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1 | INTRODUCTION

Hecke algebras, originally studied in the analysis of Hecke operators for elliptic modular forms,
play a prominent rdle in representation theory and harmonic analysis. In applications to number
theory one is typically interested in Hecke operators associated with arithmetic groups. Abstractly,
the relevant operators can be described starting from a discrete group I' together with a com-
mensurated subgroup, that is, a subgroup A C T such that An A9 has finite index in A for
all g €T, where A9 = gAg~!. At this level of generality, Hecke operators can be viewed as T-
equivariant bounded operators on #2(T'/A) and can be described using the Hecke algebra H (T, A),
which is nothing but the space of functions on double cosets c.(A\I'/A) equipped with a suitable
convolution product.
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In their seminal paper [3], Bost and Connes exhibited an intriguing connection between Hecke
algebras, number theory, and non-commutative geometry. The Hecke algebra underlying the
Bost-Connes system is part of a quantum statistical mechanical system whose equilibrium states
are intimately related to class field theory, and the time evolution of the system can be explicitly
described by means of the modular function

Vige[A:ANAN]/[A9 0 ANAT,

comparing the number of left and right cosets in a double coset.

Hecke operators and Hecke algebras can also be defined for locally compact groups G together
with compact open subgroups H C G. Moreover, both situations are related by the Schlichting
completion construction which associates to each discrete Hecke pair (', A) in a canonical way
a pair (G, H) consisting of a totally disconnected locally compact group G and a compact open
subgroup H C G such that H(T', A) = H(G, H) [23]. Analytical properties of the algebra of Hecke
operators are often easier to analyze at the level of the Schlichting completion, see [25], [1], and
[12].

The aim of this article is to extend some of this theory to the case of locally compact quantum
groups, both in the discrete and compact open settings. This exhibits new combinatorial behavior
which is invisible in the classical case, related to the ‘relative dimension’ constants naturally asso-
ciated with quantum subgroups of discrete quantum groups. A major motivation for the passage
to the quantum framework, apart from producing interesting examples of von Neumann algebras,
is to create new locally compact quantum groups out of known discrete quantum groups. For this
purpose we develop a generalization of the Schlichting completion procedure, which provides
a slightly new perspective even for classical groups, and leads to a deeper understanding of the
quantum quotient spaces [I' /A for discrete quantum groups. The Schlichting completion yields
algebraic quantum groups in the sense of Van Daele [28], and we obtain concrete examples by
considering pairs (I, A) of discrete quantum groups arising from HNN extensions.

Let us describe the main results obtained in the article. After collecting some preliminaries in
Section 2, we begin our analysis in the setting of a subgroup A in a discrete quantum group I
in Section 3. We give a detailed description of the non-commutative quotient space ['/A and of
the associated module category, see Proposition 3.5 and Theorem 3.10. This allows us to obtain
an explicit formula for the quantum analog u of the counting measure on [ /A, in terms of the
equivalence relation induced by A on irreducible corepresentations of [, see Definition 3.13. We
also give in Proposition 3.17 a categorical interpretation of the constants x that appear in this
formula. These constants are trivial in the classical case.

With this in place it is easy to write down the definition of the convolution product of the Hecke
algebra H(I', M), see Definitions 3.19 and 3.24. We prove in Theorem 3.29 that this algebra is canon-
ically isomorphic to the algebra of Hecke operators, that is, [ -equivariant linear maps on c.(I'/A).
Moreover, in Theorem 3.32 we give a combinatorial characterization of the boundedness of the
Hecke operators on #2(I" /), in terms of the constants x.

Next we investigate the modular properties of the canonical state on H([I', A) and give an explicit
formula for the corresponding modular operator in Proposition 3.42 and Theorem 3.36. This for-
mula involves the number of left and right cosets in double cosets, as in the classical case, but in
general also the modular structure of the discrete quantum group [, as well as the constants x. In
Paragraph 3.3 we consider an explicit class of examples arising from HNN extensions.

In Section 4 we switch to the setting of a locally compact quantum group G with a compact open
quantum subgroup H, working in the framework of algebraic quantum groups. In this case it is
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easier to define the Hecke algebra H (G, H) since compactly supported functions on H\G/H are
also compactly supported on G, and one can directly use the convolution product of the quantum
algebra of functions O,(G). Again, we establish a canonical isomorphism of H(G, H) with the
algebra of G-equivariant maps on c.(G/H) in Proposition 4.3. As an example, we discuss the case
of the quantum doubles G = H i [1 of a compact quantum group H: in this case (G, H) identifies
with the algebra of characters of H.

In Paragraph 4.3 we associate a pair (G, H) to each discrete Hecke pair ([, A) by means of a
quantum analog of the Schlichting completion. More precisely, we construct O,(G) directly as a
subalgebra of #*°(I") using the Hecke convolution product between c.(I"/A) and c.(A\[I), see Defi-
nition 4.5. This seems to be a new point of view even in the classical case. Moreover we establish in
Proposition 4.14 a canonical identification between H(G, H) and H([", A). It follows in particular
that Hecke operators are bounded on #2(G/H) as well as on #2(I"/A), and this yields an analytic
proof of the combinatorial property of the constants x mentioned above, see Definition 3.30 and
Theorem 3.32.

Finally, in Paragraph 4.4 we study the notion of reduced pair both in the discrete setting and in
the compact open one, with the property of being reduced corresponding to faithfulness of the ['-
action on [ /A, respectively, of the G-action on G/H. We construct a reduced pair associated to an
arbitrary Hecke pair in Propositions 4.19 and 4.23. Moreover we prove that the Schlichting comple-
tion G is non-discrete whenever the Hecke pair ([, A) is reduced and A is infinite, see Lemma 4.21.
It follows that the Schlichting completions of the Hecke pairs constructed in Section 3.3 via HNN
extensions yield non-discrete locally compact quantum groups, whose modular automorphisms
can be computed by the explicit formulas of Paragraph 3.2.

We would like to thank the anonymous referee for their careful reading of our original
manuscript and a number of valuable suggestions and comments.

2 | (QUANTUM GROUP) PRELIMINARIES

In this short section we introduce general conventions, fix our notation, and offer a brief review
of some definitions and facts from the theory of quantum groups. For more details we refer the
reader to the following sources: [14, 16, 21, 28, 31, 32].

Tensor products of algebras, minimal/spatial tensor products of C*-algebras, and Hilbert space
tensor product of spaces/operators will be usually denoted by &; if we want to stress that we are
dealing with the algebraic tensor product we will use the symbol ©. If ¢ is a linear form on an
algebra A and a € A, we denote ag, gpa the forms given by ap(b) = ¢(ba) and pa(b) = ¢(ab), for
allb € A.

2.1 | Algebraic quantum groups

By definition, an algebraic quantum group G is given by a multiplier Hopf sx-algebra O.(G)
together with positive invariant functionals [28]. Recall from [17] that one can associate to G in a
canonical way a locally compact quantum group, that is, a (reduced) Hopf C*-algebra C,(G) satis-
fying the axioms of Kustermans and Vaes [16] and containing O,.(C) as a dense x-subalgebra. We
denote by ¢, 1 the left and right Haar weights of G, which are defined on O.(G). We denote the
dual multiplier Hopf algebra by D(G).
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Not all locally compact quantum groups arise in this way. In particular classical locally compact
groups which fit into the algebraic quantum group framework are precisely the ones admitting a
compact open subgroup [19, Section 3], and this is precisely the class of groups which naturally
appears in the study of Hecke algebras.

More specifically, if G is a locally compact group with a compact open subgroup H C G, then
we get an algebraic quantum group by considering

0.(G) = SpanG - O(H) C Cy(G),

where O(H) is the usual space of representative functions on H, which embeds canonically in
Cy(G) via extension by 0, and (g - f)(x) = f(xg) for ¢ € G and f € Cy(G) is the action by right
translation. The resulting multiplier Hopf *-algebra is independent of the choice of H, and in fact
uniquely determined [19].

A morphism between algebraic quantum groups from G, to G, is given by a non-degenerate -
homomorphism 7 : 0,(G,) - M(O.(C,)), compatible with the comultiplications. Observe that
the algebraic multiplier algebra M(O.(G,)) typically contains operators which are unbounded
at the Hilbert space level. However, if W denotes the multiplicative unitary associated with
G,, then (r ® id)(WGZ) is a unitary element of M(0O.(G,) ® D(G,)), and hence it induces a
bounded (unitary) operator on L?(G,) ® L?(G,). From the properties of the multiplicative uni-
tary at the algebraic level it follows that this yields in fact a bicharacter at the C*-level, and from
[20] we conclude that 7 extends to a non-degenerate *-homomorphism Cy(G,) — M(C(G;))
between the universal completions constructed in [15]. That is, 7 determines a morphism between
the associated locally compact quantum groups. For simplicity we will abbreviate C,(G;) =
M(C(G,)).

If G is an algebraic quantum group, then an algebraic compact open quantum subgroup
Hc G is given by a non-zero central projection py € O.(G) such that A(p)(1® py) =
Dn ® py, compare [10, Theorem 4.3, Proposition 4.4, Corollary 3.8]. Then C(H) = p;,C,(0) is a
Woronowicz-C*-algebra and the canonical morphism from H to G corresponds to the Hopf -
homomorphism 7y, : Co(G) — C(H), f — pyf. We note that it seems unclear whether central
projections of C,(0) satisfying the above condition (which a priori describe all open compact
quantum subgroups of G) automatically lie in ©,(0).

2.2 | Discrete quantum groups

An algebraic quantum group [ is called discrete if the corresponding algebra O.(I') is a direct
sum of matrix algebras. The existence of invariant functionals is then automatic and we have
Co(D) = C(”)‘(T). In this case we use a different notation to emphasize the analogy with the classical
situation: we put O, (") = c.(I"), Co(IN) = co(1), C, (1) = (1), M(O()) = (), D) = C[I'].
The left, respectively, right Haar weights of I" are denoted by h; , hy and their modular groups o”,
oR; the scaling automorphism group will be denoted as 7. We will also use the antipode S, the
unitary antipode R, and the co-unit €.

We denote by Corep(l') the category of finite-dimensional normal unital *-representations
a : (') —» B(H,), equipped with the tensor structure ® coming from the coproduct: a®p :=
(a ® B)A; for simplicity we will simply write « ® § in what follows. We denote dim(«), respec-
tively, dim,(a) the classical, respectively, quantum dimension of a corepresentation a. The trivial
corepresentation is denoted as 1 € I(I"). We denote & the conjugate corepresentation of o, which is
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unique up to equivalence; by definition we have non-zero morphisms ¢, € Hom(1, & ® «) which
are uniquely determined up to a scalar when « is irreducible and satisfy the conjugate equation.

We choose a set I([") of representatives of irreducible objects up to equivalence. We can then
identify £°(T) = £°- @ 1) B(H,) and we have c.(I') = @ B(H,) and c(T) = [[ B(H,). We
denote by p, € c.(I'), « € I(I') the minimal central projections and write a, = p,a for a € c(I').
The coproduct is determined by the formula (pg ® p,)A(a)v = va, for any v € Hom(a, 8 ® 7)
and a € c,(I). Let us record the following fact which is certainly well known to experts.

Lemma 2.1. Let a, 3 € I("). The tensor product corepresentation a @ 3 contains at most dim(g3)?
irreducible subobjects (counted with multiplicities).

Proof. Decompose a @ § = @le y; withy; € I(I"). By Frobenius reciprocity we have a C y; ® ,
hence dim(y;) > dim(«)/ dim(g8). Then we can write

dim(a)

dim(a) dim(B) = ¥, dim(y;) > p Tm@)’

which yields the result. O

A quantum subgroup A of [ is given by a surjective *-homomorphism 7 : £°(I") — £*°(A)
such that (7 ® 7)A = Az. Due to the very special structure of ("), one can identify £°°(A) with
p (M) for a uniquely determined central projection p, € #°°(I'), in such a way that 7(a) =
ppa. The coproduct of £%°(A) is then A,(a) = (p) ® p)A(a) = (p, ® id)A(a) = (id @ p,)A(a)
for a € (). Note that we have in the same way c.(A) = p,c.(I), c(A) = p,c(l). Using pre-
composition with 7 the category Corep(A) is fully and faithfully embedded in Corep(l"). We take
for I(A) the subset of I(I") such that a € I(A) if and only if p, p, # 0. We have 1 € I(A) and if «,
BeIN),y€€I(lNandy Ca® B, theny € I(A) and &, 8 € I(A).

3 | DISCRETE QUANTUM HECKE PAIRS

In this section we define the Hecke algebra associated to a discrete quantum group I and a com-
mensurated quantum subgroup A. We start by studying the structure of the quotient spaces ' /A,
A\T, first at the level of the set of irreducible corepresentations I(["), and then at the finer level of
the quantum algebras of functions £°(I'/A), £°(A\["). We obtain in particular in Theorem 3.10
a description of #*°(I" /M) using the classical quotient space I([")/A.

We can then define the Hecke algebra H([", A) and its convolution product, and prove that it
is represented by Hecke operators on c¢,(I"/A). We give a combinatorial characterization of the
¢2-boundedness of Hecke operators and describe the modular properties of the canonical state of
H(T, A). Finally we investigate examples arising from quantum HNN extensions.

3.1 | Quotient spaces

3.1.1 | Classical cosets

Suppose that [ is a discrete quantum group with a quantum subgroup A. Associated to A is the
equivalence relation ~ on I(I') such that « ~ 8 if and only if « C 8 ® y for some y € I(A) if and
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only if A(p,)(pg ® p,) # 0, see [29, Lemma 2.3]. There is corresponding left version: o -~ § if
and only ifa C ¥ ® 8 for some y € I(A) if and only if A(p, )(p, ® pg) # 0. We denote by I(I')/A,
A\I(I") the corresponding quotient spaces and by [«] the class of & € I(I") in I(I")/A or in A\I(["),
with the context determining the choice of left or right cosets. For o € I([") /A or A\I([") we write
Po = Xaeo Po € £°(I). Note that in both cases pj;; = p,, and the projections p, are pairwise
orthogonal, central and sum up to 1. Note that they need not be minimal central projections in
¢ ([" /M), but are finite sums of such, see [6, Section 5] and also the discussion below.
Recall that the quantum quotient spaces are given by the algebras

£2(/N) ={a e[| (1@ ppA(a) =a® pyl,
22N ={a € £20) | (pp @ DA(a) = p), @ a}.

One can use the same conditions to define c¢(I"/A), c(A\I') but one has to be a bit more careful
for the spaces of finitely supported functions. One can check that p, € ¢(I'/A) forany o € I(I")/A
and one defines c.(I'/A) = Span{p,c(I'/A),c € I(I')/A} (and similarly for the left versions). One
can show that p c(I'/A) = p,£°(I'/A) for any o € I(I") /A [30, Lemma 3.3]. It is easy to check that
the coproduct A restricts to von Neumann, respectively, algebraic left coactions A : £%°(I'/A) —
(MR (T /), respectively, A : c.([/A) = M(c,(I') ® c.(I' /A)), and similarly to right coac-
tions A : £°(A\IN) - £°(A\N®>(I), respectively, A : ¢, (M) = M(c.(A\I) ® ¢ (). We
have, for example, (c.(I") ® 1)A(c,(['/AN)) = c.(IN) & c.([/N).

The next lemma works in general for open quantum subgroups of locally compact quantum
groups, see [10, Lemma 3.1, Corollary 3.9]. The fact that the unitary antipode exchanges the left
and right von Neumann algebraic homogeneous spaces for any closed quantum subgroup can be
found, for example, in [13]. We include a simple proof for the discrete case.

Lemma 3.1. Let A be a quantum subgroup of I'. We have R(c(T'/N)) = c(A\T') and S(c(T'/N)) =
c(A\I). The groups t, o, o® stabilize c(T" /N) and c(A\I).

Proof. Forany a € I(T) and t € R we have S(p,) = R(p,) = pg and 7,(p,) = oX(p,) = oL(p,) =
py hence S(p,) =R(p,) =1,(p,) = oX(p,) = oX(p,). For a€c(T/A) we have (p, ® DA
(5(@) = o(S ® A ® S (p )] = o(S ® SHA@A ® p,)] = o(S®S)Na® p,) = py ®
S(a) (with o denoting the tensor flip), hence S(a) € c(A\I'). The same holds for R(a) since we
also have A(R(a)) = c(R ® R)A(a). On the other hand for any t € R we have (1 ® p,)A(z,(a)) =
(t; @ 7)1 ® p)A(a)] = 1,(a) ® p, hencet,(a) € c(I'/A), and similarly on the left. Finally, note

that in the discrete case we have 7, = & = 0¥ . O

One can proceed similarly for double cosets. More precisely we denote c(A\['/A) = c(I'/A) N
c¢(A\I). We consider the equivalence relation ~ on I([") generated by ~ and -, and we have in
fact a ~ B if and only if there exist §, y € I(A) such that 8 C § ® a ® y — indeed the set of such
functions of § is closed under ~ and -, and decomposing ¢ ® y into a’s one sees that  «~ a’ ~ a
for one of these o’s. We denote by A\I(I") /A the corresponding quotient space and write ]| for the
corresponding class of & € I(T). For 0 € A\I(I')/A we denote p, = Y ., p, € £<(I), obtaining
again a family of central, pairwise orthogonal projections summing up to 1. We clearly have p_, €
c(M\I"/A) and we denote c.(A\I'/A) = Span{p,c(A\I /A),c € N\I([)/A} C c(A\T /N).

For 7 € A\I(I)/A we have p, = Y{p,,0 € (/Ao C1}=Y{p,,0 € ANI({),0c C1} We
denote R(7) =#{c € I)/N, o Ct} € NU{+oo} and L(r) = #{oc € A\I(I"),c C t}. We have
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c(T/N)ne(M\IM) C c.(A\T/N), and similarly c(I"/A) Nnc,(A\T) C c.(A\T'/A). Already in the
classical case these inclusions can be strict.

Proposition 3.2. Let A be a quantum subgroup of [. The subset I(T") ={a € I(I) |
L([a]), R(Ja]) < +oo} defines an intermediate quantum subgroup ACUT' CT such that
(AT /) = c.(T/N) N e (A\D).

Proof. It suffices to show that I(A) C I(T"), I(T") @ I(T"") c ZI(T") and I(T") € I(T"), see, for exam-
ple, [29, Section 2]. Since [1] = I(A) = [1] we have R([1]) = L([1]) =1 and [1] = I(A) C I(T").
Since a ~ f < & - B, we have L([a]) = R([&]) hence & € I(I"") if « € I(T""). Let &, B € I(T")
and let § € I(l"), § C « ® . Decompose into finite unions of right cosets [a] = | |[o;], [B] =
LI[B;], and consider the finite set of all the elements §; € I(I') such that &, C a; ® §; for some
i,j. TakeA,ueI(N)andy CA® 35 ® u. Thenwehavey CA®@ a ® § ® u. Decomposing 1 @ a
into a’s we have by irreducibility y C o’ ® 8 ® u for some o’ € I(I') and since o’ € [a] we have
a’ C a; ® A’ for some i andsome A’ € I(A). Theny C a; ® 2’ ® B ® u. Proceeding similarly with
A’ ® Bwefind jand A" € I(A) such thaty C a; ® B; ® " ® w. It follows that y € [5;] for some
k. As a result [8] is covered by a finite number of right cosets. Applying this to 6 we see that
§ e I(I).

By definition, for 7 € A\l /A we can write p; as a finite sum p. = } p,, with o; € I(I)/A. It
follows thatc,(A\T" /A) C c.([/A).Similarly c,(A\[" /A) C c.(A\I'). Conversely,leta € c.(I'/A) N
c.(A\IN) and consider a € I([") such that p,a # 0. Then we claim that pya#0 for all y € [«].
Indeed we have p|ja # 0 and since a € c¢(I'/A), Lemma 3.3 in [30] shows that pga # O forall  C
a® A, A € I(M). Using now the fact that a € ¢(A\[') and again [30, Lemma 3.3] we have pya#0
forally c u® 8, u € I(A). In particular we have p_a # 0 for all o € I(I")/A, o C [«]. But since
a € c,(I'/A), there is at most a finite number of functions of o such that pja # 0. Hence R([«]) <
+00. Similarly L([a]) < +oo. As aresult & € I(T") and we can conclude that a € ¢(T). O

Definition 3.3. Let A be a quantum subgroup of I'. The quantum subgroup A C I’ C I of the
previous proposition is called the commensurator of A in I. We say that ([', A) is a Hecke pair
(or that A is almost normal in ) if R(7), L(t) < +o0 for any 7 € A\I(I")/A, or equivalently, if
c.(T/N) e (M) = c.(A\T/N), thatis, T" =T.

3.1.2 | Quantum cosets

We give now a more precise description of the quantum quotient space algebra £°°(I"/A) and of
the corresponding Corep(l")-module category.

For every von Neumann subalgebra M C #°°(I") we have a restriction functor from Corep(l") =
Rep(Z*°(IN)) to the category Rep(M) of finite-dimensional normal *-representations of M which
factors the respective forgetful functors to the category of finite-dimensional Hilbert spaces. If M
is left invariant, that is, A(M) C #*°(I")@&M, then Rep(M) is naturally equipped with the structure
of a left Corep(l")-module-C*-category, by considering « ® 7 := (¢ ® 7)A and the Hilbert space
tensor product of morphisms.

When M = (" /M), this module category is equivalent to the one naturally associated with
the [-C*-algebra C; (M), compare [5, Theorem 6.4]. We write Rep(M) = Corep(I'/A) in this case
and choose a set I(I" /A) of representatives of irreducible objects in this category up to equivalence,
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not to be confused with I(I") /A. We denote Hom- /s the corresponding morphism spaces, and note
that we have a restriction functor from Corep([") to Corep([I" /A). Moreover, to describe Corep(I' /A)
is suffices to describe its full subcategory with objects from Corep(l), that is, the spaces
Homg, A(a,B) for a, B € I(I") — one can then recover Corep(l"/A) via idempotent completion.

The next proposition is a variant and improvement of [30, Lemma 3.3] and [6, Theorem 5.2,
Theorem 5.6]. It gives a concrete description of £°°(I" /A) and Corep(I" /A). Recall that Corep(A) is
faithfully and fully embedded in Corep([).

Definition 3.4. For v € Corep([") = Rep(#*°([")) we denote by v, the largest subobject of v
belonging to Corep(A), given by the projection v(p,) € B(H,).

Let us apply Definition 3.4 to the space B(H,, Hg), viewed as a corepresentation of [ via the
identification with H, ® Hg given by S — (id ® S)t,,. By Frobenius reciprocity we then have

B(Ho(,Hﬁ)A = Span{v(1 ® ) | 4 € Corep(A),v € Hom(a ® 4, 8),n € H,}.
In the next proposition we use the commutant of B(H,, H, ), = B(H,), inside B(H,,):

B(H,), ={b € B(H,) | bf = fbforall f € B(H,,H,),}

={beB(H,) | (b®id)w = wb forall A € I(A),w € Hom(a,a @ 1)}.
Recall that for a € #°(I") and a € I(I") we denote by a, € B(H,) the component p,a of a.

Proposition 3.5. Let A be a quantum subgroup of I and «, B € I(I'). The map (a — a,) is an
injective x-homomorphism from p;, ;¢ (" /M) to B(H,,), with image p, ¢ (I /\) = B(HQ)CA. More
generally we have Hom[r/A(oc, B) = B(H,, Hﬁ)m.

Proof. Leta € £°(["/A). We have then (p, ® p,)A(a) = a, ® p,. Since (p, ® p,)A is non-zero,
hence also injective on any matrix block pg£*(I') with § C a ® 4, 1 € I(A), we see that a, =0
= pjy)@ = 0. Denote b =a,, andletv € Hom(a,a ® 1) with 4 € I(A). Wehave b ® p; = (p, ®
p)A(a) hence (b ® id)v = (p, ® pp)A(a)v = vp,a = vb.

Conversely, start from an element b € B(H,)). Then, for any 4, u € I(A) and any v €
Hom(a,a ® 1 ® u) we have vb = (b ® id ® id)v — it suffices to decompose 4 ® u into irre-
ducibles, which are still in I(A). Even more, for any v € Hom(a ® 4, ® u) we have v(b ® id) =
(b ® id)v — apply the previous property to w = (v ® id)(id ® ¢;) € Hom(a,a ® 1 ® 4) and the
conjugate equation.

Now, for any 8 € [a], choose 45 € I(A) and vg € Hom(B, & ® 43) isometric — with 1, =1
and v, = id. Define az € B(Hp) by putting ag = U;(b ® id)vg. Take B, B € lal, u € I(A) and
w € Hom(B, B’ ® w). Then we have, applying the identity (b ® id)u = u(b ® id) to u = (vgr ®
id)wv; € Hom(ax ® 13, @ 1g @ w):

wag = (U;, ® id)(vﬁ, ® id)wvg,(b ® id)vﬁ

= (U;, ®id)(b ® id ® id)(vy ® id)wvgvﬁ = (ag Q@ id)w.
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This shows that (pg ® p,)A(ag) = ag ® p,,. Putting all a; together we obtain a € p;,;Z*(I)
such that (id ® p,)A(a) = a ® p,, that is, a € p;,;7(I'/A). Moreover by our choice of v, we
have a, = b. O

Remark 3.6. In particular py,;#*(I'/A) is a finite-dimensional C*-algebra for all [a] € I(T')/A;
hence, (" /A) is a von Neumann direct product of matrix algebras. The inclusion p,Z*(I'/A) C
B(H,) can be strict, even for all elements « in a given class o € I(I')/A — for example, we always
have p;;7%(I'/A) = C, and for the dual of SO(3) seen as a subgroup of the dual of SU(2) we have
D Z°([/N) = C for both classes o € I(I")/A. It can also happen, for example, for ['; C [} X ['5,
that p, 2 ([ /A) is a proper, non-trivial sub-C*-algebra of B(H,).

Further, recall that [6, Theorem 5.2, Theorem 5.6] show that each [a] corresponds to a certain
equivalence class of minimal central projections in £*°(I" /A), determined by the left adjoint action
of T, and Pj«] 1s equal to the sum of the projections in the aforementioned equivalence class. Thus
the fact thateach p, 2> (["/A) is simple is equivalent to the equivalence relation above being trivial.
This need not be the case, as already classical Clifford theory shows.

One can reformulate the Hecke condition of Definition 3.3 using the left action of Aon £°°(T'/A)
given by a(a) = (p, ® DA(a) € £°(NRQRL®(T /A) for a € £%°(I /A). Following [4, Section 4],
define an equivalence relation on I(I'/A) by putting i =, j if A(g;)(p, ® q;) # 0, where g;, g; are
the minimal central projections in £°°(I"/A) corresponding to i and j, respectively. Equivalently,
i=, jifand only if j C A ® i for some 1 € I(A) with respect to the module-category structure
mentioned previously. Then the Hecke condition is satisfied if and only if the action of A on ' /A
‘has finite orbits’, as stated precisely in the next proposition.

Proposition 3.7. The pair ([, A) is a Hecke pair if and only if the equivalence relation =, on I(I" /\)
has finite classes.

Proof. Denote by q; € £°(["/A) the minimal central projection associated with i € I(I'/A). For
any [a] € I(T")/A we have a finite set I([«]) € I(I'/A) such that p;,| = Ziel([a]) q;. This implies
that the action of A on #°°(I'/A) has finite orbits if and only if for any [a] € I(I")/A there exist
only finitely many [8] € I(T")/A such that A(p,)(p, ® pjg)) # 0. This means that we can find
a’ € [a], B’ € [B] such that a’ « f’, in other words [a] = [A]. This ends the proof. O

We will now represent invariant functions using A(p,, ), see Theorem 3.10, which is essentially a
consequence of Proposition 3.5 and ‘strong invariance’ of the Haar weights ([16, Proposition 5.24]).
The quantities x below will play a fundamental role in the sequel. Recall that for v € Corep([l')
we denote by v, the sum of all irreducible subobjects of v equivalent to an element of I(A).

Definition 3.8. Fora, § € I(I') we putx, g = dimg(a ® ), and x, = Kz 4.
We first make the connection between the constants x, g and the Hopf algebra structure of

¢ ([). Recall that we denote ap = ¢(-a), pa = ¢(a-) if ¢ is a linear form on an algebra and a
an element of this algebra.
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Lemma 3.9. Forevery a, 8 € I([") we have

dim,(a)
dim,(8) "*APF

(hgpp ® PRA(PL) =

In particular (hgp) ® p)A(Dy) = Kz Dy-

Proof. We first show that for any a, 8, 1 € I([') the linear map (hzp; ® pﬁ)A(pa) S B(Hﬁ) is an
intertwiner, hence a scalar. Indeed, we have hy(a) = dimq(oc)t;(l ® a)t, for any a € p,c(l) =
B(H,), where t, € Hom(1,& ® «) is such that ||t,||* = dimg(e). Then, if (v;); is an orthonor-

mal basis (ONB) of Hom(a, 4 ® 8) and Pi’ﬁ = Y uv] € B(H; ® Hg) denotes the orthogonal
projection onto the a-isotypic component of 1 ® 3, we have

(hgpz ® Pp)A(D,) = dimy(2) X;(1) ® id)(id ® v; p,v))(t; ® id)

= dim,() (t; ® id)(id ® P;)(t; ® id) € Hom(B, f).

Hence there is a scalar Ki 5 > 0 such that (hgp; ® pg)A(py) = Kﬁ sPs- This scalar can be
computed by evaluating both sides against hz. We obtain, after dividing both sides by dim,(8):

dim, () X Kiﬁ = dimy(4) t;(id ®t; ®id)(id ®id ® Pi’ﬁ)(id ® 1 ®id)g
. v 2, . v N
= dlmq(/l) t/1®ﬁ(1d5®1 ® Paﬁ)t/@ﬁ = dlmq(/l) Zit}@ﬁ(ldl;@i ® vV ) ep

o ABs, _ AB 4 .
= dim,(A)c; thty =c dim, (1) dim,(a),

where cf{’ﬁ = dim(Hom(a, 1 ® 8)). Note that an analogous formula appears already in work of
Izumi, see the remark before [9, Corollary 3.7].

By Frobenius reciprocity we also have cé’ﬁ = c:’ﬁ . Summing over 1 € I(A) we get

dimy(B) X (hgpy ® Pp)A(P,) = dimq(a)(z et e? dimq(/l)) P
which yields the claim. O

Theorem 3.10 below is a very useful tool for the study of Hecke algebras associated to discrete
quantum groups. It is merely a materialization of Proposition 3.5, which says that one can recover
a € pqcl’/A) from a,, and it is a simple consequence of the so-called strong invariance proper-
ties of the Haar weights. It is well known in the case when A = {e} — then p, is the support of the
co-unit and x, = 1 for every a. It has several corollaries important for what follows.

Theorem 3.10. Forany a € c,(I'/A), b € c,(A\I) and any choices of representatives a € [at], § €
[B] we have
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a= Z k(ST (ap)hg ® id)A(p,) = 2 ' (hgS(a,) ®id)A(p,),  (3.D)

[alel(T)/A [alel(m)/A
b= Y 1@ ST bAPp) = Y 1l (d®Sbph)AP,).  (32)
[Blen\I(T) [BleA\I(T)

Proof. We start with a € c,(A\lN), a € I(I") and 1 € I(A). By strong right invariance we
have (a,hg @ id)A(p;) = (hr ® S)((p; @ id)A(a,)) hence (a hg ® pa)A(p;) = (hg ® ) (p; @
DP)A(ay)). By left invariance of a we have (p; ® p,)A(a,) = (1 ® a,)(p; ® p,)A(p,) so
that (a hg ® pa)A(p;) = (hg @ S)((p; ® po)A(p:))S(a,). Summing over 4 € I(A) and applying
Lemma 3.9 we obtain

(aghg @ pa)A(py) = (hg @ S)(Pp ® P)A(PI)S(ay) = x5S(ay).

By Lemma 3.1, for a € ¢.(I'/A) we can apply this formula to S~!(a,) € pzc(A\I'), which
yields a, = K;1(S_1(aa)hR ® p)A(p,). Now we observe that the right-hand side also lies in
Pac.(T/N). Indeed we have A(p,)(1 ® p,) = p, ® p, hence A%(p,)(1 ® 1@ p,) = A(p,) ® Py,
which implies A(x)(1 ® p,) = x ® p, for any x = (¢ ® id)A(p,), by applying ¢ ® id ® id. Con-
sequently we can apply Proposition 3.5 which yields pj,ja = Kgl(S_l(aa)hR ® pioP)A(p,) and
summing over [a] we obtain the first equality in (3.1).

Equation (3.2) follows by applying (3.1) to a=S"4b): this yields b=
lalerm)/a k1 (hgbg @ S)A(p,). Since p, =S7'(p,) and AS™'=(S"'®S)oA, we also
have b = ¥, 1crr)/a x1(id @ (hgby)S™)A(p,). Finally we have (hzb,)S~! = S(by)h; and we
obtain the rightmost side of (3.2) since [3] = [&] runs through A\I(I") when [a] runs through
(/.

The missing identities in (3.1) and (3.2) follow by replacing a, b with a*, b* and taking adjoints
on both sides. Alternatively one can use the fact that as we are in the context of discrete quantum
groups we have h; (ab) = h; (bS?(a)), hx(ab) = hx(bS~%(a)). O

Corollary 3.11. Let a€c(['/A), b € c(A\I"). Then K;IhL(aa) only depends on the class [a] €
I(T)/A and KEIhR(bﬁ) only depends on the class [f] € MN\I(I).

Proof. One can assume that a € pj,c(I'/A) and b = S(a) € pjgc(A\l') with 8 = &. We have a =
1. 1S (ag)hg ® id)A(p,) by (3.1) and pjg) = Kﬁil(id ® h S~ (pg)A(p,) by (3.2). We compute
then

KﬁtlhR(bﬁ) = Kﬁtth(s—l(pﬁ)a) = nglxo_ll(S_l(aa)hR ® h S™H (pp)A(p,)
= K;IhR(pﬁS‘l(aa)) = Ko_tth(aaS(pﬁ)) =% hy(ay).

Since the left-hand (respectively, right hand) side does not depend on the choice of a in [«]
(respectively, 8 € [B]), we are done. O

Note in particular that x;th( Do) = dimq(oc)2 /x, depends only on [a] € I([")/A. We have in
fact the more general result below.

8518017 SUOULLIOD 3ANE1D 3ot [dde 8y} Aq psuenob a1 Sajole YO ‘8N J0'Sa|n1 1o Aeiq1T 3UIIUO A8|IM UO (SUOTHPUOO-PUR-SWLSYWIO0 A8 1M AReg Ul Uo//SdiIL) SUORIPUOD pue suwLe | 84} 88S *[£202/€0/9T] U0 Ateiqiauliuo A8|Im ‘Mobselo JO AisAIuN Ag TOLZT'SWII/ZTTT 0T/I0pAL0D A8 ]I AReiqijeul|u0'd0SyIeLpUO //SAY WOl papeojumoq ‘€ ‘€202 '0SLL69vT



854 | SKALSKI ET AL.

Corollary 3.12. The quantity x5 g/(dimy(&)dimy(B)) depends only on the classes [a], [B] €
I/

Proof. We can assume [«] = [§] — otherwise x(&, 8) = 0. Since x; g = K3 o it suffices to prove the
independence on . We apply (3.1) with a = p|,: this yields p,) = x;l(tha ® id)A(p,). In par-
ticular hgr(pg) = k' (hgps ® hy Pp)A(p,). Computing as in the proof of Lemma 3.9 and denoting

Pzﬁ =Y en Pi"ﬁ this can be written

(dimg(8))? = ;" dimy () dimy(B) 17 (id ® id ® P )t
=1, dimg(a) dim,(8) dimy(& ® ), =« dimg(a) dim,(8) x; 5.

This shows that x; g/ dim, () does not depend on § € [a]. O

We remark that Corollary 3.12 also has a purely categorical proof, suggested to us by the ref-
eree. Fix a € I(I") and consider the right Corep(A)-module category D C Corep(l") generated by
a. Consider also the functor @ : D — Corep(A), v = (& @ v),. This is the internal Hom func-
tor for D, in the sense that Homy(a ® 4,v) ~ Hom, (4, a(v)) for allv € D, A € Corep(A). In [22,
Lemma A.4] it is shown that the rescaled Frobenius reciprocity isomorphism

Hom (3,8 ® 1) » Hom(B®1,5/), T+~

with T = (idﬁ, ®R;)(T ®1idj), is unitary with respect to the hermitian structures given by
S*T =(S,T)idg, ST* = (T,S)ids for B,f" € [a]. Now choose an isometric embedding T :
B — B’ ® A with some 1 € Corep(A). We have ||T||> =1, and using qTr(TT*) = qTr(TT*) =
dim,(8)we obtain IT)? = dim,(8)/ dimq(ﬁ’ ). Then unitarity of the map above then shows that
Ke g/ dimy(B') = x5 g/ dim(B) as required.

Let us finally introduce the quantum analogs u, v of the counting measures on [ /A, respec-
tively, A\l'. We will see at Proposition 3.21 that u is the (necessarily unique, up to scalar
multiplication) [-invariant weight on c.(I"/A). Observe that, applying (3.1) to a™ we obtain

at= ) x'(hpS(@a)) ®id)A(p,).
[«]EIT)/A

This explains the last identity in the following definition. By Corollary 3.11 we also see that u, v
and (a | b) as defined below do not depend on the choices of y € [y].

Definition 3.13. Define u € c.(T/N)* by u(a) = ¥ |qjerry/a ¥ i (aq) where a, = p,a. We
endow c,(I"/A) with the following positive-definite sesquilinear form, where a, b € c.(I'/A):

(@|b)=pu(@b)y= Y, x'hap,b) (33)
[yler(m)/a
= D, x5 (hpS(a}) ® bgh)A(p,). (3.4)
[al.[8]

We similarly define v € c.(A\I)* by »(b) = ¥ g1cu(r) KEhR(bﬁ), b € ¢, (A\I'). Finally for a €

c.(T/N) we write [|ally/, 1= (a | @)!/2.
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Remark 3.14. This definition agrees via the Fourier transform with the scalar product on the
‘dual algebra’ C[I"/A] introduced in [30]. Recall that this algebra is defined as the relative ten-
sor product C[I"/A] = C[['] ®¢, C with respect to the canonical embedding C[A] c C[I'] and
to the counit € : C[A] — C. The duality between c.(I") and C[I'] is described by the multiplica-
tive unitary W = @ael([r) u, € M(c,(IN) ® C[I']) — recall that we have (A @ id)(W) = W 3Ws3,
(id @ A )W) = W3 W1y, (S®id)(W) = W* = (id ® S~1)(W), and also, applying S™! ® S: (id ®
S)(W) = (S~! ® id)(W). Recall also that we have a canonical conditional expectation E : C[['] —
C[A], see [29]. Following [30] we consider the linear bijection 7—‘[1 : CIIT/A] - c.(I"/A) given by
Fgl(x) = (id ® eES(x))(W), which corresponds to (the inverse of) the Fourier transform when
A = {e}. Using Theorem 3.10 one can check the following explicit formula for the inverse map
F) i c (/N — CIT/A):

Fp(@) = (ap @ id)(W) ®cp 1-

On the other hand the space C[["/A] has a natural prehilbertian structure given by (x | y) =
€E(x*y). One can then easily check that 7, is an isometry with respect to this scalar product
on C[I'/A] and the one of Definition 3.13 on ¢ (I"/A).

3.1.3 | The constants x

In contrast to the classical case, where they trivialize, the constants x of Definition 3.8 play an
important role in the theory of quantum group Hecke algebras (or in the quantum version of the
Clifford theory). In this subsection we give more details about them, which will, however, not be
used in the rest of the article (except in Proposition 3.22).

Let us first note that related constants already appeared in Lemma 3.5 of [11], which states the
existence, for every a € I(I'), of a constant 7, > 0 such that

(id ® qTrz)A(Pp) = N Pla)s

where [a] € A\I(I'). As we have h; p, = dim,(a) qTrs, comparing the formulas shows that we
have in fact 7, = x5/ dimg(a).
The next example shows that we do not have x5 = x, in general.

Example 3.15. We consider the quantum subgroup A C I = Z % A, where A is any discrete quan-
tum group. Denote by a the generating corepresentation of Z and take v € I(A). Consider a =
v ® a, which is an irreducible corepresentation of I'. We have & @ & ~ P, cyq, 0 ' QW ® a,
hencex, =1,anda @ & = v ® U hence x5 = dimq(v)z.

If Aisnon-classical, one can choose v such thatx, = dimq(v)2 > 1 = x,,andif Aisfinite, we are
in the setting of Hecke pairs. For A finite and non-classical we can further consider A® = h_n)l N

which is still commensurated inside ['®. For w € Corep(I") we denote w®) € Corep(I'*®) the
corepresentation corresponding to w and the kth copy of [ in ['®. Then for any v € I(A) such that
dim,(v) > landa = ®Z:1(v ® a)®) e 1(I'™) we have Ky /Ky = dimq(U)Z” which is not bounded.

If one allows non-commensurated quantum subgroups, one can take for A the dual of SU(2)
and we see again that the ratios x; /x,, are not bounded when « varies. Notice also thatv = a ® @,
X, = dimq(v)z, and x, = 1. This shows that there is no control on the ratios x, /x, either when
y C a ® B with g € I(I) fixed.
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We shall now give another interpretation of the constants x,, 5 in terms of the Corep(I')-module
category Corep(l"/A). Let us first introduce some more relevant notation. For 7 € Corep([") and
a € I(I') we denote M, , = Hom(a, 7), so that H, =~ B, ;) Ho ® M, , canonically. When 7 =

B ® y we denote cﬁ’y = M, ., so that the dimensions P = dim(Cg’y) are the structure constants
of the based Grothendieck ring of Corep([).

a

We can extend this notation to objects of Corep(I'/A). For i € I(I'/A), = € Corep(l") we thus
denote M; , = Homy ,(i,7) where 7 is identified to an object in Corep(I'/A) by restriction.
Similarly we denote Ciﬁ’j = Homg /, (i, ® j) for i, j € I(I'/A) and 8 € Corep(l').

Recall that the modular group of the left Haar weight is implemented by the (possibly
unbounded) modular element F € ¢(I") via the formula ctL( f) = F"fF~ For = € Corep(l') we
denote F, = n(F) € B(H,) and we recall the definition of the quantum dimension dimq(n) =
Tr(F,) = Tr(F_'). Decomposing H, ~ @, H, ® M, we have F, = > F, ® id.

In general F does not belong to c.(I"/A) but we still have an induced modular structure
on this subalgebra. More precisely, take a € I(I') and decompose H,, =~ ;¢ /i Hi @ Mg
in Corep(l'/A). Since G{‘ stabilizes #°°(I"/A) by Lemma 3.1, Ad(F g) stabilizes a(£°(T /N)) ~
@, B(H;) ® id c B(H,), hence also a(Z°([ /N\)) ~ ;id @ B(M; ). It follows that for i such
that M; , # 0 there exist unique positive elements F; € B(H,), L; , € B(M, ;) such that Tr(F;) =
Tr(F; 1), Tr(L; o) = Tr(L;;) and F, = diag;(F; ® L; ,).

Furthermore, decomposing H 3 H ;e @i H ® Ciﬁ o] , we claim the existence of a correspond-

ing decomposition Fg ® F; = diag;(F; ® Dl.ﬁ J ). Indeed, consider the canonical isomorphisms
Hy ® H, = @ Hy ® H; ® M = Dy jH; ® C] @ M ..

Since A(F) = F @ F, we have Fgg, = Fg @ F, = diag(Fzs ® F; ® L; ). In particular Ad(Fg®a)
stabilizes B(Hpz) ® a(¢*(I'/N)) ~ @j B, H; ® Ciﬁ’j) ®id, and also (B® a)(Z*°(I/N)) ~
P, B(H;) ®id @ id; hence, it stabilizes the relative commutant @i, i id® B(Cl.ﬁ J )®id
as well. This shows the existence of a unique positive element Diﬁ I e B(Ciﬁ A ) such
that Tr(Df J )= Tr((D? J )1 and Fz @ F, = diag; j(Fl- ®Diﬁ J ®Lj,). We have then also
F; ® F; = diag;(F; ® D).

We summarize the conclusions of this discussion in the next proposition.

Proposition 3.16. For i, j € I(T' /), a, € I(I') we denote F; € B(H,), L;, € B(M, ,), Diﬁ’j €
B(Ciﬁ J ) the unique positive elements, normalized by the identity Tr(A) = Tr(A™1), such that F,, =
diag(F; ® L; ) and Fg ® F; = diag(F; ® Df ). The element F; does not depend on the choice of
a € I(I") such that M; , # 0. We introduce the quantum dimensions, quantum multiplicities, and
quantum structure coefficients as follows:

dim, (i) = Te(F;), qmult(i, a) = Tr(L; ,), qciﬁ’j = Tr(Dlﬁ’j).

Proof. The element F; does not depend on « because Ad(Fl.”) corresponds for every t € R to
the restriction of o¥ to #%°(I'/A)q;, where g; denotes the relevant minimal central projection of

2e2(/M). O
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By considering the case of a quantum subgroup A C I = A x A’ with A, A’ non-unimodular

one sees that the elements F;, L; ,, Diﬁ 7 can be non-trivial, and that their traces are in general
different from the classical dimensions dim(i) = dim(H,), the classical multiplicity mult(i, «) =
dim(Hom(i, @)), and the classical coefficients c;.g J = dim(Hom(i, 8 ® j)).

We denote by C[['], C[["/A] the free vector spaces generated by I(I), I(I'/A), endowed
with the scalar products such that I(I"), I(I'/A) are orthonormal bases. To any representation
7 € Corep(l' /A) corresponds naturally an element 7 = Zie]([r /0 mult(i, 7)i € Z[T /A]. When 7

comes from Corep(["), one can use quantum multiplicities and we denote

£= ) qmulti,7)i € R[T/A]
iel(T/n)

Note that we have 7 = 7 in C[['] if [" is unimodular.

Proposition 3.17. For a, § € I(I') we have x5 5 = (& | B), where (- | -) is the scalar product of
C[[ /A). In particular x,, = ||&||>.

Proof. Recall the identification Hom[r/A(oc, B)=(@®p), via the map T (d®T)t,,
T e Homr/A(a,,B). We have (F;® Fﬁ)(id @M, =>0dR® FﬁTFt;l)ta. Denote by F €
B(Hom[r/A(cx, B)) the map given by F(T) =FﬁTF071 for T € Hom[rm(oc, B) CB(Ha,Hﬁ), SO
that we have x;g = Tr(F). Decomposing H, ~ (P H; ® M;,, Hg ~ (D H; ® M; ; we have
Homy /,(a, B) = @, id; ® B(M; o, M; 5). Using the corresponding decomposition of the F-
matrices we have F(T) = ), Li,ﬁTiLi_’; for T = diag(id ® T;). Computing Tr(F) in a basis of
matrix units this yields x5 g = > Tr(Li’ﬁ)Tr(Li_’;) = Y, qmult(i, 8) qmult(i, a) = (& | B). O

We have then the following result generalizing (and resulting from) Corollary 3.12.
Proposition 3.18. The vector & / dimg(a) € C[I" /A] only depends on [a].

Proof. We have to show that for i € I(I"/A), a € I(I"), the number qmult(i, ct) / dimq(oc) depends
only on i and the class [a] € I([")/A. Denote by q; € c.(I'/A) C £°°(I') the minimal central pro-
jection of c.(I'/A) corresponding to i € I(I'/A). We have (q;), = q;p, and so by Corollary 3.11
the number x~'h;(g;p,) only depends on [a]. On the other hand we can compute it using the
canonical identification H, ~ @, H; ® M, , as follows:

Ko_cth(QiPa) = K;l dimq(oc) Tr(F;lpaqi) = K;l dimq(oc)(Tr(X)Tr)(Fi_l ® LE;)

dimg(et)* gmult(i, or)
Ky dim,(a)

= dimq(i)

The assertion follows since dimq(oc)2 /x, only depends on [«] by Corollary 3.12. O
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3.2 | The Hecke algebra

3.21 | The convolution product

Now we introduce the Hecke convolution product. Note that, thanks to Theorem 3.10, the different
expressions for a * b given in the next definition are indeed equal. By comparing (3.5) and (3.7)

one sees that they do not depend on the choices of « € [«], 8 € [B].

Definition 3.19. Leta € c,(I'/A), b € c,(A\I'). According to Theorem 3.10 we can definea * b €
¢(I") as follows:

axb= Y (S Hadhg ®@iDA®D) = Y x;'(hpS(a,) ® id)A(D) (3.5)

[«]E€1(T)/A [«]EI() /A
= X 1 (8 ahy @ id ® By ST (bp)AY(P,) (3.6)
[«L,[8]
= Z K[gl(id ® h S~ (bp))A(a) = Z Kgl(id ® S(bp)hy)A(a). (3.7)
[BlIEAI(T) [BIEAI(T)

Inthe classical case [T = I'wehavex, = 1foralla € I, and we recover the classical formulae for
the Hecke convolution product [24]. Note that one can in fact definea * b € c¢(I') fora € c.(I'/M),
b € c(A\I) (respectively, a € c(['/A), b € c,(A\I')) using (3.5) (respectively, (3.7)). The following
results are immediate from the definition:

Proposition 3.20. Foranya € c.(I'/A), b € c,(A\I") we have A(a * b) = (a * ®id)A(b) = (I =
b)A(a). In particular we have a « b € c(I'/N) if b € c,(A\I) nc(lT/A) and a = b € c(A\l) ifa €
c.(T/N) ne(A\D).

One can also express the convolution product using the functionals u, v from Definition 3.13,
for instance, we have a * b = (1a)S ® id)A(b) for a € c.(T /A), b € ¢(A\I'), and a * b = (id ®
S(b)wA(a) for a € c(I'/A), b € c.(A\I). From the first expression and Proposition 3.20 we then
immediately obtain the following statement.

Proposition 3.21. For any a € c,(I'/A) we have a * 1 = u(a)l, where u is the functional of
Definition 3.13. Moreover u is [ -invariant: we have (id ® w)A(a) = u(a)l forany a € c.(I'/N).

In the next proposition we give a description of the convolution product between c,(I'/A) and
c.(A\IN) = S(c.(T'/N)) using only the structure of the [-invariant subalgebra (I /A) C £°°(I'),
without explicit reference to the quantum subgroup A. Note that by Proposition 3.18 the fractions
appearing in the expression (3.8) only depend on i (and not on the choice of ;).

Proposition 3.22. Choose for each i € I(I'/A) an element B; € I([") such that qmult(i, 3;) # 0 and
consider the linear forms ; : ¢*(I'/N) — C, ¢;(a) = Tr(Fi_l) Tr(Fi_1 ;). Then foralla € c.(T'/N),
b € c,(A\I") we have

dim, (;) qmult(i, )
Kg, dimq(i)

axb=
iel(r/n)

(id ® S(B)e)A@). (338)
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Proof. We start from the last expression in Equation (3.7). We shall compute the linear form
2igl K;S(bﬁ)hL on the matrix blocks of c.(I'/A) using the canonical identification pzc.(I'/A) ~
@D; B(H;) ® idy; 5) C B(Hp). For a € c.(I'/A) we have

275 S (@) = 7 3! Tr(EF )T @ Tr)F] a,S(b) @ L))
[B] [B] i

= Z Z Kgl dim(8) Tr(F; ' a;S(b);) qmult(i, B).
8] 1

Putting 8 = B, for each i € I(I"/A) we obtain (3.8). O

Proposition 3.23. Ifa, b € c.(T /N :=c,(I/N) nc(A\T), then a * b € c.(T /N as well. The
convolution production defined in this way on c,(I'/N)" is bilinear, associative, with unit element
D We have af(a * b) = af(a) * af(b) for any t € R. One obtains similarly a convolution prod-
uct on c,(N\IN" = c.(AT) N (T /A). Moreover, the map a — a’ :=S(a*)isan antimultiplicative,
antilinear involution exchanging both convolution algebras.

Proof. Since (c,(I") ® 1)A(c,(I'/N)) = c.(I) & c.(['/A), it follows from (3.5) thata * b € c.(['/A)if
a, b € c,(I'/N). 1t follows from (3.5) and Theorem 3.10 that p,, is a unit for the convolution prod-
uct.

To prove associativity we will use (3.7) to compute b % ¢ with b € c.(I'/A), c € c(A\I).
This makes sense in the multiplier algebra c(I"). Indeed, fix § € I(I") and note that if (ps ®
hLS‘l(cy))A(b) is non-zero for y € I(I'), there exists 8 such that bz # 0 and B C 6 ® 7. Then
7 C 0 ® B, that is, [y] € A\I(I') is conjugate to the class in I([")/A of a subobject of 6 ® . Since
there is only a finite number of classes [8] € I(I)/A such that bg # 0, there is only a finite number
of classes [y] € A\I(I") which yield a non-zero term on the right-hand side of (3.7).

Now for a, b, ¢ € ¢.(I' /N we can write, using classes [a] € I(T)/A, [y] € A\I(T):

axbre)= Y xS a)hy ® Id)Ad ® by ST (c,)AD))
lal.[7]

= > " (S ahg ®1d ® by ST (e, )A(b)
[al.[¥]

= Y 1 ® hySTH e, DAS N (ahg ® id)AD)) = (a * b) * c.
[ally]

Since Aok = (o} ® oR)A, the modular automorphisms leave B(H,,) invariant and So® = okS we
have, for a € c,(I'/A) and b € c(A\I'):

R@=afd)= Y ;' (g ®iD[(0F ® cF)AD) (RS (a,) ® 1]
[alel(T)/A

= Y G (x ®@aDIAb)S (@) ® D] = of(a * b).

[alel(T)/A
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We compute similarly for the involution, using first (3.5) and then (3.7):

abxbf = D Maihg ®IDAGSOBN) = Y 1 (S ® aihgS)ADT)

[a]el(T)/A [a]el(T)/A
= ) i [[d @ (azhS)A®))F = (b * a)f,
laleI(r)
since a’hpS = S(ay)h;. O

We can finally make the following definition. Recall that we have c.(I'/A) Nnc (A\l) =
c.(A\I"" /) where [’ is the commensurator of Ain I, and I'" = [ if (T, A) is a Hecke pair.

Definition 3.24. Let A be a quantum subgroup of a discrete quantum group I'. The Hecke algebra
associated with (I, A) is H([, A) := c.(['/A) N c.(A\I) equipped with the convolution product
and the involution - ¥,

Remark 3.25. Note that H(T', A) depends only on the pair (I, A), where [ is the commensurator
of A in ['. The algebra H([, A) is also equipped with more structure coming from the ambi-
ent space c(['): the ‘pointwise’ product and involution, the scaling and modular groups (7, );cR,
(af)te[R, (af)teR, see Lemma 3.1. Moreover all these one-parameter groups act by automorphisms
of H(I', A), which can be shown similarly as it was done for (O-fe)te[R in the last proposition.

Example 3.26. Let us mention some ‘trivial’ examples where H ([, A) is non-trivial. We will
investigate more interesting examples in Subsection 3.3. If A is finite or of finite index in [,
but different from I, then obviously I' = [ and Cp, € H(T,A). If A is finite and I infinite,
dim(H([, A)) = +c0.

Consider now the case when A is normal in [, that is, ([ /A) = £%°(A\["). Then A(Z°°(T /M)
C ([T /N®™(IT /M), so that we have a discrete quantum group I /A underlying the quantum
quotient space. The dual H of [' /A identifies with a normal subgroup of the compact quantum
group G dual to [, with restriction morphism p : C,(G) - C,(H), such that given a € Corep(I')
we have a € Corep(A) if and only if (id ® p)(«) is trivial — or, equivalently, contains the 1-
dimensional corepresentation. It is then easy to check thata ~ Sifand onlyif1 C (id ® p)(&@ ® )
ifand only if 1 C (id ® p)(8 ® &) if and only if « «~ . In particular I(I")/A = A\I([)/A = MNI(T)
and L([a]) = R([«])) = 1 for all « € I(I"), so that (I, A) is a Hecke pair.

By uniqueness and the invariance result of Proposition 3.21, the functional y, v of Definition 3.13
are the left, respectively, right Haar weights of [ /A, normalized by the condition u(p,) = v(p,) =
1. Moreover, from the formula a * b = (id ® S(b)u)A(a) we recognize the usual convolution prod-
uct of the discrete quantum group algebra £<°(I" /A) (or its opposite, depending on conventions),
transported from the product of C[[I" /A] via the Fourier transform.

3.2.2 | Hecke operators
Now we want to identify the Hecke algebra with an algebra of equivariant endomorphisms of

c.(I'/N). We turn c,(I'/A) into a right C[I']-module via the formula a - x = (x ® id)A(a), where
a € c,(['/N),x € C[['] and we view C[['] as linear subspace of c.(I)* via evaluation. By definition,
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alinearmap F : c,(I'/A) — c.(I'/A) is [-equivariant if and only if it is C[[']-linear, and we write
End(c.(I"/A)) for the space of [-equivariant linear endomorphisms of c.(I'/A).

Restricting the action of C[['] to C[A] we obtain the associated space of fixed points ¢ (I'/A)* =
faec,(l/N)|(ppy@DA(a)=pp®at={aecc,(l/N)]|a-x=¢Ex)a}=c,(I/N)nc(A\).

Proposition 3.27. Let A be a quantum subgroup of ['. The mapev, : F — f := F(p,) defines an
antimultiplicative isomorphism from End(c.(I'/N)) to c.(I' /A)", with inverse bijection T given by

T(f)a)=ax* f, f €c.(T/N, a€c.(T/N.

Proof. Let F € End(c.(I'/A)).Forall g € c,(I'/A) and o € I(I") we have (p, ® id)A(g) € c.(IN) @
¢.(I"/A) and equivariance of F means that we have (id ® F)((p, ® id)A(g)) = (p, ® id)A(F(g)).
Applying this to ¢ = p, we obtain (id ® F)((p, ® id)A(p,)) = (p, ® id) A(f). Since p, is also
left invariant under A, for a = 1 € I(A) we obtain (p; @ Id)A(f) = (d® F)(p,; ®p))=p, Q@ f
and we have indeed f € ¢, (' /A)". The same equivariance formula can also be written F((a,hg ®
id)A(p,)) = (a hg @ id)A(f) forany a € c(I') and o € I(I).

Moreover, take a € pj,c.(I'/A). Using Theorem 3.10 and the previous equivariance formula
we can write

F(a) = 1 'F((S™(a)hg ® id)A(p,))
= K;I(S_l(aa)hR QIDA(f) =a x f =T(f)a).
This shows that T is a left inverse of ev .
Conversely starting from f € ¢, (I /A)" we can consider T(f) : a — a * f. We already noticed
at Proposition 3.23 that T(f)(a) € c.(I'/A), and after Definition 3.19 that T(f) is equivariant with

respect to the left [-action induced by A. Since p, is the unit of the convolution product, T is a
rightinverse of ev ,. Finally T is antimultiplicative by associativity of the convolution product. []

We now use the prehilbertian structure on c,(I'/A) obtained from the functional x and consider
the corresponding subspace of adjointable operators in End-(c.(I"/A)). Note that the formula (3.3)

for (a | b) given in Definition 3.13 also makes sense fora € c.(I'/A),b € c¢(I'/A),orfora € c(I'/A),
b € c.(I'/A). We use this in the following proposition. Note also that [|p,lr/, = 1.

Proposition 3.28. Fora, b € c,(I'/A) and c € c(I'/N) nc(A\[) we have (a | b * c) = (a * ct | b).

Proof. We compute, using (3.3) and (3.5):

(axch|b)= Y w7 (bgh)(@xc)) = Y x;'wg (ST Hahy ® bghy JAC™)

[8] [«l.[8]
=) 115 (bghy, ® S (ahp)(S™ @ STHA(C)
[e].[8]
= 115 (heS(bg) ® S*(a)hy)A(C) = Y (hpal)b s c) = (a] b xc).
[e].[8] ]
We also used the identities S~1(a,)hzoS™! = S*(a%)h; = hya’ which are easy to check. O
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In the next theorem, which offers an alternative description of the Hecke algebra, we write
End’(c.(I'/A)) C End(c.(I'/A)) for the subspace of adjointable maps, that is, of maps T for which
there exists S € End(c.(I"/A)) satisfying (a | Tb) = (Sa | b) for all a, b € c.(I'/A).

Theorem 3.29. Let f € ¢ (I' /N Thenwehave T(f) € End’(c.(I'/N)) ifand onlyif f € c,(I'/A) N
c.(A\I). As a result, T implements an antimultiplicative x-isomorphism between H(I',\) and
End[’r(cc([F/I\)). If (T, A) is a Hecke pair, all maps in End(c.(I"/A)) are adjointable.

Proof. In view of Proposition 3.27 it essentially suffices to understand the relevant *-structures.
By Proposition 3.28, if T(f) is adjointable, then its adjointis S : a — a * f #, Taking a = p, we
obtain f* € c.(I'/N), hence f € c,(A\I'). The converse implication and the statement about T are
then clear. If (T, A) is a Hecke pair, we have c.(I'/AN)” = ¢, (T /A) N e (A\D). O

Now we investigate the question whether Hecke operators extend to bounded operators on
¢%(' /), the completion of ¢ (I /A) with respect to the norm || - || /s arising from Definition 3.13.
In the setting of discrete quantum groups we prove in Theorem 3.32 that this is equivalent to a
combinatorial property of the constants %, introduced in Definition 3.30 below. Surprisingly we
could not prove directly that this property always hold for Hecke pairs. However, we will show
later in Section 4.3, using the Schlichting completion, that this is indeed the case, by showing that
Hecke operators are always bounded.

Definition 3.30. Given the inclusion A C " and 8 € I(I") we say that (8 satisfies property (RT) if
there exists a constant Cﬁ such that K, < Cﬁxa foralla,y € I(I") such that y C o ® 3. We say that
the inclusion A C [ satisfies property (RT) if the property (RT) holds for each 8 € I(T""), where [/
denotes the commensurator of Ain [

Property (RT) is of course always verified in the classical case since then x, =1 for all @ €
I(I"). In general it does not hold for all corepresentations, as shown by the (non-commensurated)
Example 3.15.

Lemma 3.31. For[a] € I(I)/A, [B] € A\I(I") we have

dimy(B) « dimg(é ® B)jq

Kg s&n  dimg(d)

Pla] * Pip) = Ps; (3.9)

where (6 ® ﬁ_)[a] denotes the span of the subobjects of § ® f3 isomorphic to elements of [a].
Proof. Note first that in the proof of Lemma 3.9 we showed that for each y, §, u € I(I") we have
(hgp, ® Ps)A(p,) = dim,(y) dim,(w) dim,(8) ¢}’ p;,

where cﬁ};’a = dim(Hom(u, y ® &)). Applying the antipode to this formula yields

(Ps ® hyp,)A(p,) = dim,(y) dim (k) dim,(8) " }° ps.
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Thus for each [a] € I(TI") /A, [B] € A\I(T") we obtain

Dla) * Dlg) = Kglkgl(tha ®id @ hypp)A*(py)
= Ko_(l"/; Ysermaer)hrPx ® Ps ® hLPﬁ)AZ(PA)
=%y 1"51 Ysermaern) el (hrPa ® Ps)odo(p, ® hypg)(A(p;))
= ;15" X5 1, dimg (@) dim, (8) ¢ dimy(B) dim (D)e” ps

_ dimy(a) dimy(B) dimg(@ ® § ® B),,
T x dim,(6)

_ Ps-
a kg s&ln

We used the identity ¥ </ ci"‘scg’}7 e el 8¢/P = dim Hom(4,& ® 8 ® f), so that adding

the quantum dimensions dimq(/l) over 1 € I(MN) w1th these multiplicities yields dlmq(oc RI®
B
Notice that the term corresponding to § vanishes unless § Ca ® 1 ® 5 for some 4 € I(A).

55/

Moreover, decomposing into irreducibles § ® § = @ ¢, o wecan write, using Corollary 3.12:

dimy (@ ® 5§ ® §), = Za,c dlmq(oc ®a),
dim, (")
“dimy(a)  dim,(a)

5.8 . 5
= TarclalCy ® dimg (6 ® B

and the formula follows. O

Theorem 3.32. Let A C [ be an inclusion of discrete quantum groups. The operator T(b) is bounded
with respectto || - ||/, forevery b € H(T, M) if and only if the inclusion A C T satisfies property (RT).

Proof. Assume first that T'(b) is bounded with respect to || - || /pforallb € H(T", A). In particular

T(p.) is bounded for every r € A\I(I")/A. Consider &, = K;/ 2 Pl«)/ dimg(er), which has norm 1
with respect to || - || /,. By definition of the scalar product, and writing 7 as a disjoint union of
finitely many left classes [3] we have

1/2 1/2 2102

o X
&1 | &g * Po) (PPl * Do) = 4 “hy(py (Pl * P2)

dlmq (cx) dlmq(y) dlmq(oc) dlmq ) Ky
1/2,1/2
i 2 hi(py(prag * Prs))-

dlmq(a)dlmq(y) *y e

Using (3.9) in the preceding lemma we can further compute:

Y/ Zk}l,/ 2 _, dimg(B) dim, (¥ ® By

( * ) = - - X :
§in1 | S * P [;gc:r dimg(a)dimy(y) 7 x5 dimg(y)

h’L(py)

dny) suonIpuoD pue swie L 8y 8s *[£202/e0/9T] uo Areiqiauluo A)im ‘Mobise|o JO AsieAIuN AQ TOLZT SWII/ZTTT OT/I0P/W00 &3] i AReiq 1 Ul UOd0SUFRLIPUO|//SA1Y WOy papeojumoq ‘€ ‘€202 ‘05LL697T

Ry A

-pue:

35U8017 SUOWILLOD 3A1ER.1D 3|t |dde au Ag pauenob ake sajoilie YO ‘asn JO Sajnu Joj Akeiqiautjuo A3|1Mm uo



864 SKALSKI ET AL.

dimg(a) K;/ 2

Blcr 6

Finally we decompose (y ® ) into irreducible subobjects «’ and select the ones in [a]. Using
Corollary 3.12 this yields

. ,
dim(8) s w0 dimg(@) o dimy(B) i

G 1§+ ) = D —— 3 i ) P
free KB dew ¢ dimg(® 2 =

As a result we have, for any «’, y € I(I") and 8 € I(I"") such that o’ C y ® f3:

1 T (oIl
ke 0 VlA]

x, ~  dim,(B)

This shows the existence of the constants Cg and the direct implication.

Conversely, assume that (RT) holds. Taking b € c.(A\[""/A), we can assume that b €
p:c(A\I" /) with T € A\I(T")/A, and we then have a decomposition b = 3’ 5, pjgb with
L(7) terms, where [8] € A\I(I"). We first fix classes [«], [y] € I(I')/A. For a € pygc.(I'/N), ¢ €

€I’/ A) we have

(claxb)= Y x7'(c| (id® S(by)h)A(a)
[Blcz

= Kﬁtlx;l(th;®S(b5)hL)A(aa,).

[BlcT,a’ €la]

The sum is in fact finite since its terms vanish unless a«’ C y ® 5.

Now we use the case when A is the trivial subgroup, denoting as || - || the hermitian norm
on c.([") and T} the homomorphism from c,(I') to End(c.([")). We know that T-(d) extends to a
bounded operator on #2(I") forany d € c.(I"), because it is an operator from the right regular repre-
sentation of [". Fix a choice of representatives j3 for the classes 3] and put M = maxgc; [ITr(bp)ll
(so that M might depend on the choice made). We then have

|(hrc; @ S(bp)hp)A(ag)| = I(e, | Tr(bg)agDr| < Mlie,lipllag Il

We have moreover ||c, [|; = \/Ey||c||m, lag I = v/ llally/, by definition.
As a result we can write:

laspl<M Y ¥ ' Pl jullally o < Kllelly o lalle s,
[BlcT o’ €[a],a’ cy®B

where K = M Z[ﬁ lc 6 C dlm(,B)2 only depends on b (and not on [«], [¥], a, ¢). Here we used

property (RT) and the fact from Lemma 2.1 that y ® 8 has at most dim(8)? irreducible subobjects.

Let use write [y]#[a] if there exist ¢ € pp,jc.(I'/A), a € pig c.(I'/A) such that (¢ | a * b) # 0.
The arguments above also show that [y]#[«] impliesy C a @ 1 ® § forsome 4 € I(A) and 8 € .
Writing 7 as a disjoint union of R(7) classes [3;] € I(I")/A, this inclusion impliesy Ca ® 5; ® u
for some i and u € I(A). Since a ® B; contains at most dim(;)? irreducibles, this shows that, once
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[«] is fixed, we can have [y]#[a] for at most Y. dim(B;)? classes [y]. Similarly, since (c | @ * b) =
(c * b* | a), if [y] is fixed, we can have [y]#[a] for at most D dim(ﬁ;)2 classes [a], where we have
now written 7 as a disjoint union of L(7) classes [ﬁ;] € A\I(I). Let us denote by N the maximum
of these two sums, which depends only on 7.

Finally we can use Cauchy-Schwarz to write, for any a, b € c.(I'/A):

lclaxb)l< Y Ipyel (@) * DI <K D lpyiclsjallpralia

[y]#[a] [y]#[el]
1/2 1/2
< K( Z IlplyJCIlﬁ/A> < Z IIP[aJallﬁ/m) < KNllcllppllally /a-
[¥]1#[a] [y]1#[a]
This shows that T'(b) is bounded with ||T(b)|| < KN. O
3.2.3 | Modular structure

Definition 3.33. The canonical state on H([", ) is given by the formula
w(f) :=e(f) =(pp | T(HPA), f€HT,N.

Since the sesquilinear form (- | -) is positive-definite, w is faithful, that is, w(f LI f)=0
implies f = 0. To investigate the modular properties of w we first construct a quantum analog
of the classical modular function. We consider the restrictions of the functionals y, v introduced
in Definition 3.13 to c,(A\I"’' /A). These forms are faithful by Proposition 3.5, and so we can make
the following definition.

Definition 3.34. The modular element associated with ([',A) is the unique element V €
¢(A\I" /M) such that v(a) = u(Va) for all a € c.(A\I"/A).

More concretely, fix a € I(I""). Since (a — p,a) is faithful on P[] c(M\I"'/A) we can consider

the positive linear forms y,, v, defined on the finite-dimensional C*-algebra p,c(A\I'/A) by the
following identities, for every a € P[] c(A\T/N):

polag) = Y {5 hi(as) | [8] € [, [8] € I(N) /A,
ve(ag) = Y fis hp(as) | [8] C [«], [8] € AT}

Then V is characterized by the identities v, (a,) = u,(Vya,), a € P[] c(M\T/N), [«] €
A\I(T") /M. Note that, according to the next lemma, we also have v(a) = u(aV). Naturally V = V*,

Lemma 3.35. We have p,V = p,, cX(V) =V foranyt € R, S(V) = V-1 = S7}(V).
Proof. Since hy and hy are both of = o, invariant, this is also the case of u, and v,, hence
we have v, (a) = v,(o® () = uy (V0% (@) = p(6R(V,)a) and we conclude by uniqueness that
Uf(V) = V. This, together with the definition of ¢ and the fact that (crfz)te[R is the modular auto-
morphism group for hy, also implies that u(aV) = u(Va) foralla € c,(A\I"'/A). Similarly, noting
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that vS = u = »S~! we can write ¥(S(V)a) = u(S~'(a)V) = w(VS~(a)) = v(S~(a)) = u(a) and
we conclude that S(V) = V~1. We proceed in the same way with S~1. O

The next result shows that the operator V indeed plays the role of the modular operator for the
canonical state on the Hecke algebra (or rather its relevant von Neumann algebraic completion).

Theorem 3.36. Themaps 6, : a — oX(V''a) = V'oR(a),t € R, a € H(T, M) define a I-parameter
group of x-automorphisms of H([', A) and w is a 6-KMS; state.

Proof. Using the fact that ¢ is the counit and equalities (3.5), (3.7) we obtain the following
expressions:

waxb)= Y 1 'h(Slab)= Y x5 hy (aS(bg)).
lalel(T)/n [Blem\I(T)

We can then compute, for a, b € c.(A\["/A):

w@axb)= Y 1 'h@Sh) = Y a(agS(hy)

laler(r)/n [alea\r/a
= Y nVlaSb) = Y k(Y aS(b,)
[«]enr/a [a]€I(T)

= Z Ko_tlhR(S(ba)of(V_la)) =w(b * cf(V‘la)).
[alel(m)/a

We also have the following variant of the last step of the computation: since hy is oR-invariant
and o® commutes with S, it is easy to check that hg(S(b,)oR(V~'a)) = hg(S(Vo® (b,))a), and
this yields w(a * b) = w((Va® (b)) * a).

From these properties we first deduce:

w(a#bxc)=wb*cxof(V'a) =wl*ok(V'a)* oR(V b))
= co(VaI_zi(olR(V_la) * cf(V‘lb)) ® C).

By faithfulness of w this yields of (V~'a) * oX(V='b) = cR(V~'(a * b)), hence by Proposition 3.23
we have (V~1a) * (V71b) = V-1(a  b). This implies (V¥a) = (V¥b) = V¥(a % b) for all k € Z
and, by the usual argument, (VZa) * (VZb) = VZ(a * b) for all z € C. It follows that the maps
9, are multiplicative for the convolution product. They are also compatible with the involution
since o*S = Sof and (V¥a) = Vi*#af = Vi‘a” for real t, using the property S(V=1) = V. O

Corollary 3.37. Wehave A(V) =V ® V.

Proof. We use the property (Va) = (Vb) = V(a = b)fora, b € c.(A\["' /), established in the proof
of the previous proposition. Since S(V) = V™1, we can write

V7(Va # Vb) = Y 1 (hS(Va,) ® V")A(VD)

= ) x (hpS(ay) ® D[V @ VTHAVIAD)]
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=(axb) =) 1. (hS(a,) ® id)[A(D)].

Since A(c(A\I'/A)) € M(c.(M\DI) ® c.(I'/N)) and hgp, is faithful on ppgzic.(A\I') by Proposi-
tion 3.5, we can conclude that (V1 @ V"DA(V) =1 ® 1. O

We shall now give an explicit formula for the modular function V in terms of the structure of the
inclusion A C . This will involve quantum analogs L, R, of the counting functions L, R which
arise from the interplay between the modular structure of the Haar weight hy and the structure
of the quantum quotient space A\l /A.

For every a € I([I"), we have a unique h; -preserving (respectively, hp-preserving) conditional
expectation from p,c(I") = B(H,) onto the subalgebra p,c(A\I'/A). We consider the following
related maps.

Definition 3.38. We denote by E~ (respectively, EX) the unique map (') — P[] c(A\I'/ M) such

that hL(paEé(a)b) = h;(p,ab) (respectively, hR(paEg(a)b) = hg(pgab)) for all b € c(A\I'/N),
a e c(l).

In the classical case, Eé( f)is the constant function on [«], equal to the value f(«). Let us record
the following property of these maps in connection with Woronowicz’ modular element.

Lemma 3.39. We have EX(F~%) = EL(F?)™".

Proof. Recall that hy(a) = h; (F?a)forall a € c.(I). In particular we have, for a € c,(A\I'/A) and
aell):

hg(a,) = hy(F2ay) = hy(EL(F*)ay) = hp(FEL(F?)a,) = hp(E5(F~)EL(F?)ay),
since EL(F?)a,, € p,c (AT /M). As hy is faithful on p,c.(A\I'/A), we can infer that p, ER(F~2) =

(pEL(F*))~! and we conclude by Proposition 3.5. O

Definition 3.40. Fix a € I(I'’) and choose elements §; ~ a (respectively, €j v a) such that
[«] is the disjoint union of the classes [§;] € A\I(I") (respectively, [e i1 € I(T')/N). We define the
following elements of P[] c.(MN\T/A):

dim,(5,)? dim, (¢ )?
_— S ) 5 _ q\6j) _Ro—2
L, = 2 TEai(F ), R, = z ———EL ().
i i Jj

a
€j

Remark 3.41. Note that we have F € c(A\l'/A) if and only if A is unimodular (that is, F|, = I),
since A(F) = F @ F. In this case we have EL(F') = ER(F') = p[[a]]Ft for all t € R, and hence,
writing F[[a]] = pﬂa]]F:

. dimy (8 \ .2 5 dimg(e;)? \ L
L, = <Zz X5, >F[[a]]’ R, = <z] e F[[aﬂ'

Since dimq(él-)2 /Kgi only depends on the class [§;] € A\I(["), we can drop the constraint §; ~ o
in the definition of L, and we see in particular that L, R, only depend on [«] in this case. If we
have moreover x5 = x5 for all § € I(T'), the terms dim,(5,)*/ x5, only depend on [6;] = [«] and
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hence we have

Ly =L([a]) ;" dlmq(a)zF R, =R([a]) ;" dlmq(OC)ZF

[«]” [«]"

On the other hand, let us consider the case when P[] c.(AN\T/N)=C P[] Then we have
EL(F?) = P[] = ER(F~2) (as, for example, h; (F2) = h;(p,)), so that

L= (2% Yoy Re= (2,225 oy

1

with the same simplification as above if x5 = x5 for all 8.

Proposition 3.42. We have V,, = p,R_'EL(F?)~'L,. In particular, if A is unimodular and x5 = x;
_ D o

forall § € I(I"), we obtain the ‘semi-classical’ formula V, = D e

Proof. Take a € I(I") and a € py_7c(A\I'/A). We choose elements €; € [a] such that [«] is the
[«] i

disjoint union of the classes [¢;] € I(I')/Aand ¢; - a for all i.
By Corollary 3.11 we have

K hu(a.) = i g (pe F2a) = 62 h(pe R (F7)a) = 17 g (p X (F)a).
Recall moreover that we have x; /x; = (dim,(¢)/ dimq(oc))2 when € «~ a. Hence we can write
1 T % R (-2
Iua(ao{) = jK€~ hL(aej) = Zj_xé. hL(aej) = Zj_xét hR(Ee(F )aac)
J KE}' J Ksj J
= dim(a)*hp(R,a,) = dim («)"*h (F°R,a,) = dim (a) *h (EL(F)R,ay).

We proceed similarly on the other side with classes [§;] € A\I(I[")) and §; ~ « :
K5 1 Ko 1 2 Ko 1 L (2
vo(a,) = Zi_K_ x5 hglas) = Zi_K_ Ky hy(Fras) = Zi_K_ ks h(E5 (F)as,)
51 L 51 L 51 L L

Kai — . _ ~
= Zigkath(Egi(Fz)aa) = dim(a)*hy (L, a,).

i

This yields the result by definition of V. [l

3.3 | Examples: HNN extensions

Let ', be a discrete quantum group with two quantum subgroups A, C [, (¢ = +1). Following
[8], we start with an isomorphism between the two quantum subgroups, described via a Hopf
x-algebra isomorphism 6 : C[A;] — C[A_;] and we form [' = HNN([,,6). Recall that C[[] is
generated by C[[,] and a group-like unitary w such that w*bw=¢ = 6¢(b) for b € C[A.]. We denote
by E, : C[ly] = C[A,] the canonical conditional expectations. The algebra C[['] is the direct sum
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of the subspaces
CIl'], = {xowixy - wnx, | x; € C[[yl,¢; = +1,E_(x;) = 0 whenever ¢;,; # €;}.

The subspaces C[['],;, n > 1 span the kernel of the canonical conditional expectation E,, : C[['] —
C[[,] = C[['], and the Haar state of [ is h = hyoE, — see [8]. It follows in particular that I(I") is
partitioned into the subsets

IM,={aCay@uRa Q- Quwr a, |

a; € I(Ty),¢; = +1, 0 & I(A, ) whenever ¢, # €;}.

Proposition 3.43. Assume that the quantum subgroups A, have finite index in [y and at least one
of them is distinct from [ . Then [ is commensurated in [, not normal, and of infinite index.

Proof. Write I(I"y)/A. = {[yc ol .- [ye,p]} withy, o = 1.Thenanya € I(I),, is contained in a repre-
sentationy_ ; Qw1 ®y_. , @ W2 Q - @ w @ a, with k; # 0if ¢; # ¢;,,. Indeed, starting
froma Coy@uws @ a; ® -+ ® w @ «,, as previously, write a, C Ve, ® Awith A € I(A_el).
Observe moreover that 1 @ w ~ wé ® 67¢1(1) and decompose 6~1(1) ® a; into irreducible
subobjects oci. Since « is irreducible, it appears as a subobject of one of the corresponding corep-
resentations y_. , ® w ® oci ® w2 --- @ w @ «,,. Moreover since 671(1) € I (Ael), we have
a &1 (Ael) =>oc£ &1 (/\61 ). Iterating the procedure we see that oci can also be chosen among the
representatives y_. , etc.

In particular it follows that I(I"),, /T, — and similarly I')\I(["),, — is finite. Since I(I"),, is
clearly saturated with respect to the equivalence relations ~, -« relative to ', this shows that
[y is commensurated in [. It is never of finite index in [ since the subsets I(["),, n > 1, are non-
empty. Finally, assuming, for example, A, # ', and taking a € I(I") \ I(A,), then we get that
w® a ® w* belongs to I(I),. If we had c(I'/I"y) = c(I,\IN), then w ® o would be equivalent to
a corepresentation of the form § @ w with 8 € I([')), but then w ® o« ® w* ~ § would belong to
I(I"),. Hence [ is not normal in [. O

Denote by N(I' ~ ['/A) the weak closure of {(id @ p)A(a) | a € cy(T/A), p € cy(T/A)*} in
(). Recall from [11] that the action of [" on /A is called faithful if we have N(I' ~ ['/A) =
().

Lemma 3.44. Let A C [ be a quantum subgroup. Assume that for every non-trivial « € I(I") we can
find y, € I(T') such that no subobjects of « @ y,, belong to [y,] € I(I')/A. Then the action of [ on
I/ is faithful

Proof. We denote p, the minimal central projection p, corresponding to the trivial corepre-
sentation o = 1. It is also the central support of the counit € of c.(I"). The condition on «, y,
can also be written (p, ® pya)A(p[ya]) = 0. On the other hand we have (p, ® pya)A(p[yq]) =
(poe ® p, )A(py,.) = Po ® Py_Pjy,] = Po ® Py, For a#1 we denote x, = dimq(ya)‘z(id ®
hypy JA(Py,))- Wehave p,x,, = 0, pyx, = py,and ||x,|| < 1since dimy(y)~2hy p, is a state. Intro-
duce a total order on I(I") and put y. = [],cr X, for F C I(T) finite, 1 ¢ F. Then the net (yp)r
converges to p, in the weak topology. Indeed the elements of the net are uniformly bounded
in norm, and for F C I(T') finite, 1 € F, we have p,yr = p, and pgyr =0 as soon as 8 € F.
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Since x, e N(I' ~ I /A) for all @ € I(T), ¢ # 1, it follows that p, € N(I' ~ ['/A), which implies
NI ~ T /N) = ¢°(T) by [11, Proposition 2.10]. O

We still denote by 8 : I(A;) — I(A_;) the map induced by 6 on irreducible representations. We
define by induction Dom 6% c I(I), for k € Z, by putting Dom 8° = I(I",) and Dom 6(**+1¢ =
{o € Dom 6" | 8"(a) € I(A)}forn € N, e = +1.

Proposition 3.45. Assume that ()., Dom 0k = {1}. Then the action of T on I /I, is faithful.

Proof. We apply Lemma 3.44. Take a € I(I') non-trivial. If o & I([)), we can just take y = 1.
Hence we can assume o € [, o # 1. By assumption there exists € € {+1}, n € N* such that
a € Dom 8"*~V¢ but o ¢ Dom 6. We take y, = w™"¢. We have then a« @ w™"¢ = w= """
6("—1%(or) ® w¢, which is irreducible and not equivalent to w™"¢ ® 8 with § € I (I'y) — indeed
B is in I(I), but w¢ @ 6""Vé(ar) ® w* is in I(T"), since 8~ V¢(a) & I(A,). O

Note that, in the classical case, if K is a central subgroup of I'j contained in () kez Dom ok, then
it acts trivially on I'/T,,.

Now we compute the modular function V on generators, using Proposition 3.42. Clearly V, =
pg for a € I(I"y) € I(I"). The value at w is given as follows in terms of [ and A..

Proposition 3.46. Assume that the quantum subgroups A, have finite index in [, and denote
I(To) /oy = {leo)s s [ep ]} MNI(T) = {[S¢], ., [8,4]} Then we have V,, = PR L, with

L dim (688 ot and B =ZP: dim,(¢; ®¢;) ,
w & dim (5, ® 5)),, [w] w = dimg(&; ® €),_, [w]

Proof. We have [w] = j[e i ® w]and € P ®w -~ w, see the proof of Proposition 3.43. Note that
€ ® w is irreducible (whereas € ® w ® a needs not to be): indeed € QuwRuw*® € =¢; ® €
contains the trivial representation only once. Moreover we claim that if k # [, then the classes
[ex ® w], [e; ® w] are distinct, that is, w* ® ; ® €, @ w has no subobject in I([")). Indeed by def-
inition & ® €, has no subobject in A_;; hence, the irreducible subobjects of w* ® §; @ ¢, @ w
belong to I([),.

Then we can apply the definition of L,,, R, and Proposition 3.42. Note that we are in the case
when Plu] c(T\I /Ty = (Dp[[w]] since dim(w) = 1, see Remark 3.41. Fora = e @ w, ¢ € I([') as
above, we have x, = dimq(w* RERe® w)[r0 = dimq(é ® e:)Al — whereas x; = dimq(e ®E) =
dim, (¢ ® ¢). This gives the formula for R, and the one for L,, follows by symmetry. O

Example 3.47. One can construct quantum examples as follows. Take two finite quantum groups
Z, 1, for instance, duals of classical finite groups. Form the restricted product [, = H,’(ez* Zson(i)>
which is the dual of a profinite group if X, is the dual of a finite classical group. If one group
2. is not classical, [, is a unimodular non-classical discrete quantum group. Consider the finite
index subgroups A, = H;ceZ*,k ¢ Zsgn(k)- We have evident isomorphisms A, ~ [ obtained by shift-
ing the copies of X, toward k = 0 in the restricted product. We denote by 8 : C[A;] — C[A_,] the
corresponding isomorphism.

Denoting I, = Corep(Z.), we have natural identifications I([,) =~ H;{ Lign@iy, NNI(To) =

I(Ty)/ M = I. For y € I_; we have (7 ®7), , = {1} hence R, =3, dim(y)*=#Z_, and
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similarly L,, = #Z,, where we denote #% = dim(c(Z)). As a result the modular function V of the
Hecke pair (I, [') is non-trivial as soon as X, _; have different dimensions/cardinals. If one of
Z,, is non-classical (for example, the dual of a non-abelian finite group), the HNN extension [ is
neither classical, nor co-classical (but it is unimodular).

Anelement a = (ay)rez+ ofI(I'y)isin Dom 6", n € N*,ifand onlyifwe havea, = - = o, =
1. Hence (), Dom 6% = {1} and the action of " on I /[ is faithful. Observe also that I is finitely
generated although [, is not: indeed, denoting =*) the copy of Zgon(k) in Iy we have 6=¢(z(n9)) =
%((n+1)6) 50 that I is generated by =V, == and w.

Example 3.48. One can also construct quantum examples by taking for [, the dual of a compact
group G, and using quantum subgroups A, associated with quotients H, = G /K,. The index of A,
in [ is finite if and only if K, is finite. If G is connected, the subgroups K, must then be central,
and we have #I([')/A, = #K..

Assume that G is a connected compact Lie group. Then the fundamental group of H, remem-
bers the cardinality of the kernel K., and since we assume H; and H_, to be isomorphic, we will
always have L([w]) = #K; = #K_; = R(Jw]) in this case. Similarly, subobjects of 7 ® y factor
through the center Z(G) for any y € I([')) C Rep(G), hence always belong to I(A.) so that we have
dim, (7 ® 7),, = dimy (7 ® y) and L, = R, = (#K,)p,,- Moreover, in most simple Lie groups the
center is cyclic so that #K, determines K, and A; ~ A_; implies in fact A; = A_;. This does not
mean that the Hecke algebra will be completely trivial. One can also take for 8 a non-inner auto-
morphism of H to make the construction more interesting, so that the resulting [" looks like a
variant of the partial crossed-product construction.

A typical case is given by G = SU(n) » H; = H_; = PSU(n), to be compared with the ‘classi-
cal case’ of the Baumslag-Solitar group BS(n,n) = HNN(Z,id : nZ — nZ). On the other hand
Z(Spin(4k)) = (Z/27)?, so that the dual of SO(4k) can be realized in two different ways as a sub-
group of the dual of Spin(4k). Of course one can also look at SO(3) x SU(2) which is a quotient
of SU(2) x SU(2) in two different ways. In all these cases we have V = 1 because L, = R,,..

Note that since K, is contained in any maximal torus of G, the above construction is compatible
with g-deformations — K, remains a quantum subgroup of the compact quantum group G, cor-
responding to G. However, we still get V = 1, by essentially the same reasoning since the fusion
ring of G, is the same as the one of G.

4 | COMPACT OPEN QUANTUM HECKE PAIRS

In this section we introduce Hecke algebras in the setting of locally compact (algebraic) quantum
groups with compact open quantum subgroups. We then describe a generalized Schlichting com-
pletion, which allows us to subsume the Hecke algebras from Section 3 in this setting, and deduce
some analytic consequences. Finally, we describe how to pass from arbitrary Hecke pairs to their
reduced versions, and exhibit some new examples of algebraic quantum groups.

4.1 | Compact open Hecke algebras

Let us fix an algebraic quantum group G together with an algebraic quantum subgroup H C G.
Recall that this is determined by a non-zero central projection py, € O.(G) such that A(p;)(1 ®
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Dn) = Pn @ py- Throughout this section we normalize the Haar functionals of ©.(G) in such a
way that ¢(py,) = P(py) = 1.

The definition of compactly supported functions on the quantum homogeneous space G/H is
easier than in the discrete case, since the relevant invariant functions on G are also compactly
supported. Namely, we define ¢,(G/H) = O.(C)" ={f € O.(C) | A(/ DA ® py) = f @ py}. It is
shown in [18] that this algebra is a direct sum of matrix algebras, that is, it corresponds to a ‘dis-
crete’ quantum space. We denote by ¢,(G/H) the closure of ¢.(G/H) in Cy(G) and £%(G/H) its
closure in L?(G). It can be shown that ¢,(G/H) is a quantum homogeneous space in the sense
of [26], cf. [10, Proposition 6.2, Theorem 6.4]. One can define c.(H\G), c.(H\G/H) exactly in the
same way, as well as the corresponding ¢, and #? spaces.

To define the Hecke algebra H(G,H) it suffices to restrict the natural convolution prod-
uct of O,(0C) to the space of H-bi-invariant functions. This product is transported from the
dual-multiplier Hopf algebra D(C) via the Fourier transform 7 : O.(G) - D(0) determined by
(F(f), h) = o(hf). Explicitly we have, for f, g € O.(G):

fxg=e@id)(S™ @id)A(9) = (id ® ¢S~ (9)A(S).

Together with the *-structure f t = P-L(F(f)*), not to be confused with the given x-structure
on O,(0), this turns O,(0) into a *-algebra. Explicitly we have f ¥ = S(f)*5, where § € M(0O.(G))
is the modular element of C.

The left regular representation of the dual algebra A : D(G) — B(L*(G)) is then given by
AFP(f))(A(g)) = A(f = g), see [31, Section 4.2.2]. We also have the right regular representation
p : D(G) = B(L*(0)) given by p(F(f)) = JA(F(f))*J. Here J is the modular conjugation operator
for ¢, the dual left Haar weight also given by the formula ¢(F(f)) = e(f).

Explicitly we have p(F(f))(A(g)) = Ag * 6'_i/2(f)) for all f, g € O.(C). Here, by slight abuse
of notation, we write &_; /2( f) instead of F~1(6_; /2(7'( f)), where (6,),cr is the modular group
of ¢. Note that the map f — 6_i/2(f) is an algebra isomorphism from (©,(0), %) to D(G). We
have dp;, = p;, because H is compact and 6,(p,;) = py for all t € R because the restriction of
@ : D(6G) — C to D(H) is the left Haar weight of =}

Lemma 4.1. We have c,(H\G/H) = py. * O.(G) * py. In particular c,(H\G/H) is closed under the
convolution product * and the involution 1.

Proof. Let f € O,(0). Using the definition of the convolution product we calculate py, * f =
(ppe ®1A)(S™! @ iIDA(S) = (h ® id)(7r, S~ ® Id)A(S) = (hmy, ® id)A(S), where h is the Haar
functional of O(H) and 7, : O.(G) - O(H) the restriction map. It follows that p;, = f = f ifand
only if f € c¢,(H\G). Similarly one checks f € c,(G/H) if and only if f % p;, = f. Since p;, is a
projection in the convolution algebra, this yields the claim. O

This allows us to give the following definition.

Definition 4.2. The Hecke algebra of (G, H) is the s-algebra H(G, H) = c¢,(H\G/H) with the
convolution product and =-structure f as above.

We obtain a non-degenerate x-representation of (G, H) on #?(G/H) by considering the restric-
tion of the right regular representation. Here we use that for f € c.(H\G/H) and g € c,(G/H) the
element g * f is again contained in ¢,(G/H), so that p(F(f)) indeed maps #2(G/H) to itself. We

8518017 SUOULLIOD 3ANE1D 3ot [dde 8y} Aq psuenob a1 Sajole YO ‘8N J0'Sa|n1 1o Aeiq1T 3UIIUO A8|IM UO (SUOTHPUOO-PUR-SWLSYWIO0 A8 1M AReg Ul Uo//SdiIL) SUORIPUOD pue suwLe | 84} 88S *[£202/€0/9T] U0 Ateiqiauliuo A8|Im ‘Mobselo JO AisAIuN Ag TOLZT'SWII/ZTTT 0T/I0pAL0D A8 ]I AReiqijeul|u0'd0SyIeLpUO //SAY WOl papeojumoq ‘€ ‘€202 '0SLL69vT



HECKE ALGEBRAS OF QUANTUM GROUPS | 873

also observe that poF : H(G, H) — B(£%(G/H)) is antimultiplicative for the convolution product,

thatis, p(F(f * ¢)) = p(F(g)p(F(f)) for all f, g € H(G, H).
In the same way as in the discrete case we view c,(G/H) as a D(G)-module, see the discussion
before Proposition 3.27, and obtain the space Endg(c,(G/H)) of D(G)-module maps.

Proposition 4.3. We have (mutually inverse) antimultiplicative algebra isomorphisms

T : H(G,H) —» Endg(c,(G/H)), T(f)YW)=h=*f  and

T~! : Endg(c.(G/H)) = H(C,H) = c.(G/H)", T '(F) = F(py).

Proof. Since T(f) for f € H(G, H) commutes with the left convolution action of D(0), it is clear
that T is well defined, and it is obvious from the definition that T is antimultiplicative.

Let us verify that T is an isomorphism by verifying that the above formula for T~ yields indeed
its inverse. Well-definedness is again easy to check, and using left H-invariance of f € H(G,H) =
¢, (H\G/H) we get

(T7'T)(f) = T(f)(py) = py, * f = f.

Conversely, given F € Homg(c.(G/H), c¢.(G/H)) we compute

(TT HF)(h) = (TT)YF)(h = pp) = h = (TT)F)(py)
=hx* py * TV (F)=h * F(py) = F(h * py,) = F(h)

for all h € c.(G/H), using that c.(G/H) c O.(G) because H C G is compact open. O

4.2 | Example: Quantum doubles

Let us consider the situation where H is a compact quantum group and G = H » H the quan-
tum double of H. Recall that G is the locally compact quantum group given by the von Neumann
algebra L®(G) = L®(H)®L(H), equipped with the coproduct

Ag = (id ® 0 ® id)(id ® ad(W) ® id)(A ® A),

where ad(W) is conjugation with the multiplicative unitary W € L®(H)®L(H). This is a special
case of the generalized quantum doubles studied in [2].

In fact, the quantum double of a compact quantum group is naturally an algebraic quantum
group in the sense of Van Daele, which allows us to give algebraic descriptions of almost all the
data involved [7, 31]. More precisely, if we write @O(H) for the polynomial function algebra of
H as before and D(H) for the algebraic convolution algebra, then W € M(O(H) © D(H)), and
0,.(0) = O(H) ® D(H), equipped with the comultiplication given by the formula above, defines
an algebraic quantum group. It contains H naturally as an algebraic compact open quantum
subgroup, and the corresponding group-like projection is p;, = 1 ® p,, where p, € D(H) is the
central support of the counit. One checks that

c(H\G) =1®D(H)  c.(G/H) = W*(1 ® D(H)W
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inside @,(G), and the space of H-bi-invariant functions on G is
c.(H\G/H) = {x € D(H) | W*(1 ® x)W = 1 ® x} = Z(D(H)),

thatis, c,(H\G/H) identifies with the center of the algebraic convolution algebra of H with respect
to its ordinary product.

By definition, the Hecke algebra H(G,H) is c,(H\G/H) equipped with the restriction
of the convolution product on O,(C). In the present situation, it is more convenient to
describe the x-subalgebra F(c.(H\G/H)) C D(G) obtained via the Fourier transform 7 : 0,(0G) —
D(G), F(f)(h) = ¢(hf). As discussed in [31, Chapter 4], we can identify D(G) = D(H) X O(H),
which is the algebraic tensor product D(H) ® O(H) equipped with the twisted multiplication

(x4 X 9) 1= xy0) Gy fa) X EGe), f3)f 295

forx,y € D(H), f, g € O(H). The *-structure on D(O) is defined in such a way that both D(H) i 1
and 1 M O(H) are %-subalgebras of M(D(G)), and the natural skew-pairing between D(G) and
0.(0)1is

OXgfRx)=00,f)g.x), x,y€DM),f, g€ OMH),

again following the conventions in [31]. The left and right invariant Haar functional on O.(0) is
given by ¢ = h ® hy, where h is the Haar state of O(H) and hj, the right Haar functional on D(H),
compare [31, Proposition 4.19]. As is well known, using the Fourier transform F we can iden-
tify Z(D(H)) C (O.(G), *) with the *-subalgebra (p, b 1)(1 b4 O(H)) (py X 1) = py X O(H)2
D(G), where

O™ ={f € OH) | fi2) ® h(f 1S (f(3)) = [ ® 1}
={f € O(H) | A°P(f) = A},

with the product and #-structure induced from O(H). This is precisely the algebra of characters
inside O(H).

We note that, with suitable adjustments, similar computations go through for generalized
quantum doubles built out of compact and discrete quantum groups.

4.3 | The Schlichting completion

Let [ be a discrete quantum group and A C [ be a quantum subgroup. If A C [ is almost normal
(see Definition 3.3), we shall construct a pair (G, H) consisting of an algebraic quantum group G
and a compact open quantum subgroup H C G, playing the role of the Schlichting completion of
the Hecke pair (I, A) [23].

More precisely, our strategy is as follows. We first define the algebra ©.(G) as a subalgebra of
¢ (") using the ‘discrete’ Hecke convolution product, see Definition 4.5. The key point of the
construction consists then in proving that this algebra is a multiplier Hopf x-algebra, and more
specifically, that the coproduct takes its values in the appropriate subspace of M(O,.(G) ® O.(G)),
see Proposition 4.6.

It is then easy to see that the projection p, corresponds to a CQG algebra O,(H) c O.(G), and
that c.(G/H) = c.(I'/A) as subspaces of £#*°(["), see Propositions 4.10 and 4.11. Using the Haar
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functional of O.(H) and the [-invariant functional u on c.(I'/A) one can then construct the inte-
grals of O.(G), so that G is in fact a locally compact quantum group by [17]. We end the section by
making the connection between the ‘discrete’ and ‘compact open’ Hecke algebras H(I', A) and
H(G, H).

Lemma 4.4. Wesay thaty € I() is in the support of x € £*(I') if p,x # 0. Then given y € I(T'),
ae€c,(l/N)andb € c,(A\I') such thaty € Supp(a * b), thereexist o« € Supp(a), § € Supp(b) and
AeI(N)suchthaty Ca@ A1 Q.

Proof. If y € Suppa * b, at least one term of the sum (3.6) has y in its support. Hence there
exist a € Supp(a), 8 € Supp(b) such that the corepresentation & ® y ® # contains an element
A € I()). By Frobenius reciprocity a non-zero morphism A - & ® y ® 8 induces a non-zero
morphism a ® 4 ® § — y and we are done. [

Similarly one can define the support Supp(¢) of a linear functional ¢ € c.(I")* as the set of
elements y € I(T) such that p,¢ # 0. If ¢ has finite support, it extends uniquely to a normal
functional ¢ € £°(I)...

Definition 4.5. Given a Hecke pair ([, A) we denote by O,(G) (respectively, C,(G)) the subalgebra
(respectively, the C*-subalgebra) of #*°(I") generated by the elements a * bwitha € c.(I'/A),b €

c.(MD).

In the following lemmas we will always assume that @,(G) and C,(G) arise in the above way
from a Hecke pair. Note that by definition of the convolution product, for example, (3.5), a = b
is a finite sum of elements of #*°(I") so that it is indeed in £°°(I"). It is easy to check, using both
expressions in (3.5), that a* * b* = (a * b)*, so that O,(G) is in fact a x-subalgebra of (") and
Cy(G) is its norm closure.

Inview of the definition of a * b one can also say that the algebra ©.(G) is generated by elements
of the form (id ® ¢)A(a) where a € c¢(['/A), ¢ € c.(I'/A)* have both finite support over I(I")/A,
thatis, p,a = 0, p, = 0for all but a finite number of right classes . We denote c.(I"/A) the space
of these finitely supported functionals. It follows from this description that the weak closure of
0O,(0) in £*(I) is the so-called cokernel of the [-action on [ /A, which is known to be a Baaj-
Vaes subalgebra [11, Definition 2.8, Proposition 2.9]. Below we prove a more precise, C*-algebraic
version of this property, specific to the case of Hecke pairs.

For x € Cy(G) we can consider A(x) which is a priori an element of #°(IN®£ > (I').

Proposition 4.6. We have A(O,(G))1 ® O.(G)), A(O(BC))O.(G)®1) CcO.(C) O O.(0C) and
A(CH(B))(1 ® Cy(6)), A(CH(B)(Cy(G) ® 1) C Cy(6) ® Cy(C).

Proof. The assertions about C;,(G) follow by density from the ones for @,(0), since A is continuous.
Let us prove that A(0,.(G))(O.(G) ® 1) C O.(G) © O.(G). By multiplicativity it suffices to consider
elements of the form A(X)(y ® 1) withx =a b,y =c*d,a,c € c.(I'/N), b,d € c.,(A\I'), and
by linearity we can assume a = pj,ja, b = pjg)b, ¢ = pj,|¢, d = pj5)d using left or right classes
as appropriate.
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As a first step, consider a linear functional ¢ € c.(I")* with finite support and compute,
using (3.5) and coassociativity:

(id ® P)A(x) = k' (hgS(a,) ® id ® )A*(b) = a * ((id ® P)A(D)).

Since A(Z®(A\IN)) C £°(A\T)RZ®(IN), we have (id ® p)A(b) C £°(A\I'). Take moreover T €
A\I(I") such that (p; ® ¢)A(b) # 0. Then there exist v € 7, u € Supp(¢) and 1 € I(A) such that
A ® B and v ® u have a common irreducible subobject. By Frobenius reciprocity this implies v C
A ® B ® f. Since Supp(p) is finite, this shows that 7 belongs to a finite subset of A\I([") (depending
on Supp(¢p) and ). Hence we have (id @ ¢)A(b) € c.(A\I) and (id ® ¢)A(x) € O,(O).

Second step. Observe that we have by (3.7) and coassociativity:

Ala*b)y®1) = Kgl(id ®id ® 1, S~ (bp))(id ® A)[A(@)(y ® 1)].

Recall that we have A(a) € £°()Q (T /A). Moreover, take T € I(I)/A such that A(a)(y ®
D;) # 0. Then there exist u € Supp(y), v € 7, 1 € I(A) such that « ® 4 and u ® v have a com-
mon irreducible subobject. By Frobenius reciprocity this implies v C it ® a« ® A. According to
Lemma 4.4 there exists A’ € I(A) such that u C y ® A’ ® §. Since double classes in A\I(I")/A are
finite unions of right classes, it follows that 7 belongs to a finite subset P C I(I")/A.

Note that #*°(P) := Y. _cp p, (/) is a finite-dimensional subspace of c.(I'/A). It follows
that there is a finite family of vectors t; € £*°(P) and elements s; € £*°(I), such that A(a)(y ®
1) = Y 's; ® t;. We have then, according to the above equation: A(a * b)(y ® 1) = X 5; ® (¢; *
b) € £°(I") ® (¢*°(P) * b).

Choose now a finite, linearly independent family of vectors x;, = a; * b in the finite-
dimensional subspace Z*°(P) * b C O,(0), and elements z; € £*°([") such that A(x)(y ® 1) =
Yz, ® x;.. Choose a corresponding family of linear forms with finite support ¢, € c.(I')* such
that ¢;(x;) = & for all k, [; we have then z;, = ((id ® ¢, )A(x))y. Applying the first step to ¢, we
get (id ® ¢, )A(x) € O,.(G), hence z;, € O,(0). [l

Recall that the antipode of [ is well defined asamap S : ¢(I") — ¢(I') or c.(I'") — ¢.(I"), but not
in general from £ (I) to itself. It exchanges the subspaces c.(I'/A) and c.(A\I") of ¢(I"), which are
also subspaces of £°°(I").

Proposition 4.7. We have S(O,(0)) C O.(G). Equipped with the restriction of A, O.(G) (respectively,
C(B)) is a multiplier Hopf-x-algebra (respectively, a bicancellative Hopf-C*-algebra).

Proof. For any a € c,(I)/A, b € c,(A\I') we have S(b*) = S(a*) = S((a * b)*) = S(a* = b*), see
the last part of the proof of Proposition 3.23 where bi-invariance of a, b is not used. Replacing a, b
by their adjoints and using the fact that S exchanges c,(I'/A) and c,(A\[I") we see that S stabilizes
the canonical generating subspace of the algebra ©.(G). Since S is antimultiplicative, it stabilizes
0O.(0).

We also obtain a character ¢ : O.(G) — C by restricting the counit of #%°(I"). From the fact that
[ is a discrete quantum group, we know that (¢ ® id)A = id = (id ® €)A on the level of £ (I),
which implies that ¢ is a counit for @,(G). Using that S is an algebra antiautomorphism of ©,(0)
one then checks easily that @,(0G) is a multiplier Hopf x-algebra. Upon taking completions it
follows that C(G) is a bicancellative Hopf C*-algebra. O
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Note that the central projection p, € £°(I") belongs to ©.(G) since p, * p, = p,. It moreover
satisfies the property A(p,)(1 ® p,) = Py ® Py = A(p,)(p, ® 1), in £(T) hence also in O,(C).

Definition 4.8. We denote p;, = p, € O.(G) and O(H) = p,O0.(0), and let C(H) be the norm
closure of O(H) in £°°(I).

We now describe the connection of the construction developed above to the classical
Schlichting completion, as described, for example, in [12].

Proposition 4.9. Let (I', A) = (I, A) be a classical discrete Hecke pair, with Schlichting comple-
tion (G, H). The canonical map I' — G with dense image induces an embedding Cy(G) C £°(I').
Under this identification we have C(G) = C,(C) and O,(G) = O,(0), and similarly C(H) = C(H)
and O(H) = O(H).

Proof. Observe that a = b for a € c¢,(I'/A), b € c.(A\T') is right invariant under the action of the
intersection of the point stabilizers in I" of all points in the finite set Supp(b) C A\T. Since this
group contains the intersection of finitely many-point stabilizers of the action of ' on I'/A, we see
that a * b € O.(G), compare the description of the latter in [12]. Hence we get O.(G) C O.(G).
Conversely, an element g of O(G) can be written as finite sum of characteristic functions on T'/T
for finite sets F C I'/A. Modulo left translation by I" we can assume that g is the characteristic
function of the point I'y in T'/Tz. We can write this as product of all a, * f,, where a, =6, €
c(T/N), fy =ev,, € c(I/N)" fory € F. This yields the equality O.(G) = O.(0).

From the fact that both C,(G) and C,(G) are completions of O,(G) = O,(C) inside B(£*(T))
we get Cy(G) = Cy(G). Finally, the claim about the canonical subgroups follows from O(H) =

PAO(G) = ppO.(0) = O(H). O
We now return to the general setup of quantum Hecke pairs.

Proposition 4.10. Equipped with the restriction Ay, of (py ® pp)A, O(H) (respectively, C(H)) is a
CQG algebra (respectively, a Woronowicz C*-algebra).

Proof. Recall that the comultiplication on ©,(G) is implemented on the Hilbert space level by
conjugation with the multiplicative unitary for [, that is, for f € #°(I") we have A(f) = W*(1 ®
W in B(£*(I") ® £2(I)). In particular, the comultiplication of @(H) extends continuously to a
unital *-homomorphism Ay, : C(H) — C(H) ® C(H). Since we already know that O(H) is a Hopf
x-algebra, the cancellation conditions for C(H) are satisfied. Hence C(H) is a Woronowicz C*-

algebra.
This implies that there is a Haar functional on O(H), obtained by restricting from the Haar state
of C(H). We conclude that O(H) is a CQG algebra, compare [14]. O

So the corresponding compact quantum group H is an ‘algebraic’ compact open quantum
subgroup of G, with restriction map induced by the projection p,, = p,. We denote by h its
Haar functional. We can identify the corresponding homogeneous space c.(G/H) = {a € O,(G) |
(1® pp)(A(a)) = a ® py.} as follows.
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Proposition 4.11. We have c,(G/H) = c,(I'/A) as subspaces of £ (["). The coproduct restricts to an
algebraicaction c,(G/H) —» M(O,(G) ® c.(G/H)), in particularwe have A(c.(G/H))(O.(G) ® 1) C
0.(6) ® ¢.(G/H).

If p is a [-invariant functional on c,(I' /A), that is, (id @ u) ((p, @ 1A(x)) = u(x)p, for all
x €c,(I'/N) and a € I(T'), then u is at the same time a G-invariant functional on c.(G/H), that
is, (id ® (¥ ® A(X)) = u(x)y forall x € ¢.(G/H), y € O.(0).

Proof. Take a € c.(I'/A). Then we have a = a * p, hence a € O.(G). By definition of c¢(I"/A) we
have (1 ® p,)A(a) = a ® p, hence a € c,(G/H). For the converse inclusion, take x € c,(G/H).
In particular we have (1 ® p,)A(x) = x ® p,,so x € c(['/A). It remains to prove that x has finite
support in this algebra, that is, p,x = 0 for all but a finite number of classes r € I(I')/A. It is
clearly sufficient to prove this for x = a * bwitha € c.(I'/A), b € c.(A\I), since taking products
of such elements reduces the support. But this results from Lemma 4.4 and the Hecke condition:
if y € Supp(a * b), then y C a @ u with a € Supp(a) and u € [f], 8 € Supp(db); writing [5] as a
finite union of right classes [y] and decomposing @ ® y into a finite number of irreducibles & we
see that Supp(a * b) included in the union of the finite number of right classes [§].

For x € c.(G/H), y € O.(G) we have A(x)(y ® 1) C O,(C) ® O.(G) by Proposition 4.6, since
x € O,(0). It remains to show that z = (yp ® id)A(x) € c.(G/H) for any ¢ € c.(I")* with finite
support. But we can write

A ® pAR) = (¢ ®id @ id((y ® DA ® id)[(1 ® p,)AX)],

where all terms belong to the corresponding algebraic tensor products, and since (1 ® p,) A(x) =
X ® p, werecognize (1 ® p,)A(z) = z ® p,. The last assertion is trivial because we can check the
equality (id ® w)((y ® 1)A(x)) = u(x)y by multiplying by an arbitrary central projection p,. [

Note that (id ® hpy)A(x) is well defined in O.(G) for any x € O,(0) since (id ® p,)A(x) €
0.(6) © py0.(6) = 0.(6) © O(H).

Proposition 4.12. For any x € O.(G) we have (id @ hpy)A(x) € c.(G/H). If u is a G-invariant
functional on c,(G/H), then ¢ : x — u[(id @ hpy)A(x)] defines a left invariant functional on
O.(6).

Proof. DefineamapT : O.(G) - O.(G) by setting T(x) := (id ® hp,)A(x), x € O.(G). Let us
check that T(x) € c.(G/H). We have (A ® id)A(x) = (id ® A)A(x) in £°(MNRQC®(MNRL(T).
Multiplying on the left by 1 ® p; ® p,, we obtain, since (py, ® py) A1 — py) = 0:

(1 ® py @ (A ®id)((1 @ pyy)A(x)) = (id @ Ap)(1 & py)A(X)).

Note that both sides of the identity now lie in O.(G) © O(H) ® O(H). Applying id ® id ® h we
obtain (1 ® py)A(T(x)) = (id ® pp,h)((1 ® p)AX)) = T(x) ® p, by invariance of h.

On the other hand, starting again from the coassociativity relation and multiplyingbyy ® 1 ®
P we get the following identity in O.(G) © 0.(G) ®© O,(H):

(v @ DA ID((1 ® pp)A(x)) = (id ® (1 @ pr)A)(y ® DA(X)).

Applying id ® id ® h we obtain (y ® 1)A(T(x)) = (id ® T)((y ® 1)A(x)). In other words, T :
0,(06) - c.(G/H) is equivariant with respect to the left G-actions.
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So we can indeed define ¢ = uoT, and it is left invariant if y is invariant on c,(G/H):
yuT(x) = (id @ w((y ® DA(T(x))) = (id ® uT)((y ® DA(x)),

using the previous equivariance identity for 7. O

Theorem 4.13. Suppose that (I', A) is a quantum Hecke pair. Then G introduced in Definition 4.5
is an algebraic quantum group. We call the pair (G, H) the Schlichting completion of (', A).

Proof. We apply Proposition 4.12 to the functional u on c.(I"/A) from Definition 3.13, which is
invariant by Proposition 3.21, and defines at the same time an invariant functional on c,(G/H)
by Proposition 4.11. We have ¢(p;,) = u(p,) = 1, hence ¢ does not vanish. Finally it is positive
because u ® h is positive; indeed u and h have both C*-algebraic realizations — recall that y is a
sum of positive forms on each matrix factor of c¢,(G/H) = c.(I'/A). O

Now we compare the Hecke algebras of a Hecke pair and of its Schlichting completion. This
will provide an analytic proof that the ‘discrete’ Hecke operators on #2(I" /A) are bounded.

Proposition 4.14. Let (G, H) be the Schlichting completion of a quantum Hecke pair (I', A). Then
we have canonical identifications

H(C, H) ~ Endg(c,(G/H)) = Endy(c,(T /) =~ H(T, A),

compatible with the multiplications. This identification is compatible with the x-structures if we
identify a bi-invariant function f € c.(H\G/H), viewed as element of H(G,H), with 6_; ,(f) €
c.(A\I'/N), viewed as element of H([, ).

Proof. The first and last identifications are given by Propositions 4.3 and 3.28, respectively. The
identity in the middle is given by Proposition 4.11. O

Proposition 4.15. We have a canonical unitary isomorphism £*(I" /\) ~ £>(G/H) induced by the
equality c,(I'/N) = c,(G/H) in £°(["). The Hecke algebra H([", \) acts by bounded operators on
AT /N).

Proof. The identification c.(I'/A) = c,(G/H) in Proposition 4.11 is isometric since by construction
the restriction of ¢ to c,(G/H) = c.(I'/A) coincides with u. Hence it induces a unitary isomor-
phism £2(I' /A) =~ £?(G/H). Now the action of f € H(I', A) on ¢ (I /A) = ¢.(G/H) agrees with the
convolution on the right by &; ,(f) € ¢.(H\G/H) by Proposition 4.14. Hence it suffices to observe
that the latter is obtained by restriction of the right regular representation of D(G) on L?(G), which
acts by bounded operators. O

This, together with the Theorem 3.32, yields an analytical proof of Property (RT) from
Definition 3.30 for Hecke pairs. It should be possible to give a categorical proof as well.

Corollary 4.16. Property (RT) is satisfied by any Hecke pair (', N).

Finally we record the connection between the modular group of a discrete Hecke pair ([, A),
see Theorem 3.36, and the modular group of its Schlichting completion C.
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Proposition 4.17. The modular group of the canonical state w on H([", A\) agrees with the restriction
of the modular group of ¢ to F(c,(H\G/H)) C D(G) via the Fourier transform.

Proof. Recall that the element in H(T', A) corresponding to f € H(G,H)is f :=6_; /2( f). We have
then

o(f) = (pa | ) = Py 1 6_1/5(f)) = 9,6 ()
= (6o () = €6_1o(F) = 6y (F(P)) = $(F(f):

Note that we use in the fourth equality the fact that 7y(6_;/,(f)) is H-invariant, hence
constant. O

4.4 | Reduction procedure

Starting from a discrete Hecke pair (I, A), it can well happen that the Schlichting completion G is
in fact discrete or even trivial. This is connected to the faithfulness of the action of ' on [' /A and
to the reduction procedure that we describe now.

Suppose that [ is a discrete quantum group with a quantum subgroup A and the corresponding
projection p, € £%°(I). By c.(I'/A)" we denote finitely supported functionals on ['/A as in the
previous subsection.

Recall from [11, Definition 2.8] that the cokernel of an action of a discrete quantum group [" on
a C*-algebra A = Cy(X), given by a x-homomorphism a : Cy(X) = M(cy(IN) ® Cy(X)), is defined
as the following weak closure in £ (["):

NI A X) ={(dQ®ua(a);a € A,uec A"} . (4.1)

Here we are concerned with the case Cy(X) = ¢,(I'/A), with a being the appropriate restriction of
A.

Definition 4.18. We say that the pair (I, A) is reduced if the canonical action of ' on T /A is
faithful, that is, the cokernel N(I" ~ I'/A) coincides with £°°(I").

Note that in the definition (4.1) of the cokernel, when X = [ /A, we can also work with a €
o /N)and u € £°(T /M), orwitha € c.(I'/A) and u € c.(I'/A)V. In particular we see, follow-
ing the discussion after Definition 4.5, that a Hecke pair (I, A) is reduced if and only if [ embeds
into its Schlichting completion (G, H), that is, the canonical map ¢ : O,(G) — #*°([') has strictly
dense image.

It is shown in [11, Proposition 2.9] that the cokernel N(I" ~ ["/A) is a Baaj—Vaes subalgebra of
£*(I), so that there exists a discrete quantum group [ such that #°(") = N(I' ~ I'/A) (with the
comultiplication given simply by the restriction). Putting a = p, and taking for u the restriction
of the counit €, we see that p, belongs also to N(I" ~ ['/A) and thus defines a quantum subgroup
A of T such that #%(A) = p,z=([).

When A is normal in [, it follows, for example, from the proof of [27, Theorem 2.11] (or from
results of [10]) that N(I" ~ ['/A) = #°(I"/A). In this case it is easy to see that A = {e}: as £°(['/\)
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is the space of left slices of A(p,) by [10, Theorem 3.3], we have that

P2 /M) = pyi(@ @ id)A(p,) | w € £1(T)Y'

= {0 ®id)((1 ® p)AP,) | @ € 1)} = Cp,.

Proposition 4.19. Let (I, A) and ([, A) be as above. Then ([, N) (called further the reduction of
(I, N) is reduced, £°(T /) = £%(T/N), £°(A\T) = £%°(A\I). Moreover if 6 : £°(T' /M), — R,
is an nsfweight, then it is [ -invariant if and only if it is [ -invariant.

Proof. Denote by & the action of [ on #%°(I"/A). Note that this is again given by the (suitable
restriction of) the coproduct of #%®(I"). Thus to see that ([, A) is reduced, it suffices to show
that N(I' ~ ['/A) = N(I' ~ [//); this in turn will follow once we establish the latter part of
the proposition.

Note that

2T /N)={aeNT ~T/N|1A®p)A@) = p, ®a}.

Thus it suffices to show that we have (' /A) c N(I' ~ [/A). That, however, follows immedi-
ately as we can simply put u = € in the definition of N(I" ~ ['/A).

The equality of the left coset spaces would follow in a similar manner once we observe
that £°(A\l') c N([" ~ ['/A). This is true as N(I' ~ ['/A) is R-invariant — and Z°(A\l) =
R(#*(["/N)). The last statement is then obvious (the invariance condition is literally the
same). O

Note that the inclusion #%°(I"/A) € N(I' ~ [ /A) can be informally understood as the classically
obvious fact that the kernel of the action of I on [' /A is contained in A.

Proposition 4.20. Let (I, A) be as above and let (I, A) be its reduction. Then (I, A) satisfies the
Hecke condition if and only if (", \) does, and if this is the case, the corresponding Hecke algebras
are isomorphic.

Proof. The first statement follows from Proposition 3.7, as the proposition above implies that the
actions of A on #%°(I"/A) and of A on £ ([ /N are given by the same von Neumann algebraic mor-
phism and the notion of finite orbits does not formally involve any quantum group structure. The
second statement follows now from the identification of Hecke algebras as certain commutants
with respect to these actions. O

We can now characterize the Hecke pairs that give rise to non-discrete Schlichting completions
as follows.

Lemma 4.21. Let (T, A) be a Hecke pair, (I, M) its reduction, and (G, H) its Schlichting completion.
Then G is discrete if and only if A is finite.

Proof. Recall that we have by construction the strictly dense (equivalently, so-dense) inclusion
Co(G) c ¢=([). Multiplying by p, = p; = py, we see that C(H) is strictly dense (equivalently,
so-dense) in #*® (M), so that A is finite if and only if H is finite.

8518017 SUOULLIOD 3ANE1D 3ot [dde 8y} Aq psuenob a1 Sajole YO ‘8N J0'Sa|n1 1o Aeiq1T 3UIIUO A8|IM UO (SUOTHPUOO-PUR-SWLSYWIO0 A8 1M AReg Ul Uo//SdiIL) SUORIPUOD pue suwLe | 84} 88S *[£202/€0/9T] U0 Ateiqiauliuo A8|Im ‘Mobselo JO AisAIuN Ag TOLZT'SWII/ZTTT 0T/I0pAL0D A8 ]I AReiqijeul|u0'd0SyIeLpUO //SAY WOl papeojumoq ‘€ ‘€202 '0SLL69vT



882 | SKALSKI ET AL.

Now if H is finite, [10, Proposition 4.5] implies that G is discrete. On the other hand, if G is
discrete, H, being an open (hence also closed by [10, Theorem 3.6]) quantum subgroup of G, must
be discrete by [4, Theorem 6.2]. Finally a discrete and compact quantum group must be finite. []

In particular if (', A) is a reduced Hecke pair, the associated Schlichting completion is discrete
if and only if A is finite. This shows, with the help of Lemma 3.44, that the examples of quantum
Hecke pairs discussed in the previous section lead to non-discrete Schlichting completions.

Corollary 4.22. The Schlichting completions associated with the HNN Hecke pairs of Example 3.47
are non-discrete locally compact quantum groups, with non-trivial modular group as soon as #%, #
#2_,.

Note that the scaling constant of these quantum groups equals 1, since they arise from algebraic
quantum groups.

We address now the reduction procedure for compact open Hecke pairs. Suppose that G is an
algebraic quantum group and that H is an algebraic compact open quantum subgroup of G, given
by a projection py, € O.(G). We shall check that the procedure described above again yields a
reduction of the pair (G, H).

Consider the x-algebra generated as follows:

A(G ~ G/H) 1=x -alg{(id ® u)(A(a)) | a € c,(G/H), u € c¢,(G/H)},

where c,(G/H)" denotes the finitely supported functionals on c.(G/H)); note that as each of
these can be written in the form vb with v € ¢,(G/H))" and b € c,(G/H), the formula above
makes sense. Note also that we can identify c.(G/H))" with elements of the form b| co(G/H) for
b € c,(G/H)), where 1 is the right Haar weight of G.

Proposition 4.23. The algebra A(C ~ G/H) defines an algebraic quantum group (with the
structure inherited from O©,(G)). Moreover p, € A(G ~ G/H) and c,(G/H) c A(GC ~ G/H).

Proof. We will use themap T : O.(G) — ¢.(G/H) given by the formula
T(a) = (d @ hy)(A()A B pyy)),  a € O(0).

Note that this map extends to a C*-algebraic conditional expectation (preserving the right invari-
ant Haar weight) from C(G) onto ¢,(G/H), with the property T(O.(G)) = c,(G/H). This, together
with [28, Remarks, p. 342] shows the following facts:

co(G/H)Y = {wl oy | @ € OO, and
co(G/H)Y = {bPl. o1 | b € co(G/H)} = {b@l, (i | b € c.(G/H)}
= {goblcC(G/[H) |be CC(G/[H)};

where ¢ is the left-invariant weight.

Using the properties of T and the fact that ©O,(G) is a multiplier Hopf algebra one can show
the following fact: O,(G) ® c,(G/H) = A(c.(G/H))(O.(G) ® 1). This implies (via the arguments
of [28, Proposition 4.2]) that convolving a functional w € (@ and a functional u € c,(G/H)Y
yields w x 1 € c.(G/H) .
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We need to show that for every a,b € A(G ~ G/H) we have (for example) A(a)(b® 1) €
A(G ~ G/H) ® A(G ~ G/H). To this end it suffices to prove that for all w € m,a € c.(G/H)
and u € c.(G/H)Y the elements (w ® id)(A((id ® uw)(A(a))(b®1)) and (id ® w)(A((d ®
W(A(a))(b ® 1)) belong to A(G ~ G/H) ; and the latter amount to noting that c,(G/H) is right-
invariant (for the first expression) and exploiting the convolution statement of the previous
paragraph (for the second expression).

Furthermore, A(G ~ G/H) is S-invariant. This is an easy consequence of the strong invariance
of the left Haar weight, which says that for all a, b € @,(G) we have

S((id @ $)(A(a™)(A @ b)) = (id @ $)(1 ® a™)(A(b)),

combined with the statements in the beginning of the proof. This suffices to complete the proof
that A(G ~ G/H) is a multiplier Hopf *-algebra, and in fact an algebraic quantum group, as we
can just use the invariant weights of @,(G).

Then it suffices to show that as we have e(py,) = 1 we also have € = epy,, so that €|, (g4 is
finitely supported. This implies that c.(G/H) c A(G ~ G/H).

Definition 4.24. Let (G, H) be as above, denote the algebraic quantum group corresponding to
A(G ~ G/H) by G, and its compact quantum subgroup given by p;, € A(G ~ G/H) by [H. We
call the pair (G, M) the reduction of (G, H) and say that a pair (G, H) as above is reduced if A(G ~
G/H) = 0,.(6G).

Proposition 4.25. Let (G, H) and (G, ) be as above. Then (G, H) is reduced, c¢,(G/H) = c.(G/H)
and ¢,(H\G) = c,(H\G). Moreover a functional 6 : c¢,(G/H) — C is G-invariant if and only if it is
G-invariant.

Proof. Follows exactly the same lines as in Proposition 4.19. O

Observe that the Schlichting completion is constructed specifically so that the resulting pair
(G, H)isreduced. Further we will call (G, H) a Schlichting pairwhenever G is an algebraic quantum
group, H is an algebraic compact open quantum subgroup of G, and the pair (G, H) is reduced.

Suppose that we have two locally compact quantum groups G,, G, with respective open quan-
tum subgroups H;, H, corresponding to projections P; € C,(G,;), P, € C,(G,). We say that a
morphism from G, to G,, described via a Hopf-C*-algebra morphism 7z : Cy(G,) — C,(G;), maps
H; to H, if 7(P,) > P,. One may check, using [10, Corollary 3.8], that indeed one obtains then (by
restriction and multiplying by P;) a quantum group morphism from H; to H,.

The following abstract characterization of the Schlichting completion for classical groups
appears in [25, Proposition 4.1]. The injectivity of the map ¢/ corresponds in the classical case to
the density of the image of I in G/, and the identity ¢'(p;) = p,, to the fact that A is the preimage
of H'.

Proposition 4.26. Let (I, \) be a Hecke pair and (G,H) its Schlichting completion, with the
canonical embedding 1 : O,(G) — £°([') defining the morphism from [ to G. Then for any other
Schlichting pair (G', H') and any morphism from I to G’ mapping A to H' and given by an injective
map ' 1 O.(G') - £°(I'), there exists a unique morphism from G to G, described by a map o :
O.(C") - O,(0), such that too = ('. If in addition we assume that '(pyy) = p,, then the morphism
from G to G’ is an isomorphism.
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Proof. A moment of thought shows that it suffices to show that /(0,(G")) C «(O,(G)). Ignoring the
injective embedding maps, and using the fact that both (G, H) and (G’, H") are Schlichting pairs, it
suffices to note that c¢,(G' /H") C ¢,(G/H). But this follows as we have P £ P’ (again viewing both
as projections in £°°(I")). The second part follows similarly. O
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