explained by that fact that the bulk flow interacts less
strongly with the rough surface, since it largely passes by the deep cavities that are occupied
by recirculating flows. The lower peak values for the positively skewed cases may be a result
of the fact that, while the high peaks of these surfaces do induce substantial dispersive
stresses above the roughness mean plane, around the roughness mean plane these surfaces
show a larger areas with lower roughness features compared to the Gaussian case.

The profiles of the spanwise Reynolds stresses, shown in Figure 8(a), are in comparison
only little changed by the presence of the roughness. There is a very good collapse of all
cases on the smooth-wall reference data above the highest roughness peak. The negatively
skewed cases show slightly elevated values, but the difference compared to the positively
skewed cases is small. More distinct behaviour can be seen in the spanwise dispersive stress
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Figure 7. Visualisations of time-averaged streamwise velocity in plane x3 /8 = 0.05. First row: Gaussian
reference surface; second row: negatively skewed surfaces from left to right in order of increasing |Ssk|;
third row: positively skewed surfaces from left to right in order of increasing Ssk.
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Figure 8. (a) Spanwise Reynolds stresses; (b) spanwise dispersive stresses; line styles are given in Table 2.
The abscissae have been clipped to the range [—0.2, 1.0]. The inset plots show the maxima as a function
of the surface skewness Ssk.
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profiles presented in Figure 8(b). The peaks for the negatively skewed cases occur below
the roughness mean plane and can be associated with the three-dimensional recirculating
flow patterns within the pronounced cavities of these surfaces. However, it should be noted
that at the low x3 locations where the spanwise dispersive stress peaks for the negatively
and neutrally skewed cases are observed, the intrinsic average (20) is computed over small
fluid occupied areas (less than 10% of L; x L, see Figure 3(b)) and thus the dependence
of the peak magnitude on skewness is not statistically significant. In contrast, the peaks for
the positively skewed cases fall slightly above the roughness mean plane, where averages
are taken over larger fluid occupied areas, and can be related to time-averaged flow pat-
terns such as the in-plane circumnavigation of high peaks. As for the streamwise dispersive
stresses, a decrease in the peak levels with increasing positive skewness can be observed.
The negatively skewed surfaces still contain some obstacles that induce spanwise disper-
sive stresses as a result of the flow passing them, and the negatively skewed cases therefore
still retain significant spanwise dispersive stress levels above the roughness mean plane.
The wall-normal Reynolds stresses (see Figure 9(a)) are — like their spanwise counter-
part - little changed by the rough surfaces. Peak levels are slightly elevated for the positively
skewed cases — a moderate increase in the peak level can be observed with increasing posi-
tive skewness. Finite wall-normal velocity fluctuations can be observed within the deep pits
of the negatively skewed surfaces, indicating that the separated flows within the deep pits
still retain some unsteadiness. Wall-normal dispersive stress levels, shown in Figure 9(b),
are comparatively high for the negatively skewed surfaces indicating the presence of strong
recirculating flows within the deep roughness pits. The negatively skewed cases do show a
double peak structure in their wall-normal dispersive stress profiles, a second peak can be
observed above the roughness mean plane. For the neutrally and positively skewed cases,
the peak wall-normal dispersive stress is always located above the roughness mean plane.
The peaks above the roughness mean plane can be associated with the up- and downwards
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Figure 9. (a) Wall-normal Reynolds stresses; (b) wall-normal dispersive stresses; line styles are given in
Table 2. The abscissae have been clipped to the range [—0.2, 1.0]. The inset plots show the maxima as a
function of the surface skewness Ssk. For the dispersive stress case, the maximum values are based on
the outer maxima (max({U3t3)(x3 > 0))).
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Figure 10. (a) Reynolds shear stress; (b) dispersive shear stress; line styles are given in Table 2. The abscis-
sae have been clipped to the range [—0.2, 1.0]. The inset plots show the maxima as a function of the
surface skewness Ssk.

motion of the time-averaged flow as it passes over roughness features; this peak is highest
for the neutrally skewed case.

For the Reynolds shear stress (see Figure 10) a decreasing trend of the peak level can be
observed with increasing skewness. This is consistent with the higher roughness effect of
the positively skewed cases. Negative values for the dispersive shear stress —(ii143) occur
within the deep cavities of the negatively skewed surfaces which can be associated with
the recirculating flow patterns induced in the pits by the bulk flow passing above them.
At the roughness mean plane and above, the dispersive shear stress becomes positive. The
maximum dispersive shear stress value increases with increasing skewness but appears to
saturate at high positive skewness.

3.4. Surface pressure fields

To associate physical mechanisms to changes in the Hama roughness function
(Figure 5(a)), the total drag force was partitioned into its pressure and viscous compo-
nents. After some manipulation, the mean pressure and viscous forces per unit area acting
on the surface can be expressed as [47]

(E,) ds 29
) /f["s o) aleWhn >
ou ouj\ Vh
(F.) // ( My ”’)—ds (30)
dx;  dx1/) [IVA
In Equations (29) and (30), p, is an arbitrary gauge pressure, taken here as the average
surface pressure, i.e. p, = AL f f Ps(x1,x2) dA, Vh is gradient of the height map, || VA||

is the magnitude of the surface normal vector, and dS is the incremental surface area. For
DNS with constant pressure gradient forcing, the mean hydrodynamic force balance can
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be expressed as (Fp) + (Fy) = 1 (where IT = —1). Hence, the total drag remains fixed, but
the fractional contributions of (Fp) and (F,) are free to vary.

The fractional contribution of pressure drag to total drag, F,/ Fror, is plotted as a function
of surface skewness in Figure 11(a). Pressure drag accounts for approximately 40% — 55%
of the total drag in all cases. Based on the criterion by Scaggs et al. [48], who defined a
60% pressure drag contribution as the threshold between the transitionally to fully rough
regime, the roughness effects of all surfaces in the present study fall into the mid to upper
transitionally rough region, but are not quite fully rough at the present Reynolds num-
ber. As expected, the pressure drag contribution for the negatively skewed cases is lower
than for the positively skewed cases, but it remains appreciable. Overall, the variation of
pressure drag data with respect to skewness resembles the Hama roughness function data
(Figure 5(a)), in the sense that F,, shows a weakened sensitivity with respect to skewness at
the most extreme values of Ssk considered here.

The fractional contribution of pressure drag to total drag, Fj/Fy,, is plotted versus AU
in Figure 11(b). An approximately linear dependency between F,/Fj,; and AU can be
observed for the negatively skewed to neutrally skewed cases. For the positively skewed
cases, which result all in approximately in the same value for the roughness function, a
higher scatter can be seen in the relationship between AU and F;,/Fjo;. An approximately
linear dependency between the fractional contribution of the pressure drag and the rough-
ness function has previously been observed for irregular rough surfaces with different
streamwise and spanwise effective slopes and approximately Gaussian height distributions
[47].

The surface pressure distributions (see Figure 12) give insight why the highly positively
skewed cases do not exhibit much higher pressure drag contributions than the Gaussian
and the negatively skewed cases. While the pronounced peaks of the positively skewed
cases will result locally in high pressure differences and high levels of pressure fluctuations
on the exposed windward surfaces of the peaks, these peaks are surrounded by relatively
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Figure 11. Fractional contribution of pressure drag vs (a) surface skewness and (b) Hama roughness
function. The grey triangles show data for a pit-peak decomposed surface (Ssk = +1.62, ESx = 0.17)
[12] for comparison.
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Figure 12. Surface pressure distributions for Ssk > 0 centred about the highest peak. Left column: time-
averaged pressure on surface; right column: time-averaged pressure fluctuations at surface. From top to
bottom: Ssk = +2.3, Ssk = +1.5, Ssk = +1.0, and Ssk = 0.0.
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low surface undulations which make only weak contributions to the pressure drag. In con-
trast, the Gaussian surface does not display extreme peaks like the positively skewed cases,
however, in compensation, it does exhibit a more ‘rugged terrain’ overall (to keep a com-
parable effective slope) and since neighbouring peaks tend to have lower differences in
height, they can effectively function collectively as transverse ridge-like structures that
locally deflect the flow. This results in more moderate pressure drag contributions com-
pared to the extreme peaks of the positive cases which, however, sum up to a substantial
pressure drag contribution for the surface overall.

The negatively skewed surfaces also show interesting behaviour in their local surface
pressure distributions (see Figure 13). We would expect the bulk flow to have much
weaker interaction with these surfaces. However, the outer-flow tends to interact with
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Figure 13. Surface pressure distributions for Ssk < 0 centred about the highest peak. Left column: time-
averaged pressure on surface; right column: time-averaged pressure fluctuations at surface. From top to
bottom: Ssk = —1.0, Ssk = —1.5,and Ssk = —2.3.
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the lip surrounding a pit, inducing locally higher pressure differences on the surface
and high-pressure fluctuations on the windward face of the downstream part of the lip.
Transverse-ridge like behaviour of the lower peaks that these surfaces exhibit can also be
observed (to a lesser degree than in the Gaussian case), which further contributes to the
pressure drag.

The importance of lower roughness features surrounding the pits can be reinforced by
considering the pressure drag contribution for a strongly negatively skewed pitted sur-
face where the pits are surrounded by smooth surface sections. To this end, data from
an earlier pit-peak decomposition study [12] (which also used DNS of turbulent chan-
nel flow at Re; = 395) have been included in Figure 11 for comparison. Since the pitted
and the peaked surface from this study had slightly lower effective slope (Ssk = £1.62 and
ESx = 0.17) we would expect them to exhibit a slightly lower pressure drag contribution.
This is the case for the peaked surface, but the pitted case shows a much lower pressure
drag contribution than the present negatively skewed cases. This can be attributed to the
fact that the surface parts surrounding the pits in the pitted surface from the decomposi-
tion study are smooth whereas in the present cases the pits are surrounded by lower-scale
roughness features. This shows that not only the extrema of a rough surface have a strong
influence on the roughness effect, but that lower scale roughness features can also have a
strong summative effect on the drag, especially in the case of strongly negatively skewed
surfaces.

4., Summary and conclusions

Irregular rough surfaces with very high skewness and kurtosis were investigated both by
considering theoretical limits on skewness-kurtosis combinations from an analytical view-
point and by investigating the fluid dynamic behaviour of a set of surfaces with extreme
values of skewness Ssk = —2.3 ... 4 2.3 and kurtosis Sku = 3 ... 17 using direct numeri-
cal simulations of turbulent channel flow. A saturation of the roughness effect was observed
in the limits of very high positive and very high negative skewness. This saturation is not
captured by the widely referenced empirical relationship of Flack & Schultz [9, 16] which
was developed in the context of more moderately skewed surfaces Ssk = —1 ... + 1. Lim-
its were derived for the power-law exponent for the skewness in a relationship of the form
proposed by Flack & Schultz by considering the extreme case of Bernoulli roughness. Mean
flow statistics show that while there are clear effects of the extreme peaks of the positively
skewed cases on the local flow field, their impact on the shape of the mean flow velocity
profile is not dominant and outer-layer similarity is not impaired. The streamwise Reynolds
stresses, which make the largest contribution to the turbulent kinetic energy, saturate both
at high positive and high negative skewness values. Most dispersive stress components
attain their highest peaks in the Gaussian case and peak values tend to be lower for more
highly skewed surfaces. This also shows while surfaces with extreme features will introduce
locally very high deviations in the time-averaged fields, these deviations only affect a small
part of the flow due to the relative sparseness of extreme features.

Despite the wide range of skewness covered, the pressure drag contributions of all sur-
faces are of similar magnitude. This is because the drag of a rough surface is not only
governed by its extrema but its overall character also needs to be taken into account. While
high (positive or negative) skewness and kurtosis is typically caused by extreme features
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these features tend to be rare since extreme skewness / kurtosis and sparsity tend to go
hand in hand. This has the consequence that other parts of the rough surface surface, i.e.
the area surrounding the extreme features, can also play an important role in determining
the fluid dynamic roughness effect of a rough surface.

In future work, conditional statistics could be employed to investigate the effects of the
extreme peaks on the local spatio-temporal structure of the turbulent flow, e.g. to detect
vortex-shedding phenomena in the wake of the extreme peaks of highly positively skewed
surfaces. Furthermore, it would be of interest to compare the effect of extreme features,
i.e. high peaks or deep pits, in different contexts, e.g, peaks (or pits) surrounded by a
smooth surface compared to peaks (or pits) surrounded by surfaces with a moderate level
of roughness to determine the relative impact of the extreme features and the surrounding
background roughness features on the near-wall turbulent structures.
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