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Sarah Croke1
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(Dated: September 7, 2022)

One notion of non-locality in quantum theory is the fact that information may be encoded in a
composite system in such a way that it is not accessible through local measurements, even with the
assistance of classical communication. Thus, contrary to the classical case, there exists information
in quantum many body systems which cannot be accessed locally. We show however that, remark-
ably, two-dimensional subspaces do not have this property: any physically allowed measurement on
information encoded in any two-dimensional subspace, regardless of entanglement or multi-partite
structure, may be performed locally. Further, this requires only local measurement and feed-forward
of classical information, readily achievable in many experimental platforms. As an application to
quantum secret sharing we suggest a twist on a well known quantum information splitting protocol,
which ensures that no receiving party ever has access to the full state sent, but parties must work
together to perform measurements on the state. These results may have practical applications to
the measurement of encoded qubits in e.g. quantum secret sharing, quantum error correction, and
reveal a fundamental property unique to two-dimensional subspaces.

I. INTRODUCTION

Quantum theory exhibits at least two distinct
but related notions of non-locality: entanglement,
along with the related notion of Bell non-locality,
which has famously played a central role in clarify-
ing the non-local nature of quantum theory [1–3];
and measurement non-locality: the inaccessibility
of some global information to local measurements.
That these two notions of non-locality manifest in
different ways was first conclusively demonstrated
over twenty years ago by two rather surprising re-
sults. The first is the existence of a basis of or-
thogonal product states between which local mea-
surements cannot perfectly discriminate, even with
many rounds of classical communication [4]. This
demonstrates that the absence of entanglement is
not enough to ensure the local accessibility of in-
formation. The second is that any two orthogonal
states, regardless of entanglement or multi-partite
structure, may be discriminated perfectly with local
measurements and classical feed-forward [5], show-
ing conversely that the presence of entanglement
does not imply the local inaccessibility of informa-
tion. Subsequent work shows that this latter prop-
erty is peculiar to the two state case: add a third
orthogonal state, and it is no longer generically true
that the resulting set is perfectly locally distinguish-
able [6, 7].

∗ sarah.croke@glasgow.ac.uk

These results thus reveal something unique to two-
dimensional subspaces: [5] tells us that any von
Neumann measurement [8] (also referred to as an
orthogonal, or a projective measurement [9, 10])
may be performed on information encoded in a two-
dimensional subspace, regardless of the entangle-
ment or multi-partite structure of that subspace.
Von Neumann measurements however form only a
subset of measurements allowed in quantum the-
ory. In this paper we complete the picture: we
show that any physically allowed measurement on a
two-dimensional subspace may be implemented us-
ing only local measurement and feed-forward. It is
far from obvious that this should be possible: in or-
der to perform a generalised measurement in prac-
tice we must employ a Naimark extension [9, 10],
which involves making a von Neumann measurement
on a higher dimensional space, and it is known that
generically, such measurements cannot be performed
locally [6, 7]. Nevertheless we will show by explicit
construction that a local adaptive strategy always
exists.

Our results illuminate a question which has seen
intense study over the last couple of decades: where
is information stored in a composite quantum sys-
tem, and what resources are needed to retrieve
it (e.g. [4–7, 11–50])? It is known that generi-
cally some information is always accessible locally
in the subsystems: quantum information cannot
be “masked” or hidden entirely within correlations
[25, 41]. It is also known that some information
is only accessible to truly global measurements: a
canonical example being the total angular momen-



tum of a pair of spins. Our results show that, if a sin-
gle qubit is encoded unitarily in a two-dimensional
subspace of a multi-partite system, classical com-
munication between subsystems is enough to ensure
that all information is accessible: in this case there
is no truly non-local information, requiring global
measurements to retrieve. This may have practical
implications for the ease of accessing information in
e.g. quantum secret sharing schemes [51], and quan-
tum error correcting codes [52]. We discuss an ap-
plication to quantum secret sharing later.
Finally we note that in addition to theoretical

interest, the question of which measurements may
be performed locally is of considerable practical
relevance. In particular, local measurements with
feed-forward (i.e. with one-way classical comuni-
cation) are those measurements which can be per-
formed without joint control or a quantum memory,
and thus are readily accessible with current tech-
nology in a range of physical systems. Even in
cases where there is no entanglement however, these
measurements can perform significantly worse than
the global optimal for certain measurement tasks
[38, 39]. It is of interest, therefore, to understand
when this simpler class of measurements is sufficient
for retrieval of quantum information.
We begin with some preliminaries in the following

section, before introducing our main result in Sec-
tion III. We give an application to secret sharing in
Section IV, and finish with discussion and conclu-
sions in Section V.

II. BACKGROUND

Any physically allowed measurement in quantum
mechanics may be described by a positive operator-
valued measure (POVM) [9, 10], that is a set of pos-
itive operators {π̂i ≥ 0} summing to the identity:∑

i π̂i = Î . It is a fundamental feature of quantum
mechanics that measurement causes disturbance; for
measurement outcome i, the state ρ̂ is updated via

ρ̂ → Âiρ̂Â
†
i , where Âi is a Kraus operator [53] sat-

isfying Â†
i Âi = π̂i [68]. The normalisation of the

resulting state gives the probability that operator
i was applied, and outcome i registered. A set of
Kraus operators {Âi} thus forms an allowed opera-

tion if and only if
∑

i Â
†
i Âi = Î. Note that a pure

state |ψ⟩ is updated to Âi|ψ⟩, given outcome i.
Any POVM may be decomposed as a series of two

outcome operations: examples are given in [54–56],
and an explicit construction in [57]. Intuitively, for
an n outcome measurement, in the first step we ask

whether the outcome is between 0 and n/2 − 1 or
between n/2 and n− 1. If this course-grained mea-
surement is performed carefully, we can still obtain
the fine-grained information, giving a particular out-
come in the set, through a subsequent measurement.
This is, of course, not the only way to implement a
general POVM measurement, and recent work has
sought to understand the resources needed to imple-
ment an arbitrary POVM [58–60], however for our
purposes it is sufficient that such a decomposition
exists.

In order to perform any POVM on a two-level sys-
tem, it is thus sufficient to be able to make transfor-
mations described by Kraus operators of the form

Â0 =
(√

a|0′⟩⟨0|+
√
b|1′⟩⟨1|

)
Â1 =

(√
1− a|0′′⟩⟨0|+

√
1− b|1′′⟩⟨1|

)
(1)

for any 0 ≤ a, b ≤ 1 and any basis {|0⟩, |1⟩} of
the two-dimensional Hilbert space. In general the
bases {|0′⟩, |1′⟩}, {|0′′⟩, |1′′⟩} are different from the
initial basis and can be chosen freely depending on
the physical implementation.

We will also need the decomposition introduced in
[5]: that is, for any two orthogonal bi-partite states
|χ0⟩, |χ1⟩ there is a decomposition of the form:

|χ0⟩ =
∑
i

√
pi|i⟩A|ηi⟩B

|χ1⟩ =
∑
i

√
qi|i⟩A|η⊥i ⟩B (2)

where pi, qi ≥ 0,
∑

i pi =
∑

i qi = 1, {|i⟩} are or-
thonormal states of system A, {|ηi⟩} are arbitrary
and ⟨ηi|η⊥i ⟩ = 0. Clearly these can then be distin-
guished perfectly through only local measurement
and feed-forward: measure basis |i⟩ on system A,
and given result i make a measurement on system
B to distinguish perfectly between the orthogonal
states |ηi⟩, |η⊥i ⟩. This is readily extended to multi-
partite systems, by now considering B to itself be a
composite system, and finding an analogous decom-
position for |ηi⟩, |η⊥i ⟩, once i is specified.

III. LOCALLY ADAPTIVE
MEASUREMENT OF TWO-DIMENSIONAL

MULTI-PARTITE SUBSPACES

A. Preliminaries: Measurement Disturbance
due to Incorrect Operations

When a measurement or operation is performed
on a system, it causes disturbance, which in general

2



is not reversible. In the scheme introduced below, we
will need to understand in which cases it is still pos-
sible to perform a specified operation once a system
has undergone disturbance as a result of an incorrect
operation. Suppose therefore that our aim is to per-
form the operation given by Eq. (1), but instead we
have performed the slightly different transformation:

Â′
0 =

(√
a′|0′⟩⟨0|+

√
b′|1′⟩⟨1|

)
,

Â′
1 =

(√
1− a′|0′′⟩⟨0|+

√
1− b′|1′′⟩⟨1|

)
. (3)

For which values of the parameters a′, b′ can we com-
plete the intended operation of Eq. (1)? If outcome
“0” is obtained, corresponding to the application of
Â′

0, note that an operation of the form

B̂0 =
√
α0

(√
a

a′
|0′⟩⟨0′|+

√
b

b′
|1′⟩⟨1′|

)
,

B̂1 =
√
α1

(√
1− a

a′
|0′′⟩⟨0′|+

√
1− b

b′
|1′′⟩⟨1′|

)
,(4)

is sufficient to produce an effect proportional to the
intended transformation B̂iÂ

′
0 ∝ Âi. Further, this

describes an allowed operation if we can find αi > 0

such that B̂†
0B̂0 + B̂†

1B̂1 = Î. Defining x = α0
a
a′ ,

y = α1
1−a
a′ , we thus require x, y ≥ 0 and:

x+ y = 1

x
b

a
+ y

1− b

1− a
=
b′

a′
. (5)

i.e. b′/a′ must be in the convex hull of b/a and
(1 − b)/(1 − a). The requirement that we can also
complete the transformation of Eq. (1) whenever
outcome “1” is obtained in the first operation places

a similar constraint on 1−b′

1−a′ . Supposing, without
loss of generality that a ≥ b, we therefore require

b

a
≤ b′

a′
≤ 1− b

1− a
,

b

a
≤ 1− b′

1− a′
≤ 1− b

1− a
. (6)

When both of these hold, the originally intended op-
eration can be completed, even after a related incor-
rect operation has initially been performed.
This has a simple physical interpretation: note

that for a′ ≃ b′ the Kraus operators A′
0, A

′
1 are

approximately proportional to the identity and do
not disturb the original state very much. As a′ and
b′ become more unequal, the initial operation causes
more disturbance to the initial state. The conditions
above thus have the physical interpretation that the
desired operation may be completed if and only if
each outcome of the incorrect operation causes less
disturbance than the desired operation.

B. Local Adaptive Measurement Protocol for
Arbitrary Two Outcome Operations

We now proceed to our main result, in which we
consider an arbitrary two-dimensional subspace of
a multi-partite system, and show that all measure-
ments on this subspace may be performed using
only local measurements and feed-forward of clas-
sical outcomes. We begin our discussion with the
simplest case, with just two subsystems A and B,
and in which A is two-dimensional, to simplify the
analysis. This is readily generalised, as we discuss
later. For any basis |0L⟩, |1L⟩ of our two-dimensional
subspace, there thus exists a decomposition of the
form:

|0L⟩ =
√
p|0⟩A|η0⟩B +

√
1− p|1⟩A|η1⟩B ,

|1L⟩ =
√
q|0⟩A|η⊥0 ⟩B +

√
1− q|1⟩A|η⊥1 ⟩B . (7)

We use the subscript L to represent “logical” as these
are not states of a single system, but encoded states
spanning a multi-partite subspace. We now show
how to generalize this decomposition for von Neu-
mann measurements to perform the arbitrary two
outcome operation given in Eq. (1), with parame-
ters a, b, on the subspace spanned by {|0L⟩, |1L⟩}.
Thus for the remainder of this section, we suppose
that the operation we intend to perform is given by:

Â0 =
(√

a|0′L⟩⟨0L|+
√
b|1′L⟩⟨1L|

)
,

Â1 =
(√

1− a|0′′L⟩⟨0L|+
√
1− b|1′′L⟩⟨1L|

)
, (8)

where a, b, {|0L⟩, |1L⟩} are arbitrary but given, and
{|0′L⟩, |1′L⟩}, {|0′′L⟩, |1′′L⟩} can be chosen in any con-
venient manner.

We assume without loss of generality that a ≥ b
and p ≥ q. To illustrate the basic idea, consider first
the case in which p = q, and suppose we measure
system A in basis |0⟩, |1⟩: given outcome “0”, an
arbitrary state α|0L⟩+ β|1L⟩ is updated to:

α
√
p|0⟩|η0⟩+ β

√
p|0⟩|η⊥0 ⟩ =

√
p|0⟩

(
α|η0⟩+ β|η⊥0 ⟩

)
(9)

Similarly, for outcome “1”, the resulting state is
given by:

√
1− p|1⟩

(
α|η1⟩+ β|η⊥1 ⟩

)
. In each case

the initial information, given by the co-efficients α
and β, is “teleported” into system B alone. Since it
is now in system B, over which we have local control,
any desired measurement may be performed.

At the other extreme, let us consider a case in
which p and q are maximally different:

|0L⟩ = |0⟩|η0⟩
|1L⟩ = |1⟩|η⊥1 ⟩. (10)
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Consider again an arbitrary initial state α|0L⟩ +
β|1L⟩, and suppose we apply the Kraus operator

K̂0 =
√
a|0⟩A⟨0|A +

√
b|1⟩A⟨1|A. The state of the

joint system is thus updated to:

α
√
a|0⟩|η0⟩+ β

√
b|1⟩|η⊥1 ⟩ (11)

=
(√

a|0L⟩⟨0L|+
√
b|1L⟩⟨1L|

)
(α|0L⟩+ β|1L⟩),

and the operation specified by Â0, Â1 may be
achieved through acting on A alone.
The general case is somewhere between these two

extremes: our general strategy will be to perform
some two outcome operation on system A, and con-
sider the effect on the subspace of interest. We will
then tailor the choice of measurement on A to en-
sure that the intended operation Â0, Â1 can be com-
pleted, either on A alone or through a subsequent
measurement on B. Consider therefore the effect of
a general operation on system A, described by the
following pair of Kraus operators:

K̂0 =
√
cP̂0 +

√
dP̂1,

K̂1 =
√
1− cP̂0 +

√
1− dP̂1. (12)

where P̂0 = |0⟩⟨0|, P̂1 = |1⟩⟨1|. The effect of K̂0 on
an arbitrary initial state is:

α|0L⟩+ β|1L⟩ → α
(√

c
√
p|0⟩|η0⟩+

√
d
√

1− p|1⟩|η1⟩
)

+β
(√

q
√
c|0⟩|η⊥0 ⟩+

√
d
√
1− q|1⟩|η⊥1 ⟩

)
= α

√
cp+ d(1− p)|0′L⟩

+β
√
cq + d(1− q)|1′L⟩, (13)

where

|0′L⟩ =
√

cp

cp+ d(1− p)
|0⟩|η0⟩

+

√
d(1− p)

cp+ d(1− p)
|1⟩|η1⟩,

|1′L⟩ =
√

cq

cq + d(1− q)
|0⟩|η⊥0 ⟩

+

√
d(1− q)

cq + d(1− q)
|1⟩|η⊥1 ⟩, (14)

that is, the effective Kraus operator on the subspace
of interest is

K̂eff,0 =
√
cp+ d(1− p)|0′L⟩⟨0L|

+
√
cq + d(1− q)|1′L⟩⟨1L|. (15)

Now, to perform a specified two-outcome operation,
given by Eq. (8), clearly we would like to choose c,

d such that a = cp + d(1 − p), b = cq + d(1 − q).
Solving for c and d in terms of a and b gives:

c =
1− q

p− q
a− 1− p

p− q
b, d =

−q
p− q

a+
p

p− q
b. (16)

This gives us an allowed operation if and only if
0 ≤ c, d ≤ 1. Note that c ≥ 0 and d ≤ 1 hold
by assumption for the chosen parameter orderings,
while c ≤ 1 and d ≥ 0 require

1− b

1− a
≤ 1− q

1− p
(17)

b

a
≥ q

p
(18)

respectively. Thus if both of these hold, the de-
sired operation can be performed on the information
stored in the joint system, through operations on A
alone, with the above choice of parameters c and d.
In general, of course, one or both of these may

not hold, and we conclude by showing that even
in this case, we can perform the desired operation,
but in general we must act on system B also. Sup-
pose therefore that inequality (17) does not hold,
but inequality (18) does hold. The above procedure
leads to a value of c which is greater than 1, and
therefore not physically realisable. Taking c = 1, we
can nevertheless choose d such that K̂eff,0 ∝ Â0; af-
ter a little algebra we find that this corresponds to
d = −qa+pb

(1−q)a−(1−p)b . It is readily verified that in this

case eqn (15) becomes:

K̂eff,0 =

√
p− q

(1− q)a− (1− p)b

(√
a|0′L⟩⟨0L|

+
√
b|1′L⟩⟨1L|

)
. (19)

Outcome “1” on system A is then given by K̂1 =√
1− dP̂1, with an effective action on the subspace

of interest given by:

K̂eff,1 =

√
a− b

(1− q)a− (1− p)b

(√
1− p|0′′L⟩⟨0L|

+
√

1− q|1′′L⟩⟨1L|
)

(20)

where |0′′L⟩ = |1⟩A|η1⟩B , |1′′L⟩ = |1⟩A|η⊥1 ⟩B . In case
of outcome “0” we are done, while in case of outcome
“1”, all the information is now contained in system
B, and as we have stipulated that inequality (17)
does not hold, it follows that

b

a
≤ 1− q

1− p
≤ 1− b

1− a
, (21)
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and the desired operation can be completed through
Kraus operators such as eqn (4), acting on sys-
tem B alone. The case in which inequality (17)
holds but inequality (18) does not is treated anal-
ogously, choosing d = 0, and c accordingly, so that
K̂eff,1 ∝ Â1. Finally, if neither inequality holds, the
measurement on A is a projective measurement in
which either outcome transforms the (partially dis-
torted) information into system B, where the desired
operation and any subsequent measurements may be
performed through acting on B alone. The strate-
gies are summarised in Table I.

Returning now to the general case, where A may
not be two-dimensional, we use again the decompo-
sition given in Eq (2). There are several ways of con-
structing the desired measurement in this case: per-
haps the most straight-forward is to directly gener-
alise the discussion above. Defining p =

∑
i|pi≥qi

pi,

q =
∑

i|pi≥qi
qi, and

P̂0 =
∑

i|pi≥qi

|i⟩⟨i|, P̂1 = ÎA − P̂0, (22)

generically, the first step is again a measurement on
A of the form eqn (12). For parameters satisfying
conditions (17) and (18), again this is sufficient. If
these are not satisfied then we choose the parameters
c and d as in Table I. In one or both cases system
A is projected into the subspace with projector ei-
ther P̂0 or P̂1, and is still entangled with system B.
We simply iterate the above step in this subspace of
A until either the desired operation is complete, or
the information is transferred (in general with some
distortion) to B.

Finally we note that at each step, either the de-
sired operation is completed through acting on A
alone or, after the operation, all the information is
transferred to system B, which is no longer entan-
gled with A. In the multi-partite case, we can con-
sider B to itself be made of two or more subsystems.
It is clear then that following operations on the ith
system, either the desired operation is completed, or
the entanglement between this system and all subse-
quent systems is broken, and the information pushed
along the chain of subsystems. Importantly, we do
not need to perform any operations on the (i+1)th
system until the ith system is no longer entangled
with the others. This ensures that any general op-
eration can be performed by local measurement and
feed-forward, and multiple rounds of classical com-
munication are not needed.

C. Example

To illustrate the ideas outlined above we present
an example of performing a POVM measurement on
information encoded in a two-dimensional subspace
of a two-qubit system. We consider the BB84 mea-
surement in which the parties wish to perform a mea-
surement in either the eigenbasis of σ̂z or that of σ̂x
of a qubit [61]. Here our intention is not to present
an application (we discuss an application to secret
sharing in the next section), but rather to present a
purely pedagogical example in order to show in de-
tail the construction outlined above in a particular
case. We choose the BB84 measurement as a simple
and well-known example of a four outcome measure-
ment on information encoded in a two-dimensional
Hilbert space. We begin by constructing a decompo-
sition of the POVM measurement into two outcome
operations, and then show how to implement this in
a specific encoding of a qubit into a physical two-
qubit system.

Thus, consider a single qubit with computational
basis states |0⟩, |1⟩, and where as usual the eigenba-
sis of σ̂x is given by |±⟩ = 1√

2
(|0⟩ ± |1⟩). We wish

to perform the measurement:

π̂00 =
1

2
(|0⟩⟨0|) ,

π̂01 =
1

2
(|+⟩⟨+|) ,

π̂10 =
1

2
(|1⟩⟨1|) ,

π̂11 =
1

2
(|−⟩⟨−|) . (23)

In the BB84 protocol [61], outcomes 00 and 01 corre-
spond to bit values of 0, while 10 and 11 correspond
to bit values of 1. Clearly outcomes 00 and 10 corre-
spond to z-basis measurements, while 01 and 11 to
x-basis measurements. Thus the measurement re-
turns two bits, the first of which corresponds to the
bit value, the second to the basis. The sender and
receiver agree on the shared bit value with certainty
only if the measurement basis agrees with the basis
used for encoding.

One way to perform this measurement is to choose
at random between the z-basis and the x-basis, and
perform a von Neumann measurement in the chosen
basis. For our purposes however, to illustrate the
decomposition of general POVMs into two outcome
operations, we consider instead grouping outcomes
as follows in the first step: π̂′

0 = π̂00 + π̂01, π̂
′
1 =

π̂10 + π̂11. The full decomposition then proceeds as
follows: in the first step we perform the two outcome

5



1−b
1−a

≤ 1−q
1−p

1−b
1−a

≥ 1−q
1−p

b
a
≤ q

p

c = a−b
p(1−b)−q(1−a)

, d = 0 c = 1, d = 0

Outcome 1 requires operation on B Both outcomes require operation on B

b
a
≥ q

p

c = 1−q
p−q

a− 1−p
p−q

b, d = −q
p−q

a + p
p−q

b c = 1, d = −qa+pb
(1−q)a−(1−p)b

No operation necessary on B Outcome 0 requires operation on B

TABLE I. Strategies for local measurement. In each case, the first step is an operation on system A of the form
K0 =

√
cP̂0 +

√
dP̂1,K1 =

√
1 − cP̂0 +

√
1 − dP̂1. The table gives the choice of parameters c, d, and the cases in

which further operations on system B are required, for different relationships between the parameters a, b, p, q.

operation:

Â0 = Û0π̂
′1/2
0 , Â1 = Û1π̂

′1/2
1 , (24)

where Û0, Û1 may be chosen in any convenient
manner. Given outcome i = 0, 1 at the first step
we then perform one of two possible measurements

{Π̂(i)
0 , Π̂

(i)
1 }, in the second step, defined as:

Π̂
(0)
0 = Û0π̂

′−1/2
0 π̂00π̂

′−1/2
0 Û†

0

Π̂
(0)
1 = Û0π̂

′−1/2
0 π̂01π̂

′−1/2
0 Û†

0

Π̂
(1)
0 = Û1π̂

′−1/2
1 π̂10π̂

′−1/2
1 Û†

1

Π̂
(1)
1 = Û1π̂

′−1/2
1 π̂11π̂

′−1/2
1 Û†

1 (25)

Note that both π̂′
0 and π̂

′
1 are full rank, so the inverse

is well-defined in each case. For each i the operators

Π̂
(i)
0 , Π̂

(i)
1 are positive and sum to the identity, by

construction. The probability of obtaining outcome
ij (i.e. outcome i in the first step, and j in measure-

ment {Π̂(i)
j } in the second step) on a measurement

on arbitary state |ψ⟩ is:

P(ij|ψ) = ⟨ψ|Â†
i Π̂

(i)
j Âi|ψ⟩ = ⟨ψ|π̂ij |ψ⟩, (26)

showing that this two step procedure is a valid de-
composition of the measurement {π̂ij}. This strat-
egy corresponds to determining the bit value in the
first step, and the basis in the second step.

To construct the measurements {Π̂(i)
j } it will be

convenient to work in the eigenbasis of π̂′
0, π̂

′
1, and

we begin by expressing these in the Bloch sphere
picture:

π̂′
0 =

1

2
|0⟩⟨0|+ 1

2
|+⟩⟨+|

=
1

4
(Î + σ̂z) +

1

4
(Î + σ̂x)

=
1

2

(
Î +

1√
2
σ̂π/4

)
, (27)

where σ̂π/4 = 1√
2
σ̂z + 1√

2
σ̂x. This is intermediate

between x and z, as shown in Fig. 1 on the Bloch

sphere, with eigenvectors:

|B0⟩ = cos
π

8
|0⟩+ sin

π

8
|1⟩

|B1⟩ = − sin
π

8
|0⟩+ cos

π

8
|1⟩. (28)

This basis is known as the Breidbart basis [62, 63],
and is a well known attack on the BB84 protocol. In

FIG. 1. The x-z plane of the Bloch sphere, showing the
Breidbart basis states |B0⟩, |B1⟩, intermediate between
the x and z bases.

the Breidbart basis, the BB84 states and measure-
ments are given by:

|0⟩ = cos
π

8
|B0⟩ − sin

π

8
|B1⟩,

|+⟩ = cos
π

8
|B0⟩+ sin

π

8
|B1⟩,

|1⟩ = sin
π

8
|B0⟩+ cos

π

8
|B1⟩,

|−⟩ = sin
π

8
|B0⟩ − cos

π

8
|B1⟩. (29)

The eigenvalues of σ̂π/4 are ±1, thus the eigenvalues
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of π̂′
0 are 1

2 (1±
1√
2
). A little algebra thus shows that

π̂′
0 = cos2

π

8
|B0⟩⟨B0|+ sin2

π

8
|B1⟩⟨B1|

π̂′
1 = sin2

π

8
|B0⟩⟨B0|+ cos2

π

8
|B1⟩⟨B1|, (30)

giving

π̂
′−1/2
0

(
1√
2
|0⟩
)

=
1√
2
(|B0⟩ − |B1⟩) ,

π̂
′−1/2
0

(
1√
2
|+⟩
)

=
1√
2
(|B0⟩+ |B1⟩) ,

π̂
′−1/2
1

(
1√
2
|1⟩
)

=
1√
2
(|B0⟩+ |B1⟩) ,

π̂
′−1/2
1

(
1√
2
|−⟩
)

=
1√
2
(|B0⟩ − |B1⟩) . (31)

Thus the measurements in the second step

{Π̂(i)
j }, are projective measurements in the bases

Ûi

(
1√
2
(|B0⟩ ± |B1⟩)

)
.

Thus we have outlined a two-step implementation
of the BB84 measurement, using operations of the
form given in Eq. (1). We now suppose that the sin-
gle qubit is encoded in a two dimensional subspace
of a two-qubit system, spanned by states |0L⟩, |1L⟩
with a decomposition such as that given in Eq. (7).
We take this to be the Breidbart basis of the encoded
qubit, and we further choose p = 1− q = cos2 π

8 , so
that:

|0L⟩ = cos
π

8
|0⟩A|η0⟩B + sin

π

8
|1⟩A|η1⟩B

|1L⟩ = sin
π

8
|0⟩A|η⊥0 ⟩B + cos

π

8
|1⟩A|η⊥1 ⟩B , (32)

where {|η0⟩B , |η⊥0 ⟩B}, {|η1⟩B , |η⊥1 ⟩B} are arbitrary
but non-identical orthonormal bases of system B, a
qubit. Note that, with this choice of p, q, a mea-
surement in the {|0⟩, |1⟩} basis of system A directly

gives an implementation of Â0, Â1 from Eq. (24).
Explicitly, given outcome “0”, an arbitrary state
|ψ⟩AB = α|0L⟩+ β|1⟩L is updated to:

|0⟩A(α cos
π

8
|η0⟩B + β sin

π

8
|η⊥0 ⟩B) = Û0π̂

1/2
0 |ψ⟩AB

(33)

where Û0 is defined such that Û0|0L⟩ = |0⟩A|η0⟩B ,
Û0|1L⟩ = |0⟩A|η⊥0 ⟩B . Similarly it is readily seen that

outcome “1” gives an implementation of Â1.
The strategy to perform the BB84 measurement

on this subspace is then straight-forward: measure
system A in the {|0⟩, |1⟩} basis; given outcome i =
0, 1 measure system B in the 1√

2

(
|ηi⟩ ± |η⊥i ⟩

)
basis.

Thus, the implementation of POVM {π̂ij} is given
by:

π̂00 = (|0⟩⟨0|)A

(
1

2

(
|η0⟩ − |η⊥0 ⟩

) (
⟨η0| − ⟨η⊥0 |

))
B

π̂01 = (|0⟩⟨0|)A

(
1

2

(
|η0⟩+ |η⊥0 ⟩

) (
⟨η0|+ ⟨η⊥0 |

))
B

π̂10 = (|1⟩⟨1|)A

(
1

2

(
|η1⟩+ |η⊥1 ⟩

) (
⟨η1|+ ⟨η⊥1 |

))
B

π̂11 = (|1⟩⟨1|)A

(
1

2

(
|η1⟩ − |η⊥1 ⟩

) (
⟨η1| − ⟨η⊥1 |

))
B

(34)

It is instructive to show this explicitly for one pos-
sible input state. Suppose the input state is the |0⟩
state, for which the BB84 measurement, Eq. (23),
gives outcome 00 with probability 1

2 , 01 or 11 with

probability 1
4 and never gives outcome 10. Accord-

ing to Eq. (29) this will be encoded in the two-qubit
system as the state:

|0⟩ → cos
π

8
|0L⟩ − sin

π

8
|1L⟩

= |0⟩A
(
cos2

π

8
|η0⟩B − sin2

π

8
|η⊥0 ⟩B

)
+cos

π

8
sin

π

8
|1⟩A

(
|η1⟩B − |η⊥1 ⟩B

)
. (35)

For the measurement in Eq. (34) we obtain:

P(00) =
1

2

(
cos2

π

8
+ sin2

π

8

)2
=

1

2

P(01) =
1

2

(
cos2

π

8
− sin2

π

8

)2
=

1

2
cos2

π

4
=

1

4
P(10) = 0

P(11) =
1

2

(
2 cos

π

8
sin

π

8

)2
=

1

2
sin2

π

4
=

1

4
(36)

as required. Note that in this implementation the
measurement on the first qubit reveals the bit value,
and that on the second qubit gives the basis.

Here we have carefully chosen the parameters of
this example to enable a simple implementation. In
a slight generalisation, suppose instead that

|0L⟩ = cosϕ|0⟩A|η0⟩B + sinϕ|1⟩A|η1⟩B
|1L⟩ = sinϕ|0⟩A|η⊥0 ⟩B + cosϕ|1⟩A|η⊥1 ⟩B , (37)

thus p = 1− q = cos2 ϕ. As before we take these to
be the Breidbart basis for our encoded qubit, and the
first step of the measurement is given by Eq. (30),
corresponding to a transformation of the form Eq.
(8) with a = cos2 π

8 , b = sin2 π
8 . For these parameter
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values we find

q

p
<
b

a
<

1− b

1− a
<

1− q

1− p
, ϕ <

π

8

b

a
≤ q

p
≤ 1− q

1− p
≤ 1− b

1− a
, ϕ ≥ π

8
. (38)

Referring to Table I we thus see that for ϕ < π
8 it

is always possible to choose parameters so that an
operation on A alone is enough to complete the first
step. This will be an operation of the form Eq. (12),
diagonal in the {|0⟩, |1⟩} basis of A, with the param-
eters c, d chosen as in Eq. (16). Following this the
information is still contained in a joint subspace of
systems A and B, spanned by states of the form Eq.
(14). The second step is a projective measurement,
as in Eq. (31), and is readily implemented using the
original Walgate decomposition, Eq. (2). For ϕ ≥ π

8
a projective measurement on system A, as above, is
less disturbing overall than the required transforma-
tion of the first step. Thus we simply measure in the
{|0⟩, |1⟩} basis of A; all the information is transferred
to system B, and the measurement can subsequently
be completed through action on B alone.

IV. APPLICATION: QUANTUM SECRET
SHARING

A. Quantum information splitting:
background and modified protocol

We have shown that if quantum information is
encoded in two dimensions, even if these are spread
across multiple systems, any allowed measurement
can be performed using only local measurements and
feed-forward between parties. One implication of
this is that if the state of a single qubit is split be-
tween multiple parties e.g. in a quantum secret shar-
ing scheme, any measurement on this qubit state can
be performed through the parties working together,
each making separate measurements in their own
labs, and communicating the results. We describe
a slight twist on a well known quantum information
splitting protocol in which no receiving party ever
has access to the full state, but any desired mea-
surement may be implemented by the parties work-
ing together.
In a secret sharing scheme the sender, Alice,

wishes to distribute information to two or more re-
ceivers. She suspects that some of the receivers may
be dishonest, but doesn’t know which ones, and by
forcing them to work together is assured they will
behave honestly as the dishonest parties will not

wish to reveal their treachery to the honest parties.
Quantum secret sharing schemes use quantum me-
chanics to aid sharing either classical or quantum
secrets. In the quantum information splitting pro-
tocol from [51], a scheme to share quantum secrets,
the sender, Alice, shares a GHZ state:

|GHZ⟩ = 1√
2
(|000⟩+ |111⟩) (39)

with Bob and Charlie, the receivers. Alice uses tele-
portation to transfer the state of a qubit initially in
her lab to the joint subspace of Bob and Charlie’s
systems spanned by the states {|00⟩, |11⟩}. Specifi-
cally, Alice starts with her initial state α|0⟩ + β|1⟩,
and makes a Bell basis measurement on this state
and her qubit of the GHZ state. Depending on the
outcome of her measurement, the joint Bob-Charlie
system collapses into one of the states

α|00⟩ ± β|11⟩, β|00⟩ ± α|11⟩. (40)

Alice chooses one of the receivers at random, say
Charlie to receive the final state, and the other party,
Bob, performs a measurement in the basis |±⟩ =
1√
2
(|0⟩ ± |1⟩). Charlie’s system is left in one of the

states:

α|0⟩ ± β|1⟩, β|0⟩ ± α|1⟩. (41)

depending on both the results of Alice’s and of Bob’s
measurement. Alice and Bob both communicate
their measurement results to Charlie, enabling him
to reconstruct the initial state by applying appropri-
ate correction operators.

Security against eavesdroppers is ensured by
checking some subset of states for errors, and against
cheating by Bob or Charlie by Alice’s ability to
choose which party receives the state: if Bob in-
tercepts both qubits and sends something else on to
Charlie, he will not be detected in the instances in
which Alice chooses Bob to receive the state, but
will cause errors in the cases in which Alice chooses
Charlie.

Note that without Alice’s measurement result the
joint state is maximally mixed in the {|00⟩, |11⟩}
subspace, and neither Bob nor Charlie have any in-
formation about the state. If Charlie knows Alice’s
measurement result but not Bob’s, his state is de-
scribed by one of the reduced density operators:

ρC = |α|2|0⟩⟨0|+|β|2|1⟩⟨1|, ρC = |β|2|0⟩⟨0|+|α|2|1⟩⟨1|
(42)

In each case Charlie has full information about the
computational basis, but the phase information is
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completely unknown. Only once he receives Bob’s
measurement result can he fully reconstruct the
state. Thus the receiving parties are forced to work
together to extract the quantum information. Once
the protocol is complete however, the full qubit state
is held by one or other of the receiving parties who
can perform any desired operations without the co-
operation of the other.

We propose a slight twist on this well-established
protocol, in which Alice, Bob and Charlie share the
entangled state:

|Ψ⟩ABC =
1√
2
(|0⟩A|χ0⟩BC + |1⟩A|χ1⟩BC) (43)

where |χ0⟩BC , |χ1⟩BC are joint two-qubit states of
Bob and Charlie’s system which are orthogonal, but
in general are not product states. After Alice’s Bell
basis measurement on her qubits, Bob and Charlie’s
systems are left in one of the joint states:

α|χ0⟩BC ± β|χ1⟩BC , β|χ0⟩BC ± α|χ1⟩BC , (44)

depending on the outcome of measurement. Once
Alice announces her measurement result, Bob and
Charlie know in which of the possibilities the in-
formation is encoded, and can perform any desired
measurement through local measurements on their
subsystems and feed-forward. Further, this can be
achieved regardless of which party measures first,
and we can assume as before that to prevent cheat-
ing Alice chooses which party measures first.

We suggest, and prove below, two modest poten-
tial advantages of this scheme: that for a range of
choices of |χ0⟩, |χ1⟩ there is no measurement on
Bob’s side that perfectly transfers the state to Char-
lie (or vice-versa); and that there is no basis about
which either Bob or Charlie have perfect informa-
tion without the co-operation of the other. Thus
neither party can ever have full access to the state,
and both must cooperate to extract classical infor-
mation about the state.

This does not allow the parties to perform any op-
erations which really require access to the quantum
information, e.g. in which the state is subsequently
used as input to a quantum register, or forwarded via
teleportation to another party, but does enable any
physically allowed measurement to be made on the
qubit state, which need not be declared in advance.
In this sense it is intermediate between quantum se-
cret sharing protocols which share a purely classical
secret and those which distribute quantum informa-
tion.

B. Technical details

We will use, as before, the decomposition Eq. (7)
for the states of the Bob-Charlie system:

|χ0⟩ =
√
p|0⟩B |η0⟩C +

√
1− p|1⟩B |η1⟩C ,

|χ1⟩ =
√
q|0⟩B |η⊥0 ⟩C +

√
1− q|1⟩B |η⊥1 ⟩C , (45)

assuming again without loss of generality that p ≥ q.
Note that in the case p = q we know that the full
quantum information can be teleported from Bob to
Charlie, as shown in Eq. (9). We thus assume that
p ̸= q. Note also that if both states are product
states, such as the case in Eq. (10), then they are
locally orthogonal for at least one party, and it fol-
lows that this party can obtain perfect information
about the {|χ0⟩, |χ1⟩} basis, without the coopera-
tion of the other. We thus assume that at least one
of the states is entangled, which corresponds to re-
quiring that |η0⟩ ̸= |η1⟩, and also to ruling out the
case p = 1, q = 0.

We begin by showing that generically, for any
choice of |χ0⟩, |χ1⟩ satisfying these conditions, in
any joint measurement scheme Bob never perfectly
transfers the state to Charlie.

Proof: An arbitrary shared state in the subspace
spanned by these |χ0⟩, |χ1⟩ is given by

α|χ0⟩BC + β|χ1⟩BC

= |0⟩B
(
α
√
p|η0⟩C + β

√
q|η⊥0 ⟩C

)
(46)

+|1⟩B
(
α
√

1− p|η1⟩C + β
√
1− q|η⊥1 ⟩C

)
.

It is convenient to re-write this as:

α|χ0⟩BC + β|χ1⟩BC = |0⟩B
(
Û0K̂0|ψ⟩C

)
+|1⟩B

(
Û1K̂1|ψ⟩C

)
(47)

where Û0, Û1, K̂0, K̂1 are operators on Charlie’s
system alone given by:

Û0 = |η0⟩⟨0|+ |η⊥0 ⟩⟨1| (48)

Û1 = |η1⟩⟨0|+ |η⊥1 ⟩⟨1| (49)

K̂0 =
√
p|0⟩⟨0|+√

q|1⟩⟨1| (50)

K̂1 =
√
1− p|0⟩⟨0|+

√
1− q|1⟩⟨1| (51)

and |ψ⟩ is a state of Charlie’s system alone, defined
as |ψ⟩ = α|0⟩+β|1⟩. Perfect transfer of the quantum
information from the joint system to Charlie’s alone
is achieved if and only if the state |ψ⟩ can be re-
created in Charlie’s system, through measurement
on Bob’s system. Note that neither Bob nor Char-
lie have performed any operations yet, Eq. (47) is
merely a convenient re-writing of the state.

9



We can restrict to rank one measurements on
Bob’s system, as higher rank outcomes leave Char-
lie’s system entangled with Bob’s in general. Thus,
if Bob obtains a measurement outcome proportional
to a projector onto the state |ϕ⟩, then Charlie’s sys-
tem is left in the state(

⟨ϕ|0⟩Û0K̂0 + ⟨ϕ|1⟩Û1K̂1

)
|ψ⟩. (52)

Defining K̂ϕ = ⟨ϕ|0⟩Û0K̂0 + ⟨ϕ|1⟩Û1K̂1, Charlie’s
(non-normalized) final state is given by |ψf ⟩ =

K̂ϕ|ψ⟩.
Noting that Charlie may perform a unitary cor-

rection operation, this procedure successfully trans-
fers the state to Charlie’s system alone if and only
if K̂ϕ is proportional to a unitary operator, i.e. if

K̂†
ϕK̂ϕ ∝ Î. Noting that K̂0, K̂1 are Hermitian, we

find:

K̂†
ϕK̂ϕ = |⟨ϕ|0⟩|2K̂2

0 + ⟨0|ϕ⟩⟨ϕ|1⟩K̂0Û
†
0 Û1K̂1

+⟨1|ϕ⟩⟨ϕ|0⟩K̂1Û
†
1 Û0K̂0 + |⟨ϕ|1⟩|2K̂2

1(53)

Choosing the basis in which K̂0, K̂1 are diagonal,
we require:

⟨0|K̂†
ϕK̂ϕ|0⟩ = ⟨1|K̂†

ϕK̂ϕ|1⟩,

⟨0|K̂†
ϕK̂ϕ|1⟩ = ⟨1|K̂†

ϕK̂ϕ|0⟩ = 0. (54)

Considering first the off-diagonal elements, sim-
plifying the latter condition gives:

⟨0|ϕ⟩⟨ϕ|1⟩√p
√
1− q⟨η0|η⊥1 ⟩

+⟨1|ϕ⟩⟨ϕ|0⟩
√
1− p

√
q⟨η1|η⊥0 ⟩ = 0 (55)

Note that in two dimensions |⟨η0|η⊥1 ⟩| = |⟨η1|η⊥0 ⟩|,
and we can always choose |ϕ⟩ such that

⟨0|ϕ⟩⟨ϕ|1⟩⟨η0|η⊥1 ⟩ = −⟨1|ϕ⟩⟨ϕ|0⟩⟨η1|η⊥0 ⟩ (56)

Thus the requirement becomes:

⟨0|ϕ⟩⟨ϕ|1⟩⟨η0|η⊥1 ⟩
(√

p
√

1− q −√
q
√

1− p
)
= 0

(57)
This is satisfied if any of the following hold: ⟨0|ϕ⟩ =
0, ⟨1|ϕ⟩ = 0, ⟨η0|η⊥1 ⟩ = 0, or p = q. Note that
⟨η0|η⊥1 ⟩ = 0 implies |η0⟩ = |η1⟩. As we have ruled
out this case, along with the case p = q, the only
possibilities are ⟨0|ϕ⟩ = 0, or ⟨1|ϕ⟩ = 0. From Eq.

(53) these cases correspond respectively to K̂†
ϕK̂ϕ

equal to K̂2
0 or K̂2

1 , neither of which is proportional
to the identity for p ̸= q. Thus we conclude that
the quantum information cannot be perfectly trans-
ferred to Charlie through a measurement on Bob’s
system.

The second advantage, which we prove next, is
that Charlie does not have complete information
about any basis without Bob’s cooperation.

Proof: We again use Eq. (47), from which we
find that the reduced density operator for C alone
is given by:

ρ̂C = Û0K̂0|ψ⟩⟨ψ|K̂0Û
†
0 + Û1K̂1|ψ⟩⟨ψ|K̂1Û

†
1 . (58)

Charlie can apply an arbitrary unitary correction
operator, which we denote V̂ , and complete infor-
mation about a basis {|ϕ⟩, |ϕ⊥⟩} is therefore avail-
able to Charlie without the cooperation of Bob if
and only if there is a choice of V̂ such that

P(ϕ) = ⟨ϕ|V̂ ρ̂C V̂ †|ϕ⟩ = |⟨ϕ|ψ⟩|2,
P(ϕ⊥) = ⟨ϕ⊥|V̂ ρ̂C V̂ †|ϕ⊥⟩ = |⟨ϕ⊥|ψ⟩|2. (59)

It is convenient to re-write the condition for |ϕ⟩ as
P(ϕ) = ⟨ψ|E (|ϕ⟩⟨ϕ|) |ψ⟩ where:

E(|ϕ⟩⟨ϕ|) = K̂0Û
†
0 V̂

†|ϕ⟩⟨ϕ|V̂ Û0K̂0

+K̂1Û
†
1 V̂

†|ϕ⟩⟨ϕ|V̂ Û1K̂1. (60)

It follows that P(ϕ) is preserved for all initial states
|ψ⟩ if and only if E (|ϕ⟩⟨ϕ|) = |ϕ⟩⟨ϕ|, which in turn
requires

K̂0Û
†
0 V̂

†|ϕ⟩ ∝ K̂1Û
†
1 V̂

†|ϕ⟩ ∝ |ϕ⟩, (61)

with an equivalent requirement for |ϕ⊥⟩. Noting
that we have previously ruled out the case p = 1,
q = 0, it follows that at least one of K̂0 or K̂1 is full
rank. Let us suppose K̂1 is full rank, and therefore
invertible. Applying Û1K̂

−1
1 we require:

Û1K̂
−1
1 K̂0Û

†
0

(
V̂ †|ϕ⟩

)
∝ V̂ †|ϕ⟩

Û1K̂
−1
1 K̂0Û

†
0

(
V̂ †|ϕ⊥⟩

)
∝ V̂ †|ϕ⊥⟩. (62)

In other words both V̂ †|ϕ⟩ and V̂ †|ϕ⊥⟩ are eigenvec-
tors of the operator N̂ = Û1K̂

−1
1 K̂0Û

†
0 . As these are

orthonormal, this is only possible if N̂ is a normal
operator, i.e. commutes with its Hermitian conju-
gate:

[N̂ , N̂†] = Û1K̂
−1
1 K̂2

0K̂
−1
1 Û†

1 − Û0K̂0K̂
−2
1 K̂0Û

†
0

=

(
p

1− p
|η1⟩⟨η1|+

q

1− q
|η⊥1 ⟩⟨η⊥1 |

)
−
(

p

1− p
|η0⟩⟨η0|+

q

1− q
|η⊥0 ⟩⟨η⊥0 |

)
= 0. (63)

This can only hold if |η0⟩ = |η1⟩; or if both |η0⟩ =
|η⊥1 ⟩ and p = q. Both these cases are excluded, and
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we thus conclude that for a generic choice of |χ0⟩,
|χ1⟩, excluding the cases outlined previously, there is
no basis about which Charlie has perfect information
without Bob’s cooperation.
Note that there will always be some measurements

that can be completed by one party alone; if the
measurement is weak enough, as we have seen ear-
lier, it can be completed by the first party alone.
Nonetheless, for any strong (rank one) measure-
ment the parties are forced to co-operate, and the
two parties obtain complementary information. The
amount of information obtained by each party de-
pends on the particular measurement and the cho-
sen basis for encoding |χ0⟩, |χ1⟩. Optimal choices of
|χ0⟩, |χ1⟩, e.g. to ensure the information is shared
as evenly as possible are left for future study.

V. DISCUSSION

In this paper we have shown that any measure-
ment on a two-dimensional subspace can be per-
formed using the simplest possible local measure-
ment scheme, requiring only local measurements and
classical feed-forward. This has practical signifi-
cance as such measurements, requiring neither joint
operations nor quantum memory, can be readily
performed with current technologies in a range of
physical systems. This is a generic feature of two-
dimensional subspaces only, but it would be interest-
ing to find non-trivial examples of completely locally
measurable subspaces of dimension higher than two.
We have also given an application to secret sharing,
in which the qubit is never transferred to just one
party, but measurements are performed in coopera-
tion, and some information about the measurement
result is available to each party.
Few general statements can be made about tasks

that are possible with only local measurements, de-
spite the fact that this question has seen much study
[4–7, 11–50]. It is known that optimal discrimina-
tion, or hypothesis testing, of any two pure states
may be performed locally [5, 15–17, 22]. For more
than two hypotheses, there are limited examples for
which local measurements can achieve optimal per-
formance [14, 35–37, 40, 43, 48]. Our work implies
that as long as the states span only two dimensions,
optimal performance may be achieved locally for any
number of hypotheses. It also proves that there can
be no non-locality in the discrimination of two pure
states, according to any conceivable figure of merit,
which was left as an open question in [22].

There exist subspaces of composite quantum sys-
tems containing no product states [64–67], so-called
completely entangled subspaces. It is interesting to
note that since all two dimensional subspaces are
completely locally measurable, and subspaces of suf-
ficiently small dimension are generically completely
entangled [67], almost all two-dimensional subspaces
have both properties. Thus two-dimensional sub-
spaces seem to be rather special: they are forbidden
from displaying one facet of quantum non-locality,
while maximally embodying the other.
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