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. Vibrational Modelling with an anHarmonic Oscillator Model in
: DSMC

s Clément Civrais*, Craig White" and René Steijl*
4 University of Glasgow, School of Engineering, James Watt South Building, G12 8QQ, Glasgow, United Kingdom

5 Vehicles undergoing hypersonic speed experience extreme aerothermodynamic conditions.
6 Real gas effects cannot be neglected and thus internal degrees of freedom of molecules being
7 partially/fully excited must be carefully predicted in order to accurately capture the physics of
8 the flow-field. Within direct simulation Monte Carlo solvers, a harmonic oscillator (HO) model,
9 where the quantum levels are evenly spaced, is typically used for vibrational energy. A more
10 realistic model is an anharmonic oscillator (aHQ), in which the energy between quantum levels is

" not evenly spaced. In this work, the Morse-aHO model is compared against HO. The Morse-aHO

12 model is implemented in the dsmcFoam+ solver and the numerical results are in excellent
13 agreement with analytical and Potential Energy Surface solutions for the partition function,
14 mean vibrational energy, and degrees of freedom. A method for measuring the vibrational
15 temperature of the gas when using the anharmonic model in a DSMC solver is presented,
16 which is essential for returning macroscopic fields. For important thermophysical properties of
17 molecular oxygen, such as the specific heat capacity, it is shown that the aHO and HO models
18 begin to diverge at temperatures above 1000 K, making the use of HO questionable for all but low
19 enthalpy flows. For the same gas, including the electronic energy mode significantly improves
20 the accuracy of the specific heat prediction, compared to experimental data, for temperatures
21 above 2000 K. For relaxation from a state of thermal non-equilibrium, it is shown that the aHO
2 model results in a slightly lower equilibrium temperature. When applied to hypersonic flow
2 over a cylinder, the aHO model results in a smaller shock stand off distance and lower peak
2 temperatures.

2 I. Introduction

2 Space exploration is one of the most demanding technological challenges. One of the major difficulty remains the

o

; entry into a planetary atmosphere where the space vehicle experiences large aerothermodynamic loading. Vehicles

s travelling at hypersonic velocities induce the formation of strong shock waves, behind which very high temperatures

N
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are created, with the result that real gas effects on the thermophysical properties of the flow cannot be neglected [[1]].
The number of degrees of freedom of the problem increases: in addition to the translational and rotational modes, one
must take into account the vibrational and electronic modes [2]]. Being closely related to the thermophysical properties
through the partition functions, the degrees of freedom of a molecule must be carefully modelled to correctly capture
the physics of the flow [2[3].

One of the most popular manners to characterise the vibrational excitation of a diatomic molecular system is the
simple harmonic oscillator (HO) model [2, 3], Eq. (T). Vibrational energies, €,, are equally-spaced over vibrational
quantum levels, 7, by a increment Av,

€O (i) = hv(i + %), (1

where v is the fundamental frequency and 4 is Planck’s constant.
Typically, the vibrational energy is re-scaled such that the ground state level has zero energy, which is permissible
since it simply a constant and does not influence the changes of state of a system [1} 2,4, 15]. In the HO model, the energy

associated with a given quantum level can then be defined in terms of a characteristic vibrational temperature, Eq. (2),
€' (i) = ik6,, )

where k is the Boltzmann constant and 6, is the characteristic vibrational temperature.

This model is often used in the direct simulation Monte Carlo (DSMC) community to address the vibrational
excitation of molecular systems [6-8]. For reasonably low temperatures, where the flow is mainly governed by
translational and rotational modes, the assumption of a molecular system acting as a HO is valid, whereas at high
temperature, where the vibrational modes become significantly excited, the HO model meets its limitations [9H11]]. As a
result of the linear distribution of the vibrational energy over quantum levels, the modelling of the vibrational partition
function, Q,, is inaccurate at high temperature. Poorly modelling the partition function is undesirable because it is
closely related to the thermophysical properties, e.g. the specific heat capacity of the gas C,,(T),

(92

73 [0 (1) + Q" (T) + Q™ (T) + Q°'“(T), 3)

Cu(T) =

)el“ refer to the translational, rotational,

where Q is the partition function and the superscripts ()", ()"°*, (), and (
vibrational, and electronic modes, respectively, and T is the temperature. A failure to recover the correct thermophysical
properties will lead to the physics of the flow not being captured accurately.

An alternative to avoid using a HO model for the description of vibrational excitation is to assume the molecular

system to be an anharmonic oscillator (aHO) [2 12} [13]. Instead of linearly relating vibrational energy and quantum

levels, this model offers a non-equally spaced quantum level distribution, i.e. it assumes that the spacing between
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quantum levels decreases with increasing energy. Describing the physical interaction that a molecule experiences with a
non-linear approach significantly impacts the macroscopic properties of the physics of the flow [OH11].

Similar to an HO model, an aHO model is derived from a system composed of the time-independent Schrédinger
equation and a potential energy function that describes the inter-atomic forces acting within the molecule [14H16]. In
the HO framework, the potential function is derived from a simple quadratic formulation, while a large number of
potential functions — and their corrected versions — can result in an aHO-like model, see Roy [17]] for an extensive
discussion around potential energy functions. Two of the most common functions that lead to an aHO-like model with

application in DSMC are summarised in Table[T]

Table 1 Potential energy functions. Sy is the bond stiffness, c is the speed of light in vacuum, ¢ = % is the

—
normalised distance between the nuclei, r.,, is the distance between the nuclei at the equilibrium state, a and a;

are spectroscopic constants, « is a constant controlling the width of the potential, and D is the dissociation energy.

Name Formulation

r2
Harmonic Oscillator [2]] V(&) = %gz
Dunham Expansion [13] V(&) = hcagé*(1 + Y; a;€7)
Morse Potential [12]] V(&) =D(1 — e ¥eat)?

The Dunham expansion function makes use of a series expansion at an equilibrium molecular state. This model is
widely used in spectroscopic and plasma research due to its ability to propose a simple coupling between the rotational,
vibrational, and electronic modes of the molecular system [[18520].

Anharmonic oscillator models have been employed in the past to address the vibrational excitation in DSMC
simulations [21H25]] and in CFD simulations [9, 26H28]]. The Morse-aHO model has previously been used in DSMC
simulations. It was applied as the foundation for Koura’s studies [23\ |29} |30]] on the rotational relaxation of diatomic
species. Similarly, Haas [21]] employed the Morse-aHO model to propose a new model for reactive collisions in order
to capture coupled vibration-dissociation (CVD) mechanisms prevalent in high-temperature rarefied gases [31-33]].
The authors show that the Morse-aHO model indicates the best agreement to empirical data when compared to the
other vibrational models considered. The coupling between vibrational excitation and the dissociation phenomena is a
field of active research [34H36], showing the benefits of modelling the vibrational excitation with an aHO model. Bird
also implemented the Morse-aHO model in his code to include anharmonic vibrational energy levels in a test case in
his 1994 monograph [4], where the impact of this on dissociation rates was studied. It was found that the measured
dissociation rates were greater than that from the harmonic oscillator model, although some uncertainty remained over
the selection procedure for post-collision vibrational energies being taken from a uniform distribution when the energies
are not uniformly distributed.

However, to the best of the authors’ knowledge, the details of how to implement an aHO model in a DSMC solver

have not been explicitly described before. This article therefore aims to describe the implementation of such a model in
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a DSMC solver and to study the influence of having an aHO rather than a HO model. The focus will be on the Morse
potential [12]] and Dunham expansion [13]] for the computation of macroscopic and thermophysical properties of a
diatomic gas.

As is evident from Eq. (3), the electronic mode must also be taken into account to return the correct macroscopic
properties of a high temperature gas [4]. At low temperatures, the flow is mainly governed by the translational and
rotational modes, whereas at high temperatures, the contributions of vibrational and electronic modes are no longer
negligible and play a major role in the correct representation of the physics of the flow. The electronic mode has
sometimes been omitted in DSMC studies [37] due to its strong connection to ionisation and plasma simulations; this
decision is surprising while dealing with Mach numbers in excess of 30 and temperatures of almost 20,000 K [37]]. The
consequences of such an omission on the thermophysical properties will also be investigated in the current work.

The aims of this work are threefold. The key contribution of the current article is on the quantification of the
influence of modelling the vibration excitation with either a traditional HO model or a Morse-aHO model on the
thermophysical properties. Although aHO-type models have been employed in DSMC before [21H235]], none of the
articles detail how it has been implemented and the necessary modifications required in the DSMC solver. Therefore,
the development of a aHO model compatible with the DSMC principle, as well as a novel technique for measuring the
vibrational temperature of the gas when an aHO model is used, will be addressed. Moreover, electronic mode omission
is a questionable assumption for the recovery of the thermophysical properties of a gas for all but low enthalpy flows and
the impact of this will be investigated. To summarise, the novelty of the article lies in the development of a Morse-aHO
model, validated against well-established test cases and high-accuracy data, and its application to different problems.

The rest of the article is organized as follows: in Sec.[[l} the derivation of two aHO models, namely Dunham
expansion and Morse potential, are presented. The important characteristics of these models are regarded in terms
of the physical description of the dissociation phenomena. The implementation of the Morse-aHO model in the
dsmcFoam+ [38] solver is detailed in a step-by-step fashion. In Sec.[[TI] the Morse potential function is validated against
theory and compared to the traditional HO model. In Sec.[IV] the impact of the vibrational model and the omission of
electronic mode on thermophysical properties of fundamental problems is studied. In Sec.[V] the Morse aHO model is
tested for a flow past a cylindrical body. The final section, Sec. provides conclusions and perspectives for future

work.

IIL. Vibrational Modelling Theory
The derivation of the vibrational energy, €,, is a matter of solving the time-independent Schrédinger equation [14-
16] for a chosen potential function [17], i.e. Morse potential [[12], Dunham expansion [13]], or any other potential
function [17]. Obtaining the vibrational energy consists of applying a convenient coordinate transformation and

evaluating the eigen-value of the system. The complete derivation from quantum mechanics of the HO model can be



113

114

15

116

17

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

found in Refs. [14,[15], for the Morse-aHO model in Refs [[12, 1416 |39], and for Dunham-aHO model in Ref [[13]].

A. Dunham Expansion

With Dunham theory, a diatomic molecule is modelled as a rotating vibrator [[13]] that has two contributions. The
total potential is obtained by summing the rotational and vibrational contributions. Applying the relevant mathematical
transformation [13} [13H16], the internal ro-vibrational energy has the form of a double infinite summation that accounts

for each contribution,

1
e (i K) = he )Y Y+ )" LF (KT, )

where Y, , is related to a spectroscopy constant [13]], 7 is the vibrational quantum level, f(K) a function that accounts
for the calculation of the rotational energies.

In the context of uncoupling internal modes and targeting the vibrational excitation of a diatomic molecule, the n'”
summation, referring to rotational motion, can be dropped to zero. Due to the infinite nature of the summation over m,
this function must be arbitrarily truncated to a certain level. This decision is mainly governed by the availability of
spectroscopy constants [40-42] for the computation of the weighted parameter Y, ,. These coeflicients are tabulated in
Refs. [40][42] for a selection of chemical species. Developing Eq. (@) up to the third order results in a commonly used
expression [[18 [19]];

EvDunham(i) = hew, (i + %)(1 — xe(i+ %) +ye(i+ %)2), (5)

where we, We Ye and w7y, are spectroscopy constants.

B. Morse Potential

Similarly, the Morse potential [12] defines the vibrational energies as the eigen-value of the system composed of the
time-independent Schrodinger equation and the Morse potential [12]].

The vibrational energy is readily obtained by applying the appropriate transformation and extracting the eigen-value

of the system,
1. [+ D12

Morse (- .
=h = , 6
e (i) = hv(i+ 3) - — = ©)
where D is the dissociation energy and v is the fundamental frequency, defined as
a |D
N 7
v 27 N m @

where the parameter o controls the width of the potential function and m is the mass.
The first term on the right hand side of Eq. (6) is equivalent to the HO model and the second, negative, term is

responsible for the change from the parabolic shape to an asymptotic behavior towards the dissociation limit.
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C. Comparison

To compare the previously described models at an equivalent level, it is necessary to follow the same convention.
For this purpose, the vibrational energy derived through a Morse Potential can be re-written in the form of a function
that accounts for spectroscopy constants only. The most popular sources for obtaining these constants are the National
Institute of Standards and Technology (NIST) database [43]] or the Huber and Herzberg tables [40} 41]. However, as has
previously been noted by other authors [28]], the use of these constants often over-estimates the number of vibrational
quantum levels and the dissociation energy of a molecule [44]. Therefore, the spectroscopic constants used in this work
have been fitted to high-accuracy Potential Energy Surface (PES) data [45]. Table [2]presents the fitted spectroscopy
constants along with the values extracted from the Huber and Herzberg tables [40,41] for three molecular systems lying

at the ground state level.

Table 2 Spectroscopy constants for three ground state diatomic molecules.

Species we (em™) [41]  Fitted we(cm™)  wexe (em™) [41]  Fitted wexe (cm™) D (eV) [41]

Ny (X! Z;) 2358.57 2345.99 14.324 17.454 9.759
0, (X3 2g) 1580.19 1671.74 11.981 16.425 5.116
NO (X?T11,) 1904.20 1949.98 14.075 17.305 6.497

For Eq. (6) to be expressed in terms of the spectroscopic constants from Tab. [2] the first step is to express both the

fundamental frequency, Eq. (7), and dissociation energy in terms of spectroscopy constants [3} 28], i.e.,

Y = Cwe, (8)
and,
W2
D = he—2—. 9)
dwexe

Substituting Eqgs. (8)-(9) in Eq. (6), the Morse-vibrational energy can now be written as:
1 1
e‘l,w"”e(i) = hcw, (i + 5) — hewe ye(i + 5)2. (10)

As previously mentioned, for the calculation of thermophysical flow properties, the zero-point energy is subtracted in
the calculation of the vibrational energy [l1}14,[10}|11}46,!47]. Note that this treatment is also applied to the translational

and electronic modes as mentioned in Refs. [[1}4}, 146} 147]]. Therefore, Eq. @I) can be reduced to the following expression,
eMorse () = eMorse (1) — eMorse () = hew,i — hew, e (i +1). (11)

The result of this is illustrated in Fig.|l} where aHO models, i.e. the Dunham and Morse, are compared to the HO
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model for the calculation of the vibrational energy for the nitrogen molecule lying at ground state level. The vibrational
energies are calculated with both sets of spectroscopic constants shown in Tab.[2] The calculation of the vibrational
energy with the Huber and Herzberg table values [40] are denoted by H. and H.. The calculation of the vibrational
energy with the values fitted to PES calculations are denoted by Fitted and the dissociation limit is denoted by D. The
vibrational energies of the three diatomic molecules summarised in Table|2|are tabulated in Tables@ E| and|§|f0r N>, O,

and NO, respectively.

Dunham Fitted Dunham H. and H. [40-42] — HO
= Morse Fitted == = Morse H. and H. [40-42] — D
14
X  PES Data [45]
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Fig. 1 Vibrational energy for molecular nitrogen at the ground state level.

In the preamble of this manuscript, the foundation of the HO model has been detailed. This vibrational model is
based on an equally spaced representation of the vibration quantum levels which, in turn, leads to a linear behavior of
the vibrational energy, as clearly illustrated in Fig.[T] In aHO models, the spacing between levels is no longer uniformly
distributed. In fact, the latter possesses a second order negative term that decreases the gap between levels as the
level increases. This pattern is particularly noticeable in Fig.[I] with a high concentration of energy in the high-lying
vibrational quantum levels.

Note that the vibrational energies computed with the Huber and Herzberg tables [40] match the PES data [45] for
the first 14 vibrational quantum levels of molecular nitrogen. Beyond this, the vibrational energies diverge as the energy
levels increase. It is clear that these spectroscopic constants over-estimate the vibrational energy and allow it to obtain

values significantly above the accepted dissociation energy, as previously noted by Da Silva [28]].



Table 3 Vibrational energy for Nitrogen molecular at ground state.

i €M9(>), ev  eMorse(i), eV ePunham () eV €PES(i), eV [43]
0 0.0000 0.0000 0.0000 0.0000
1 0.2903 0.2860 0.2859 0.2881
2 0.5805 0.5676 0.5676 0.5719
3 0.8708 0.8449 0.8449 0.8513
4 1.1611 1.1179 1.1179 1.1265
5 14513 1.3866 1.3865 1.3973
6 1.7416 1.6509 1.6508 1.6638
7 2.0319 1.9110 1.9108 1.9260
8 23222 2.1667 2.1665 2.1839
9 2.6124 2.4181 24178 24375
10 2.9027 2.6652 2.6648 2.6867
11 3.1930 2.9079 2.9075 2.9316
12 3.4832 3.1464 3.1458 3.1722
13 3.7735 3.3805 3.3798 3.4085
14 4.0638 3.6103 3.6094 3.6405
15 43540 3.8358 3.8347 3.8681
16 4.6443 4.0569 4.0557 4.0914
17 4.9346 42738 42723 43104
18 5.2249 4.4863 4.4845 4.5251
19 5.5151 4.6945 4.6924 4.7355
20 5.8054 4.8984 4.8960 4.9416
21 6.0957 5.0980 5.0952 5.1433
22 6.3859 5.2932 5.2900 5.3407
23 6.6762 5.4842 5.4805 5.5338
24 6.9665 5.6708 5.6667 5.7226
25 7.2567 5.8531 5.8484 5.9070
26 7.5470 6.0310 6.0258 6.0872
27 7.8373 6.2047 6.1989 6.2630
28 8.1276 6.3740 6.3676 6.4345
29 8.4178 6.5390 6.5319 6.6017
30 8.7081 6.6997 6.6918 6.7645
31 8.9984 6.8561 6.8474 6.9231
32 9.2886 7.0082 6.9986 7.0773
33 9.5789 7.1559 7.1454 7.2272
34 9.8692 7.2993 7.2879 7.3728
35 10.1594 7.4384 7.4259 7.5140
36 10.4497 7.5732 7.5596 7.6510
37 10.7400 7.7037 7.6889 7.7836
38 11.0303 7.8298 7.8139 7.9119
39 11.3205 7.9517 7.9344 8.0359
40 11.6108 8.0692 8.0506 8.1556
41 11.9011 8.1824 8.1624 8.2709
42 12.1913 8.2912 8.2698 8.3820
43 12.4816 8.3958 8.3728 8.4887
44 12.7719 8.4960 8.4714 8.5911
45 13.0621 8.5919 8.5656 8.6891
46 13.3524 8.6835 8.6554 8.7829
47 13.6427 8.7708 8.7408 8.8723
48 13.9330 8.8538 8.8219 8.9575
49 14.2232 8.9324 8.8985 9.0383
50 14.5135 9.0067 8.9707 9.1147
51 14.8038 9.0767 9.0385 9.1869
52 15.0940 9.1424 9.1019 9.2547
53 15.3843 9.2037 9.1609 9.3182
54 15.6746 9.2608 9.2155 9.3774
55 15.9648 9.3135 9.2657 9.4323
56 16.2551 9.3619 9.3115 9.4829
57 16.5454 9.4060 9.3528 9.5291
58 16.8357 9.4458 9.3898 9.5710
59 17.1259 9.4812 9.4223 9.6086
60 17.4162 9.5123 9.4504 9.6419
61 17.7065 9.5391 9.4741 9.6709
62 17.9967 9.5616 9.4934 9.6955
63 18.2870 9.5798 9.5082 9.7158
64 18.4060 9.5937 9.5186 9.7318
65 18.6936 9.6032 9.5246 9.7435
66 18.9812 9.6084 10.1920 9.7508
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Table 4 Vibrational energy for Oxygen molecular at ground state.

i efO (i), eV eMorse(i), eV ePurham (i), v €PES(i), eV [43]
0 0.0000 0.0000 0.0000 0.0000
1 0.2068 0.2028 0.2028 0.1932
2 0.4137 0.4015 0.4015 0.3838
3 0.6205 0.5961 0.5961 0.5720
4 0.8274 0.7867 0.7867 0.7575
5 1.0342 0.9733 0.9732 0.9404
6 1.2411 1.1557 1.1555 1.1205
7 1.4479 1.3341 1.3339 1.2978
8 1.6548 1.5084 1.5081 1.4722
9 1.8616 1.6787 1.6782 1.6436
10 2.0684 1.8449 1.8442 1.8119
11 22753 2.0070 2.0061 1.9772
12 2.4821 2.1651 2.1639 2.1393
13 2.6890 23191 23177 2.2981
14 2.8958 2.4690 24673 2.4536
15 3.1027 2.6149 26127 2.6057
16 3.3095 2.7567 2.7541 2.7543
17 3.5163 2.8945 2.8913 2.8993
18 3.7232 3.0282 3.0244 3.0407
19 3.9300 3.1578 3.1534 3.1784
20 4.1369 3.2833 3.2783 33123
21 43437 3.4048 3.3990 3.4424
22 4.5506 3.5222 3.5156 3.5684
23 47574 3.6356 3.6280 3.6904
24 4.9643 3.7449 3.7363 3.8082
25 5.1711 3.8501 3.8404 3.9218
26 5.3779 3.9513 3.9404 4.0311
27 5.5848 4.0484 4.0362 4.1359
28 5.7916 4.1414 4.1278 42362
29 5.9985 42304 42153 43318
30 6.2053 43153 4.2987 4.4226
31 6.4122 43962 43778 4.5085
32 6.6190 4.4729 4.4528 45893
33 6.8259 45457 45236 4.6649
34 7.0327 4.6143 45902 47353
35 7.2395 4.6789 4.6526 4.8001
36 7.4464 47394 47109 4.8592
37 7.6532 47959 4.7649 49125
38 7.8601 4.8483 48147 4.9598
39 8.0669 4.8966 4.8604 5.0009
40 8.2738 4.9409 49018 5.0355
41 8.4806 49811 49391 5.0635
42 8.6875 5.0172 49721 5.0850
43 8.8943 5.0493 5.0009 5.0999
44 9.1011 5.0773 5.0255 5.1089
45 9.3080 5.1012 5.0459 5.1134
46 9.5148 5.1211 5.0620 5.1150

The change from linear to non-linear behavior directly influences the quantum level reached at the dissociation
energy. For a nitrogen molecule under the HO assumption, the dissociation limit is reached for a quantum level of 33,
while under the Morse-aHO assumption, the dissociation occurs at quantum level 47 for the the vibrational energies
computed with the Huber and Herzberg tables [40], or 66 for the PES fitted vibrational energies. A delay in the
dissociation of the molecule as indicated by Fig.[I|causes a noticeable change in the chemistry of the molecule. Although
this fundamental aspect is of interest in the context of high speed flow simulations, chemical reaction rates are not

investigated in the current work.



Table 5 Vibrational energy for Nitric Oxide molecular at ground state.

i efO i), eV eMorse(i), eV ePunham (i), v €PFS(i), eV [43]
0 0.0000 0.0000 0.0000 0.0000
1 0.2413 0.2370 0.2370 0.2289
2 0.4825 0.4697 0.4697 0.4548
3 0.7238 0.6981 0.6981 0.6778
4 0.9651 0.9223 0.9221 0.8977
5 1.2064 1.1421 1.1419 1.1145
6 1.4476 1.3577 1.3573 1.3281
7 1.6889 1.5690 1.5684 1.5385
8 1.9302 1.7760 1.7752 1.7457
9 21714 1.9787 1.9776 1.9495
10 24127 2.1772 2.1756 2.1499
11 2.6540 23714 2.3693 2.3469
12 2.8952 25612 2.5586 2.5404
13 3.1365 2.7468 2.7435 2.7303
14 3.3778 2.9282 2.9240 2.9166
15 3.6191 3.1052 3.1001 3.0993
16 3.8603 3.2779 3.2718 3.2781
17 4.1016 3.4464 3.4391 3.4532
18 4.3429 3.6106 3.6020 3.6244
19 4.5841 3.7705 3.7604 3.7917
20 4.8254 3.9261 3.9144 3.9550
21 5.0667 4.0775 4.0640 41142
22 5.3080 4.2246 42091 42692
23 5.5492 43673 43497 4.4200
24 5.7905 45058 4.4858 4.5665
25 6.0318 4.6401 4.6175 47087
26 6.2730 47700 47447 4.8464
27 6.5143 4.8956 4.8673 4.9795
28 6.7556 5.0170 4.9855 5.1080
29 6.9968 5.1341 5.0992 5.2318
30 7.2381 5.2469 5.2083 5.3508
31 7.4794 5.3554 53129 5.4648
32 7.7207 5.4597 5.4129 5.5738
33 7.9619 5.5596 5.5084 5.6777
34 8.2032 5.6553 5.5994 5.7763
35 8.4445 5.7467 5.6858 5.8695
36 8.6857 5.8338 5.7676 5.9572
37 8.9270 5.9166 5.8449 6.0392
38 9.1683 5.9952 5.9175 6.1153
39 9.4095 6.0694 5.9856 6.1855
40 9.6508 6.1394 6.0490 6.2495
41 9.8921 6.2051 6.1078 6.3072
42 10.1334 6.2665 6.1621 6.3582
43 10.3746 6.3237 6.2116 6.4024
44 10.6159 6.3765 6.2566 6.4394
45 10.8572 6.4251 6.2969 6.4690
46 11.0984 6.4694 6.3326 6.4909
47 11.3397 6.5094 6.3635 6.5045
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Another outcome highlighted in Fig. [T)is the validity of the HO assumption. It is perceptible that, due to the linear
behavior, the HO model is an acceptable hypothesis in a configuration where only a small portion of vibrational levels
are excited. In another words, HO fits for low enthalpy flows, but as the temperature increases, it should be replaced by

an aHO model.

I1I. Implementation and Validation of Morse-aHO model

A. dsmcFoam+ solver

Similar to MONACO [48]], DAC [49], SPARTA [50], and others, dsmcFoam+ is a DSMC solver developed around
the foundation of the method established by Bird [4]]. It is built within the OpenFOAM framework [51]]. In the current
work, a version of dsmcFoam+ that is implemented within OpenFOAM-v2112 is used. A custom version of this
solver, developed at the University of Glasgow, possesses vibrational and electronic energies [38]]. In order to provide
a more realistic description of the vibrational excitation of a diatomic molecule, the aHO model derived from the
Morse potential, Sec. |lI} has been implemented in the dsmcFoam+ solver. As described in detail previously, rather than
computing the vibrational energy through the use of the characteristic vibrational temperature, aHO vibrational levels
have been pre-calculated and inserted within the dsmcFoam+ species definitions as an additional "look-up table" entry,
in a similar fashion to the treatment of electronic energy [38].

The redistribution of internal energies is ensured by a serial application of the quantum Larsen-Borgnakke (LB)
method [4, [52] using the HO model or the Morse-aHO model to compute the vibrational energy of the molecule.
Various alternatives can be used to redistribute the internal energy with sophisticated approaches, i.e. forced
harmonic oscillator [44, 53], Quasi-Classical Trajectory Calculation-DSMC [54,155]], Classical Trajectory Calculation-
DSMC [23} 29] or a ’state-to-state’ approach [22]. These techniques can provide a highly-accurate description of
the quantum transitions for the distribution of the energy toward various internal energetic channels, i.e. vibrational-
translational (VT) [22, 153, 156], vibrational-vibrational (VV) [22, |53, [56], or vibrational-vibrational-translational
(VVT) [53]] transitions. Although the state-to-state technique has a clear advantage in that it offers an almost complete
description of energy transitions, which is the key difference between traditional LB and the cited models, this technique
increases the level of complexity to keep track of the full transitions and the corresponding rates that a molecule can
experience (single/multi-quantum jumps). In the current work, the choice has been made to keep the application of the
quantum LB method to maintain a certain level of sophistication. The combination of the Morse-aHO model and LB
can provide a significant improvement in the calculation of the macroscopic and thermophysical properties without

adding significant complexity to the algorithms, or expense to the numerical simulations.
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B. Implementation of Morse-aHO model in dsmcFoam+

The DSMC method [4] is a stochastic particle-based technique for obtaining a solution to the Boltzmann equation. In
the framework of the method, internal energies are commonly redistributed through a serial application of the quantum
Larsen-Borgnakke (LB) method [4]52]]. A general illustration of the serial application of the method to redistribute the
energy through the internal modes is shown in Fig.[2]

The quantum Larsen-Borgnakke technique to redistribute the internal energy is a four-step procedure. The purpose
of Step 1 (top left) and 3 (top right) is to allocate a portion of the collision energy to the vibrational modes of particles A
and B, respectively. Similarly, Step 2 (bottom left) and 4 (bottom right) aim to redistribute the collision energy to the
rotational mode of the collision partners.

Assuming all stages of the collision process are inelastic, the pre-collision energy of the collision partners A and B,
Ec, is calculated as the sum of the relative translational energy of the pair A and B, ¢, and the pre-collision vibrational
energy of particle A, €, 4,

Ec1=¢ +€, 4. (12)

After this process, the collision energy is redistributed between a new translational energy, €, ; and the newly selected

vibrational energy €] , (Where the superscript ()* refers to post-collision properties), such that

€,1 =EC,1 _E:,A' (13)

This procedure is then applied successively to the rotational mode of particle A and repeated for particle B.
Fig.|3[shows the general three-step procedure to assign the post-collision vibrational energy levels, whether an HO

or aHO model is used. The first step is to test the particle for vibrational energy exchange and compute the maximum

*

available post-collision vibrational quantum level, i}, .

If an inelastic collision is accepted, a post-collision quantum

* .

level is uniformly chosen between 0 and i}, ;

if the particle is not accepted for energy exchange, the function returns

the initial vibrational quantum level, i,. Finally, an acceptance-rejection method is used to select a value of i* from the

P(Ec,i")

distribution m .

In the context of an anharmonic oscillator model, the implementation only slightly differs from the traditional
harmonic oscillator model. When using the HO model, the vibrational energies for a diatomic molecule are supplied as
a list that is a species property, similar to the electronic energy list [38]]. Vibrational energies for N,, O, and NO have
been calculated and are provided in Tabs. 3] ] and 5} respectively. For other diatomic species, vibrational energies can
be calculated using Eq. (6) and Refs. [40-42]. In DSMG, it is good practice to avoid the utilisation of macroscopic

temperature [4} 38}, 158]]; therefore the next step is to define a collision temperature, 7,.,;;, when a pair are selected for

12
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Fig.2 Flowchart of the serial application of the quantum Larsen-Borgnakke techniques [52] (adapted from [57]).

234 COHiSiOIl,

i;nux 0\’ 3
_— &) | Tw if HO model, A
coll = k(7/2—w) - N . @ ) (14)
CWelmayx 1 =Xe (lpaxt 4
= if aHO model,
=5 where €, (i}, ) refers to the vibrational energy at quantum level i}, ...
236 For the HO model, the maximum vibrational quantum level, i, , .., is,
L« Ec
lnax = {k_ev > (15)

2z where w is the viscosity index, E¢ is the collision energy, which is the sum of the pre-collision vibrational energy for the

%

s particle under consideration and the relative translational energy, and i}, ,

denotes the maximum vibrational quantum
20 level available.
240 For the Morse-aHO model, the maximum vibrational quantum level is obtained by looping through the list of

2 vibrational energies and finding the vibrational quantum level that satisfies the conditions of Eq. (T6)), i.e.

increment i, if Ec > €,(i),
Dpax = (16)
accept (i — 1), if Ec <¢€,(i).
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Compute i},,., Eq. (13),
Teons Eq. @
and Z,, Eq. (T7).

|

: yes
no 7 > Rnd(0,1).
Return i* = i,. e i = Rnd(0,i},,,)-
Compute
P(Ec,i*
Py A

I

P(Ec,i*)

yes

Return i*.

Fig. 3 Flowchart of the post-collision treatment of the vibrational energy levels.

The vibrational collision number, Z,,, is calculated from Eq. [4L158]],

e
Teoll

73
o e )
Z, = Z, Zrer] (17)
Y (Tcoll) of Tcoll

where Z,. s is the vibrational collision number at a reference temperature 7. s,

C _or’
Zres = e e, (18)

ref
where the parameters C;, Cy, and w are given in Appendix A of Ref. [4].
If accepted for vibrational relaxation, the potential post-collision vibrational quantum level of the particle is uniformly
chosen between i = 0 and the maximum possible level i}, .. The acceptance-rejection method is applied to select a
value of i* from the probability ratio, Eq. (19),

" 3/2-wa.B
k6, ’ .
PEc.) (1 5%) if HO model.

(19)
if aHO model.

c

P(ECsi;knax) - (1 _ hcwei*(l—/\/e(i*ﬂ)))S/Z_wA’B
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where w4 p is the average viscosity exponent of the collision pair A and B, see Fig. 2}

As shown above, the redistribution of internal energy is slightly modified by the inclusion of an aHO model. However,
it is a relatively simple adaptation since the procedure is similar to the one typically used for electronic energy [59].
The main differences lie in the calculation of the maximum allowed vibrational quantum level, i}, , ., Eq. (I6) and the
probability calculation where the vibrational energies are calculated with Eq. (@) for the Morse-aHO model instead of

Eq. (@) for the HO model.

C. Validation test case

Changing from a linear behaviour with an HO model to a non-linear behaviour implies a different response to an
external excitation. It has been observed in Sec. |lI| that due to the negative non-linear term, a larger proportion of the
vibrational energy is concentrated in the high-lying vibrational quantum levels compared to the HO model. This has
significant consequences on the high-lying vibrational quantum level population. Usually, these levels are populated

through a Boltzmann distribution
(o

fi = — > (20)
Zj e I\YT(J)

where €, is the energy in the /' vibrational quantum level.

With the population density being a function of the internal vibrational energy, a change from a linear to a non-linear
profile is expected. As it is the fundamental characteristic point of the aHO model, this quantity is selected as a validation
test case for the implementation of Morse-aHO model within dsmcFoam+ [38]].

A 0-D simulation of molecular oxygen in an adiabatic cell filled with 1 million DSMC simulator particles and
periodic boundaries is performed. Collisions are processed with the variable hard sphere (VHS) model [4] with the
properties at a reference temperature T, ¢ of 273 K, i.e. m = 53.12 x 10727 kg, d = 4.07 x 107" m and w = 0.77. The
population of each quantum level is sampled for 1000 time-steps and recorded for three different temperatures: 5,000 K,
10,000 K, and 15,000 K.

The HO and aHO results for the analytical and dsmcFoam+ calculations are shown in Fig. [ with the numerical
results in excellent agreement with the analytical solutions. Some scatter is evident at the tails of the distributions,
particularly for 5,000 K. This is expected in a DSMC simulation, because the probability of finding a molecule in these
higher vibrational levels is relatively small, leading to a low signal-to-noise ratio. It is a positive outcome to notice the
change from linear to non-linear shape when the aHO model is considered. This crucial characteristic of an aHO model
of having higher-lying vibrational quantum levels with a greater population can have an impact on the dissociation of

reactive chemical species, however, such phenomena will not be covered in the current work.
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Fig. 4 Probability distribution of vibrational quantum levels for molecular oxygen at the ground state.

IV. Adiabatic Box

A. Partition function
In statistical thermodynamics [3160], the parameter that relates internal structures of the molecules to macroscopic
properties such as pressure, the temperature, or specific heat capacity, is the partition function, Q, that is defined in

terms of the sensible energy, i.e. relative to the zero-point energy,
=10}
Q1) = ) g()e T, 1)
i

where g; is the degeneracy of the mode and € is the energy of the mode.

In the current work, each mode has been treated individually, i.e. no coupling is considered, therefore it is a matter
of evaluating each contribution as a separate element. Translational, rotational, and electronic modes are fully derived
in Refs. 2 13,160]]. In this work the focus is on the vibrational contribution while describing the vibrational excitation of
a molecule with a HO or aHO model.

In the HO formalism, the complete derivations of the total mean vibrational energy, E,, (7)), the degrees of freedom,
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&,(T,), and the specific heat capacity, C)*(T,,), are readily obtained with the first and second derivative, with respect

to T, of the partition function. The full derivation of these quantities can be found in Refs. [2, 13 160].

B. Vibrational temperature
The challenge with an aHO model is related to the characteristics of the model presented in Sec. [[Il By definition,

the vibrational partition function follows the formulation in Eq. (ZI)),

QO (T,) = Z o (22)

i
Because of the nature of vibrational energy in aHO models, the upfront summation can not be dropped and Eq. (22)

is lying in its simplest form. Following the whole process with the assessment of the total mean vibrational energy, this

quantity is, again, not obtainable with an analytical expression in the same fashion as the HO model, and takes the form,

—ev (i)
> € (i)e

EZNO(T,) = - (23)
e
Finally, with the degrees of freedom of the molecule being linearly linked to Eq. (23)), the expression is,
I Sie@er™
; €(i)e Fv
IO = o = ——— 24)

—e(@)
oA, 5 T

A point should be made about the calculation of the vibrational temperature, 7,,. Through a series of calculations,
illustrated in Refs. [1} 2], this quantity is related to the mean vibrational quantum level < i > and the characteristic
vibrational temperature of the molecule, 6,. As a consequence of the simplest form of the vibrational energies, the HO

model benefits from a simple derivation and the vibrational temperature can be calculated as

0y
THO - 7V (25)

T (4 )

An aHO model does not benefit from an analytical expression of 7, and the only way to obtain this parameter is to
make use of an iterative methodology to approach one of the quantities derived above. In the current work, a new way
of solving this issue is proposed; using a first-order Newton iterative methodology [61}162]] coupled with an optimized
pre-loop to hasten the convergence of the approach. A general illustration of the method is represented in Fig.[5] This
method is versatile, has fast convergence, and consumes little computational resources [61}62]. It consists of applying a
Taylor expansion around a certain value and truncating the term beyond the fist order. As the series is shortened to
conserve only first order terms, the function must be smooth to be approached by a reasonable tangent approximation.

In the case of the resolution of 7), for an aHO model, the function f (7)), in Fig.|5 chosen is composed of the total mean
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vibrational energy, Eq. (23), and the value returned by dsmcFoam+, EPSMC,

f(T,) = EDSMC — EeHO(T,). (26)

The function in Eq. (26)) is monotone, which by definition does not contain local minima. Therefore, solving the
problem of the vibrational temperature by a Newton iterative method is particularly well adapted since it will not
encounter any singularities. Nevertheless, this method is sensitive to the initial value set at the beginning of the process
and a coarse initial value can delay convergence.

To avoid this, an optimized pre-Newton loop has been designed to closely approach the value given by dsmcFoam+
with a scanning process. Once this initial guess is known, the value is passed to the main Newton loop to refine the
vibrational temperature value by comparing the gradient of the function, the function itself, and the initial guess to a
tolerance factor. In this work, the Newton iterative approach has been applied to a certain function that is related to
E,(T,). In a different configuration, this versatile method can be employed to solve any irreversible problem as long as
the function is smooth. To sum up the implementation requirements of this functionality within a DSMC framework,
the user must specify:

 atemperature step, dT — for the pre-loop optimisation, the smaller the better;

* atolerance factor, o — for the comparison between a gradient, the function, and the initial guess.

C. Vibrational degrees of freedom

In Sec. the HO and aHO models have been compared, with a focus on the numerical methodologies employed for
the computation of the thermophysical properties. Here, these quantities are studied for a pure oxygen gas experiencing
a large range of temperature to investigate the influence of the vibrational models.

Looking first at the vibrational partition function, Q. (7,), Eq. 1)) is shown in Fig.[6] along with the results extracted
from PES calculations [45]).

From the beginning of the article, the validity of the HO model at low temperature has been stressed. It is relatively
evident in Figs. [6] and [§] that at low-to-moderate temperatures the HO model returns a valid approximation of
the vibrational partition function. However, as the temperature increases, the discrepancy between the HO and aHO
models becomes appreciable. This departure is, of course, propagated over the quantities derived from the partition
function, such as the total mean vibrational energy, in Fig.[7} and the vibrational degrees of freedom, Fig.[8] Although
expected, it is good to notice that the value of these quantities returned by dsmcFoam+ matches the theory, validating
the implementation of the aHO model. A second element that should be highlighted is the change of behaviour when
switching from HO to aHO in Figs. [7]and[8] In the HO hypothesis, the vibrational degrees of freedom of the diatomic

molecule is asymptotically limited to a value of 2, while in the aHO formalism, an oxygen molecule can reach another
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Fig.5 Flowchart of the first-order Newton approach with an optimized pre-loop.

19



337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

Dunham = Morse — HO

6
V¥ DSMC - Morse
A DSMC-HO
5 4 X PES Data [45] A

Vibrational Partition Function

200 2000 4000 6000 8000 10000
Temperature, K

Fig. 6 Partition function, Q (7}, ), for HO and aHO models of molecular oxygen.

vibrationally excited state that has more than 2 degrees of freedom over a specific interval of temperature. This behaviour,
although still observable within a molecular nitrogen system, is primarily enabled by the weak bond that links the two
atoms of oxygen. This modification in the description of the vibrational excitation of the molecule consequently impacts

the internal properties of a molecular system.

D. Thermal equilibrium

In this section, a more complex test case is investigated. The HO and aHO models are employed to model the
vibrational modes of a diatomic molecule experiencing relaxation from an initial condition of significant thermal
non-equilibrium. This situation is simulated with the dsmcFoam+ solver [38]], see Sec. The test case is a single
adiabatic cell filled with one million DSMC simulator particles with periodic boundaries. The working gas is molecular
oxygen. The translational and rotational modes are initialised at 20,000 K, while the vibrational and electronic modes
are set at 0 K. The internal energy is redistributed through a serial application of the quantum LB method [52]. The
vibrational relaxation rate Z,. ¢ is calculated from Eq. (T8) with the reference temperature set to 7}, r=20,000K. A
fraction of 1/5 and 1/50 collisions are allowed to result in rotational and electronic relaxation, respectively. In the cell,
the collision rate and the corresponding temperature of each internal mode are recorded and presented in Fig.[9] The

collision number’ for the abscissa is calculated as the product of the instantaneous collision rate from the simulation

and the physical time that has elapsed [63} 164]. In addition, the CPU time and the memory consumption for both cases
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Fig. 7 Total mean vibrational energy, E, (7)), for the HO and aHO models of molecular oxygen.
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Fig. 8 Vibrational degrees of freedom, &, (7,), for the HO and aHO models of molecular oxygen.
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are monitored and tabulated in Table

Table 6 Numerical expense of aHO and HO models.

Model CPU time (s)/100A¢ RAM (GB)
HO 1382.55 0.816
aHO 1385.25 0.816

The major change between the HO model and the aHO model lies in the calculation of the vibrational temperature
with a non-linear system to solve in the Morse-aHO framework. Changing from the HO to the aHO model requires
some effort in terms of modifying the algorithms, however the methodology used here to implement an aHO model

within a DSMC solver is fast and efficient and does not affect the computational expense, as shown in Table 6]

— Thas — Tt — Ty — Tee
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—
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§ 0.6 b ===
2 0.
O]
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e
]
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Fig. 9 Simulation of thermal relaxation in pure oxygen gas.

Fig. O] highlights the difference in terms of the equilibrium state reached at the end of a relaxation process between
HO and aHO. The internal mode temperatures are normalised by the initial temperature given to the translational mode.
In Fig. 0] the abscissa has been consciously cropped to a collision number of 180 in order to visualise the influence of
the Morse-aHO model on the relaxation process at low values of the collision number; the temperatures eventually come
in to thermal equilibrium after enough collisions have occurred. A slight increment of 500 K differentiates these two

models at equilibrium. The change of the equilibrium temperature is readily derived from the degrees of freedom of the
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molecule, Fig.[8] and the corresponding mean energy, Fig.[7} In the case of the aHO model, the molecule is slightly more
excited than when an HO model is used (¢4 O(Teq) > ¢HO (Teq)). With the cell being adiabatic, energy is conserved

along the relaxation process. The thermal equilibrium must, consequently, reach a lower value for the aHO model.

E. Specific heat capacity

Another thermophysical property that should be regarded while changing from the HO to the aHO model is the
specific heat capacity, C,,. The evaluation of the influence of the vibrational model is studied for a pure molecular oxygen
gas for a low-to-moderate range of temperature. Often omitted [21} 37, 165H68] in the description of the molecular
modes in DSMC simulations, the electronic mode effects on C, are also highlighted.

By definition, the partition function, Q(T), is related to the specific heat capacity through the second derivative with

respect to 7,

_9°0(T)
C,(T) = T 27)
The total specific heat capacity of a gas is described as the summation of each of the internal contributions,
Cy(T) = CIV™ + CL7" + Oy + Colee. (28)

In the case of translational and rotational contributions, the corresponding heat capacities, C7*"* and CJ°" are
known [2] to be %R and R, respectively, where R is the specific gas constant. For the vibrational and electronic modes,
this simple form is not readily obtained and requires a full derivation of the partition function, Eq. and Eq. (21)), for
the vibrational and electronic modes, respectively. By substituting these quantities in Eq. (28)), the complete description
of the specific heat capacity takes the form,

3 aZQvib(T) .\ 62Qelec(T).

C,(T) = 2R +R 29
V() = 3R+ R+ —o0 oT? 29

Fig.|10|compares the specific heat capacity of molecular oxygen where vibrational excitation is described with the
HO and the Morse-aHO models, with the electronic mode being either enabled, including the first six excited states of
the oxygen molecule [4359], or disabled. Experimental data from the NIST database [43] is included for comparison,
along with the Jaffe calculations [69].

Fig.[10|shows the importance of including the electronic mode within the C,, (T') calculation. Even in the situation
of an aHO model applied to describe vibrational excitation, the specific heat capacity of the gas does not match
experimental data from the NIST-JANAF database [43]] or Jaffe calculations [69] for temperatures above 2000 K. Note
that adding the electronic contribution to C,,(T) is a significant improvement even under the HO assumption. The best

option to recover the experimental data for C,, at low-to-moderate temperatures is the aHO model with the inclusion of
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the electronic mode. At high temperature, especially for species with low dissociation energy, the assumption of having
four individual modes meets its validity domain. A slight difference between the aHO model and experimental data
is noticeable at higher temperatures and is possibly related to the coupling between the rotational and the vibrational
modes of the molecules [70]. The vibrational energy list for the excited states also differs from that in the ground state,
see Ref. [41]], but we have assumed they remain constant in the current work, which will also influence the degree of
disagreement here. In the current work, each of the modes have been considered separately and attributed a dedicated
partition function. Consequently, this demonstration highlights the necessity of neglecting any modes in the calculation
of thermophysical properties, even for relatively low enthalpies, and the requirement of coupling some of the internal
modes for a better description of the high enthalpy physics of the flow. It should be reiterated that chemical reactions are
not considered in the current work and that the agreement between aHO with electronic excitation and the experimental

data is reasonable until well above the expected dissociation temperature of molecular oxygen.
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Fig. 10 Specific heat capacity variation with temperature for pure oxygen gas.

V. Hypersonic Cylinder Flow
In order to show the difference between the HO and the aHO models in a 2D hypersonic flow, a study of flow past a

cylinder is considered. The free stream conditions are Ma., = 16, Po, = 48.5 Pa, T, = 300 K. The cylindrical body has
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a diameter of D = 0.01 m, giving Knp = 0.005. The working gas is non-reacting molecular oxygen. The electronic
energy follows the techniques developed by Liechty [59]]. The redistribution of internal energies is modelled by a
serial application of the quantum Larsen-Borgnakke method [52] using the HO model or the Morse-aHO model. The
inter-molecular collisions are computed by the variable hard sphere (VHS) model [4] with a reference temperature of
Trer =273 K. A constant fraction of 1/5 and 1/50 collisions are considered for rotational and vibrational relaxation,
respectively. Additionally, two fractions of collisions, 1/100 and 1/500, are considered for the relaxation of the
electronic mode.

The geometry represents a 2D slice of a cylinder with a domain length equal to one diameter upstream of the
stagnation point. The mesh is refined near the stagnation point to ensure a cell size, Ax, of around one quarter of the
local mean free path, A, is maintained, resulting in a total of 152, 123 cells. The gas-surface interactions are fully
diffusive with a wall temperature, 7,, = 300 K. The time-step, At, is carefully chosen following Eq. (30),

x Axjfldx <

€1
10 Uso U — Cy

At = (30)

Lyl jfhx s A
10 Cw Uco Cw

where u., is the free stream velocity, A, is the VHS mean free path [[71] downstream of the normal shock wave that

develops along the stagnation streamline, c,, is the most probable thermal velocity [2] such that,

Cy = \/2RT2,

3D

where T is the peak value of the translational temperature along the stagnation streamline. Based on this, a time step of
10~%s was used, which is smaller than the smallest values of both the mean collision time and the cell residence time.
The simulation was run in parallel on 6 AMD® Ryzen 9 5950x CPU cores (base: 3.4GHz, max: 4.9 GHz) and over
300, 000 samples are taken after steady-state to reduce the numerical scatter. The temperatures along the stagnation
streamline are presented in Fig.[TT] The translational, rotational, and vibrational temperature contours are shown in

Figs.[[4] [12] and [13] respectively. The inclusion of the electronic mode is denoted by HOe and aHOe.

A. Stagnation Line Properties
The influence of the vibrational models on the internal temperatures along the stagnation streamline is plotted in
Fig. The internal temperatures are normalised by the free stream temperature and the longitudinal coordinate is
normalised by the diameter of the cylinder. The peak values and their locations are summarised in Table
Physically, the flow experiences a compression through the shock wave that forms in front of the body. The internal
modes are consequently largely activated throughout the shock, culminating in a peak value downstream of the shock

wave. The dominating mode is naturally the translational energy, Fig.[TTa| which experiences a steep increase across
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Table 7 Comparison of the HO model and aHO model on the peak value of the internal temperatures and their
locations. The inclusion of electronic energy is denoted by HOe and aHOe.

Model Slmaxy 7 | Slmaxay 7| Slmaxay 7| Blmaxay 7

HO -0.31 56.48 -0.23 44.64 -0.10 38.43 - -

aHO -0.30 56.31 -0.23 44.08 -0.10 37.05 - -
HQ %= -0.30 56.35 -0.23 44.32 -0.10 37.29 -0.06 19.51
aHQOe%=% -0.29 56.33 -0.23 43.81 -0.10 36.24 -0.06 19.51
HOe%e=100 -0.29 55.98 -0.23 43.28 -0.10 35.85 -0.08 31.78
aHQe%=100 -0.28 55.87 -0.22 42.35 -0.10 35.01 -0.08 31.21

the shock wave and reaches a peak value upstream the body surface. It undergoes a short relaxation process before
enduring a rapid drop towards the constant value of the cylinder surface temperature. The small difference of the thermal
peak value between the two vibrational energy models originates from the nonlinear distribution of vibrational energy
over the vibrational quantum levels as seen in Sec. The inclusion of electronic mode results in a small drop of the
translational temperature in similar proportion to the modelling of the vibrational excitation with an aHO model.

The rotational mode is the most dominant internal mode of the molecule and the profiles through the stagnation
streamline are shown in Fig.[TTb] The rotational temperature exhibits a smaller peak of temperature in comparison with
the translational temperature. It initiates a relaxation process before undergoing a sudden decrease towards the body
surface. The inclusion of the electronic energy results in a peak value of rotational temperature that is 100 K lower for
Z, = 500 and 400 K lower for Z, = 100 than the predicted state with the electronic mode disabled. This finding is
directly linked to the addition of a fourth channel for the energy, resulting in a lower thermal state, as was noted in
Sec.[[VDl

The vibrational temperature peaks closer to the surface compared to the translational and rotational modes, as is
shown in Fig. The vibrational temperature exhibits a parabolic shape and does not have the time to relax towards a
quasi-transient thermal equilibrium state with the translational temperature until near the surface of the cylinder. The
aHO model results in a smaller vibrational temperature peak compared to the HO model. This behaviour is partly due to
the non-linear distribution of the vibrational energy over the vibrational quantum levels. At high temperatures, the
Morse-aHO model suggests that the high lying vibrational quantum levels become significantly more populated than in
the HO model. This overpopulation at the end of the vibrational quantum ladder decreases the vibrational temperature.
Similarly, the inclusion of electronic energy considerably impacts the vibrational temperature across the shock wave,
with the result of a lower peak value compared to the HO profile. Note that the larger electronic relaxation probability
results in a smaller vibrational temperature peak value. Fig. also shows that the new measurement technique for the
vibrational temperature when using the aHO model works well in flows with large spatial gradients of temperature.

In this study the electronic temperature is calculated with the approach developed by Liechty [59] and derived from

the ratio of the Boltzmann distribution of the ground state and the first unbounded electronic states. The assumption of
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the higher lying electronic states having a negligible contribution is applied here. Although this model is a zeroth-order
approximation of the electronic temperature and the electronic degrees of freedom, it has significantly improved the
calculation of the thermophysical flow properties, i.e. specific heat capacity, see Fig.[I0] When the electronic mode
relaxes with Z, = 100, the electronic temperature has a larger peak value and the inclusion of the electronic mode
significantly impacts the vibrational temperature profile. For the other relaxation constant value, i.e. Z, = 500, the

electronic temperature reaches smaller a peak value, inducing a lower impact on the other internal modes of the molecule.

B. Thermal Non-Equilibrium

In the previous section, the comparison of the two vibrational models was limited to the stagnation line properties
and the results show that the Morse-aHO model results in lower thermal peak values. In Figs.[12] [I3] and [T4] the
translational, rotational, and vibrational temperature contours, respectively, are plotted for the two vibrational models
and the electronic mode enabled with the two relaxation constants denoted ()%e=1% and ()%=,

From Fig. [12]it is evident that the vibrational models agree well in the far-field region and the near the surface of the
body. However, in the vicinity of the shock wave, the Morse-aHO model predicts a slightly smaller shock stand off
distance. When the electronic mode is enabled, the peak temperature decreases and the shock stand off distance agrees
between HO and aHO.

Fig.[I3]shows that the rotational temperature exhibits notable changes in its topology when the Morse-aHO model
is applied and the electronic mode is activated. Similar to the translational temperature, the two models result in
differences in the region where the shock wave develops. In this region, the HO model results in larger and more diffuse
high-temperature contours compared to the Morse-aHO model. The addition of the electronic mode tends to reduce
the discrepancy between the two models; although, the Morse-aHO model predicts a significantly smaller very-high
temperature contour with the highest electronic relaxation constant.

When the electronic mode is disabled, Figs. [I4p and Fig.[T4d show a reasonable agreement for the first six contours
where the vibrational temperature does not exceed 6, 000 K. For any temperature above this value, the aHO model
shows smaller areas bounded by the contours. This behaviour is gradually accentuated as the temperature increases. In
addition to a difference in the high temperature areas, the two models also differ in the peak temperature that is achieved.
The HO model results in a higher temperature ratio of 38.43 whereas the aHO model peaks at 37.05, as seen in Table.
Note that this result agrees with the observations from Figs. [6] [7] and[8] in which the aHO model returned a larger
value of the vibrational degrees of freedom than the HO model, i.e. £47¢ (Toq) > €H o (Teq). As aresult, the mean
vibrational energy calculated by the aHO model is lower, which leads to a lower vibrational temperature and smaller
high-temperature areas.

The inclusion of the electronic mode changes the topology of the vibrational temperature. For Z, = 500, the

high-temperature contour layers reduce in size compared to when the electronic mode is omitted. For Z, = 100, the
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Fig. 11 Temperatures along the stagnation streamline for pure oxygen gas flow over a cylinder with free stream
conditions Ma. = 16 and Knp = 0.005. The inclusion of electronic energy is denoted by HOe and aHOe in the
legend.
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Fig.12 Non-dimensionalised translational temperature contours for hypersonic flow over a cylinder; a) harmonic
oscillator and no electronic energy, b) harmonic oscillator with electronic energy and Z, = 500, ¢) harmonic
oscillator with electronic energy and Z, = 100, d) anharmonic oscillator and no electronic energy, ) anharmonic
oscillator with electronic energy and Z, = 500, f) anharmonic oscillator with electronic energy and Z, = 100.

high-temperature regions are strongly impacted resulting in considerably smaller contours. This implies a significant
decrease in the vibrational temperature around the cylindrical body when the electronic mode is enabled. The inclusion
of the electronic mode constitutes another sink in which to redistribute the internal energy, which, in turn, decreases
the internal energy allocated to the vibrational mode. As has been highlighted in Fig.[T0} the inclusion of unbounded
electronic states has a significant impact on the thermophysical flow properties and results in a better description of the
physics of the flow. When the unbounded electronic mode is activated, Figs. [T4b, T4k, [T4¢ and Fig.[T4f, the peak value
of the vibrational temperature changes and the contours significantly reduce in area. The two vibrational models agree
very well in the vicinity of the stagnation point and the far-field regions providing similar areas for all the contours.

which is expected as the temperature in these regions is much lower.

VI. Conclusions
The merits of different vibrational models for use in DSMC simulations have been discussed and analysed. The
harmonic oscillator model is simple to implement and has been shown to be a good approximation for low enthalpy
flows. At higher enthalpies, it is clear that an anharmonic oscillator model offers a better description of the flow
physics. The Morse-aHO model has been implemented within dsmcFoam+ and validated with the reproduction of

fundamental parameters, such as the mean vibrational energy, degrees of freedom, and thermophysical properties of a
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Fig. 13 Non-dimensionalised rotational temperature contours for hypersonic flow over a cylinder; a) harmonic
oscillator and no electronic energy, b) harmonic oscillator with electronic energy and Z, = 500, ¢) harmonic
oscillator with electronic energy and Z, = 100, d) anharmonic oscillator and no electronic energy, ) anharmonic
oscillator with electronic energy and Z, = 500, f) anharmonic oscillator with electronic energy and Z, = 100.

gas. Additionally, a method for returning a macroscopic measurement of the vibrational temperature of a gas when
using the aHO model is described.

Relaxation to thermal equilibrium has been demonstrated using a serial Larsen-Borgnakke model to redistribute
energy between the various modes and it is shown that the aHO model results in a slightly lower equilibrium temperature.
The importance of including the electronic mode for reproducing the correct thermophysical properties has been
illustrated and it is shown that the aHO model improves this prediction further over an HO model. The study of a
hypersonic flow past a cylindrical body has shown that the vibrational temperature is over-estimated when considering
the HO model. Similarly to the specific heat capacity study, the vibrational temperature is substantially impacted by the
omission of the electronic mode. The Morse-aHO model needs further improvement to bring the model into closer
alignment with experimental data. However, it seems that modelling the vibrational excitation with an aHO model
and including the unbounded electronic states offers a more accurate description than only representing the molecular
vibrations using the HO model.

In future work, further studies on the coupling between the rotational and the vibrational modes will be presented.
The influence of having different lists of vibrational energy for each excited state of a molecule will also be explored.

Additionally, investigations on the influence of modelling the vibrational excitation with an aHO model on chemical
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reaction rates will be addressed.
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