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The optimal design of inertial amplifier base isolators (IABI) for dynamic response mit-
igation of multi-storey buildings subjected to base excitations has been studied in this
paper. In order to achieve the closed-form expressions for optimal design parameters of
IABI, H2 optimization method has been employed. The effectiveness of the closed-form
expressions for optimal design parameters was evaluated by determining the isolated
structures’ frequency and time domain responses and comparing them to the corre-
sponding responses obtained from equivalent uncontrolled structures. A numerical study
employing the Newmark-beta method is conducted to obtain time-domain responses us-
ing near-field earthquake base excitation. The response reduction capacity (%) of the
optimum inertial amplifier base isolator is compared to the response reduction capacity
(%) of the optimum traditional base isolators, demonstrating that inertial amplifiers
have increased the vibration reduction performance of traditional base isolators by 50
to 60 %. All the outcomes from the study are mathematically accurate and also feasible
for practical design purposes.

Keywords: Inertial amplifier base isolator;H2 optimization method; Traditional base
isolator; Harmonic and white-noise random; Near-field earthquake base excitation.

1. Introduction

The base isolation devices are significantly preferable among all passive vibration

control devices for protecting the structures and human lives from natural calami-

ties like seismic events 1,2,3,4,5,6,7. The vibration isolation devices are installed in

many structures such as aerospace 8, vehicle suspension 9, liquid storage tanks 10,
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buildings 11,12,13,14, bridges 15,16, aircraft landing gear 17,18 for mitigating the dy-

namic responses during vibration. For building structures, the base isolation devices

are installed between the foundation and superstructure 19,20. Along with the lin-

ear traditional base isolators (TBI), the nonlinear traditional isolators 21,22,23 are

also very much preferable in industry such as new zealand bearing 24, lead rub-

ber bearing 25, resilient friction base isolator 26, friction-pendulum system 27,28,

pure-friction system 29. Simplified but functional comprehension can be developed

from the analytical solution of a linear traditional base isolator (TBI) consisting of

single degrees of freedom system with springs, masses and viscous dampers. The

nonlinear traditional isolators have been designed by altering the viscous dampers

of the linear system with hysteresis damping. To achieve the robust performance

from the base isolators, the governing parameters must be optimized. H2 and H∞
optimization methods 30,31,32,33 are very much useful to derive closed-form expres-

sions for optimal design parameters for vibration isolation devices 34,35,36. Hence,

these optimizations methods are adopted and implemented in this paper. H2 op-

timization method is a stochastic process and the optimal closed-form expressions

are deriving from the standard deviation of primary structure’s responses when the

isolated structures are subjected to random vibration 37.

Recently, researchers are applying effective mass amplification devices to en-

hance the response reduction capacity of traditional base isolation devices, which

are capable of reducing the dynamic responses of low-frequency contained struc-

tures 38,39,40. Inertial amplifiers are one of the mass amplification devices which

can provide large wide-bandgaps at low frequencies 41,42,43,44,45. These mass am-

plification devices are applied in traditional base isolation devices for enhancing

their vibration reduction capacity; however, most of the research conducted for

structural members, single-storey buildings, and single degree of freedom systems

the conceptualized version of a bridge, water tank, building or tower 46,47,48,49.

The applications of inertial amplifiers to traditional base isolators for multi-storey

buildings or multi-degree-of-freedom systems are not presented in state of the art.

To address the above-mentioned research gap from state of the art, the opti-

mal design of inertial amplifier base isolators (IABI) for vibration mitigation of

multi-storey buildings subjected to base excitations has been studied in this pa-

per. Moreover, the closed-form expressions for optimal design parameters of IABI

have been derived using H2 optimization methods which are one of the main con-

tributions of the paper. The vibration reduction capacity of optimum IABI has

been compared with the vibration reduction capacity of optimum traditional base

isolator (TBI).
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2. Methodology

2.1. Structural Model

The inertial amplifier base isolators are installed at the base of the multi-storey

buildings subjected to base excitations. The isolated multi-storey buildings are

mathematically conceptualized as multi-degree-of-freedom systems (MDOF) hav-

ing spring-mass with dash-pot to determine dynamic responses. Hence, the math-

ematical diagram has been drawn and displayed in Figure 1 (a). Subsequently, the

schematic diagram of an inertial amplifier and corresponding free-body diagrams

has been shown in Figure 1 (b) and (c), where points 1 and 2 are indicated as two

terminals. ’N ’ defines the number of floors for the superstructure. mN , kN , and

cN define the mass, stiffness, and damping of the top floor. mb, kb, and cb define
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Figure 1. (a) A multi-storey building isolated by inertial amplifier base isolator subjected to
base excitation üg . (b) The schematic diagram of inertial amplifier base isolator. (c) Free-body
diagram.

the mass, stiffness, and damping of the IABI without considering the mass ampli-

fication effect of inertial amplifiers. However, those are converted to mia, kia, and

cia after considering the mass amplification effect of inertial amplifiers, define as

effective mass, stiffness, and damping. ma define the top and bottom masses of the
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inertial amplifiers.

2.2. Equations of motion

The derivation of effective mass must be derived before determining the equations

of motion for complete isolated structure. Therefore, xa and ya are considered the

displacement response of the vertical and bottom masses ma in x and y-directions

which have derived as

xa =
ub + ug

2
and ya = ±ub − ug

2 tan θ
(2.1)

The inertial forces developed through masses ma are derived as

px = maẍa and py = maÿa (2.2)

where px and py refer the inertial forces which have been generated in x and y-

directions. The forces generated through the rigid links are denoted as p1 and p2.

Hence, the exact closed-form expressions for p1 and p2 have been derived as

p1 =
1

2

( py
sin θ

− px
cos θ

)
and p2 =

1

2

( py
sin θ

+
px
cos θ

)
(2.3)

Using Eq. (2.3), the closed-form expression for total reaction force has been derived

as

P = 2p2 cos θ + kb(ub − ug)

=
0.5ma

tan2 θ︸ ︷︷ ︸
d1

(üb − üg) + 0.5ma︸ ︷︷ ︸
d2

(üb + üg) + kia(ub − ug) (2.4)

where d1 =
(
0.5ma/ tan

2 θ
)
and d2 = 0.5ma are the effective mass values which

have been added with the base mass mb. Hence, The total effective mass for the

inertial amplifier base isolators have been derived as

mia = mb + 0.5ma

(
1 +

1

tan2 θ

)
(2.5)

Simultaneously, using Eq. (2.5), the total effective stiffness for the inertial amplifier

base isolators have been derived as

kia = miaω
2
b (2.6)

The total effective damping for inertial amplifier base isolator has been derived as

cia = 2ζbmiaωb (2.7)

Total static mass of IABI has been derived as mT = mb+2ma. Before determining

the dynamic responses of structure isolated by IABI, the mass amplification effect

of IABI needs to be determined. Hence, the ratio of amplifier mass to the total

static mass of the isolator has been determined as

α =
ma

mT
and ma =

(
α

1− 2α

)
mb (2.8)



November 15, 2022 16:10 output

Optimal design of IABI for multi-storey buildings 5

The ratio of base mass to the total static mass of the isolator has been determined

as

β =
mb

mT
= (1− 2α) (2.9)

The effective mass amplifications of IABI have been determined by dividing the

effective mass by the total static mass of the isolator. Therefore, the mathematical

expression for effective mass amplifications mf has been derived as

mf =
mia

mT
= (1− 2α) + 0.5α

(
1 +

1

tan2 θ

)
(2.10)

The change of effective stiffness with respect to the total static stiffness needs to

be investigated. Hence, the ratio of effective stiffness to the static stiffness of the

isolator kf has been determined as

kf =
kia
kb

= 0.5

(
1 +

1

tan2 θ

)(
µa

µb

)
+ 1 (2.11)

µa and µb define the ratio of amplifier mass and base mass to the main structural

mass of the isolated structure. The effect of the inertial amplifier on the static mass

of the IABI has been investigated thoroughly. Hence, the contour plot of Equa-

tion 2.10 as a function of the ratio of amplifier mass to the total static mass of

isolator and inertial angle has been displayed in Figure 2 (a). The result shows that

Effective mass Effective stiffness(a) (b)

Figure 2. (a) The contour plot of effective mass as a function of ratio of amplifier mass to total
static mass of isolator and inertial angle, (b) The contour plot of effective stiffness as a function
of ratio of amplifier mass ratio to base mass ratio of isolator and inertial angle.

the effective mass amplification occurred at θ ≤ 30o, which have been identified as

the critical angles for the IABI. Apart from that, a significant mass amplification

occurred at 5o ≤ θ ≤ 14o. Therefore, θ = 14o has been applied throughout the

paper to determine the dynamic responses and corresponding response reduction
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capacity. Overall, the lower inertial angles provide superior vibration attenuation

properties than the higher inertial angle for IABI. A significant amount of effec-

tive mass amplifications have also occurred for higher values of the amplifier mass

ratio to the isolator’s total static mass. Therefore, lower inertial angle and higher

values of the ratio of amplifier mass to the total static mass of the isolator have

been recommended to achieve robust vibration attenuation performance of IABI.

The effect of the inertial amplifier on the static stiffness of the IABI has also been

investigated. Hence, the contour plot of Equation 2.11 as a function of the ratio

of amplifier mass ratio to base mass ratio of isolator and inertial angle has been

displayed in Figure 2 (b). The effective stiffness ratio to the isolator’s static stiffness

has been significantly increased for 5o ≤ θ ≤ 14o. A significant amount of the effec-

tive stiffness ratio to the isolator amplifications’ static stiffness has also occurred

for higher values of the ratio amplifier mass ratio to base mass ratio. Hence, lower

inertial angle and higher values of the effective stiffness ratio to the isolator’s static

stiffness have been recommended to achieve robust vibration attenuation perfor-

mance for IABI. The equations of motion of IABI for multi-storey buildings are

derived as

[Ms]{ẍs}+ [Cs]{ẋs}+ [Ks]{xs} = −[Ms]{r}(üg + ẍb)

miaẍb + ciaẋb + kiaxb − k1x1 − c1ẋ1 = −miaüg

(2.12)

where, xb = ub−ug, defines the relative displacement of IABI w.r.t the displacement

of the base excitation. xN = uN − ub, xN−1 = uN−1 − ub. x1 = u1 − ub define as

the relative displacement of each floor w.r.t the displacement of IABI. [Ms], [Cs],

and [Ks] define the mass, damping, and stiffness matrices of the superstructure.

{xs} = {x1, x2, x3, · · · , xN}, {ẍs}, and {ẋs} are the main structure’s undetermined

displacement, acceleration, and velocity vectors. The influence coefficient vector

for loading function considers as {r} = {1, 1, 1, · · · , 1}. Initially, the mathematical

model of five-storey building is considered to derive the closed-form expressions

for optimal design parameters of IABI analytically. The equations of motion for

isolated five-storey building are derived as

miaẍb + ciaẋb + kiaxb − k1x1 − c1ẋ1 = −miaüg

m1ẍ1 + (c1 + c2)ẋ1 − c2ẋ2 + (k1 + k2)x1 − k2x2 +m1ẍb = −m1üg

m2ẍ2 − c2ẋ1 + (c2 + c3)ẋ2 − c3ẋ3 − k2x1 + (k2 + k3)x2 − k3x3 +m2ẍb = −m2üg

m3ẍ3 − c3ẋ2 + (c3 + c4)ẋ3 − c4ẋ4 − k3x2 + (k3 + k4)x3 − k4x4 +m3ẍb = −m3üg

m4ẍ4 − c4ẋ3 + (c4 + c5)ẋ4 − c5ẋ5 − k4x3 + (k4 + k5)x4 − k5x5 +m4ẍb = −m4üg

m5ẍ5 − c5ẋ4 + c5ẋ5 − k5x4 + k5x5 +m5ẍb = −m5üg

(2.13)

wherem1,m2,m3,m4,m5 define the masses of each floor that have been considered

as identical and represented as ms (i.e., m1 = m2 = m3 = m4 = m5 = ms). k1, k2,

k3, k4, k5 define the stiffness of each floor that have been considered as identical and

represented as ks (i.e., k1 = k2 = k3 = k4 = k5 = ks). c1, c2, c3, c4, c5 define the
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viscous damping of each floor that have been considered as identical and represented

as cs (i.e., c1 = c2 = c3 = c4 = c5 = cs). Now considered that the isolated structure

is subjected to harmonic excitation. Therefore, the steady-state solutions for the

displacement responses of the isolated multi-storey building have been considered

as x1 = X1e
iωt, x2 = X2e

iωt, x3 = X3e
iωt, x4 = X4e

iωt, x5 = X5e
iωt, xb = Xbe

iωt,

and üg = Uge
iωt. After substituting the steady-state solutions into Eq. (2.13), the

transfer function has been derived as

A1 A2 0 0 0 q2

A2 A1 A2 0 0 q2

0 A2 A1 A2 0 q2

0 0 A2 A1 A2 q2

0 0 0 A2 A3 q2

A2 0 0 0 0 A4





X1

X2

X3

X4

X5

Xb


= −



1

1

1

1

1

µia


Ug (2.14)

q = iω,A1 = 4 ζsqωs + q2 + 2ωs
2, A2 = −2 ζsqωs − ωs

2,

A3 = 2 ζsqωs + q2 + ωs
2 and A4 = 2 qωbζbµia + q2µia + µiaωb

2
(2.15)

where µb = mb/ms defines as base mass ratio and µia = mia/ms defines as ”effective

base mass ratio”. µa = ma/ms defines as ”amplifiers mass ratio”. ηb = ωb/ωs

defines as the frequency ratio of IABI. The frequency of each floor determines as

ωs =
√
ks/ms. The viscous damping ratio of each floor considers as ζs = cs

2msωs
.

The displacement response of top floor has been derived and expressed as

H5(q) =


−2 q9ζbµiaωb − 18 q7ζbµiaωbωs

2 − 56 q5ζbµiaωbωs
4

−70 q3ζbµiaωbωs
6 − 30 qζbµiaωbωs

8 − q8µiaωb
2

−9 q6µiaωb
2ωs

2 − 28 q4µiaωb
2ωs

4 − 35 q2µiaωb
2ωs

6

−15µiaωb
2ωs

8


∆b

(2.16)

The values of structural damping considers as 0 (i.e., ζs = 0) to reduce the length of

the closed-form expressions for controlled structural responses. This consideration

will helps to derive the closed-form expressions for optimal design parameters. Now,

the displacement response of IABI has been derived as

Hb(q) =

−q10µia − 9 q8µiaωs
2 − 28 q6µiaωs

4 − 35 q4µiaωs
6

−15 q2µiaωs
8 − µiaωs

10 − q8ωs
2 − 8 q6ωs

4

−21 q4ωs
6 − 20 q2ωs

8 − 5ωs
10


∆b

(2.17)
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The closed-form expression for ∆b has been derived as

∆b =



q12µia + 2 q11ζbµiaωb +
(
ωb

2µia + 9µiaωs
2 + ωs

2
)
q10

+18 q9ζbµiaωbωs
2 +

(
9µiaωb

2ωs
2 + 28µiaωs

4 + 8ωs
4
)
q8

+56 q7ζbµiaωbωs
4 +

(
28µiaωb

2ωs
4 + 35µiaωs

6 + 21ωs
6
)
q6

+70 q5ζbµiaωbωs
6 +

(
35µiaωb

2ωs
6 + 15µiaωs

8 + 20ωs
8
)
q4

+30 q3ζbµiaωbωs
8 +

(
15µiaωb

2ωs
8 + µiaωs

10 + 5ωs
10
)
q2

+2 qζbµiaωbωs
10 + µiaωb

2ωs
10


(2.18)

2.3. H2 optimization for white-noise random excitation

H2 optimization has been performed to minimize the total energy of the isolated

multi-storey building over all frequencies. It has been applied for this paper to derive

the analytical closed-form expressions for optimal design parameters of IABI for

vibration mitigation of multi-storey buildings, respectively 49,31. The formulation

for obtaining standard deviation of responses for multi-storey buildings isolated by

IABI has been derived and presented in Appendix A. Hence, Eq. (2.18) is a 12th

order polynomial equation and the standard deviation of displacement of the top

floor of the main structure has been derived as

σ2
x5

=
S0π ωb

(
220 ζb

2µiaωs
2 + 671µiaωb

2 + 225ωs
2
)

2ωs
6ζb

(2.19)

The optimal design parameters of IABI for a five-storey building have been derived

using the formula listed below.

∂σ2
x5

∂ζb
= 0 and

∂σ2
x5

∂ωb
= 0 (2.20)

Inserting σ2
x5

in the first equation of Eq. (2.20), the closed-form expression for

damping ratio of IABI ζb has been derived and expressed as

ζb =

√
55

√
µia (671µiaωb

2 + 225ωs
2)

110µiaωs

(2.21)

Equation (2.21) contains optimal frequency of IABI ωb which needs to to be sep-

arated. To achieve that, Eq. (2.21) has been substituted in Eq. (2.22). Therefore,

the modified standard deviation of displacement response has been derived as

σ2
x5

=
S0π ωb

(
1342µiaωb

2 + 450ωs
2
)√

55µia

ωs
5
√

µia (671µiaωb
2 + 225ωs

2)
(2.22)

Now, Eq. (2.22) has been substituted in second equation of Eq. (2.20) and the

closed-form expression for optimal frequency of IABI ωb has been derived as

(ωb)opt =
15ωs√
1342µia

or (ωb)opt =
15ωs√

1342
(
µb + 0.5µa

(
1 + 1

tan2 θ

)) (2.23)
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The non-dimensional form of Eq. (2.23) has been derived below.

(ηb)opt =
15√

1342
(
µb + 0.5µa

(
1 + 1

tan2 θ

)) (2.24)

Equation (2.23) has been substituted in Eq. (2.21) and Eq. (2.22) to derive the

closed-form expression for optimal viscous damping ratio of IABI. Therefore, the

optimal damping ratio of IABI has been derived as

(ζb)opt =

√
45

88µia
or (ζb)opt =

√
45

88
(
µb + 0.5µa

(
1 + 1

tan2 θ

)) (2.25)

3. Results and Discussion

3.1. H2 optimization

The contour plot of Eq. (2.24) as a function of amplifier inertial angle (θ) and base

mass ratio µb has been displayed in Figure 3 (a). The optimal frequency ratio of

IABI has also decreased when the values of θ decreases. In fact, for 5o < θ < 14o

the values for frequency ratios are minimum. The primary goal of the research was

to achieve robust vibration reduction capacity through a significant amount of ef-

fective mass amplifications. The least value for effective mass amplification in IABI

has been observed at θ = 14o. Therefore, we want to investigate the vibration re-

duction performance of IABI at its lower mass amplification condition. The optimal

frequency ratio of the inertial amplifier base isolator decreases when the base mass

ratio increases. Same trend has also been observed for Figure 3 (b). However, the

optimal frequency ratio of IABI increases when the inertial angle of the amplifier

increases. θ = 14o has been selected to plot Figure 3 (b). The contour plot of Eq.

(2.24) as a function of amplifier mass ratio (µa) and base mass ratio µb has been

displayed in Figure 3 (b). The optimal frequency ratio of IABI is decreased when

the amplifier’s mass ratio increases. Hence, higher base mass with higher amplifier’s

mass ratio of IABI has been recommended to design the optimal IABI for achieving

the robust vibration reduction capacity. The variations of optimal damping ratio

(ζb)opt versus base mass ratio µb of IABI using Eq. (2.25) for different values of am-

plifier’s mass ratio µa have been displayed Figure 4 (a). The optimal damping ratio

of the inertial amplifier base isolator decreases when the base mass ratio increases.

The optimal damping ratio of IABI is decreased when the amplifier’s mass ratio

increases. The variations of optimal damping ratio of IABI (ζb)opt versus base mass

ratio µb of IABI for different values of amplifier’s inertial angle θ have been dis-

played Figure 4 (b). The optimal damping ratio of the inertial amplifier base isolator

increases when the values of inertial angle increases. Overall, a higher base mass

with lower amplifier’s inertial angle (i.e.,5o < θ < 14o) and amplifiers mass ratio

has been recommended for designing the optimal IABI to achieve robust vibration

reduction capacity. Overall, the optimal frequency ratio of IABI has also decreased



November 15, 2022 16:10 output

10 Chowdhury et al

Optimal frequency 

     ratio of IABI
(a) (b)

Figure 3. The contour plot of the optimal frequency ratio of IABI ((ηb)opt) as a function of (a)
amplifier inertial angle (θ) and base mass ratio µb, (b) amplifier mass ratio (µa) and base mass
ratio µb has been drawn.

(a) (b)
Optimal damping 

    ratio of IABI 

Figure 4. (a) The contour plot of the optimal damping ratio of IABI ((ζb)opt) as a function
of (a) amplifier inertial angle (θ) and base mass ratio µb, (b) amplifier mass ratio (µa) and base
mass ratio µb has been drawn.

when the values of θ decrease. In fact, for 5o < θ < 14o, the values for frequency ra-

tios are minimum. This phenomenon implies that the lower inertial angle increases

the effective mass of the IABI, which provides additional flexibility and enhances

the isolated structures’ time period. The same trend has also been observed for the



November 15, 2022 16:10 output

Optimal design of IABI for multi-storey buildings 11

Frequency ratio (η (ω/ω
s
))

0 1 2 2.8

T
o

p
 f

lo
o

r 
d

is
p

la
ce

m
en

t 
(H

5
 (
η

))

10
-2

10
0

10
2

ζ
b
 = 0

ζ
b
 = ∞

ζ
b
 = 0.46

η
b
 = 0.2638

P
Q

R

S
T

µ
b
 = 0.70

µ
a
 = 0.20

θ = 14
o

Figure 5. The variations of displacement of top floor H5(η) isolated by inertial amplifier base
isolator versus frequency ratio η(ω/ωs) have been plotted for different values of damping ratio of
the IABI.

closed form equation of optimal viscous damping ratio of IABI. For 5o < θ < 14o the

values for optimal viscous damping ratios are lower around 0.45 < ζb < 0.55. These

values are feasible and easy for practical implementation. The efficiency of these

optimal closed-form expressions is verified by drawing the response graphs in the

frequency domain for different values of viscous damping ratio after considering the

optimal frequency ratio. Therefore, the robust response plots are shown in Figure 5.

For this plot, the system parameters have been considered as ζs = 0, µb = 0.70 and

µa = 0.20. The optimal frequency and damping ratios values are applied as 0.2638

and 0.46. From this figure, it can be observed that the response plot of the main

structure is unbounded at ζb = 0, and the eigen frequencies are located from the

response peaks (i.e.,η = 0.1379, 0.4733, 0.9154, 1.349, 1.699, 1.923). A slight shift of

responses has been observed from the eigen frequencies due to the presence of IABI’s

damping. Most of the response peaks are reduced at resonating frequencies. Hence,

the resonance peaks are located at η = 0.1376, 0.4483, 0.9014, 1.348, 1.698, 1.923.

The minimum frequency peaks are located at η = 0.3362, 0.8308, 1.614 and the anti-

resonance frequency region are located at η = 1.0, 1.175, 1.732, 1.902. At ζb = ∞,

the total controlled structure becomes over-damped, and the response plot shows

that it abbreviates to the uncontrolled structure. The peak response of the top floor

of the main structure was determined as 45.23.
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4. Dynamic response evaluation of multi-storey buildings

4.1. Dynamic responses of structures for harmonic and

random-white noise excitations

The variations of top floor displacement of uncontrolled five-storey buildings and

controlled five buildings subjected to harmonic base excitation have been displayed

in Figure 6 (a). The details of the design parameters for inertial amplifier base

isolators and traditional base isolators have been listed in Table.1. The maximum

Table 1. The values of de-
sign parameters for uncontrolled
buildings and buildings isolated
by TBI, IABI. Equation (2.25)
and Eq. (2.23) have been utilized
to achieve optimal design param-
eters of IABI and TBI.

TBI IABI TBI IABI

ζs ζs 0.01 0.01
ζB ζb 0.64 0.46
ηB ηb 0.39 0.2638
µB µb + 2µa 1.1 1.1
· · · µb 0 0.70
· · · µa 0 0.20
· · · θ 0 14o

Note: ζB=viscous damping ratio
of TBI
ηB=Frequency ratio of TBI
µB=Base mass ratio of TBI

displacement responses of the top floor of five-storey building isolated by traditional

base isolator and inertial amplifier base isolator have been determined as 92.62 and

45.41. From this result, it has been remarked that IABI is significantly 50.97 %

superior to TBI. The variations of top floor displacement of uncontrolled five-storey

buildings and controlled five buildings subjected to random base excitation have

been displayed in Figure 6 (b). The maximum displacement responses of the top

floor of five-storey building isolated by traditional base isolator and inertial amplifier

base isolator subjected to random vibrations have been determined as 1.525× 108

dB/Hz and 3.709×107 dB/Hz. Therefore, the vibration reduction capacity of IABI

is significantly 75.67 % superior to TBI.

4.2. Time history analysis

The numerical study has validated the results obtained from the frequency-domain

analysis and the optimal closed-form expressions by considering real earthquake

base excitations. The governing equations of motion have been solved in the MAT-

LAB environment by coding the Newmark-beta method. The details of the design
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(a) (b)

Figure 6. The variations of displacement of the top floor of the five-storey building isolated by
H2 optimized traditional base isolator and inertial amplifier base isolator have been displayed for
(a) harmonic and (b) random base excitation.

parameters for this analysis have already been listed in Table.1. The structural

damping ζs considers as 0.01. The mass of each floor ms considers as 3000 tons and

the structural time period Ts considers as 0.5 sec.

To perform this numerical analysis, eleven near-field real earthquake records

have been downloaded from the Pacific Earthquake Engineering Research Cen-

ter (https://peer.berkeley.edu/peer-strong-ground-motion-databases) and applied

in the MATLAB codes to determine the dynamic responses of the structures. The

detailed properties of near-field earthquake records have been listed in Table.2. The

Table 2. Details of near-field earthquake ground motions (Pulse records).

Earthquake Year Mw Recording station V s30(m/s) Component Es (km) PGA,g

Irpinia, Italy-01 1980 6.9 Sturno 1000 MUL009 30.4 0.31
Superstition Hills-02 1987 6.5 Parachute Test Site 349 SUPERST 16.0 0.42

Loma Prieta 1989 6.9 LOMAP 371 HEC000 27.2 0.38
Erzican, Turkey 1992 6.7 Erzincan 11 275 ERZIKAN 9.0 0.49
Cape Mendocino 1992 7.0 CAPEMEND 713 NIS090 4.5 0.63

Landers 1992 7.3 Lucerne 685 LANDERS 44.0 0.79
Northridge-01 1994 6.7 Rinaldi Receiving Sta 282 NORTHR 10.9 0.87
Kocaeli, Turkey 1999 7.5 Izmit 811 KOCAELI 5.3 0.22
Chi-Chi, Taiwan 1999 7.6 TCU065 306 CHICHI 26.7 0.82
Chi-Chi, Taiwan 1999 7.6 TCU102 714 CHICHI 45.6 0.29
Duzce, Turkey 1999 7.1 Duzce 276 DUZCE 1.6 0.52

response spectra of considered earthquakes for 5% damping are shown in Figure 7.

The near-field earthquakes are more vulnerable compared to the far-field earth-

quakes 31,50,51. Therefore, the study has continued near-field earthquake records

https://peer.berkeley.edu/peer-strong-ground-motion-databases
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Figure 7. Response spectra of earthquake base excitations.

with pulses having a noticeable vertical component, which is more harmful to the

base-isolated structures. The variations of top floor displacements for Cape Men-

docino, Northridge-01, Chi-Chi, Taiwan near-field earthquake earthquake base ex-

citations have been shown in Figure 8 (a), Figure 8 (b), and Figure 8 (c). The

details of maximum displacement of top floor for controlled and uncontrolled five-

storey buildings have been listed in Table.3. IABI effectively reduces the top floor

displacement of the multi storey buildings, and overall, the displacement reduc-

tion capacity of IABI is significantly 49.03% superior to the displacement reduction

capacity of TBI. Table.3 also shows the displacement reduction capacity of IABI

(a) (b) (c)

Figure 8. The variations of top floor displacement for (a) Cape Mendocino, (b) Northridge-01,
(c) Chi-Chi, Taiwan near-field earthquake earthquake base excitations.

relative to TBI (Dr(%)) for five-story buildings subjected to near-field earthquake

ground motions.
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Table 3. Top floor maximum displacement responses xmax
5 (m) with correspond-

ing displacement reduction of IABI w.r.t TBI (Dr(%)) under near-field earthquake
ground motions for five-storey buildings.

Earthquakes Uncontrolled structures TBI IABI Dr(%)
xmax
5 (m) xmax

5 (m) xmax
5 (m)

Irpinia, Italy-01 0.0456 0.0246 0.0122 50.41
Superstition Hills-02 0.1515 0.0788 0.0264 66.50

Loma Prieta 0.0577 0.0297 0.0151 49.16
Erzican, Turkey 0.0844 0.0594 0.027 54.55
Cape Mendocino 0.0512 0.0378 0.0206 45.50

Landers 0.0322 0.0321 0.028 12.77
Northridge-01 0.0947 0.072 0.032 55.56
Kocaeli, Turkey 0.0323 0.0133 0.0057 57.14
Chi-Chi, Taiwan 0.1101 0.0657 0.0323 50.84
Chi-Chi, Taiwan 0.0898 0.0433 0.0196 54.73
Duzce, Turkey 0.0449 0.0237 0.0137 42.19

Average 0.0722 0.0437 0.0211 49.03

Dr(%) =
(xmax

5 )TBI − (xmax
5 )IABI

(xmax
5 )TBI

(4.1)

The variations of top floor accelerations for Cape Mendocino, Northridge-01, Chi-

Chi, Taiwan near-field earthquake earthquake base excitations have been shown in

Figure 9 (a), Figure 9 (b), and Figure 9 (c). The details of maximum acceleration

of top floor for controlled and uncontrolled five-storey buildings have been listed

in Table.4. IABI effectively reduces the top floor acceleration of the multi storey

buildings, and overall, the acceleration reduction capacity of IABI is significantly

56.02% superior to the acceleration reduction capacity of TBI. Table.4 also shows

(a) (b) (c)

Figure 9. The variations of top floor acceleration for (a) Cape Mendocino, (b) Northridge-01,
(c) Chi-Chi, Taiwan near-field earthquake earthquake base excitations.

the acceleration reduction capacity of IABI relative to TBI (Ar(%)) for five-story

buildings subjected to near-field earthquake ground motions.
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Table 4. Top floor maximum acceleration responses ẍmax
5 (m/s2) with corresponding ac-

celeration reduction of IABI w.r.t TBI (Ar(%)) under near-field earthquake ground motions
for five-storey buildings.

Earthquakes Uncontrolled structures TBI IABI Ar(%)
ẍmax
5 (m/s2) ẍmax

5 (m/s2) ẍmax
5 (m/s2)

Irpinia, Italy-01 0.6848 0.3225 0.11 65.89
Superstition Hills-02 2.03 1.0428 0.3489 66.54

Loma Prieta 0.8702 0.6544 0.2346 64.15
Erzican, Turkey 1.4185 1.1978 0.5004 58.22
Cape Mendocino 1.5316 1.0531 0.4947 53.02

Landers 0.9191 0.5761 0.233 59.55
Northridge-01 2.2652 1.7506 0.8763 49.94
Kocaeli, Turkey 0.6358 0.3054 0.1017 66.69
Chi-Chi, Taiwan 1.9879 0.8347 0.5791 30.62
Chi-Chi, Taiwan 1.6006 0.5434 0.3113 42.71
Duzce, Turkey 0.7833 0.6003 0.2466 58.92

Average 1.338 0.807 0.366 56.02

Ar(%) =
(ẍmax

5 )TBI − (ẍmax
5 )IABI

(ẍmax
5 )TBI

(4.2)

Based on Table.3 and Table.4, two bar diagrams have been drawn and presented in

Figure 10 (a) and Figure 10 (b) to display the normalized maximum displacement

and acceleration of the main structure’s top floor subjected to near-field earth-

quake base excitations. The average displacement of uncontrolled structures for
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Figure 10. The normalized (a) maximum displacement and (b) maximum acceleration of the
main structure’s top floor subjected near-field earthquake base excitations.

eleven near-field earthquake records has been obtained as 0.0722 m. The average

displacement of structures isolated by TBI and IABI for eleven near-field earthquake

records have been obtained as 0.0437 m and 0.0211 m. Therefore, results show that

the displacement reduction capacity (%) of IABI is significant 49.03 % superior to

the displacement reduction capacity (%) of TBI subjected to near-field base ex-

citations. The average acceleration of uncontrolled structures for eleven near-field
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earthquake records has been obtained as 1.338 m/s2. The average acceleration of

structures isolated by TBI and IABI for eleven near-field earthquake records have

been obtained as 0.807 m/s2 and 0.366 m/s2. Results show that the acceleration

reduction capacity (%) of IABI is significant 56.02 % superior to the displacement

reduction capacity (%) of TBI subjected to near-field base excitations. The damp-

ing force-deformation curves of the top floors of the uncontrolled and controlled

buildings subjected to Cape Mendocino, Northridge-01, Chi-Chi, Taiwan near-field

earthquake earthquake base excitations are shown in Figure 11 (a), Figure 11 (b),

and Figure 11 (c). Figure 11 displays the damping force-deformation curves of the

top floor damping force having viscous damping ratio of each floor ζs as 0.01, in

which the maximum displacement of the top floor and maximum damping force

of the five-storey building isolated by IABI are underneath than those of the un-

controlled five-storey buildings. The damping force reduction in IABI controlled
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Figure 11. The damping force-deformation curves of the top floor of the uncontrolled and con-
trolled buildings subjected to (a) Cape Mendocino, (b) Northridge-01, (c) Chi-Chi, Taiwan near-
field earthquake earthquake base excitations.

structure can clearly visible from Figure 11. The variations of maximum displace-

ment of each floor of uncontrolled and controlled five-storey buildings subjected to

Cape Mendocino, Northridge-01, Chi-Chi, Taiwan near-field earthquake base exci-

tations w.r.t floor levels have been displayed in Figure 12 (a), Figure 12 (b), and

Figure 12 (c). It is observed that both TBI and IABI lead to a significant reduction

of the displacement responses for each floor compared to the uncontrolled structure.

Overall, IABI has 51.07% more displacement reduction capacity than TBI under

near-field earthquake base excitations in terms of all floor responses. The variations

of maximum acceleration of each floor of uncontrolled and controlled five-storey

buildings subjected to Cape Mendocino, Northridge-01, Chi-Chi, Taiwan near-field

earthquake base excitations w.r.t floor levels have been displayed in Figure 12 (d),

Figure 12 (e), and Figure 12 (f). It is observed that both TBI and IABI lead to

a significant reduction of the acceleration responses of each floor compared to the

uncontrolled structure. Between IABI and TBI, the acceleration reduction capac-
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(a) (b) (c)Displacement profile

(d) (e) (f)Acceleration profile

Figure 12. The variations of maximum displacement of each floor of uncontrolled and con-
trolled five-storey buildings w.r.t floor levels have been displayed for (a) Cape Mendocino, (b)
Northridge-01, (c) Chi-Chi, Taiwan near-field earthquake base excitations. The variations of max-
imum acceleration of each floor of uncontrolled and controlled five-storey buildings w.r.t floor
levels have been displayed. (d) Cape Mendocino, (e) Northridge-01, (f) Chi-Chi, Taiwan near-field
earthquake records have been selected to draw these performance plots.

ity of IABI is the most. For more technical illustration, the exact values of the

acceleration reduction capacity (%) for each floor considering Cape Mendocino,

Northridge-01, Chi-Chi, Taiwan near-field earthquakes have been described. Over-

all, IABI has 51.53% more acceleration reduction capacity than TBI subjected to

near-field earthquake base excitations. The energy flow between the uncontrolled

structure and structure isolated by TBI, IABI, needs to be determined. Therefore,

the variations of normalized energies of uncontrolled structure and structure iso-

lated by TBI and IABI versus time (s) subjected to Northridge-01 earthquake base

excitations have been shown in Figure 13 (a), Figure 13 (b), and Figure 13 (c).

The kinetic, potential, and dissipated energy profiles of uncontrolled structures are

much higher than the energy profile of structures isolated by TBI and IABI. Hence,

the main structural energies are transferred to the isolators during vibrations. The

energies are dissipated through the isolators, respectively. The energy profile of the

structure isolated by TBI is much higher than that of IABI. Therefore, the energy

dissipation and response mitigation capacity of IABI are significantly superior to

the TBI, respectively.
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Figure 13. The variations of normalized energies of (a) uncontrolled structure and structure
isolated by (b) TBI and (c) IABI versus time (s) subjected to Northridge-01 earthquake base
excitations.

5. Vibration reduction capacity of IABI as per floor levels

The variations of top floor displacement of uncontrolled ten-storey buildings and

ten-storey buildings isolated by TBI, IABI subjected to harmonic base excitation

have been displayed in Figure 14 (a). The maximum displacement responses of

the top floor of ten-storey building isolated by traditional base isolator and iner-

tial amplifier base isolator have been determined as 1315.70 and 296.86. Hence,

the response reduction capacity of H2 optimized IABI for ten-storey buildings is

significantly 77.43 % superior to H2 optimized TBI. The variations of top floor

(a) (b)

Figure 14. The variations of displacement of the top floor of the ten-storey building H10(η)
isolated by H2 optimized traditional base isolator and inertial amplifier base isolator have been
displayed for (a) harmonic and (b) random base excitation.

displacement of uncontrolled ten-storey buildings and ten-storey buildings isolated
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by traditional base isolator, inertial amplifier base isolator subjected to Gaussian

white noise base excitation have been displayed in Figure 14 (b). Results shows that

the response reduction capacity of IABI is significantly 93.86 % superior to TBI un-

der white-noise random excitation. The accuracy of frequency domain results and

optimal closed-form expressions have also be verified by the numerical study. The

structural damping for each floor considers 0.01. Total isolator mass ratios for TBI

and IABI are considered 1.1. The inertial angle considers as 14o. The frequency

ratios for IABI and TBI are considered as 0.2638 and 0.39. The viscous ratios for

IABI and TBI are considered 0.46 and 0.64. For the numerical study, the time pe-

riod of the buildings considers as Ts = 1.0 sec. Hence, the natural frequency of the

building has been derived as ωs = 2π
Ts
. Each floor’s mass is considered ms = 3000

tons. For this study, Northridge-01 near-field earthquake base excitation has been

induced. Figure 15 (a) shows the variations of top floor displacement (m) of uncon-

trolled ten-storey building and ten-storey buildings isolated by TBI, IABI subjected

to Northridge-01 near-field earthquake base excitation. The displacement reduction

capacity of IABI has been determined and is significantly 43.07 % superior to the

displacement reduction capacity of TBI. Simultaneously, the variations of top floor
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Figure 15. The variations of top floor (a) displacement (m), (b) acceleration (m/s2), (c) max-
imum displacement (m) of each floor, and (d) maximum acceleration (m/s2) of each floor of
ten-storey uncontrolled buildings and ten-storey buildings isolated by TBI and IABI subjected to
Northridge-01 near-field base excitation.

acceleration (m/s2) of uncontrolled and controlled ten-storey buildings isolated by

TBI and IABI subjected to Northridge-01 near-field earthquake base excitation

have been displayed in Figure 15 (b). The acceleration reduction capacity of IABI

is significantly 76.21 % superior to the acceleration reduction capacity of TBI. The

variations of maximum displacement of each floor of uncontrolled and controlled

ten-storey buildings under Northridge-01 near-field earthquake base excitation w.r.t

floor levels have been displayed in Figure 15 (c). The average displacement reduc-

tion of IABI over the displacement reduction TBI has been achieved as 53.39 %,

respectively. Figure 15 (d) shows the variations of top floor acceleration (m/s2)

of uncontrolled ten-storey building and ten-storey buildings isolated by TBI, IABI

subjected to Northridge-01 near-field earthquake base excitation. The acceleration

reduction capacity of IABI is significantly 73.02 % superior to the acceleration re-
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duction capacity of TBI. Figure 16 displays the force-deformation curves of the top

floor damping force having viscous damping ratio of each floor ζs as 0.01, in which

the maximum displacement of the top floor and maximum damping force of the

ten-storey building isolated by IABI are underneath than those of the uncontrolled

ten-storey buildings. The vibration reduction capacity of IABI has been investi-
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Figure 16. The damping force-deformation curves of the top floor of the uncontrolled and con-
trolled buildings subjected to Northridge-01 near-field earthquake base excitation.

gated for acceleration control range and velocity control range buildings. The class

of building is determined based on the building’s time period, which predominantly

depends on the number of stories. In the response spectrum, time periods less than

0.6 s and between 0.6 s and 4 s are classified as the acceleration and velocity con-

trol range. Because a building’s time period is approximately 0.1 times its number

of stories, five- and ten-story buildings are in the acceleration and velocity con-

trol case. These two examples are used to demonstrate that the proposed isolators

performed well in both building categories. From the current study it has been ob-

served that the vibration reduction capacity of traditional base isolators decreases

critically while the floor level of multi-storey buildings increases mainly beyond 10

storeys. However, IABI still efficiently mitigates displacement and acceleration re-

sponses under near-field earthquake base excitations. The damping force reduction

by IABI is also effective. IABI is also effective for beyond 10 storeys.

6. Summary and conclusions

The vibration reduction capacity of optimum IABI for multi-storey buildings have

been investigated in this paper. One of the notable contributions of this paper is

the new closed-form expressions for optimal design parameters of inertial amplifier

base isolator (IABI) for multi-storey buildings, which have been derived using H2

optimization method. Initially, the dynamic responses of multi-storey buildings iso-

lated by optimum IABI and TBI subjected to harmonic and random-white noise
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have been determined. Later, the efficiency of H2 optimized design parameters such

as frequency and viscous damping ratio have been scrutinized by the time history

analysis considering eleven near-field earthquake base excitations. The significant

results are listed below.

• The higher base mass with a lower amplifier’s inertial angle and higher

amplifier’s mass ratio of IABI has been recommended to design the optimal

IABI to achieve robust vibration reduction capacity.

• Results from the five-storey buildings showed that the vibration reduction

capacity of optimum IABI is significantly 50.97 % and 75.67 % superior to

the optimum TBI under harmonic and white-noise random base excitations.

The numerical study shows that optimum IABI has 49.03% more displace-

ment reduction capacity than optimum TBI under near-field earthquake

base excitations. At the same time, IABI has 56.02% more acceleration

reduction capacity than TBI.

• Later, H2 optimized design parameters have been applied for ten-storey

buildings. Results show that the vibration reduction capacity of H2 opti-

mized IABI is significantly 77.43 % and 93.86 % superior to H2 optimized

TBI under harmonic and white-noise random base excitations.

• The numerical study shows that H2 optimized IABI has 43.07 % more

displacement reduction capacity than H2 optimized TBI. At the same time,

H2 optimized IABI has 76.21 % more acceleration reduction capacity than

H2 optimized TBI.

• Results show that IABI is very efficient in reducing the vertical components

of earthquake base excitations, especially for near-field earthquake base

excitations with the pulse nature.

• The vibration reduction capacity of traditional base isolators decreases crit-

ically while the floor level of multi-storey buildings increases mainly beyond

10 storeys. However, IABI still efficiently mitigates displacement and accel-

eration responses under near-field earthquake base excitations. The damp-

ing force reduction by IABI is also effective. IABI is also effective for beyond

10 storeys.

The paper’s novelty lies in proposing inertial amplifier base isolators for vibration

attenuation of multi-storey buildings, which is not there in state of the art based on

the author’s best knowledge. Additionally, the proposition of the new closed-form

expressions for optimal design parameters of the inertial amplifier base isolators is

another critical contribution of this paper. These equations resulted in the optimal

design of these isolators, resulting in the maximum amount of vibration reduc-

tion. The novel inertial amplifier base isolators are cost-effective and dissipate more

energy than the traditional base isolators without increasing the static mass. As

suggested by the coauthors, a continuation of the present work with an emphasis on

the practical realization, experimentation, and prototyping of the proposed inertial

amplifier base isolators will be carried out.
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Appendix A. Formulation for determining standard deviation of

responses

∫ ∞

−∞

Ξn(ω) dω

Λn(iω)Λ∗
n(iω)

=
π

a12

det[N12]

det[D12]
(A.1)

Nn =



b11 b10 b9 b8 b7 b6 b5 b4 b3 b2 b1 b0

−a12 a10 −a8 a6 −a4 a2 −a0 0 0 0 0 0

0 −a11 a9 −a7 a5 −a3 a1 0 0 0 0 0

0 a12 −a10 a8 −a6 a4 −a2 a0 0 0 0 0

0 0 a11 −a9 a7 −a5 a3 −a1 0 0 0 0

0 0 −a12 a10 −a8 a6 −a4 a2 −a0 0 0 0

0 0 0 −a11 a9 −a7 a5 −a3 a1 0 0 0

0 0 0 a12 −a10 a8 −a6 a4 −a2 a0 0 0

0 0 0 0 a11 −a9 a7 −a5 a3 −a1 0 0

0 0 0 0 −a12 a10 −a8 a6 −a4 a2 −a0 0

0 0 0 0 0 −a11 a9 −a7 a5 −a3 a1 0

0 0 0 0 0 a12 −a10 a8 −a6 a4 −a2 a0



(A.2)

Dn =



a11 −a9 a7 −a5 a3 −a1 0 0 0 0 0 0

−a12 a10 −a8 a6 −a4 a2 −a0 0 0 0 0 0

0 −a11 a9 −a7 a5 −a3 a1 0 0 0 0 0

0 a12 −a10 a8 −a6 a4 −a2 a0 0 0 0 0

0 0 a11 −a9 a7 −a5 a3 −a1 0 0 0 0

0 0 −a12 a10 −a8 a6 −a4 a2 −a0 0 0 0

0 0 0 −a11 a9 −a7 a5 −a3 a1 0 0 0

0 0 0 a12 −a10 a8 −a6 a4 −a2 a0 0 0

0 0 0 0 a11 −a9 a7 −a5 a3 −a1 0 0

0 0 0 0 −a12 a10 −a8 a6 −a4 a2 −a0 0

0 0 0 0 0 −a11 a9 −a7 a5 −a3 a1 0

0 0 0 0 0 a12 −a10 a8 −a6 a4 −a2 a0



(A.3)
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