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LOCALLY FROBENIUS ALGEBRAS AND HOPF ALGEBRAS

ANDREW BAKER

Abstract. We develop a theory of locally Frobenius algebras which are colimits of certain

directed systems of Frobenius algebras. A major goal is to obtain analogues of the work of

Moore & Peterson and Margolis on nearly Frobenius algebras and P -algebras which was applied

to graded Hopf algebras such as the Steenrod algebra for a prime.

Such locally Frobenius algebras are coherent and in studying their modules we are naturally

led to focus on coherent and finite dimensional modules. Indeed, the category of coherent

modules over locally Frobenius algebra A is abelian with enough projectives and injectives

since A is injective relative to the coherent modules; however it only has finite limits and

colimits. The finite dimensional modules also form an abelian category but finite dimensional

modules are never coherent. The minimal ideals of a locally Frobenius algebra are precisely the

ones which are isomorphic to coherent simple modules; in particular it does not contain a copy of

any finite dimensional simple module so it is not a Kasch algebra. We discuss possible versions

of stable module categories for such algebras. We also discuss possible monoidal structures on

module categories of a locally Frobenius Hopf algebra: for example tensor products of coherent

modules turn out to be pseudo-coherent.

Examples of locally Frobenius Hopf algebras include group algebras of locally finite groups,

already intensively studied in the literature.

Contents

Introduction 2

1. Recollections on rings and modules 2

Coherence for rings and modules 4

2. Frobenius algebras and Frobenius extensions 6

3. Locally Frobenius algebras 9

4. Modules over a locally Frobenius algebra 11

Injective, projective and flat modules 17

Jacobson Radicals 19

Annihilators 19

Finite and simple modules 20

Coherent projective covers 23

Pseudo-coherent modules 24

Cohomology for finite dimensional A-modules 25

Date: this version 01/12/2022 – version 1 .

2020 Mathematics Subject Classification. Primary 16T05; Secondary 16S99, 57T05.

Key words and phrases. Frobenius algebra, Hopf algebra, stable module category.

I would like to thank the following: The Max-Planck-Institut für Mathematik in Bonn for supporting my

visit during April and May 2022; Scott Balchin, Tobias Barthel, Ken Brown, Bob Bruner, John Rognes and

Chuck Weibel for sharing their mathematical knowledge and insights. This project really took off during the first

Covid-19 lock-down in the Spring of 2020, the social isolation in that strange period at least proved conducive

to mathematical research.

1

http://arxiv.org/abs/2212.00437v1


5. Stable module categories for locally Frobenius algebras 28

6. Locally Frobenius Hopf algebras 30

7. Some examples of locally Frobenius Hopf algebras 32

7.1. Group algebras of locally finite groups 32

7.2. Dual profinite group algebras 33

References 34

Introduction

The aim of the paper is to develop a non-graded version of the theories of nearly Frobe-

nius algebras and P -algebras introduced half a century ago by Moore & Peterson, and Mar-

golis [MP73, Mar83, Bak22]; these were motivated by topological applications involving the

Steenrod algebra for a prime number.

In these graded connected versions, the properties obtained for the algebras and their modules

are reminiscent of properties of Poincaré duality algebras (the graded equivalent of Frobenius

algebras) and we are able to prove similar results. However there are some difficulties which

are overcome in the graded context by concentrating on bounded below modules, and it is not

clear how to obtain analogous results in our setting.

Our most complete results involve coherent modules over locally Frobenius algebras which

are themselves coherent rings, although some results on finite dimensional modules are also

obtained.

One motivation for setting up this theory is to introduce stable module categories for such

algebras and we discuss options for doing this, exploiting the fact that a locally Frobenius

algebra is self injective at least relative to coherent modules and in some cases also relative to

all finite dimensional modules.

Instead of indexing a family of subalgebras on natural numbers as in the graded theory,

we use a family of augmented Frobenius subalgebras indexed on a directed set; this allows us

to include examples such as group algebras of locally finite groups in our theory. When the

indexing is countable this has implications for vanishing of derived functors of limits taken over

the indexing set but otherwise we do not make use of its cardinality.

We give some general examples of locally Frobenius algebras, but we leave detailed exploration

of examples to future work. The special case of group algebras of locally finite groups and its

literature was drawn to my attention by Ken Brown.

Notation & conventions: Throughout, k will denote a field of characteristic p > 0. All rings,

algebras, modules and their homomorphisms will be unital.

A directed set (Λ,4) will mean a filtered partially ordered set, i.e., every pair (or finite set) of

elements of Λ has an upper bound. A system of objects and morphisms in a category indexed

on such a (Λ,4) will be referred to as a (Λ,4)-filtered system or Λ-filtered system.

1. Recollections on rings and modules

We will require results on projective, injective and flat modules over Noetherian and coherent

rings which are thoroughly covered in Lam [Lam99].

The following definitions are standard except for projectively finitely related.
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Definition 1.1. Let R be a ring and M a left/right R-module.

• M is finitely generated (f.g.) if there is an exact sequence

F →M → 0

with F finitely generated and free (or equivalently f.g. projective).

• M is finitely related (f.r.) if there is a short exact sequence

0→ K → F →M → 0

with K finitely generated and F free.

• M is projectively finitely related (p.f.r.) if there is a short exact sequence

0→ K → P →M → 0

with K finitely generated and P projective.

• M is finitely presented (f.p.) if there is a short exact sequence

0→ K → F →M → 0

with K f.g. and F f.g. and free (or equivalently f.g. projective).

The notion of p.f.r. is of course redundant for local rings since every projective module is

free by a celebrated result of Kaplansky [Kap58].

The next result is a basic tool used in arguments about such conditions, see for example

Lam [Lam99, lemma (5.1)].

Lemma 1.2 (Schanuel’s Lemma). Let M be an R-module. Suppose that there are short exact

sequences

0→ K → P →M → 0, 0→ L→ Q→M → 0

where P is projective. Then there is a short exact sequence of the form

0 // K // L⊕ P // Q // 0

and moreover, if Q is also projective,

P ⊕ L ∼= K ⊕Q.

Corollary 1.3. Suppose that M is f.p. and that there is a short exact sequence

0→ L→ Q→M → 0

where Q is f.g., then so is L.

Using Schanuel’s Lemma, it is easy to see that (f.g. & f.r.)⇐⇒ f.p., so we use these descrip-

tions interchangeably as well as using f.g. projective modules in place of f.g. free modules.

The first two parts of the following result are taken from [Lam99, chapter 2§4].

Theorem 1.4. Let R be a ring and M a left/right R-module.

(a) M is f.r. if and only if M ∼=M0 ⊕ F where M0 is f.p. and F is free.

(b) If M is f.r. then it is flat if and only if it is projective.

(c) M is p.f.r. if and only if M ⊕ F ′ ∼=M0 ⊕ F
′′ where M0 is f.p. and F ′, F ′′ are free.
3



Proof. (a) See [Lam99, theorem 2.4.26(c)].

(b) See [Lam99, theorem 2.4.30].

(c) If M is p.f.r. there is a short exact sequence

0→ K → P →M → 0

with K finitely generated and P projective. Choose a projective module so that F = Q⊕ P is

free and write F∞ =
⊕

i∈N

F . By the Eilenberg swindle,

P ⊕ F∞ ∼= F∞

so there is an exact sequence

0→ K → F∞ →M ⊕ F∞ → 0.

Therefore M ⊕ F∞ is f.r. and the result follows from (a). �

Part (c) can be rephrased as saying that saying that being p.f.r. is equivalent to being stably

f.p., or stably coherent when the ring itself is coherent.

We also recall the characterisation of flat modules provided by the theorem of Lazard and

Govorov [Lam99, theorem 4.34].

Theorem 1.5 (Lazard-Govorov theorem). Let R be a ring and M an R-module. Then M is

flat if and only if it is a filtered colimit of f.g. free modules.

Coherence for rings and modules. We recall the notion of (pseudo-)coherence since we will

make heavy use of it. For basic properties of (pseudo-)coherent modules see Bourbaki [Bou80,

X.§3, ex. 10].

Definition 1.6. Let R be a ring.

• An R-module M is pseudo-coherent if every f.g. submodule is f.p..

• A f.g. pseudo-coherent module is called coherent.

• R is left/right coherent if it is coherent as a left/right R-module.

• R is coherent if it is coherent as a left and right R-module.

Remark 1.7. Over a coherent ring, a module is f.p. if and only if it is coherent, and every

p.f.r. module is pseudo-coherent. Moreover, its coherent modules form an abelian category

(see Theorem 4.1).

The notion of coherence has an obvious meaning for algebras over a field, and we will use it

without further comment.

Of course every Noetherian ring is coherent, so Frobenius algebras are coherent. Here is

a well known result that can be used to produce many more examples of coherent rings, this

version appears in Bourbaki [Bou80, X.§3, ex. 11e], and it can be used to show that an infinitely

generated polynomial ring over a coherent commutative ring is coherent.

Proposition 1.8. Let (Λ,4) be a directed set and let R(λ) (λ ∈ Λ) be a Λ-directed system of

rings and homomorphisms ϕβ
α : R(α)→ R(β) for α 4 β. Assume that

• whenever α 4 β, R(β) is flat as a right/left R(α)-module;

• each R(λ) is coherent.
4



Then the ring R = colim
(Λ,4)

R(λ) is left/right coherent and for every λ ∈ Λ, R is a flat right/left

R(λ)-module.

Noetherianness and coherence of rings are characterised by homological properties.

Theorem 1.9. Let R be a ring.

(a) R is left/right Noetherian if and only if all coproducts and directed colimits of left/right

injectives are injective.

(b) R is left/right coherent if and only if all products and directed limits of flat left/right modules

are flat.

Proof. (a) See [Lam99, theorem 1.3.46].

(b) This is a result of Chase, see [Lam99, theorem 1.4.47]. �

We will frequently make use of faithful flatness, so for the convenience of the reader we state

some of the main properties.

Proposition 1.10. Let R be a ring and P a flat right R-module.

(a) P is faithfully flat if it satisfies any and hence all of the following equivalent conditions.

• A sequence of left R-modules

0→ L→M → N → 0

is short exact if and only if the induced sequence

0→ P ⊗R L→ P ⊗R M → P ⊗R N → 0

is short exact.

• For a left R-module M , P ⊗R M = 0 if and only if M = 0.

• A homomorphism of left R-modules ϕ : M → N is zero if and only if the induced homo-

morphism IdP ⊗ϕ : P ⊗R M → P ⊗R N is zero.

(b) If P is faithfully flat then P ⊗R (−) reflects monomorphisms, epimorphisms and isomor-

phisms.

(c) Let R→ S be a ring homomorphism so that S is a faithfully flat right R-module, and let M

be a left R-module. If S ⊗R M is a simple S-module, then M is simple.

Proof. (a) See [Lam99, theorem 4.70].

(b) This is immediate from (a).

(c) By flatness, a short exact sequence of R-modules

0→ L→M → N → 0

on tensoring with S yields a short exact sequence of S-modules

0→ S ⊗R L→ S ⊗R M → S ⊗R N → 0.

If S ⊗RM is simple then one of S ⊗R L or S ⊗R N must be trivial, so by faithful flatness of S,

one of L or N must be trivial. Hence M is simple. �
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2. Frobenius algebras and Frobenius extensions

Recall that a Frobenius k-algebra R is self-injective, i.e., injective as a left/right R-module.

The following is a fundamental consequence.

Recall that there are induction and coinduction functors

indRk : Modk →ModR, coindRk : Modk →ModR

where

indRk (−) = R⊗k (−), coindRk (−) = Homk(R,−).

Notice that for a k-vector space W , the R-module indRk W is projective (and in fact free) while

coindRk W is injective.

For future use we recall that since we are working over a field k, every R-module M admits

an embedding into an injective,

(2.1) M → coindRk M ; m 7−→ (r 7→ rm).

The next result is a standard reformulation of what it means to be a Frobenius algebra.

Theorem 2.1. If R is a Frobenius k-algebra, then the functors indRk and coindRk are naturally

isomorphic. Hence for a k-vector space W , indRk W
∼= coindRk W is both projective and injective.

Corollary 2.2. An R-module is injective if and only if it is projective.

Proof. Let J be an injective R-module. As a special case of (2.1) there is a monomorphism of

R-modules J → coindRk J and by injectivity there is a commutative diagram with exact row

0 // J

IdJ

��

// coindRk J

{{✇✇
✇✇
✇✇
✇✇
✇

J

so J is a retract of a projective module, hence projective. A similar argument shows that for a

projective P , there is a commutative diagram

indRk P
// P // 0

P

IdP

OObb❊❊❊❊❊❊❊❊❊

which shows that P is injective. �

A useful consequence of this is that every monomorphism of R-modules R→M splits.

Proposition 2.3. Let R be a Frobenius k-algebra.

(a) Every simple R-module embeds into R.

(b) Every R-module embeds into a free module. In particular, every f.g. R-module embeds into

a f.g. free module.
6



Proof. (a) Let S be a simple R-module. Then coindRk k = Homk(R,k) becomes a left R-module

by using the right action on the domain, and then there are isomorphisms of k-vector spaces

HomR(S,R) ∼= HomR(S, coind
R
k k)

∼= Homk(R ⊗R S,k)

∼= Homk(S,k),

hence HomR(S,R) is non-trivial. Since every non-trivial homomorphism S → R is injective, S

is isomorphic to a submodule of R.

(b) For an R-module M , there is an injective homomorphism as in (2.1),

M → coindRk M
∼= indRk M

and the induced module is a free R-module. When M is f.g. R-module it is a f.d. k-vector

space so the induced module is a f.g. free R-module. �

The next result provides the fundamental properties of modules over a Frobenius algebra

which motivate much of our work on modules over locally Frobenius algebras.

Proposition 2.4. Let R be a Frobenius k-algebra and M an R-module. Then the following are

equivalent:

• M is injective;

• M is projective;

• M is flat.

Proof. The first two are equivalent by Corollary 2.2, while projectivity implies flatness.

Since R is self-injective and Noetherian, by using the Lazard-Govorov Theorem 1.5, Corol-

lary 2.2 and Theorem 1.9(a) we find that flatness implies injectivity. �

An important property of finite dimensional Hopf algebras is that they have integrals. Al-

though in general Frobenius algebras do not, Frobenius algebras augmented over the ground

field do.

Proposition 2.5. Let R be a Frobenius k-algebra which is augmented over k. Then viewing R

and k as left R-modules we have

dimkHomR(k, R) = 1.

A similar result holds when we view R and k as right R-modules.

Proof. We give the proof for left integrals, that for right integrals is similar. Using an isomor-

phism R
∼=
−→ Homk(R,k) of left R-modules associated to a Frobenius form, we obtain a chain of

vector space isomorphisms

HomR(k, R) ∼= HomR(k,Homk(R,k))

∼= Homk(R ⊗R k,k)

∼= Homk(k,k) ∼= k.

Here the left R-module structure on Homk(R,k) is induced by right multiplication on the

domain. �
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If ε : R → k is the augmentation, we define the subspaces of left and right integrals (with

respect to ε) in R by

∫ lR = {h ∈ R : ∀y ∈ R, yh = ε(y)h}, ∫ rR = {h ∈ R : ∀y ∈ R, hy = ε(y)h}.

Then there is an isomorphism ∫ lR
∼= HomR(k, R) so dimk ∫

l
R = 1 and similarly dimk ∫

r
R = 1. If

∫ rR = ∫ lR then the augmented Frobenius algebra is unimodular ; see Farnsteiner [Far94] for more

on this.

We will be interested in Frobenius algebras which are symmetric, i.e., they have a Frobe-

nius form λ : A → k which induces a symmetric bilinear form. It follows that the associated

Nakayama automorphism is the identity and so by Farnsteiner [Far94, lemma 1.1] it is unimod-

ular.

For a Hopf algebra the counit is the natural choice of augmentation and we will always

choose it. If the Hopf algebra is commutative or cocommutative then its antipode is a self-

inverse automorphism making it involutive, and since the identity function is inner, by [Far94,

proposition 2.3] it is a symmetric Frobenius algebra if and only if it is unimodular.

For finite dimensional Hopf algebras there is an analogue of Maschke’s Theorem.

Theorem 2.6. Let H be a finite dimensional Hopf algebra and ε its counit. Then H is semisim-

ple if and only if

ε∫ lH 6= {0} 6= ε∫ rH .

Proof. See [Lor18, page 553] for example. The proof of semisimplicity uses a non-zero idempo-

tent e ∈ ∫ lH or e ∈ ∫ rH and the coproduct applied to it. �

Remark 2.7. This result does not apply to all augmented Frobenius algebras. As an example,

consider R = k×R0 with the augmentation being projection onto the first factor and R0 a local

Frobenius algebra that is not semisimple. Let λ0 be a Frobenius form on R0; then the form

on R given by λ(x, y) = x+ λ0(y) is Frobenius and (1, 0) ∈ ∫ lR but R is not semisimple.

Now we turn to Frobenius extensions, introduced by Kasch [Kas60]. For a concise account

which highlights aspects relevant to our work, see Lorenz [Lor18], especially the exercises for

sections 2.2 and 12.4. Other useful sources are Farnsteiner [Far94] and Fischman et al [FMS97].

We adopt the notation A : B rather than A/B to indicate an extension of algebras.

Suppose given a homomorphism B → A of k-algebras so we can view A as a B-bimodule and

consider the extension of k-algebras A : B.

Definition 2.8. The extension A : B is a Frobenius extension if there is a B-bimodule homo-

morphism E : A→ B and elements xi, yi ∈ A (1 6 i 6 n) such that for all a ∈ A,
∑

16i6n

yiE(xia) = a =
∑

16i6n

E(ayi)xi.

Proposition 2.9. Suppose that A : B is a Frobenius extension with associated B-bimodule

homomorphism E : A→ B and elements xi, yi ∈ A (1 6 i 6 n). Then A is projective as a left

and right B-module. Furthermore, there is an isomorphism of functors

coindAB
∼=
−−→ indAB;
8



which is defined on each B-module M by

coindABM = HomB(A,M) 7→ coindABM ; f 7→
∑

16i6n

yif(xi).

Conversely, if A is projective as a left and right B-module and coindAB
∼= indAB, then A : B is a

Frobenius extension.

In practice we will be considering the situation in following result.

Proposition 2.10. Let ε : A→ k be an augmented symmetric Frobenius algebra and let B ⊆ A

be a subalgebra augmented by the restriction of ε and which is also a symmetric Frobenius

algebra. Then A : B is a Frobenius extension.

Proof. Since the Nakayama automorphisms of A and B are the identity functions, the result is

an immediate consequence of [Far94, theorem 1.3]. �

3. Locally Frobenius algebras

Let (Λ,4) be an infinite partially ordered set which has the following properties, in particular

it is a directed set :

• it is filtered: for any λ′, λ′′ ∈ Λ there is a common upper bound λ ∈ Λ, so λ′ 4 λ and

λ′′ 4 λ;

• there is a unique initial element λ0;

• for every λ ∈ Λ there is a λ′′′ ∈ Λ with λ � λ′′′.

We will denote such a directed set by (Λ,4, λ0) but often just refer to it as Λ.

If Λ′ ⊆ Λ is an infinite filtered subset containing λ0, then will refer to (Λ′,4, λ0) as a

subdirected set and write (Λ′,4, λ0) ⊆ (Λ,4, λ0).

Definition 3.1. A (necessarily infinite dimensional) k-algebra A is locally Frobenius of shape Λ

if it satisfies the following conditions.

(a) There is a Λ-directed system of symmetric Frobenius algebras A(λ) (λ ∈ Λ) augmented over k

and proper inclusion homomorphisms ιλ
′′

λ′ : A(λ′) →֒ A(λ′′) with A(λ0) = k and A =
⋃

λ∈Λ

A(λ).

(b) Each inclusion ιλ
′′

λ′ makes A(λ′′) : A(λ′) a free Frobenius extension (i.e., A(λ′′) is free as a

left and right A(λ′)-module).

Of course the Frobenius condition in (b) is a consequence of Proposition 2.10, while the

freeness is an additional assumption.

Definition 3.2. Let A be a locally Frobenius algebra of shape Λ and let (Λ′,4, λ0) ⊆ (Λ,4, λ0)

be a subdirected set. A subalgebra B ⊆ A is a locally Frobenius subalgebra of shape Λ′ if

B =
⋃

λ∈Λ′

B(λ) is locally Frobenius algebra of shape Λ′ and for every λ ∈ Λ′, B(λ) ⊆ A(λ).

Notation. We will denote the kernel of the augmentation A(λ)→ k by A(λ)+; clearly A is also

augmented so we similarly denote its augmentation ideal by A+. All of these are completely

prime maximal ideals (recall that an ideal P in a ring is completely prime if xy ∈ P implies

x ∈ P or y ∈ P ); in general this is stronger the notion of prime (an ideal Q in a ring R is prime

if xRy ⊆ P implies x ∈ P or y ∈ P ). All nilpotent elements of A are contained in A+, and

if e ∈ A is an idempotent then exactly one of e or 1− e is in A+.
9



The augmentation condition in (a) may seem unnecessary but we do require it for some

technical results and it is automatically satisfied in the Hopf algebra case because the counit

is an augmentation. The Frobenius extension condition in (b) might be weakened, and even

in the Hopf algebra case it is not otherwise guaranteed except in special circumstances such as

when the A(λ) are all local.

We make a trivial observation.

Lemma 3.3. Let A be a locally Frobenius algebra. Then for every finite subset Z ⊆ A there is

a λ ∈ Λ such that Z ⊆ A(λ). Hence every finite dimensional subspace V ⊆ A is contained in

some A(λ).

Proof. Each element z ∈ Z is contained in some A(λz) and by the filtering condition there is

an upper bound λ of the λz, so that Z ⊆ A(λ). �

Of course a f.d. subalgebra of A is f.d. subspace so it is a subalgebra of some A(λ).

The next result provides an important class of examples of locally Frobenius algebras which

we will refer to as locally Frobenius Hopf algebras.

Proposition 3.4. Let H be a Hopf algebra over k. Then H is a locally Frobenius algebra of

shape Λ if the following conditions are satisfied.

(a) There is a Λ-directed system of f.d. subHopf algebras H(λ) ⊆ H (λ ∈ Λ) and inclusion

homomorphisms ιλ
′′

λ′ : H(λ′)→ H(λ′′) with H(λ0) = k and H =
⋃

λ∈Λ

H(λ).

(b) Each H(λ) is involutive and unimodular.

Proof. The Larson-Sweedler theorem [LS69] implies that each H(λ) is Frobenius, while [Far94,

proposition 2.3] implies that it is symmetric since the square of the antipode is the identity

which is also a Nakayama automorphism. Finally, the Nichols-Zoeller theorem [NZ89]. implies

that each pair H(λ′′) : H(λ′) is free. �

Of course if each Hopf algebra H(λ) is commutative or cocommutative then it is involutive.

It is not necessarily true that an infinite dimensional Hopf algebra H is free as a left/right

module over a finite dimensional subHopf algebra K, although some results on when this holds

are known; for the case where K is semisimple see [NR92], while for the case where K is a

normal subalgebra see [Sch93]. However, for our purposes this is not required.

Later we will discuss some examples of locally Frobenius Hopf algebras such as group algebras

of locally finite groups.

The next definition builds on Definition 3.2.

Definition 3.5. Let H be a locally Frobenius Hopf algebra of shape Λ and let (Λ′,4, λ0) ⊆

(Λ,4, λ0) be a subdirected set. A subHopf algebra K ⊆ H is a locally Frobenius subHopf algebra

of shape Λ′ if K =
⋃

λ∈Λ′

K(λ) is locally Frobenius Hopf algebra of shape Λ′ and for every λ ∈ Λ′,

K(λ) ⊆ H(λ).

We end this section with a result suggested by Richardson [Ric77, lemma 2.2]. This shows

that the augmentation ideal of a locally Frobenius subalgebra generates a ‘large’ submodule.

Proposition 3.6. Let A be a locally Frobenius algebra of shape Λ and B a locally Frobenius

subalgebra of shape Λ′ ⊆ Λ. Then the submodule AB+ ⊆ A is essential.
10



Proof. This proof is a straightfoward adaption of that in Richardson [Ric77].

Suppose that Az ∩AB+ = 0 for some non-zero z ∈ A. Choose α ∈ Λ such that z ∈ A(α). As

Λ′ is infinite we can choose a β ∈ Λ′ for which

dimkA(β) >
dimkA(β)

dimkA(β)z
.

Now choose γ ∈ Λ′ so that

A(α) ⊆ A(γ) ⊇ A(β).

and then

A(γ)z ∩A(γ)A(β)+ ⊆ Az ∩A(γ)B+ = 0.

Now recall that A(γ) is a free module over each of A(α) and A(β), so

A(γ)z ∼= A(γ)⊗A(α) A(α)z, A(γ)A(β)+ ∼= A(γ)⊗A(β) A(β)
+,

giving

dimkA(γ)z =
dimkA(γ)

dimkA(α)
dimkA(α)z,

dimkA(γ)A(β)
+ =

dimkA(γ)

dimkA(β)

(
dimkA(β)− 1

)
.

Using these we obtain

dimkA(γ) > dimk
(
A(γ)z ⊕A(γ)A(β)+

)

= dimkA(γ)z + dimkA(γ)A(β)
+

=
dimkA(γ) dimkA(α)z

dimkA(α)
+

dimkA(γ)
(
dimkA(β)− 1

)

dimkA(β)

>
dimkA(γ)

dimkA(β)
+

dimkA(γ)
(
dimkA(β) − 1

)

dimkA(β)

= dimkA(γ),

which is impossible. Therefore AB+ ⊆ A must be an essential submodule. �

4. Modules over a locally Frobenius algebra

Now we will describe some basic properties of modules over locally Frobenius algebras.

Throughout this section we will suppose that A is a locally Frobenius of shape Λ.

First we state a result for coherent A-modules; since A is coherent these are exactly the f.p.

A-modules.

Theorem 4.1. The category Modcoh
A of coherent A-modules and their homomorphisms is an

abelian category with all finite limits and colimits as well as enough projectives and injectives.

Proof. Clearly this category has finite products and coproducts, so it is sufficient to check that

it has kernels, images and cokernels; this is an exercise in Bourbaki [Bou80, ex. §3.10(b)], see

also Cohen [Coh69, section 1]. For projectives and injectives see Lemma 4.17 below. �

Proposition 4.2.

(a) For each λ ∈ Λ, A is injective, projective and flat as a left or right A(λ)-module.

(b) The k-algebra A is coherent.
11



(c) Suppose that M is a coherent A-module. Then for some λ there is an A(λ)-module M ′ with

a finite presentation

0←−M ′ ←− A(λ)k ←− A(λ)ℓ

inducing a finite presentation

0←− A⊗A(λ) M
′ ←− Ak ←− Aℓ

where A⊗A(λ) M
′ ∼=M .

(d) Let ϕ : M → N be a homomorphisms of coherent A-modules. Then there is a λ ∈ Λ, and

a homomorphism of finitely generated A(λ)-modules ϕ′′ : M ′′ → N ′′ fitting into a commutative

diagram of A-module homomorphisms.

A⊗A(λ) M
′′

Id⊗ϕ′′

//
OO

∼=
��

A⊗A(λ) N
′′

OO
∼=
��

M
ϕ

// N

Proof. We will give brief indications of the proofs.

(a) By Proposition 1.8 A is a flat A(λ)-module, hence by Proposition 2.4 it is also injective and

projective.

(b) Since each A(λ) is Noetherian over k, Proposition 1.8 implies that A is left and right

coherent.

(c) If M is an f.p. A-module, there is an exact sequence of A-modules

0←−M
ρ0
←− Am ρ1

←− An

for some m,n. The image of ρ1 must be contained in A(λ)m ⊆ Am for some λ ∈ Λ, so we obtain

an exact sequence of A(λ)-modules

0←−M ′ ρ′
0←− A(λ)m

ρ′
1←− A(λ)n

and on tensoring with A, by (a) this yields an exact sequence of A-modules

0←− A⊗A(λ) M
′ Id⊗ρ′

0←−−−− A⊗A(λ) A(λ)
m Id⊗ρ′

1←−−−− A⊗A(λ) A(λ)
n

which is equivalent to the original one.

(d) Using (c) we can represent M and N as induced up from f.g. A(λ1)-modules M ′, N ′ for

some λ1. The image of the restriction of ϕ to M ′ in A ⊗A(λ1) N
′ lies in some A(λ2) ⊗A(λ1) N

′

where λ1 4 λ2. Base changing gives a homomorphism

ϕ′′ : M ′′ = A(λ2)⊗A(λ1) M
′ → A(λ2)⊗A(λ1) N

′ = N ′′

with the required properties. �

The faithful flatness condition of Proposition 4.9 gives another useful property.

Corollary 4.3. Every short exact sequence of coherent A-modules

(4.1) 0→ L
ϕ
−→M

θ
−→ N → 0

is induced up from a short exact sequence of f.g. A(α)-modules

0→ L′ ϕ′

−→M ′ θ′
−→ N ′ → 0

12



for some α ∈ Λ, i.e., there is a commutative diagram of A-modules of the following form.

0 // L
ϕ

//
OO

∼=
��

M
θ //

OO

∼=
��

N //
OO

∼=
��

0

0 // A⊗A(α) L
′
Id⊗ϕ′

// A⊗A(α) M
′ Id⊗θ′ // A⊗A(α) N

′ // 0

In particular, an isomorphism ϕ : L → M is induced up from an isomorphism of f.g. A(α)-

modules for some α ∈ Λ.

Proof. Choose α ∈ Λ so that there are homomorphisms of f.g. A(α)-modules

L′ ϕ′

−→M ′ θ′
−→ N ′

such that

0→ A⊗A(α) L
′ Id⊗ϕ′

−−−−→ A⊗A(α) M
′ Id⊗θ′
−−−−→ A⊗A(α) N

′ → 0

corresponds to the short exact sequence (4.1). Then by Proposition 1.10(a),

0→ L′ ϕ′

−→M ′ θ′
−→ N ′ → 0

is a short exact sequence of A(α)-modules.

The statement about isomorphisms also follows using faithful flatness of the A(α)-module A

and Proposition 1.10(b). �

Now we give some results on the dimension of coherent A-modules.

Lemma 4.4. Let λ ∈ Λ and let L ⊆ A(λ) be a left ideal. Then as left A-modules,

A⊗A(λ) A(λ)/L ∼= A/AL.

and the k-vector space A/AL is infinite dimensional.

Proof. By a standard criterion for flatness of [Lam99, (4.12)], multiplication induces an isomor-

phism

A⊗A(λ) L
∼=
−→ AL

where AL ⊆ A is the left ideal generated by L. Therefore there is a commutative diagram of

left A-modules

0 // A⊗A(λ) L //
OO

∼=

��

A⊗A(λ) A(λ) //
OO

∼=

��

A⊗A(λ) A(λ)/L //

��

0

0 // AL // A // A/AL // 0

with exact rows. It follows that the right hand vertical arrow is an isomorphism.

Whenever α 4 β, A(β) is a finite rank free A(α)-module, therefore

dimkA(β) = dimkA(α) rankA(α) A(β)

and rankA(α) A(β) 6 rankA(α)A where is strictly increasing as a function of β. �

Proposition 4.5. Let M be a coherent left/right A-module. Then M is an infinite dimensional

k-vector space.
13



Proof. We will assume that M is a left module, the proof when it is a right module is similar.

WhenM is cyclic, M ∼= A/L for some f.g. left ideal L. A finite set of generators of L must lie

in some A(λ) so the ideal L(λ) = A(λ)∩L satisfies AL(λ) = L and by Lemma 4.4, M ∼= AL(λ)

is infinite dimensional.

Now for a general coherent module, suppose that M has m generators x1, . . . , xm where m

is minimal. Then for the proper submodule M ′ ⊆ M generated by x1, . . . , xm−1, M/M ′ is a

non-trivial cyclic coherent module which is infinite dimensional. Since there is an epimorphism

M →M/M ′, M must be infinite dimensional. �

This gives an important fact about f.d. modules.

Proposition 4.6. A non-trivial f.d. A-module is not coherent.

For simple modules we have the following.

Corollary 4.7. Let S = A/L be a f.d. simple left/right A-module, where L is a maximal

left/right ideal of A. Then S is not coherent and L is not finitely generated. In particular, the

trivial A-module k is not coherent and the augmentation ideal A+ is not f.g. as a left/right

module.

Of course this shows that a locally Frobenius algebra is never Noetherian. As we will see

later, it also implies that the trivial module is not isomorphic to a submodule of A.

Corollary 4.8. Let z ∈ A be nilpotent. Then A/Az and A/zA are both infinite dimensional.

Proof. Every nilpotent element of A is contained in the completely prime ideal A+. �

We end this section with another important observation.

Proposition 4.9. For α, β ∈ Λ,

• if α 4 β then A(β) is a faithfully flat A(α)-module;

• A is a faithfully flat A(α)-module.

Proof. We know that A(β) and A are flat as A(α)-modules; we also know that the inclusions

A(α) →֒ A(β) and A(α) →֒ A split as A(α)-module homomorphisms since A(α) is self-injective.

For an A(α)-module M , the unit induces a split homomorphism of A(α)-modules M →

A(β)⊗A(α) M , showing that A(β) is a faithful A(α)-module.

M
∼=

//
,,

∼=
00

A(α)⊗A(α) M // A(β)⊗A(α) M

��✤
✤

✤

A(α) ⊗A(α) M

A similar argument with A in place of A(β) shows that A is also faithful. �

Combining Lemma 1.10(c) with Proposition 4.9 we obtain

Corollary 4.10. Let α, β ∈ Λ and let M be a left A(α)-module. Then

• for α 4 β, if A(β)⊗A(α) M is a simple A(β)-module then M is simple;

• if A⊗A(α) M is a simple A-module then M is simple.

Here are some useful consequences of faithful flatness of A.
14



Corollary 4.11. Let M be a simple coherent A-module. Then there is a λ ∈ Λ for which M

has the form M ∼= A⊗A(λ) M
′ for a simple A(λ)-module M ′.

Proof. By Proposition 4.2 there is a λ ∈ Λ such thatM is induced up from an A(λ)-moduleM ′.

By Corollary 4.10, M ′ is simple. �

Corollary 4.12. Let λ ∈ Λ, and let ϕ : Mλ → Nλ be a homomorphism of f.g. left A(λ)-modules.

If Id⊗ϕ : A ⊗A(λ) Mλ → A ⊗A(λ) Nλ is a monomorphism/an epimorphism/an isomorphism,

then so is ϕ.

Proof. See Proposition 1.10(b). �

The Frobenius extension condition for each inclusion A(λ) ⊆ A(λ′) ensures that the induc-

tion and coinduction functors ind
A(λ′)
A(λ) : ModA(λ) → ModA(λ′) and coind

A(λ′)
A(λ) : ModA(λ) →

ModA(λ′) are naturally isomorphic, where for a left A(λ)-module M ,

ind
A(λ′)
A(λ) M = A(λ′)⊗A(λ) M, coind

A(λ′)
A(λ) M = HomA(λ)(A(λ

′),M).

Here we use the right multiplication of A(λ′) on itself to define the left A(λ′)-module structure

on HomA(λ)(A(λ
′),M). Of course we can specialise to the case λ = λ0 and A(λ0) = k.

For an A(λ)-module M , there is injective composition

M
∼=
−→ Homk(k,M)→ Homk(A(λ),M); x 7→ (a 7→ ax)

which is an A(λ)-module homomorphism with

Homk(A(λ),M) ∼= coind
A(λ)
k M ∼= ind

A(λ)
k M

being both an injective A(λ)-module and a free module A(λ)-module. Of course if M is f.g.

then so is ind
A(λ)
k M .

Proposition 4.13. Let M be a coherent A-module. Then there is an embedding of M into a

f.g. free A-module.

Proof. We know that M ∼= indAA(λ)M
′ for some f.g. A(λ)-module with λ ∈ Λ. There is also an

embedding of M ′ into a f.g. free A(λ)-module F ′ say. Inducing up and using flatness of A over

A(λ), we obtain an injection

M
∼=
−→ indAA(λ)M

′ → indAA(λ) F
′ = F

where F is a f.g. free A-module. �

Lemma 4.14. If M is a coherent A-module, then for s > 0, ExtsA(M,A) = 0. Hence A is

injective in the category of coherent A-modules. More generally, this holds if M is a coproduct

of coherent A-modules.

Proof. By Proposition 4.2(c), for some λ ∈ Λ there is an A(λ)-moduleM ′ such that A⊗A(λ)M
′ ∼=

M . Then

Ext∗A(M,A) ∼= Ext∗A(A⊗A(λ) M
′, A) ∼= Ext∗A(λ)(M

′, A).

Now recall that by Proposition 4.2(a), for λ ∈ Λ, A is an injective A(λ)-module, hence for s > 0,

ExtsA(λ)(M
′, A) = 0.

An alternative argument uses Proposition 4.9. A sequence of coherent A-modules

0→ U → V
15



is induced up from a sequence of A(λ)-modules for some Λ ∈ Λ,

0→ A⊗A(λ) U
′ → A⊗A(λ) V

′

which is exact if and only if the sequence

0→ U ′ → V ′

is exact. Now given the solid diagram of A-modules

A⊗A(λ) U
′

OO
∼=
��

A⊗A(λ) V
′

OO
∼=
��

0 // U //

��

V

ww♥ ♥
♥
♥
♥
♥
♥
♥

A

with exact row, by using the adjunction there is a solid diagram of A(λ)-modules

0 // U ′ //

��

V ′

~~⑤
⑤
⑤
⑤

A

with exact row. Since A is a flat A(λ)-module, it is injective and it follows that we can complete

this diagram with a dashed arrow. Again using the adjunction, we can complete the original

diagram, showing that A is relatively injective.

For a coproduct of coherent modules, it is standard that ExtsA(−, N) sends coproducts to

products. �

Corollary 4.15. If M is a f.r. A-module, then for s > 0, ExtsA(M,A) = 0.

Proof. By Theorem 1.4(a), such a module has the form M ∼=M0⊕F , with M0 f.p. and F free.

Then for s > 0,

ExtsA(M,A) ∼= ExtsA(M0, A) = 0. �

Proposition 4.16. Let A be a locally Frobenius k-algebra and M an A-module.

(a) If M is f.p. then there is an embedding of M into a finite rank free module.

(b) If M is f.r. then there is an embedding of M into a free module.

Proof. (a) As in the proof of Lemma 4.14, a finite presentation

Am → An →M → 0

is induced up from an exact sequence of A(λ)-modules

A(λ)m → A(λ)n →M ′ → 0

for some λ ∈ Λ, where A ⊗A(λ) M
′ ∼= M . By Proposition 2.3(b), there is a monomorphism

M ′ → F ′ where F ′ is a f.g. free A(λ)-module. By flatness of A over A(λ), this gives a

monomorphism

M
∼=
−→ A⊗A(λ) M

′ → A⊗A(λ) F
′ = F,

where F is a f.g. free A-module.

(b) By Theorem 1.4(a),M ∼= F⊕M0 with F free andM0 f.p., so the result follows using (a). �
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We now have a result which completes the proof of Theorem 4.1.

Lemma 4.17. The abelian category Modcoh
A has enough projectives and injectives which are

the summands of f.g. free modules.

Proof. The existence of projectives is obvious. Lemma 4.14 implies the existence of injectives

in Modcoh
A , and by Proposition 4.16(a), every coherent module embeds in a f.g. free module

which is also injective. �

Remark 4.18. Of course we should not expect A to be an injective in ModA so it is only

relatively injective with respect to the full subcategory Modcoh
A ; the basic notions of relative

homological algebra can be found in Eilenberg & Moore [EM65]. We can use finitely generated

free modules to build projective resolutions in Modcoh
A for computing ExtA since for a coherent

module M , Ext∗A(−,M) are isomorphic to derived functors on Modcoh
A . On the category of all

A-modules the left exact functor HomA(M,−) has the right derived functors Ext∗A(M,−). By

Lemma 4.14, for each finitely generated free module F , ExtsA(M,F ) = 0 if s > 0. This means

that F is HomA(M,−)-acyclic, and it is well-known that these right derived functors can be

computed using resolutions by such modules which always exist here; see [Wei94] on F -acyclic

objects and dimension shifting.

Injective, projective and flat modules. Lemma 4.14 shows that A is relatively injective

with respect to the category of coherent A-modules; it follows that f.g. free and projective

modules are also relatively injective. We can relate flatness to relatively injectivity.

Lemma 4.19. Let P be a flat A-module. Then P is relatively injective with respect to the

category of coherent A-modules.

Proof. By [Lam99, theorem 4.32], every homomorphism M → P from a finitely presented A-

module factors as

M //
&&

F // P

where F is a finitely generated free module. Then given a diagram of solid arrows with exact

row where U, V are coherent,

0 // U //

��

��❅
❅

❅
❅

V

��
F

��⑦
⑦
⑦
⑦

P

we can extend it with the dashed arrows using the factorisation above, and since F is relatively

injective there is a dotted arrow making the whole diagram commute.

This can also be proved using the Lazard-Govorov Theorem 1.5. �

Since products of (relative) injectives are (relative) injectives, this is consistent with Chase’s

Theorem 1.9(b) which says that products of flat modules over a coherent ring are flat.

Lemma 4.20. Let J be a relatively injective A-module with respect to the category of coherent

A-modules. Then J is flat. In particular, every injective A-module is flat.
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Proof. LetM be a coherent A-module. By Proposition 4.13 there is a monomorphism i : M → F

where F is a f.g. free module. Now for any homomorphism f : M → J , the diagram of solid

arrows with exact row

0 // M
i //

f
��

F

~~⑥
⑥
⑥
⑥

J

can be extended by a dashed arrow by injectivity. By Lam [Lam99, theorem 4.32], J is flat. �

Here is a summary of what we have established.

Proposition 4.21. Let M be an A-module. Consider the following conditions:

(A) M is relatively injective for the category of coherent A-modules;

(B) M is flat;

(C) M is projective;

(D) M is a product of flat modules.

Then we have the implications shown.

(A) ks +3 (B) (C)ks

(D)
��

KS

Furthermore, if M is coherent or more generally p.f.r., then (B) =⇒ (C).

Proof. The equivalence of (A) and (B) follows from Lemmas 4.19 and 4.20. The implication

(D) =⇒ (B) follows from Chase’s theorem [Lam99, theorem 4.47]; in particular it applies to the

case of a product of free modules. Actually we don’t really need to use Chase’s Theorem since

a product of (relative) injectives is a (relative) injective.

The last statement follows by Theorem 1.4(a) and Lam [Lam99, theorem (4.30)]. �

We also mention another result on flat modules whose proof requires Corollary 4.27 which

will be given later.

Proposition 4.22. Let M be a f.d. A-module and P a flat A-module. Then

HomA(M,P ) = 0.

Proof. By the Lazard-Govorov Theorem 1.5, P is a filtered colimit of f.g. free modules Fα,

P = colim
α

Fα.

Since M is f.g. and by Corollary 4.27,

HomA(M,P ) = colim
α

HomA(M,Fα) = 0. �
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Jacobson Radicals. Recall for α 4 β, A(α) is left/right self-injective and so each inclusion

A(α) →֒ A(β) is split as a left/right A(α)-module homomorphism. So by Lam [Lam01, propo-

sition 5.6],

(4.2) A(α) ∩ radA(β) ⊆ radA(α).

Similarly, the inclusion A(α) →֒ A is split since A is an injective A(α)-module and

(4.3) A(α) ∩ radA ⊆ radA(α).

Since A(α) is Artinian, radA(α) is actually nilpotent and so nil, therefore radA is also a nil

ideal (in fact the largest one); see also Lam [Lam01, proposition 4.19].

If all of the A(α) are semisimple, then for z ∈ radA there must be some γ such that z ∈ A(γ),

hence

z ∈ A(γ) ∩ radA ⊆ radA(γ) = {0}.

Therefore radA = {0} and A is semiprimitive (or Jacobson semisimple in the terminology of

Lam [Lam01]). In fact since each A(α) is von Neumann regular, it easily follows that A is

too; see Lam [Lam01, corollary 4.24]. Since A is not Noetherian, it cannot be semisimple by

Lam [Lam01, corollary 4.25].

For primitive ideals we have the following. If annA(S) is the annihilator of a simple A-

module S which restricts to a simple A(α)-module for some α, then for any β < α,

A(β) ∩ annA(S) = annA(β)(S).

Proposition 4.23. Suppose that each A(α) is local with maximal ideal A(α)+, so that each

homomorphism A(α)→ A(β) is local. Then A is also local.

Proof. The kernel of the augmentation ε : A→ k is the maximal ideal A+ ⊳A for which

A(α) ∩A+ ⊆ A(α)+ = radA(α).

Now given z ∈ A+ and a ∈ A we can assume that z, a ∈ A(γ) for some γ and so 1 + az has a

left inverse in A(γ) ⊆ A; a similar argument shows that 1+ za has a right unit, therefore A+ =

radA. �

Annihilators. We will discuss left annihilators and modules, but similar considerations apply

to right annihilators and modules.

Let a ∈ A. Then the left A-module homomorphism

A→ Aa; x 7→ xa

fits into a short exact sequence

0→ annlA(a)→ A→ Aa→ 0

where Aa ⊆ A is a f.g. submodule and so f.p., therefore annlA(a) is also a f.p. module. More

generally we have

Proposition 4.24. Let M be a coherent A-module and m ∈M . Then the left ideal annA(m) ⊆

A is a f.p. submodule, hence it is a coherent A-module.

More generally, if W ⊆M is a f.d. k-subspace then its annihilator annA(W ) is f.g. as a left

ideal, hence annR(W ) and M/ annR(W ) are coherent modules.
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Proof. For the first part, see [Lam99, theorem 2.4.58].

If n1, . . . , nk span the k-vector space W , then

annR(W ) = annR(n1) ∩ · · · ∩ annR(nk).

By a well-known argument, the intersection of two f.g. submodules of a coherent module is f.g.

and so coherent. Hence, annR(W ) and M/ annR(W ) are coherent modules. �

Finite and simple modules. Although A will have simple modules, in general they will not

all be coherent. Frobenius algebras are Kasch algebras (i.e., every left/right simple module

is isomorphic to a left/right ideal). The situation for a locally Frobenius algebra A is less

straightforward. For example, the trivial module k can never be isomorphic to a submodule

because of the next result characterising the simple modules which occur as minimal left/right

ideals of A.

Proposition 4.25. Let S be a simple A-module. Then S is isomorphic to submodule of A if

and only if it is coherent.

Proof. Assume that S ⊆ A and 0 6= s ∈ S. Since As = S, Proposition 4.24 implies that there

is a short exact sequence

0→ annlA(s)→ A→ S → 0

with annlA(s) f.p., so S is coherent.

For the converse, suppose that S is a coherent simple A-module. By Proposition 4.13, there is

an embedding j : S →֒ F into a f.g. free module. At least one of the compositions of j with the

projection onto a copy of A must be non-zero and so a monomorphism by simplicity, hence S

is isomorphic to a submodule of A. �

We already know that f.d. simple modules are not coherent by Corollary 4.7, so combining

this with Proposition 4.25 we obtain an important consequence.

Corollary 4.26. A f.d. simple module S is not isomorphic to a submodule of A, or equiva-

lently HomA(S,A) = 0. More generally, for a coherent A-module N , HomA(S,N) = 0.

In particular this applies to the trivial module k.

Proof. For the second statement, recall that there is an embedding N →֒ F into a finitely

generated free module. The short exact sequence

0→ N → F → F/N → 0

induces a long exact sequence beginning with

0 // HomA(S,N) // HomA(S,F ) // HomA(S,F/N) // · · ·

0

so HomA(S,M) = 0. �

We can extend this result to arbitrary f.d. modules.

Corollary 4.27. Suppose that M is a f.d. A-module. Then for any coherent module N ,

HomA(M,N) = 0.
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Proof. This can be proved by induction on the length of a composition series of M . The

inductive step uses the fact that for a f.d. simple module S, we have HomA(S,N) = 0 by

Propositions 4.25 and 4.13. �

We also have the following.

Proposition 4.28. Suppose that L ⊆ A is a minimal left ideal and 0 6= s ∈ L. Then at least one

of L ⊆ A+ or annlA(s) ⊆ A
+ must be true. Furthermore, if annlA(s) ⊆ A

+ then dimk L =∞.

Similar results are true for minimal right ideals.

Proof. By Proposition 4.25, annlA(s) is f.g., and since annlA(s)s = 0 we have s ∈ A+ or annA(s) ⊆

A+ because A+ is completely prime. By Proposition 4.5, if annA(s) ⊆ A
+ then L ∼= A/ annA(s)

is infinite dimensional. �

Proposition 4.29. Suppose that S is a finite dimensional simple A-module. Then there is a

λ ∈ Λ for which the restriction of S to A(λ) is simple. Hence for λ′ ∈ Λ with λ 4 λ′, the

restriction of S to A(λ′) is also simple.

Proof. I would like to thank Ken Brown for the following proof.

The quotient algebra A/ annA(S) is a finite dimensional simple k-algebra with dimension

dimkA/ annA(S) = m say. Lift a k-basis of A/ annA(S) to a linearly independent set E =

{e1, . . . , em} ⊆ A which is contained in some A(λ). We also have the ideal

J = A(λ) ∩ annA(S)⊳A(λ)

and the composition

A(λ) →֒ A→ A/ annA(S)

factors through an injective homomorphism A(λ)/J → A/ annA(S). Since the images of the

elements of E in A(λ)/J are still linearly independent, we have dimk(A(λ)/J) > m; but as

dimkA(λ)/J 6 m we obtain dimkA(λ)/J = dimkA/ annA(S). Therefore we have A(λ)/J ∼=

A/ annA(S), making a A(λ)/J simple Artinian ring. But we know that S is the (unique) simple

A/ annA(S)-module so it is also simple as an A(λ)/J-module and as an A(λ)-module.

The other statement is clear. �

Corollary 4.30. Suppose that S is a f.d. non-coherent simple A-module. Then there is an

α ∈ Λ such that

• S is a simple A(α)-module;

• there is an embedding of A(α)-modules S →֒ A(α);

• there is a β < α such that the composition S →֒ A(α) →֒ A(β) is not a homomorphism

of A(β)-modules. Therefore there is an a ∈ A(β) such that aS * S and in particular

aS \ S 6= ∅.

Proof. The first statement follows from Proposition 4.29 and the second is a consequence of a

Frobenius algebras being a Kasch algebra. If for every β < α this composition were a A(β)-

module homomorphism then we would obtain an A-module embedding S →֒ A, contradicting

Proposition 4.25. �

Of course there may be infinite dimensional minimal left/right ideals which satisfy one of the

conditions L2 = 0 or L2 = L. If L = Az and L2 = 0 then z ∈ A+ since this ideal is completely

prime.
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The next results were suggested by analogous results of Richardson [Ric77].

Lemma 4.31. Let L be a minimal left/right ideal in A. Then there is a λ ∈ Λ for which

L(λ) = A(λ) ∩ L is a non-trivial minimal left/right ideal in A(λ) and

L = AL(λ) ∼= A⊗A(λ) L(λ).

Proof. We outline the proof for left ideals.

Write L = Az and choose λ ∈ Λ so that z ∈ A(λ). Then L(λ) = A(λ) ∩ L is a non-trivial

left ideal in A(λ) and AL(λ) = L. By the well-known criterion for flatness of [Lam99, (4.12)],

multiplication gives an isomorphism

A⊗A(λ) L(λ)
∼=
−→ AL(λ) = L

and Corollary 4.11 implies that L(λ) is simple. �

Corollary 4.32. Let L be a minimal left ideal in A. Then either L2 = 0 or there is an

idempotent e ∈ A such that L = Ae.

Similarly for a minimal right ideal in A, either L2 = 0 or L is generated by an idempotent.

Proof. If L2 6= 0 then suppose L(λ) = A(λ) ∩ L 6= 0. In the Artinan ring A(λ), the minimal

ideal L(λ) = L(λ)2 is generated by an idempotent e and L = Ae. �

Our next result and its proof are direct generalisations of Richardson [Ric77, proposition 2.8].

Proposition 4.33. Let 0 6= w ∈ A. Then Aw is a minimal left ideal of A if and only if wA is

a minimal right ideal. Hence the left and right socles of A agree.

Proof. If Aw is a minimal left ideal then by Lemma 4.31 there is a λ ∈ Λ such that w ∈ A(λ)

and A(λ) ∩ Aw is a minimal left ideal in A(λ). Since wA is the union of the wA(λ) over all

such λ, it suffices to show that wA(λ) is a minimal right ideal. There is an isomorphism of left

A(λ)-modules

A(λ)w
∼=
−→ A(λ)/ annlA(λ)(w)

so annl
A(λ)(w) = annA(λ)(wA(λ)) which is a maximal left ideal. As A(λ) is Frobenius its left

and right submodule lattices correspond under an inclusion reversing bijection, therefore wA(λ)

is the annihilator ideal of A(λ)w which is a minimal right ideal. �

Another result of Richardson [Ric77, lemma 2.7] (see also Hartley & Richardson [HR77]) can

be extended to a locally Frobenius algebra. We know that a minimal left ideal of A is a coherent

A-module and so infinite dimensional; nevertheless this result gives some sort of finiteness albeit

over a division algebra which is infinite dimensional over k.

Proposition 4.34. Let L = Aw be a minimal left ideal of A.

(a) The ideal L is finite dimensional over the division algebra EndA(L).

(b) Every finite subset of EndA(L) lies in a finite dimensional separable k-subalgebra.

(c) If char k > 0, then EndA(L) is a field.

Proof. This involves a routine reworking of that for locally finite group algebras and is left to the

reader, the main point to notice is that group algebras of finite subgroups need to be replaced

by Frobenius algebras A(λ). �
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For locally Frobenius Hopf algebras our results on f.d. modules should be compared with the

following.

Proposition 4.35 (See [Lor18, proposition 10.6]). Suppose that H is a Hopf algebra over k.

If H is infinite dimensional then it has no non-trivial f.d. left/right ideals.

Combining this with Proposition 4.25 we obtain a result which also follows from Proposi-

tion 4.5.

Corollary 4.36. If H is a locally Frobenius Hopf algebra then no f.d. simple module is coherent.

Coherent projective covers. In general f.g. modules over a coherent ring may not have

projective covers in the usual sense. But we can define something similar for coherent modules

over a locally Frobenius algebra A.

Consider the coherent A-module A ⊗A(α) Mα where Mα is a f.g. (hence f.d.) A(α)-module.

If α 4 β then

Mβ = A(β)⊗A(α) Mα

has dimension

dimkMβ =
dimkA(β) dimkMα

dimkA(α)
.

so
dimkMβ

dimkA(β)
=

dimkMα

dimkA(α)
.

By Corollary 4.3, if there is an isomorphism of A-modules A⊗A(α) Mα
∼= A⊗A(β) Nβ then for

some large enough γ there is an isomorphism of A(γ)-modules

Mγ = A(γ)⊗A(α) Mα
∼= A(γ)⊗A(β) Nβ = Nγ ,

therefore
dimkMγ

dimkA(γ)
=

dimkNγ

dimkA(γ)
.

This shows that to any coherent A-module we can assign an isomorphism invariant rational

number by taking its coherent dimension to be

coh-dim(A⊗A(α) Mα) =
dimkMα

dimkA(α)
.

Now let M be a coherent A-module. Then there exist epimorphisms of A-modules P → M

where P is a coherent projective module. By Corollary 4.12, such an epimorphism can be taken

to be induced up from an epimorphism of A(α)-modules Pα → Mα for some α ∈ Λ, where Pα

is projective; we will refer to such epimorphisms as coherent epimorphisms. Notice also that

dimk Pα > dimkMα so

coh-dim(A⊗A(α) Pα) > coh-dim(A⊗A(α) Mα).

In fact we have the following useful observation. Let ϕ : P → N be a homomorphism of

coherent A-modules with P coherent projective, and let θ : M → N be a coherent epimorphism.

Then we can factor ϕ through M .

M

θ
��

P
ϕ

//

ϕ̃ 00

N
23



By choosing a large enough α ∈ Λ we can find underlying homomorphisms of f.g. A(α)-modules

Mα

θα
��

Pα

ϕα //

ϕ̃α
11

Nα

which on applying A ⊗A(α) (−) induce the diagram of A-modules. We need to check that this

second diagram commutes. Since θα ◦ ϕ̃α and ϕα induce the same homomorphism P →M , so

by Proposition 1.10(a) θα ◦ ϕ̃α − ϕα must be trivial and this diagram also commutes.

Now suppose that we have two coherent epimorphisms P
ϕ
−→ M

θ
←− Q where P and Q

are coherent projectives. The preceding discussion shows that we can assume that for some

λ ∈ Λ there are there are projective A(λ)-modules Pλ and Qλ for which P ∼= A ⊗A(λ) Pλ and

Q ∼= A⊗A(λ)Qλ together with a f.g. A(λ)-module Mλ for which M ∼= A⊗A(λ)Mλ; furthermore

there is a commutative diagram of A(λ)-modules

Pλ

ϕλ ** **

ρ
// Qλ

θλ ����

σ // Pλ

ϕλuuuu
Mλ

where ϕλ and θλ induce ϕ and θ. On tensoring with A and using faithful flatness we see that

σ ◦ ρ = Id−Pλ, so Pλ is a summand of Qλ and dimk Pλ > dimkQλ.

We can now define the coherent rank of M to be

coh-rankM = min{coh-dimP : there is a coherent epi. P →M} > coh-dim(M).

If we realise this minimum with a coherent epimorphism P → M , then for any other such

coherent epimorphism Q → M the above discussion shows that coh-dimP = coh-dimQ and

so P ∼= Q. Thus we can regard P →M as a coherent projective cover.

Pseudo-coherent modules. In Bourbaki [Bou80, ex. §3.10], as well as coherent modules,

pseudo-coherent modules are considered, where a module is pseudo-coherent if every finitely

generated submodule is finitely presented (so over a coherent ring it is coherent). The reader is

warned that pseudo-coherent is sometimes used in a different sense; for example, over a coherent

ring the definition of Weibel [Wei13, example II.7.1.4] corresponds to our coherent.

Examples of pseudo-coherent modules over a coherent ring A include coproducts of coherent

modules such as the f.r. modules of Definition 1.1. However pseudo-coherent modules do

not form a full abelian subcategory of ModA since for example cokernels of homomorphisms

between pseudo-coherent modules need not be pseudo-coherent. Nevertheless, pseudo-coherent

modules do occur quite commonly when working with coherent modules over locally Frobenius

algebras.

Lemma 4.37. Let A be a ring and M a pseudo-coherent A-module. Then M is the union of

its coherent submodules and therefore their colimit.

Proof. Every element m ∈M generates a cyclic submodule which is coherent. �

Lemma 4.38. Let A be a coherent ring and B an Artinian subring where A is flat as a right

B-module. Then every extended A-module A⊗B N is pseudo-coherent.
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Proof. Let U ⊆ A⊗B N be a finitely generated submodule. Taking a finite generating set and

expressing each element as a sum of basic tensors we find that U ⊆ A ⊗B U
′ where U ′ ⊆ N is

a finitely generated submodule. As B is Artinian and so Noetherian, U ′ is finitely presented,

so by flatness of A, A ⊗B U ′ is a finitely presented A-module. Since A is coherent, U is also

finitely presented. �

An important special case of this occurs when A is a coherent algebra over a field k and B is

a finite dimensional subalgebra. If N is a B-module then it is locally finite, i.e., every element

is contained in a finite dimensional submodule.

We will discuss pseudo-coherence for modules over a locally Frobenius Hopf algebra in Sec-

tion 6.

The following stronger notions of pseudo-coherence are perhaps more likely to be important

for example for computational purposes.

Definition 4.39.

• A module over a coherent ring is strongly pseudo-coherent if it is a coproduct of coherent

modules.

• A module M over a locally Frobenius algebra A indexed on Λ is λ-strongly pseudo-

coherent for λ ∈ Λ if

M ∼= A⊗A(λ) M
′

where the A(λ)-module M ′ is a coproduct of finitely generated A(λ)-modules.

Over a coherent ring every free module is strongly pseudo-coherent as is every finitely related

module since it is the sum of a coherent module and a free module. Clearly a λ-strongly

pseudo-coherent module over a locally Frobenius algebra A is strongly pseudo-coherent.

Cohomology for finite dimensional A-modules. To end this section we discuss Ext groups

for finite dimensional modules. We will work with left modules, but a similar discussion applies

to right modules.

If W is an A(λ)-module for some λ ∈ Λ and N is an A-module (hence an A(λ)-module via

restriction), then A⊗A(λ) W is an A-module and

HomA(λ)(W,N) ∼= HomA(λ)(A⊗A(λ) W,N).

More generally, since A is A(λ)-flat,

ExtsA(λ)(W,N) ∼= ExtsA(A⊗A(λ) W,N).

If M,N are A-modules viewed as A(λ)-modules through restriction, then

colim
(Λ,4)

A⊗A(λ) M ∼=M

as A-modules and

(4.4) HomA(M,N) ∼= HomA(colim
(Λ,4)

A⊗A(λ) M,N) ∼= lim
(Λ,4)

HomA(λ)(M,N).

There is a spectral sequence of Jensen [Jen72, théorème 4.2] of the form

Es,t
2 = lim

(Λ,4)

s ExttA(A⊗A(λ) M,N) =⇒ Exts+t
A (M,N),
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where lim
(Λ,4)

s is the s-th right derived functor of lim
(Λ,4)

. The E2-term can be rewritten to give

(4.5) Es,t
2 = lim

(Λ,4)

s ExttA(λ)(M,N) =⇒ Exts+t
A (M,N).

When Λ is countable, by a result of Jensen [Jen72], for s > 1, lim
λ∈Λ

s is trivial, so for each n > 1

there is an exact sequence

(4.6) 0→ lim
(Λ,4)

1 Extn−1
A(λ)(M,N)→ ExtnA(M,N)→ lim

(Λ,4)
ExtnA(λ)(M,N).→ 0

Suppose that J is an injective A-module and

0 // U //

��

V

J

is a diagram of A(λ)-modules with an exact row. By flatness of A as an A(λ)-module,

0 // A⊗A(λ) U // A⊗A(λ) V

is an exact sequence of A-modules and on applying HomA(λ)(−, J) we obtain a commutative

diagram

HomA(λ)(U, J)
OO

∼=
��

HomA(λ)(V, J)oo
OO
∼=
��

0 HomA(A⊗A(λ) U, J)oo HomA(A⊗A(λ) V, J)oo

where the lower row is exact by injectivity of the A-module J . It follows that J is an injective

A(λ)-module.

Now taking N = J and using (4.6) with n = 1 we obtain

lim
(Λ,4)

1HomA(λ)(M,J) = 0,

and by using (4.4),

HomA(M,J) ∼= lim
(Λ,4)

HomA(λ)(M,J).

We know that A is relatively injective with respect to coherent A-modules. For a finite

dimensional non-coherent A-module M , the spectral sequence (4.5) gives

Es,t
2 = lim

(Λ,4)

s ExttA(λ)(M,A) =⇒ Exts+t
A (M,A)

and as A is A(λ)-injective for every λ, while if t = 0,

Es,t
2 =





lim
(Λ,4)

sHomA(λ)(M,A) if t = 0,

0 if t > 0.

So we have

ExtnA(M,A) ∼= lim
(Λ,4)

nHomA(λ)(M,A).

In particular, if Λ is countable, ExtnA(M,A) = 0 when n > 1.

Definition 4.40. If S is a finite dimensional simple A-module then A is S-Margolisian if

ExtnA(S,A) = 0 for all n > 0.

If A is S-Margolisian for all finite dimensional simple A-modules then A is Margolisian.
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So A is Margolisian if for every finite dimensional non-coherent simple A-module S and

every s > 0,

lim
(Λ,4)

sHomA(λ)(M,A) = 0.

We can summarise this in a result which is obtained by combining these ideas with what we

already know for coherent finite dimensional A-modules.

Proposition 4.41. A is Margolisian if and only if A is relatively injective with respect to the

abelian category Modf.d.
A of all finite dimensional A-modules.

Margolis [Mar83] shows that every P -algebra is k-Margolisian in our sense. In this case k is

the only simple module. His proof makes essential use of the fact that its modules are graded

and we have neither been able to find an argument that works in our situation nor a counter

example, so it seems possible that every locally Frobenius algebra is Margolisian, or at least

k-Margolisian.

Remark 4.42. As in Remark 4.18, for a f.d. A-module M , the left exact functor HomA(M,−)

on the category of all A-modules has the right derived functors Ext∗A(M,−). If A is Mar-

golisian then for each finitely generated free module F , Ext∗A(M,F ) = 0 and F is HomA(M,−)-

acyclic, so these right derived functors can be computed using resolutions by such modules

which are the injectives in Modcoh
A . So they are also right derived functors on Modcoh

A . But

then Ext∗A(M,N) = 0 for every coherent module N .

We now discuss the finite dual of a locally Frobenius k-algebra A and some related ideas. As

we could not find a convenient reference we give details which are probably well known.

Recall that the finite dual of A is

A◦ = {f ∈ Homk(A,k) : ∃I ⊳A s.t. I is cofinite and I ⊆ ker f} ⊆ Homk(A,k).

Here I is cofinite if dimkA/I <∞. It is clear that A◦ ⊆ Homk(A,k) is a k-subspace.

There are two A-module structures on Homk(A,k) namely a left one induced by right mul-

tiplication on the domain and a right one induced by left multiplication on the domain.

Lemma 4.43. The left and right A-module structures on A◦ each restrict to make A◦ a sub-

module of Homk(A,k).

Furthermore, if M is a fd. A-module the image of every A-module homomorphism M →

Homk(A,k) is contained in A◦.

Proof. We give the argument for the left module structure.

Let f ∈ A0 be trivial on a cofinite ideal I ⊳A. If a ∈ A and x ∈ I then

(af)(x) = f(xa) = 0

since xa ∈ I.

Since M is f.d., the associated algebra homomorphism A → Endk(M) has a cofinite kernel

J ⊳A say. Now for an A-module homomorphism M → Homk(A,k), the image of each m ∈M

must vanish on J . �

If W is a f.d. vector space then we can similarly define

Homfin
k (A,W ) = {f ∈ Homk(A,W ) : ∃I ⊳A s.t. I is cofinite and I ⊆ ker f} ⊆ Homk(A,W ).

27



Then the obvious left and right A-module structures on Homk(A,W ) also restrict to make

Homfin
k (A,W ) a left or right submodule. If we choose a basis for W we obtain isomorphisms of

left and right A-modules

Homfin
k (A,W ) ∼= (A◦)dimk W .

An analogue of this is also true when W is infinite dimensional.

It is standard that injectives in the module category ModA are summands of modules of the

form Homk(A,W ). In particular every A-module M admits an embedding M →֒ Homk(A,M)

where the copy of M in the codomain is viewed just as a vector space.

Lemma 4.44. Suppose that W is a f.d. vector space. Then Homfin
k (A,W ) is a relative injective

with respect to the category of f.d. A-modules. Furthermore every f.d. A-module admits a

resolution by such relative injectives.

Proof. It suffices to show this for A◦ itself.

Suppose we have the solid diagram of A-modules

0 // U //

��

V

yys s
s
s
s
s

yy

A◦
� _

��
Homk(A,k)

where U and V are f.d. and the row is exact. Because Homk(A,k) is a genuine injective A-

module there is a dotted arrow making the diagram commute. By the second part of Lemma 4.43

its image is contained in A◦ so we obtain a dashed arrow making the diagram commute. �

This means that to calculate Ext∗A(M,N) where M and N are f.d., we can use a resolution

of N by A-modules of the form Homfin
k (A,W ). Of course this is not a resolution in Modf.d.

A ,

but it is in the category of locally finite A-modules Modl.f.
A which is a full abelian subcategory

of ModA.

5. Stable module categories for locally Frobenius algebras

For an arbitrary ring there are two distinct ways to define a stable module category starting

with the category of modules, namely by treating as trivial those homomorphisms which factor

through either projectives or injectives; for a Frobenius algebra these coincide. A locally Frobe-

nius algebra A is not self-injective, but it is injective relative to certain types of A-modules,

in particular coherent modules and f.r. modules. So starting with the abelian category of co-

herent A-modules we obtain a stable module category using either approach. However, there

are grounds for thinking that f.r. or pseudo-coherent modules should also be included although

neither form an abelian category in an obvious way.

We adopt some standard notions for stable module categories for the stable module category

of coherent A-modules which we will denote by Stmodcoh
A . We will also use the notation

{M,N} = Stmodcoh
A (M,N) = Modcoh

A (M,N)/ ≈
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for the morphisms, where for two homomorphisms f, g : M → N , f ≈ g if and only if there is a

factorisation

M
f−g

//

  ❆
❆❆

❆❆
❆❆

❆
N

F

>>⑦⑦⑦⑦⑦⑦⑦⑦

where F is a f.g. free module. For a coherent module M , the objects ΩM and ℧M are defined

by taking exact sequences

P
p
−→M → 0, 0→M

j
−→ J

where P and J are f.g. free and hence injective modules. Using Schanuel’s Lemma, ker p and

coker j are well-defined up to isomorphism in Stmodcoh
A so we may use these as representatives

of ΩM and ℧M .

Lemma 5.1. In Stmodcoh
A , every object M is isomorphic to objects of the form ΩM ′ and ℧M ′′

for some coherent modules M ′ and M ′′. Then Ω and ℧ define mutually inverse endofunctors

of Stmodcoh
A .

Proof. By Proposition 4.16(a) we know that M is a submodule of a f.g. free module F so there

is an exact sequence

0→M → F →M ′ → 0

showing that M = ΩM ′. On the other hand there is also an epimorphism F ′ → M for some

f.g. free module F ′ and by Lemma 4.14 this is injective, hence there is an exact sequence

0→M ′′ → F ′ →M → 0

and therefore M = ℧M ′′. This also shows that M ′′ ∼= ΩM and so M ∼= ℧ΩM . A similar

argument shows that M ∼= Ω℧M . �

Proposition 5.2. The functors Ω,℧ : Stmodcoh
A → Stmodcoh

A satisfy the following for all

coherent A-modules M and N and these isomorphisms are natural:

{ΩM,ΩN} ∼= {M,N} ∼= {℧M,℧N}.

We extend {−,−} to a graded Z-bifunctor by setting

{M,N}n = {M,N}−n =

{
{M,℧nN} if n > 0,

{Ω−nM,N} if n < 0.

This leads to a triangulated structure on Stmodcoh
A . Of course the point of this definition is

that when n > 0,

ExtnA(M,N) ∼= {M,N}n.

A major defect of this stable module category in the case when A is a locally Frobenius

Hopf algebra is its lack of an obvious monoidal structure: the tensor product M ⊗k N of two

coherent modules with the diagonal action need not be coherent as an A-module. This problem

disappears if one of the factors is instead a f.d. module. We will discuss this further in Section 6.
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6. Locally Frobenius Hopf algebras

In this section we consider results on locally Frobenius Hopf algebras where the Hopf structure

plays a rôle. We are particularly motivated by the goal of extending results on locally finite

group algebras. A convenient source for background material on Hopf algebras is provided by

Montgomery [Mon93].

Assumption 6.1. We will assume that H is a Hopf algebra over the field k with coproduct

ψ : H → H ⊗H and antipode χ : H → H, where will use the notation for these:

ψ(h) =
∑

i

h′i ⊗ h
′′
i , h = χ(h).

We will also assume that K ⊆ H is a subHopf algebra with H being flat as a left and right

K-module.

Now given two left H-modules L andM , their tensor product L⊗M is a left H-module with

the diagonal action given by

h · (ℓ⊗m) =
∑

i

h′iℓ⊗ h
′′
im,

where the coproduct on h is

ψh =
∑

i

h′i ⊗ h
′′
i .

In particular, given a left H-moduleM and a left K-module N , the tensor product of M and

H ⊗K N is a left H-module M ⊗ (H ⊗K N). There is an isomorphism of H-modules

(6.1) M ⊗ (H ⊗K N)
Θ
−→
∼=
H ⊗K (M ⊗N); m⊗ (h⊗ n) 7→

∑

i

h′i ⊗ (h′′im⊗ n)

where x = χ(x) and M ⊗N is a left K-module with the diagonal action.

A particular instance of this is

(6.2) (H//K)⊗ (H//K) ∼= H ⊗K (H//KB)

where

H//K = H/HK+ ∼= H ⊗K k.

Lemma 6.2. Suppose that H is coherent and K is finite dimensional. LetM be a left H-module

and N a left K-module. Then the H-module M ⊗ (H ⊗K N) is pseudo-coherent.

Proof. Using (6.1),

M ⊗ (H ⊗K N) ∼= H ⊗K (M ⊗N)

which is pseudo-coherent by Lemma 4.38. �

In general, the tensor product of two coherent modules over a locally Frobenius Hopf algebra

is not a coherent module. However, it turns out that it is pseudo-coherent.

Proposition 6.3. Suppose that H is a locally Frobenius Hopf algebra and that L and M are

two coherent left H-modules. Then the H-module L⊗M is pseudo-coherent.
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Proof. Every coherent H-module is induced from a finitely generated H(λ)-module for some λ.

By choosing a large enough λ we can assume that L ∼= H ⊗H(λ) L
′ for some finitely generated

H(λ)-module L′. Then as H-modules,

L⊗M ∼= H ⊗H(λ) (L
′ ⊗M),

which is a pseudo-coherent H-module. �

If H is a locally Frobenius Hopf algebra, then for λ, the cyclic H-module

H//H(λ) = H/HH(λ)+ ∼= H ⊗H(λ) k

can be viewed as an H(λ)-module, and by (6.2) there is an isomorphism of H-modules

H//H(λ) ⊗H//H(λ) ∼= H ⊗H(λ) H//H(λ).

So if H//H(λ) is a coproduct of f.g./f.d. H(λ)-modules then H//H(λ)⊗H//H(λ) is λ-strongly

pseudo-coherent H-module.

Now we consider normality for subHopf algebras of locally Frobenius Hopf algebras.

Definition 6.4. The left and right adjoint actions of h ∈ H on x ∈ H are given by

h · x =
∑

i

h′ixh
′′
i , x · h =

∑

i

h′ixh
′′
i .

When H = kG is a group algebra then if g ∈ G, the adjoint action agrees with conjugation

by g.

The adjoint action ofH on itself is compatible with the product ϕ : H⊗H → H and coproduct

ψ : H → H ⊗H provided H ⊗H is given the diagonal coactions for which

h · (x⊗ y) =
∑

i

h′i · x⊗ h
′′
i · y, (x⊗ y) · h =

∑

i

x · h′i ⊗ y · h
′′
i .

In the following definition, the notion of strongly normalised is motivated by the case of the

group algebra of a locally finite group G. If a finite subgroup H 6 G normalises a subgroup K,

then for any finite subgroup K ′ 6 K, the finite set

⋃

h∈H

hK ′h−1 ⊆ K

is contained in some finite subgroup K ′ 6 K. This has implications for the image of the adjoint

action of kH on kK ′ which is contained in kK ′′. For a locally Frobenius Hopf algebra our

definition specialises to this case.

Definition 6.5. A sub(Hopf) algebra K ⊆ H is normal if for all h ∈ H, h · K ⊆ K and

K · h ⊆ K.

If H ′ ⊆ H is a subHopf algebra, then K is normalised by H ′ if for every h ∈ H ′, h ·K ⊆ K

and K · h ⊆ K.

IfK ⊆ H is a locally Frobenius subHopf algebra of shape Λ′ ⊆ Λ thenK is strongly normalised

by a subHopf algebra H ′ ⊆ H if for all h ∈ H ′ and λ ∈ Λ′, there is a λh ∈ Λ′ such that

h ·K(λ) ⊆ K(λh), K(λ) · h ⊆ K(λh).
31



Notice that in the strongly normalised case, if H ′ is f.d., then
∑

h∈H′

h ·K(λ)

is a f.d. subspace so is contained in some K(λ̃h).

Here is an omnibus proposition combining results found in Montgomery [Mon93, section 3.4]

Proposition 6.6. Let K ⊆ H be a subHopf algebra.

(a) Let K be normal. Then HK+ = K+H and this is a Hopf ideal in H; furthermore, the

quotient homomorphism H → H/HK+ is a morphism of Hopf algebras.

(b) If H is faithfully flat as a left/right K-module and HK+ = K+H, then K is normal.

(c) If H is finite dimensional then K is normal if and only if HK+ = K+H.

The next result is probably standard but we do not know a convenient reference.

Proposition 6.7. Suppose that H is a Hopf algebra over a field and that K,L are subHopf

algebras where K is normalised by L. Then KL = LK and this is a subHopf algebra of H.

Proof. This is similar to the proof of Proposition 6.6(a). The key point is that for k ∈ K and

ℓ ∈ L, using the definition of the counit and coassociativity we have,

ℓk =
∑

i

ℓ′ikε(ℓ
′′
i )

=
∑

i

ℓ′i · kℓ
′′
i ∈ KL

so LK ⊆ KL. Similarly, KL ⊆ LK. �

Proposition 6.8. Let H be a locally Frobenius Hopf algebra of shape Λ and let K ⊆ H be a

locally Frobenius subHopf algebra if shape Λ′ ⊆ Λ. Suppose that L ⊆ H is a finite dimensional

subHopf algebra and K is normalised by L. Then for any finite dimensional subHopf algebra

K ′ ⊆ K there is a λ ∈ Λ such that H(λ) contains K ′ and L; furthermore K ∩ H(λ) is nor-

malised by L and L(K ∩H(λ)) = (K ∩H(λ))L ⊆ H(λ) is a finite dimensional subHopf algebra

containing K ′ and L.

Proof. This is a straightforward consequence of Lemma 3.3 and Proposition 6.7. �

7. Some examples of locally Frobenius Hopf algebras

In this section we decribe some examples which occur in the literature whose understanding

might be aided by viewing them as locally Frobenius algebras but we leave detailed investigation

for future work.

7.1. Group algebras of locally finite groups. Recall that a countable group G is locally

finite if every finite subset S ⊆ G is contained in a finite subgroup. The group algebras of such

groups have been studied in the literature, for example in the work of Hartley, Richardson and

Musson [HR77,Ric77,Mus78].

Proposition 7.1. Let k be a field and G a locally finite group. Then kG is a locally Frobenius

Hopf algebra.
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Proof. We take the indexing set λ to be the set of finite subgroups ordered by inclusion and for

each H ∈ λ take the finite group algebras kH which is a subHopf algebra of kG.

A finite dimensional subspace V ⊆ kG has a basis whose elements are expressible as linear

combinations of finitely many elements of G, therefore it must be contained in some finite

subgroup H 6 G, so V ⊆ kH.

For two finite subgroups H 6 K 6 G, there are left and right integrals
∑

h∈H

h ∈ ∫kH ,
∑

k∈K

h ∈ ∫kK .

Then taking a complete set of right coset representatives k1, . . . , k|K:H| for K/H we have
(
k1 + · · ·+ k|K:H|

) ∑

h∈H

h =
∑

k∈K

k,

so ∫kK ⊆ kK∫kH . The condition of Lorenz [Lor18, 12.4.1(a)] shows that kK : kH is a Frobenius

extension. �

7.2. Dual profinite group algebras. Let G be a profinite group,

G = lim
N⊳G

|G:N |<∞

G/N.

For a field k the pro-group algebra

kG = lim
N⊳G

|G:N |<∞

kG/N

is a complete topological Hopf algebra. However, there is also dual object

k(G) = colim
N⊳G

|G:N |<∞

k(G/N)

where

k(G/N) = Map(G/N,k) ∼= Homk(kG/N,k)

is the dual group ring. Alternatively, k(G) agrees with the algebra of locally constant (con-

tinuous) functions G → k with respect to the profinite topology. Since each k(G/N) is a

commutative Hopf algebra so is k(G). In fact, k(G) also agrees with the finite dual of kG,

commonly denoted by (kG)o.

Proposition 7.2. For a profinite group G, k(G) is a commutative locally Frobenius Hopf alge-

bra.

Proof. We need to check that for cofinite normal subgroups M ⊳ G and N ⊳ G with M ⊳ N ,

k(G/M) : k(G/N) is a Frobenius extension.

The functions δ1G/M
∈ k(G/M) and δ1G/N

∈ k(G/N) with

δ1G/M
(gM) =

{
1 if g ∈M ,

0 otherwise,

δ1G/N
(gN) =

{
1 if g ∈ N ,

0 otherwise,
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are integrals for k(G/M) and k(G/N). The quotient homomorphism π : G/M → G/N satisfies

π∗δ1G/N
=

∑

gM∈ker π

δgM

and

δ1G/M
π∗δ1G/N

= δ1G/M
,

so the condition of Lorenz [Lor18, 12.4.1(a)] shows that k(G/M) : k(G/N) is a Frobenius

extension. �
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