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This note describes moduli spaces of complexes in the derived category of a Veronese 
double cone Y . Focusing on objects with the same class κ1 as ideal sheaves of 
lines, we describe the moduli space of Gieseker stable sheaves and show that it 
has two components. Then, we study the moduli space of stable complexes in the 
Kuznetsov component of Y of the same class, which also has two components. One 
parametrizes ideal sheaves of lines and it appears in both moduli spaces. The other 
components are not directly related by a wall-crossing: we show this by describing 
an intermediate moduli space of complexes as a space of stable pairs in the sense of 
Pandharipande and Thomas.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article 
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1. Introduction

Let Y be a Fano threefold of Picard rank 1 and index 2, that is Pic (Y ) = 〈H〉 with −KY ∼ 2H ample. The 
manifold Y belongs to one of five families of deformations, indexed by their degree d := H3 ∈ {1, ..., 5} [10]. 
For all values of d, Db(CohY ) admits a triangulated subcategory Ku(Y ) - called the Kuznetsov component 
of Y [12] - which is the right orthogonal to an exceptional pair of line bundles.

The numerical Grothendieck group N(Ku(Y )) ⊂ N(Db(Y )) is a rank 2 lattice generated by the classes1

κ1 = 1 − H2

d
and κ2 = H − H2

2 − (6 − d)H3

6d .

* Corresponding author.
E-mail addresses: petkovic@math.utah.edu (M. Petković), franco.rota@glasgow.ac.uk (F. Rota).

1 We will use H to also indicate the class [H] in the numerical Grothendieck group and the Chern character ch(H) in the 
cohomology ring.
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Here we work with Y general of degree 1. In this case, Y is a hypersurface of degree 6 in the weighted 
projective space P (1, 1, 1, 2, 3) and is called a Veronese double cone. This paper studies moduli spaces of 
objects of class κ1: these are closely related to the geometry of lines in Y , since ideal sheaves of lines in Y
have class κ1.

Our first result is a description of the Hilbert scheme of lines in Y , denoted Hilb(Y, t + 1).

Theorem 1.1 (= (3.5) + (3.7)). Hilb(Y, t + 1) is isomorphic to the moduli space MG(κ1) of Gieseker-stable 
sheaves of class κ1.

It has two irreducible components M1 and M2. M1 is a smooth surface compactifying the locus of ideals 
of lines of Y . M2 has dimension 5 and its general points parametrize genus 1 curves union a point. It is 
smooth outside the intersection with M1. Points in M1 ∩M2 parametrize singular rational curves with an 
embedded point at the singularity.

The first very ample multiple of H is 3H, so M2 is analogous to the extra component in the Hilbert 
scheme of twisted cubics in projective space [20].

Two irreducible components also appear in moduli spaces of complexes in Ku(Y ). A general construction 
of Bayer, Lahoz, Macrí, and Stellari yields a stability condition σ on Ku(Y ) [3]. Therefore, moduli spaces 
of σ-semistable complexes in Ku(Y ) of class v are defined, and denoted Mσ(v). Combined with the rotation 
autoequivalence introduced in [14, Sec. 3.3], a construction of [23] induces isomorphisms of moduli spaces of 
σ-stable complexes in Ku(Y ) of different classes. When applied to the Veronese double cone, this isomorphism 
identifies Mσ(κ1) with Mσ(κ2), which has been studied in [1] and has a component M3 isomorphic to Y
itself.

Theorem 1.2 (= (4.6)). Let Y be a general smooth Veronese double cone. The moduli spaces Mσ(κ1), Mσ(κ2)
and Mσ(κ2−κ1) are isomorphic. They have two irreducible components M1 and M3, isomorphic respectively 
to the 2-dimensional component of MG(κ1) and to Y itself.

The objects parametrized by M3 are described explicitly in Section 4 and they are related to projections 
of skyscraper sheaves of points to Ku(Y ).

The moduli spaces MG(κ1) and Mσ(κ1) are related by deformations of (weak) stability conditions and 
wall-crossing. The interpolating stability conditions σα,β and σ0

α,β yield moduli spaces denoted respectively 
by M0

α,β(κ1) and Mα,β(κ1). Theorem 5.1 describes them set-theoretically, by classifying complexes that are 
stable for σα,β and σ0

α,β . As a consequence, σ0
α,β-semistable complexes can be interpreted as quotients of 

OY of class κ1, in a perverse (repeatedly tilted) heart on Y (Proposition 6.3). We also obtain the following 
moduli-theoretic description, which relates M0

α,β(κ1) and the moduli space P (κ1) of Pandharipande-Thomas 
stable pairs of class κ1 [22].

Theorem 1.3 (= (5.1) + (6.1)). The space Mα,β(κ1) coincides with MG(κ1).
The space M0

α,β(κ1) is identified with P (κ1), so it is a projective scheme. It contains M1 and a second 
irreducible component M̃3, which is the blow-up of M3 � Y at a point.

In summary, the spaces

Hilb(Y, t + 1) � MG(κ1) � Mα,β(κ1)

have two irreducible components M1 and M2, whose generic points parametrize lines and genus 1 curves 
union a point respectively. In the space M0

α,β � P (κ1) the component M2 is traded off with M̃3, which is 
related to projections of points to Ku(Y ) and is a blow-up of M3 � Y ⊂ Mσ(κ1) = M1 ∪M3.
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Related works and remarks

For degrees d > 1, [23] shows that the spaces Hilb(Y, t + 1) and Mσ(κ1) are isomorphic. They both 
coincide with an irreducible surface (smooth for d ≥ 3), called the Fano surface of lines of Y .2 Thus, the 
appearance of a second component is special to degree 1. As mentioned above, this is linked to neither H
nor 2H being very ample for Veronese double cones.

The unusual behavior of M0
α,β also appears only in degree 1. In fact, the authors of [23] show that the 

moduli spaces M0
α,β(κ1) and Mα,β(κ1) are all isomorphic to Mσ(κ1) for d > 1. The same happens for moduli 

spaces of class κ2 - studied for all degrees in [1] - and in the context of cubic fourfolds as well [3].
It is worth remarking that, in the cases of d > 1 and of cubic fourfolds, the heart A(α, β) of the stability 

condition σ has dimension ≤ 2, which is linked to results of smoothness of moduli spaces (e.g. in [23, Theor. 
1.2]) and is crucial to prove categorical Torelli theorems.3 As shown in Remark 4.5, however, A(α, β) has 
dimension 3 in degree 1.

More recently, the works [24] and [17] study moduli spaces of non-primitive classes and relate them to 
instanton bundles on Y .

Structure of the paper

After introducing preliminary notions in Section 2, we study the Hilbert scheme of lines on a Veronese 
double cone in Section 3. Section 4 is dedicated to the description of the moduli space Mσ(κ1). Section 5
contains the classification of semistable objects for the interpolating weak stability conditions, and Section 6
contains the description of the moduli space of stable pairs.

Acknowledgements

We are grateful to Laura Pertusi, Song Yang, Aaron Bertram and Arend Bayer for the fruitful discus-
sions on these topics. Both authors were partially supported by NSF-FRG grant DMS 1663813, PI: Aaron 
Bertram.

2. Preliminaries

2.1. Stability conditions

Here we give a short review of Bridgeland stability conditions, with the main purpose of fixing the 
notation for what follows. We direct the interested reader to the seminal work of Bridgeland [6] and to the 
survey [19] and references therein for a thorough description.

Definition 2.1. Let A be an abelian category and let K(A) be its Grothendieck group. A (weak) stability 
function is a group homomorphism Z : K(A) → C such that


Z(E) > 0 or 
Z(E) = 0 and �Z(E) < (≤)0

for any 0 �= E ∈ A. To a (weak) stability function Z, we associate a slope function

2 The statements about the Hilbert scheme are classical, see for example [11, §2.2] and references therein. The isomorphism 
between Hilb(Y, t + 1) and Mσ(κ1) is [23, Theor. 1.1]. If d = 1, the closure of the locus of smooth lines in Hilb(Y, t + 1) is a 
projective irreducible scheme, given by a smooth surface with an embedded curve [27, Theor. 4].
3 These are reconstruction results showing that Ku(Y ) determines Y up to isomorphism. Categorical Torelli theorems are known 

to hold for all degrees d > 1, but the question is open for d = 1. We direct the interested reader to [21], which surveys results and 
open problems in this area.
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μ(E) =
{−�Z(E)

�Z(E) if 
Z(E) �= 0
+∞ otherwise

We say that E ∈ A is stable if for all quotients E � F in A we have

μ(E) < μ(F ).

Similarly, E is said to be semistable if only the non-strict inequality μ(E) ≤ μ(F ) holds.

Definition 2.2. Let T be a triangulated category and v : K(T) � Λ a surjection from the Grothendieck 
group of T to a finite rank lattice. A (weak) stability condition on a triangulated category T (with respect 
to v) is a pair σ = (A, Z) consisting of

– a heart of a bounded t-structure A
– a (weak) stability function K(A) v−→ Λ Z−→ C

satisfying the following properties:

(i) (Harder-Narasimhan filtration) Any E ∈ A has a filtration in A with semistable quotients with de-
creasing slopes.

(ii) (Support property) There exists a quadratic form Q on Λ ⊗R which is negative definite on kerZ and 
for all semistable E ∈ A we have Q(E) ≥ 0.

We say an object E ∈ T is σ-(semi)stable if E[k] ∈ A for some k ∈ Z and E[k] is semistable with respect 
to Z.4

Definition 2.3. Let σ = (A, Z) be a weak stability condition on T. For β ∈ R, we define subcategories Aμ≤β

and Aμ>β consisting of objects E such that slopes of all Harder-Narasimhan factors of E are ≤ β and > β

respectively. The tilt of A is then defined as the extension closure of Aμ≤β[1] and Aμ>β and denoted

Aβ
σ =

[
Aμσ≤β [1],Aμσ>β

]
.

That is, objects E ∈ Aβ
σ are complexes with

H−1
A (E) ∈ Aμσ≤β

H0
A(E) ∈ Aμσ>β

Hi
A(E) = 0, for i �= −1, 0.

For a smooth projective variety Y with a hyperplane class H, define the map

v = (H3 ch0, H
2 ch1, H ch2) : K(Y ) → Q3

and let Λ � Z⊕3 be its image. In this paper, we will be working with the following weak stability conditions 
on Db(Y ).

4 Given a stability condition σ = (A, Z) and φ ∈ (0, 1], let P(φ) be the category of σ-semistable objects E ∈ A satisfying 
Z(v(E)) ∈ R>0e

iπφ. Then, define P(φ) for all φ ∈ R by imposing P(φ + 1) := P(φ)[1]. The collection P := {P(φ)}φ∈R defines 
a slicing of T. The datum of a slicing and a compatible stability function is in fact equivalent to that of a stability condition [6, 
Prop. 5.3], and it is sometimes convenient to identify σ with the pair (Z, P).
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2.1.1. Slope stability
σM = (Coh(Y ), −H2 ch1 +iH3 ch0) is a weak stability condition with respect to the rank 2 lattice defined 

as the image of (H3 ch0, H2 ch1) : K(Y ) → Z2. This stability condition is also called Mumford stability, or 
slope stability. We will denote the corresponding slope function with μM .

2.1.2. Tilt-stability
σα,β = (Cohβ(Y ), Zα,β), for α > 0 and β ∈ R, where

Cohβ(Y ) =
[
Coh(Y )μM≤β [1],Coh(Y )μM>β

]
and

Zα,β(E) = −H chβ
2 (E) + α2

2 H3 ch0(E) + i
(
H2 ch1(E) − βH3 ch0(E)

)
.

Here, chβ(−) := e−βH · ch(−) is the twisted Chern character. This is a weak stability condition with respect 
to the lattice Λ above [5,4], and is usually called tilt-stability. The corresponding slope function will be 
denoted with μα,β. The quadratic form satisfying the support property is [5, Cor. 7.3.2]:

Q(E) = (H2 chβ
1 (E)) − 2(H chβ

2 (E))(H3 ch0(E)).

For a class w ∈ Λ, the half-plane {(α, β) | α > 0, β ∈ R} admits a wall-and-chamber decomposition:

Definition 2.4. A numerical wall with respect to w ∈ Λ is the solution set in {(α, β) | α > 0, β ∈ R} of an 
equation μα,β(w) = μα,β(u) for some u ∈ Λ.

A subset of a numerical wall for w is an actual wall if there exists a short exact sequence of semistable 
complexes in Cohβ(Y ), 0 → F → E → G → 0, with v(E) = w and v(F ) defining the numerical wall.

Walls of tilt-stability satisfy Bertram’s Nested Wall Theorem (first proven for surfaces in [18]). In par-
ticular:

Theorem 2.5 ([26, Theor. 3.3]). Fix w ∈ Λ.

– numerical walls are nested semicircles centered on the β-axis, except for possibly one, which is a half-line 
with constant β;

– if two numerical walls intersect, then they coincide;
– if a point of a numerical wall is an actual wall, then the whole numerical wall is an actual wall.

We then define chambers as connected components of complements of actual walls. If (α, β) and (α′, β′)
belong to the same chamber, then an object E of class w is σα,β-semistable if and only if it is σα′,β′-
semistable.

2.1.3. Rotation of tilt-stability
σ0
α,β = (Coh0

α,β(Y ), Z0
α,β), for α > 0 and β ∈ R, where

Coh0
α,β(Y ) =

[
Cohβ(Y )μα,β≤0[1],Cohβ(Y )μα,β>0

]
and

Z0
α,β(E) = −iZα,β(E) (1)
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This is also a weak stability condition with respect to Λ ([3, Prop 2.15]). The corresponding slope function 
will be denoted with μ0

α,β .
Like for tilt-stability, one can define walls and chambers for σ0

α,β by replacing μα,β with μ0
α,β and Cohβ(Y )

with Coh0
α,β(Y ) in Definition 2.4.

2.2. Kuznetsov component

Let Y be a smooth Fano threefold of Picard rank 1 and index 2. The derived category of Y admits a 
semi-orthogonal decomposition

Db(Y ) = 〈Ku(Y ),OY ,OY (1)〉

where the admissible subcategory Ku(Y ) is called the Kuznetsov component [12]. The numerical 
Grothendieck group N(Ku(Y )) ⊂ N(Db(Y )) has rank 2 and is generated by the classes

κ1 = [I�] = 1 − H2

d
& κ2 = H − H2

2 − (6 − d)H3

6d .

In this basis, the Euler form writes (
−1 −1

1 − d −d

)
.

It is negative definite, and if d = 1 the only −1 classes are ±κ1, ±κ2 and ±(κ1 − κ2).
Recall that for E ∈ Db(Y ) exceptional, the left mutation LE(−) across E is the functor sending G ∈

Db(Y ) to the cone of the evaluation map ev:

R Hom(E,G) ⊗ E
ev−→ G → LE(G).

The inclusion Ku(Y ) ⊂ Db(Y ) has an adjoint projection functor π := LOY
◦ LOY (1).

The category Ku(Y ) admits an autoequivalence called the rotation functor

R(−) := LOY
(−⊗OY (1)),

and a Serre functor. In fact, the two are related:

Lemma 2.6. The Serre functor on Ku(Y ) satisfies

S−1
Ku(Y ) � R2[−3].

Proof. By [13, Lemma 2.7], we have that S−1
Ku(Y ) � π ◦ S−1

Y . It is then straightforward to check that

πS−1
Y (E) = π(E(2))[−3] = LO(LO(1)(E(2)))[−3] � R2(E)[−3]. �

One of the results of [3] is that Ku(Y ) supports stability conditions. Define the set

V =
{

(α, β) ∈ R>0 ×R | 0 < α < min{−β, β + 1},−1 < β < 0
}
, (2)

then we have:
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Theorem 2.7 ([3, Theor. 6.8]). For any (α, β) ∈ V , the weak stability condition σ0
α,β from Section 2.1.3, 

induces a Bridgeland stability condition σ(α, β) on Ku(Y ), with heart given by

A(α, β) := Coh0
α,β(Y ) ∩ Ku(Y )

and central charge Z0
α,β|K(A). We will denote the slope function of σ(α, β) with μ(α, β).

The set of stability conditions on Ku(Y ) is denoted Stab(Ku(Y )), it is a complex manifold and it admits 
the following group actions:

– The universal cover G̃L
+
2 (R) acts on the right: an element of G̃L

+
2 (R) is a pair g̃ = (g, M) where g : R →

R is an increasing function such that g(φ +1) = g(φ) +1, and M ∈ GL+
2 (R) satisfies Meiφπ ∈ R>0e

ig(φ)π. 
Given a stability condition σ = (Z, P) ∈ Stab(Ku(Y )), we define σ · g̃ = (Z ′, P ′) to be the stability 
condition with Z ′ = M−1 ◦ Z and P ′(φ) = P(g(φ)) (see footnote 4). Stability is preserved under this 
action: an object E ∈ Ku(Y ) is σ-stable if and only if it is σ · g̃-stable for all g̃ ∈ G̃L

+
2 (R).

– An autoequivalence Φ of Ku(Y ) acts on the left: for σ as above we set

Φ · σ := (Z(Φ−1
∗ (−)),Φ(P)),

where Φ∗ is the automorphism of K(Ku(Y )) induced by Φ.

Fix 0 < α < 1
2 . Denote by K the G̃L

+
2 (R)-orbit of the stability condition σ(α, −1

2 ) in Stab(Ku(Y )). Then 
we have:

Proposition 2.8 ([23, Prop 3.6]). For all (α, β) ∈ V , σ(α, β) ∈ K.

Another result of [23] is the following:

Proposition 2.9 ([23, Prop. 5.7]). If Y is a Fano threefold of Picard rank 1 and index 2, then there exists 
g̃ ∈ G̃L

+
2 (R) such that

R · σ(α,−1
2) = σ(α,−1

2) · g̃.

For σ ∈ K and κ ∈ N(Ku(Y )), we write Mσ(κ) the moduli space of σ-stable objects of class κ in Ku(Y ). 
As an immediate consequence of Proposition 2.9 we have:

Corollary 2.10. For all n ∈ Z, there is an isomorphism

Mσ(κ) � Mσ(Rn
∗κ).

3. Lines on a Veronese double cone

3.1. Veronese double cones

We fix some notation and recall some general results on Veronese double cones, following [10] and [9]. Let 
Y be a hypersurface cut out by a sextic equation in the weighted projective space P := P (1, 1, 1, 2, 3). Let 
x0, ..., x4 be coordinates of P , where x3 and x4 are those of weight 2,3 respectively. By completing a square, 
we can write the equation for Y as x2

4 = f6(x0, ..., x3) where f6 is a degree 6 polynomial. The linear series 
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H := OP (1)|Y has three sections and a unique base point y0 [10, Prop. 3.1], hence it induces a rational map 
φH : Y ��� P (H0(OY (1))) � P 2. On the other hand, 2H ∼ −KY is base point free, and induces a morphism 
φ2H : Y → P (H0(OY (2))) � P 6, whose image K � P (1, 1, 1, 2) is the cone over a Veronese surface with 
vertex k := φ2H(y0).

More precisely, for V := H0(OY (1)) we have

H0(OY (2)) = Sym2 V ⊕ 〈x3〉,

and the map

i : V ⊕ 〈x3〉 → Sym2 V ⊕ 〈x3〉
(v, r) �→ (v2, r)

(3)

embeds P (V ⊕ 0) as a Veronese surface and identifies the cone over P (V ⊕ 0) and vertex k = P (0 ⊕ 〈x3〉)
with K.

The morphism φ2H is smooth of degree 2 outside k and the divisor W := {f6 = 0} ∈ |OK(3)|. For 
this reason, Y is often referred to as to a Veronese double cone. We will denote by ι the involution on Y
corresponding to the double cover φ2H .

There is a commutative diagram

Y K

P 2

φH

φ2H

η
(4)

where η is the projection from k. Consider the blowup σK : K̃ → K of the vertex k with exceptional divisor 
E. Then, the blow-up Ỹ = Y ×K K̃ resolves the indeterminacy of diagram (4):

Ỹ K̃

Y K P 2

φ̃

φ2H

σY σK
η̃

η

where φ̃ : Ỹ → K̃ is a degree 2 cover ramified over the divisor E ∪ σ−1
K (W ).

The map η restricted to W is a 3-to-1 cover of P 2, and it ramifies at a curve C0. Throughout this 
section, we assume that Y is smooth and that C0 is irreducible and general in moduli (this is the generality 
assumption used in [27], whose results we will use).

3.2. Stable sheaves of class κ1 on Y

Let MG(v) denote the moduli space of stable sheaves of class v on Y . Objects in MG(v) are related to 
subschemes of Y with Hilbert polynomial t + 1, we start by studying those.

Definition 3.1. A line in Y is a smooth subscheme of pure dimension 1 with Hilbert polynomial t + 1.

In particular, for every line L we have H.L = 1. We say that the degree of a curve C ⊂ Y is the integer 
H.C: thus, lines are rational curves of degree 1 in Y .

A similar definition holds for lines and conics in K: let j : K → P 6 the embedding induced by the map i
of Eq. (3). We use the notation K◦ := K \ {k}.
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Definition 3.2 ([9, Def. 3.1]). A curve C in K is a line (resp. a conic) if the closure of its image j(C ∩K◦)
is a line (resp. a conic) in P 6.

Lines and conics in K are described in [9, Sec. 3]. Lines in K are the closure of fibers of the projection 
η : K◦ → P 2, conics of K are smooth (in which case they do not contain the vertex k), or the union of two 
lines (possibly doubled). For the rest of the section, we use the shorthand φ := φ2H .

Lemma 3.3. Let C be a degree 1 curve in Y . Then the image c := φ(C) is a conic in K, which intersects W
in three (possibly coinciding) points with multiplicity 2. There are two possibilities:

– pa(C) = 0: c is a smooth conic in K. In this case, C is a line, and φ−1(c) = C ∪ C ′ where C ′ is also a 
line.

– pa(C) = 1: c is a doubled line. Then C is a smooth curve of genus 1, or a singular rational curve.

Proof. Since φ is induced by the linear series |2H|, c = φ(C) must be a conic on K. Note first of all that 
if c is reducible then so is C, but this is impossible since C.H = 1. Hence, c is either smooth or a doubled 
line. In either case, c cannot be contained in W : otherwise φ|C is an isomorphism since φ branches over W , 
but this contradicts the assumptions on degree.

If c is smooth and it intersects W with odd multiplicity at a point, then φ−1(c) must be irreducible of 
degree > 1. This is not the case as C ⊆ φ−1(c). So c is tritangent to W , and φ−1(c) = C ∪ C ′ is the union 
of two lines.

If c = 2l is a doubled line with l a line in the ruling of K, then the restriction of φ : φ−1(l) → l is a 
covering map branched over the four points (l ∩ W ) ∪ k. Since k /∈ W , φ−1(l) must be irreducible. If the 
points in (l∩W ) are all distinct, then C = φ−1(l) is a smooth elliptic curve. If two points of l∩W coincide, 
then C has a double point. If all three coincide, C has a cusp. �

We can now classify Gieseker-semistable sheaves of class κ1:

Proposition 3.4. Semistable sheaves of class κ1 on Y are exactly ideal sheaves of subschemes Z with Hilbert 
polynomial χ(OZ(t)) = t + 1. There are three possibilities for Z:

(i) Z is a line in Y ;
(ii) Z is a non-reduced scheme supported on a curve of degree 1 and genus 1 with an embedded point;
(iii) Z is the union of a curve of degree 1 and genus 1 and a point which does not belong to the curve.

Proof. Ideal sheaves are torsion free of rank 1, and therefore stable. So, it suffices to show that a Gieseker-
semistable sheaf E of class κ1 is an ideal sheaf. This is a standard argument: since Y is smooth, E → E∨∨

is injective and E∨ is reflexive, so that E∨ � OY (−D) for some divisor D. Therefore E ⊗ OY (−D) is the 
ideal sheaf of a subscheme supported in codimension 2. Then, E � IZ ⊗ OY (D), and since [E] = κ1 we 
must have D = 0 and χ(OZ(t)) = t +1 (the Hilbert polynomial is that of OL for L a smooth rational curve 
in Y ).

The three possibilities for Z follow from the fact that H.Zred = 1 is the degree of the Hilbert polynomial, 
so Zred contains one of the curves described in Lemma 3.3. Then, the only possible cases are those listed, 
note moreover that all three can occur [27]. �

We will refer to the three possibilities listed in Proposition 3.4 as to subschemes of type (i), (ii), and (iii). 
Observe moreover that Proposition 3.4 implies the following:

Proposition 3.5. The moduli space MG(κ1) is isomorphic to the Hilbert scheme of lines Hilb(Y, t + 1).
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Proof. We argue as in the proof of [22, Theorem 2.7]. Let I be a flat family of semistable sheaves of class 
κ1 over a base B, normalized so that it has trivial determinant along B. The sheaf I has rank 1, and it is 
pure so it injects into its double dual

0 → I → I∨∨.

Flatness of I implies that I∨∨ is locally free, and I∨∨ has trivial determinant since I does. Therefore, 
I∨∨ � OY×B , and there is a short exact sequence

0 → I → OY×B → Q → 0,

where Q is a flat family of quotients of OY×B . Conversely, any such family of quotients gives rise to a family 
of ideal sheaves as those listed in Proposition 3.4.

This identifies the functors represented by MG(κ1) and Hilb(Y, t + 1). �
Remark 3.6. As mentioned in the introduction, 3H is the smallest very ample multiple of H. The embedding 
Y → P (H0(OY (3H))) maps the Hilbert scheme Hilb(Y, t + 1) to that of twisted cubics, which has two 
irreducible components whose intersection parametrizes non-reduced subschemes [7, Sec. 3].

We describe the Gieseker moduli space MG(κ1). We prove the theorem here, even if in the proof we apply 
Proposition 3.11, which is postponed to after some more technical computations:

Theorem 3.7. The moduli space MG(κ1) has two irreducible components M1 and M2.
M1 is a smooth surface compactifying the locus of ideals of smooth lines of Y . M2 has dimension 5, and 

its general object is a subscheme of type (iii). It is smooth outside the intersection with M1.
Points in M1 ∩M2 � C0 parametrize singular rational curves with an embedded point at the singularity.

Proof. The component M1 parametrizing ideal sheaves of lines is described in [27, Theorem 4]: M1 is a 
smooth surface intersecting the rest of MG(v) on the locus parametrizing singular curves with a nilpotent 
embedded at the singularity. This locus is isomorphic to the curve C0.

There is a 5 dimensional family of schemes of type (iii) (two parameters determine the one dimensional 
component, and three determine the point). Denote by M2 the component of MG(v) containing this family. 
By Proposition 3.5, the tangent space at Z = C ∪ p of type (iii) is

TZM2 � Hom(IZ ,OZ) � Hom(IC ,OC) ⊕ Hom(Ip,Op)

The spaces in the right hand side parametrize deformations of C and p respectively, so dimTZM2 = 5. This 
shows that dimM2 = 5 and that M2 is smooth at type (iii) points. Moreover, Proposition 3.11 shows that 
M2 is smooth at points of type (ii) for which the nilpotent is supported on smooth points.

Finally, there are no other components in MG(v), because we exhausted the possibilities in Proposi-
tion 3.4. �
Remark 3.8. The component M1 is sometimes denoted F (Y ) and called the Fano surface of lines of Y (e.g. 
in [27]).

Lemma 3.9. Let C be a curve in Y of degree 1 and arithmetic genus pa = 1. Then⎧⎪⎪⎨⎪⎪⎩
Ext0(IC , IC) = C

Ext1(IC , IC) = C2

Exti(I , I ) = 0 otherwise.
C C
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Proof. The curve C is cut out by the pull-back of two linear forms from P 2 via η : K◦ → P 2, denote them 
l, m. In fact, the Koszul complex in l and m is exact on Y :

0 → OY (−2)

(
m
−l

)
−−−−→ OY (−1)⊕2 → IC → 0. (5)

Applying the functor Hom(−, IC) gives the map:

H0(IC(1))⊕2 � Hom(OY (−1), IC)⊕2
·
(
m −l

)
−−−−−−−→ Hom(OY (−2), IC) � H0(IC(2)). (6)

It is straightforward to check that the map (6) has rank 3, and the conclusion follows. �
Lemma 3.10. Let Z be a subscheme of type (ii) with the embedded point p in the smooth locus of Zred. Then

Exti(IZ ,Op) =

⎧⎪⎪⎨⎪⎪⎩
C3 if i = 0, 1
C if i = 2
0 otherwise.

Moreover, applying Hom(−, Op) to the sequence

IZ → IZred → Op, (7)

we get a non-zero homomorphism α : Ext1(Op, Op) → Ext1(IZred , Op).

Proof. The groups Hom∗(Op, Op) are the exterior algebra on the tangent space at p, so they have dimensions 
1,3,3,1 for ∗ = 0, 1, 2, 3. Applying the functor Hom(−, Op) to the resolution (5) as in Lemma 3.9, we see 
that hom∗(IZred , Op) = 2, 1, 0, 0 for ∗ =, 0, 1, 2, 3.

Apply Hom(−, Op) to the sequence (7) and consider the corresponding long exact sequence: this shows 
immediately that

ext2(IZ ,Op) = 1 ext3(IZ ,Op) = 0.

On the other hand, we may consider a set of local coordinates around p given as {l, m, s}, where l, m
define Zred. Then, l, m2, and ms generate IZ locally around p. Resolving IZ using these generators we see 
that hom(IZ , Op) = 3, arguing as above.

Finally, observe that χ(IZ , Op) = χ(IZ , Oq) = χ(OY , Oq) = 1 where q ∈ Y \ Zred (since this quantity 
only depends on the numerical class of Op), which implies that ext1(IZ , Op) = 3.

The map α appears in the long exact sequence, and a simple dimension count shows that it does not 
vanish. �
Proposition 3.11. If Z is a subscheme of type (ii) with the embedded point in the smooth locus of Zred, then

ext1(IZ , IZ) = 5.

Proof. We may write IZ � [IZred → Op] where p is the embedded point. Then, RHom(IZ , IZ) may be 
computed with the spectral sequence

Ep,q
1 = Hq(K•,p) ⇒ Hp+q(K•). (8)

The first page is
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...
...

...
Ext1(Op, IZred) Ext1(IZred , IZred) ⊕ Ext1(Op,Op) Ext1(IZred ,Op)
Hom(Op, IZred) Hom(IZred , IZred) ⊕ Hom(Op,Op) Hom(IZred ,Op)

(p = −1) (p = 0) (p = 1)

with arrows pointing to the right and zeros in all other columns. We claim that the dimensions of the vector 
spaces above are given by

2 1 0
1 3 0
0 2 + 3 1
0 1 + 1 2

Indeed, the third column (and hence, by Serre duality, the first one) is computed in the proof of Lemma 3.10.
The contributions from Hom•(IZred , IZred) in the central column follow from Lemma 3.9, while the di-

mensions of Hom•(Op, Op) follow because p is a smooth point of Y , as in the proof of Lemma 3.10.
Our next claim is that the maps in the middle rows are non-zero, and that the map in the bottom row 

has one-dimensional image. Granting the claim, the second page of the spectral sequence reads

∗ ∗ 0
0 2 0
0 4 0
0 1 1

and hence ext1(IZ , IZ) = 5.
The map on the second row from the top is Ext2(Op, IZred) → Ext2(Op, Op). It is Serre dual to the 

homomorphism α (see Lemma 3.10), which is also the restriction to the second summand of the map on 
the third row:

Ext1(IZred , IZred) ⊕ Ext1(Op,Op) → Ext1(IZred ,Op).

It follows from Lemma 3.10 that these two maps do not vanish. Finally, observe that the map

Hom(IZred , IZred) ⊕ Hom(Op,Op) → Hom(IZred ,Op)

has one-dimensional image (the span of the natural map IZred → Op of (7)). �
4. Moduli spaces of objects of Ku(Y )

For the rest of this note, Y will denote a general Veronese double cone (we will follow the notation of 
Section 3.1). When a result holds for all Fano threefolds of Picard rank 1 and index 2, we will make it 
explicit. In this section, we construct three families of objects of Ku(Y ) and show that they are related by 
a rotation. More precisely, we show that the set {±κ1, ±κ2, ±(κ1 − κ2)} is an orbit of the action of R∗ on 
N(Ku(Y )).

As a result, Corollary 2.10 yields an isomorphism of the corresponding moduli spaces.
We start by defining the three families of objects:

(A) For any Fano threefold Y of Picard rank one, index 2, and degree d, we can consider projections of 
skyscraper sheaves to Ku(Y ): for p ∈ Y \{y0}, the projection π(Cp) of Cp is the complex Mp[1], defined 
as the cone
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Od+1
Y → Ip(1) → Mp. (9)

The projection of y0 on the other hand, is defined by

O3
Y ⊕OY [−1] → Iy0(1) → My0 .

We have [Mp] = κ2 − dκ1.
(B) A second family of objects are the complexes Ep studied in [1]. They have class κ2, and are defined by 

the distinguished triangle

OY (−1)[1] → Ep → Ip

for any point p ∈ Y .
(C) Assume now that Y has degree 1. Then, we can construct another class of objects as follows. For a 

point p ∈ Y \ {y0}, let x := φH(p) ∈ P 2 and let C := Cx be the corresponding genus 1 curve (notation 
as in Sec. 3). Then, H0(OC(p)) = C, and we consider the cone of the triangle

OY → OC(p) → Fp. (10)

Similarly, define complexes associated with y0: for all x ∈ P 2, y0 ∈ Cx and H0(OCx
(y0)) = C as above, 

so we write

OY → OCx
(y0) → Gx (11)

for the corresponding cones.

Remark 4.1.

– The numerical class of Fp and Gx is −κ1. In fact, OC(p) (and OCx
(y0)) has the same Hilbert polynomial 

as O� for any line � ⊂ Y , so [Fp] = [Gx] = −[I�] = −κ1;
– The objects Fp belong to Ku(Y ): the vanishing Hom(OY (1), Fp) = 0 follows from (10) and the ob-

servation that the sheaves OY (−1) and OC(p − y0) have no cohomologies. Similarly, the isomorphism 
R Hom(OY , OY ) � R Hom(OY , OC(p)) implies the vanishing of Hom(OY , Fp).

– On the other hand, the objects Gx /∈ Ku(Y ). Note, in fact, that for any curve Cx we have

OCx
⊗OY (1) � OCx

(y0),

since Cx is defined by two linear forms, and a third one will intersect Cx precisely at the base locus of 
|OY (1)|, which is y0. Then, by (11) we have

Hom(OY (1), Gx) � Hom(OY (1),OCx
(y0)) � Hom(OY ,OCx

(y0 − y0)) = C.

The three classes of objects (A), (B), and (C) are related by rotations:

Lemma 4.2. We have R(Ep) = Mp for every p ∈ Y . This holds for Y of any degree.

Proof. Twist the defining sequence of Ep:

OY [1] → Ep(1) → Ip(1)

and mutating across OY shows R(Ep) � LOY
(Ip(1)). Then, observe that (9) computes LOY

(Ip(1)). �
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Recall that ι : Y → Y is the involution corresponding to the double cover φ2H : Y → K. Then we have:

Lemma 4.3. For p �= y0, we have R(Mp) = Fι(p).

Proof. By its definition, the cohomologies of Mp(1) are those of the complex [O2
Y (1) ev−→ Ip(2)]. The kernel 

of the evaluation map is OY , and the cokernel is the cokernel of the inclusion IC(2) → Ip(2), which is 
OC(2y0 − p), where C := CφH(p). This shows that R(Mp) = LOY

(OC(2y0 − p)). One then checks that 
the divisor 2y0 − p on C is linearly equivalent to ι(p), by considering the Weierstrass equation for C in 
P (1, 1, 1, 2, 3) and observing that taking inverses coincides with applying ι|C . Therefore, R(Mp) = Fι(p). �

From Lemmas 4.2 and 4.3 we get:

Corollary 4.4. The matrix associated to R∗ in the basis κ1, κ2 is 
(

0 −1
1 1

)
. In particular, R∗ acts transitively 

on the set {±κ1, ±κ2, ±(κ1 − κ2)} of classes in N(Ku(Y )) with square −1.

Proof. By Lemma 4.2, we have R∗(κ2) = κ2 − κ1, and by Lemma 4.3 we have R∗(κ2 − κ1) = −κ1, the rest 
is straightforward. �
Remark 4.5 (Homological dimension). The heart A(α, β) has homological dimension 2 if d = 2, 3 [23]. This 
is false in the case d = 1. In fact, by Lemmas 4.2 and 4.3 above we have Eι(p) � R−2(Fp) for p �= y0 in Y . 
Then, by Serre duality and Lemma 2.6,

Ext3(Fp, Eι(p)) � Hom(Fp,R−2(Fp)[3]) � Hom(Fp, Fp)∗ �= 0.

We now recollect the results of this section in the following theorem (we use the same notation M1 for 
the copy of F (Y ) embedded as an irreducible component in MG(κ1) (Theorem 3.7) and in Mσ(−κ1)).

Theorem 4.6. Let Y be a general smooth Veronese double cone, and let σ be a stability condition in K
(see Section 2.2). The moduli spaces Mσ(−κ1), Mσ(−κ2) and Mσ(κ1 − κ2) are isomorphic. They have two 
irreducible components M1 and M3 isomorphic respectively to the Fano surface of lines F (Y ) and to Y
itself, intersecting along C0. The generic point of the component Y parameterizes, respectively, objects of 
form Fp, Ep, and Mp.

Proof. Corollaries 2.10 and 4.4 yield the isomorphism of moduli spaces. The description of the irreducible 
components is [1, Theor. 1.2]. The statement on the general objects follows again from Lemmas 4.2 and 
4.3. �

We conclude the section describing the objects Ey0 , My0 , and Fy0 := R2(Ey0): these correspond to the 
point y0 in the component Y of the three moduli spaces of Theorem 4.6, and they are of a different nature 
from the others.

Proposition 4.7 (Rotations at y0). We have R(Ey0) = My0 , a complex with cohomologies

H−1(My0) � coker(OY (−2) → OY (−1)⊕3)

H0(My0) = OY .

The complex Fy0 has three cohomologies, and it fits in a triangle

OY (−1)[2] → Fy0 → [O⊕3
Y → OY (1)]. (12)
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Proof. One shows as above that R(Ey0) = My0 , the (shift of the) projection of the skyscraper sheaf Cy0 to 
Ku(Y ). All hyperplane section of Y pass through y0. In other words, My0 is defined by an exact triangle

O⊕3
Y ⊕OY [−1] → Iy0(1) → My0

whose cohomology sequence is

0 → H−1(My0) → O⊕3
Y

ev−→ Iy0(1) → H0(My0) → OY → 0, (13)

where the evaluation map ev is surjective, and coincides with the last map of a Koszul complex on three 
linear forms. Therefore, H−1(My0) � coker(OY (−2) → OY (−1)⊕3) and H0(My0) = OY .

To compute Fy0 = R(My0), compute the cohomology sheaves of My0(1) by twisting (13), and write the 
cohomology sequence of the triangle

O⊕3
Y ⊕O⊕3

Y [1] → My0(1) → Fy0 .

It reads

0 → OY (−1) → O3
Y → coker(OY (−1) → O⊕3

Y ) 0−→ H−1(Fy0) → O3
Y → OY (1) → Cy0 → 0,

whence the claim. �
5. Set-theoretic considerations

5.1. Stable complexes of class κ1

In this section, we classify objects of class κ1 that are semistable with respect to σ0
α,β and σα,β . Here, σ

denotes one of the stability conditions of Theorem 2.7.
Our classification shows that following the strategy of [1] and [23] to describe Mσ(κ1) is more difficult 

in this setting. In those works, moduli spaces of σ-stable objects are related via wall-crossing to moduli 
spaces of complexes which are stable with respect to σα,β and σ0

α,β . More precisely, for v = κ2, or d > 1
and v = κ1, the three notions of stability coincide, and we have

Mσ(v) � Mσ0
α,β

(v) � Mσα,β
(v)

(this is also the case for cubic fourfolds, [3]). If d = 1 and v = κ1, there are objects in Db(Y ) that are 
σ-semistable but not σα,β-semistable, and conversely. We will show:

Theorem 5.1. Let E be a complex in Db(Y ) of class −κ1, fix β = −1
2 and α � 1. Then:

(1) E is σα,β-semistable if and only if it is a Gieseker stable sheaf in MG(κ1) (classified in Proposition 3.4);
(2) E is σ0

α,β-semistable if and only if E is isomorphic to:

(i) Fp, for p �= y0,
(ii) Gx, for x ∈ P 2, or
(iii) I�[1], where � ⊂ Y is a line.

We start the proof with some lemmas computing σα,β-walls in the (α, β)-plane for −κ1. Observe that, by 
definition of Z0

α,β (see Eq. (1)), the same equations define numerical walls for both weak stability conditions 
σα,β and σ0

α,β .
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Lemma 5.2. For β = 0, objects Fp and Gx are strictly semistable of infinite slope in Cohβ(Y ). In other 
words, the half-line β = 0 is a vertical wall for −κ1 in the (α, β)-plane.

Proof. The complex Fp fits into the exact triangle

OC(p) → Fp → OY [1].

Both OC(p) and OY [1] are semistable of infinite slope in Cohβ(Y ): it is straightforward to compute that 

Zα,β(−) vanishes on both OY and OC(p) since

chβ=0
≤2 (OY ) = (1, 0, 0) and chβ=0

≤2 (OC(p)) = (0, 0, H2). �
Lemma 5.3. There are no actual walls for −κ1 in the strip −1 < β < 0.

Proof. By Lemma 5.2, the line β = 0 is a vertical wall.
Next, we show that no actual walls intersect the line β = −1. Suppose otherwise that for some α > 0

there is an actual wall, realized by a sequence of σα,−1-semistable complexes

0 → E → F → G → 0 (14)

in Coh−1(Y ). Observe that for any α > 0 and any F of class −κ1, 
Zα,−1(F ) = 1 is the smallest positive 
value of


Zα,−1(−) = H2 ch−1
1 (−).

Then, either 
Zα,−1(E) = 1, and therefore Zα,−1(G) = 0, or 
Zα,−1(G) = 1 and Zα,−1(E) = 0. Assume 
the former: since G is σα,−1-semistable, the support property implies ch≤2 G = 0, which means that (14) is 
not an actual wall. The same argument works in the latter case swapping the roles of E, G.

By Theorem 2.5, walls are nested semicircles in the (α, β)-plane. Therefore it suffices to find a semicircular 
wall outside the strip −1 < β < 0. A standard computation (sketched below for the ease of reading) shows 
that the class [OY (−1)] defines a numerical wall on the semicircle with radius 1

2 and center (0, −3
2 ) We 

have:

chβ
≤2(OY (−1)) =

(
1,−H − βH,

H2

2 + βH2 + β2

2 H2
)
,

Zα,β(OY (−1)) =
(
α2 − β2

2 − 1
2 − β

)
− i (1 + β) ,

Zα,β(F ) =
(
α2 − β2

2 + 1
)
− iβ.

Then, the condition that μα,β(OY (−1)) = μα,β(F ) simplifies to

α2 +
(
β + 3

2

)2

= 1
4 ,

the desired semicircle. �
Lemma 5.4. Objects Fp and Gx are σ0

α,β-semistable for α > 0, −1 < β < 0.
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Proof. Lemma 5.2 implies that Fp is σ0
α,0-semistable in Coh0

α,0(Y ) of slope 0, arguing as in the proof of [3, 
Lemma 2.16].5

Suppose for the moment that −1 � β < 0 and α > −β. Then we have OY [1], OC(p) ∈ Coh0
α,β(Y ), and 

therefore Fp ∈ Coh0
α,β(Y ) (although Fp /∈ Cohβ(Y ) since OY [1] /∈ Cohβ(Y )). Since

μ0
α,β(OY [1]) > 0 = μ0

α,β(OC(p)),

Fp is σ0
α,β-semistable.

Since walls for σ0
α,β-stability coincide with those for tilt-stability, Fp remains semistable in the region left 

of the vertical wall β = 0 and outside of the largest semicircular wall of Lemma 5.3. In particular, Fp is 
σ0
α,β-semistable for all −1 < β < 0 and all α > 0. �

Proposition 5.5. Let β = −1
2 and α � 1. Then, the objects listed in Theorem 5.1 (2) are σ0

α,β-semistable.

Proof. The same argument as [23, Prop. 4.1] applies to the I�[1] and implies that they are σ0
α,β-semistable. 

The other objects are σ0
α,β-semistable by Lemma 5.4. �

Remark 5.6. If Z is one of the subschemes listed in Proposition 3.4, but not a line, the argument of [23, 
Prop. 4.1] still applies. However, it only implies that IZ is σα,β-semistable. In fact, in cases (ii) and (iii) of 
Proposition 3.4, IZ [1] fits into an exact triangle

Cp → IZ [1] → IC [1], (15)

where C is a degree 1 genus 1 curve, and p is a point embedded in (respectively, disjoint from) C. This is a 
destabilizing sequence in σ0

α,β .6
The tradeoff between σα,β-stable and σ0

α,β-stable objects behaves like a wall-crossing. Indeed, the exten-
sion group Ext1(Cp, IC [1]) in the direction opposite to (15) vanishes for disconnected schemes (type (iii) 
in Proposition 3.4) and is one-dimensional for non-reduced schemes (as computed in the proof of Propo-
sition 3.11). The corresponding non-trivial extensions are precisely the objects Fp (if p �= y0) and Gx (if 
p = y0). There are no evident walls crossed by the rotation from σα,β to σ0

α,β , but it should be possible to 
find a corresponding wall in the stability manifold of Y .

Next, we show that the objects listed in Theorem 5.1 are the only σ0
α,β-semistable objects.

Proposition 5.7. Let β = −1
2 and α � 1. Suppose F is σ0

α,β-semistable object of class −κ1. Then F is one 
of the objects (i), (ii) in Theorem 5.1(2), or F = IZ [1] where Z is a subscheme as in Proposition 3.4.

Proof. Follows from Lemmas 5.8 and 5.9 below. �
Lemma 5.8. For F as in Proposition 5.7, there is a triangle

F ′[1] → F → T

where F ′ ∈ Cohβ(Y ) is σα,β-semistable, and T is either 0 or Cp for some p ∈ Y .

5 A similar argument is used to show [8, Prop. 4.1], which directly applies to this case and implies that Fp is σ0
α,0-semistable.

6 It is noteworthy that this is a class of objects to which [8, Prop. 4.1] does not apply.
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Proof. Since F is in Coh0
α,β(Y ), there is a triangle

F ′[1] → F → T

with F ′ ∈ Cohβ(Y )μα,β≤0, T ∈ Cohβ(Y )μα,β>0. Since F is semistable with respect to μ0
α,β, Zα,β(T ) has to 

be 0. So, T is supported on points, that is, T has finite length m and hence Zα,β(F ) = Zα,β(F ′[1]). On 
the other hand, we claim that F ′ must be σα,β-semistable. Otherwise, suppose it is destabilized by some 
S ⊂ F ′ in Cohβ(Y ). Since Cohβ(Y )μα,β≤0 is closed under taking subobjects, S ∈ Cohβ(Y )μα,β≤0 and thus 
S[1] ∈ Coh0

α,β(Y ). Observe that the composition S[1] → F ′[1] → F is an inclusion in Coh0
α,β(Y ), therefore 

S[1] destabilizes F .
Next we prove that m ≤ 1. It suffices to show that ch3(F ′) ≤ 1, since ch(F ′) = (1, 0, −H2, mH3). By 

[15], [4, Conjecture 4.1] holds for F ′, for all (α, β) where it is semistable. In particular, since F ′ is semistable 
along the line β = −1

2 , the inequality holds for α = 0 and β = −1
2 , which gives

4 · 49
64 − 61

2 chβ
3 (F ′) ≥ 0

which simplifies to ch3 F
′ ≤ 3/2. This proves m ≤ 1 (in fact the inequality for β = −1 gives the exact bound 

ch3 F
′ ≤ 1). �

We now classify all possibilities for F ′ and T as in Lemma 5.8.

Lemma 5.9. In the setting of Lemma 5.8, F ′ is the ideal sheaf of a one-dimensional subscheme of Y . More 
precisely, there are two possibilities:

– if T = 0, then F ′ = IZ , for Z ⊂ Y a subscheme as in Proposition 3.4;
– If T �= 0, then F ′ = IC , for C ⊂ Y a genus 1 curve of degree 1 (see Lemma 3.3). In this case, F is Fp

if T = Cp, and F is one of the Gx if T = Cy0 .

Proof. Since ch≤2(F ) = ch≤2(F ′), Lemma 5.3 shows that there are no walls for F ′ in the −1 < β < 0 strip. 
Hence F ′ is σα,β-semistable for α � 0. It follows from [4, Lemma 2.7] that F ′ is a Gieseker-semistable sheaf.

If T = 0, then [F ′] = κ1 is one of the ideal sheaves IZ classified in Proposition 3.4.
Otherwise, F ′ is an ideal sheaf of a subscheme supported on a curve of degree 1. This is either a line or 

a genus one curve. It cannot be a line: otherwise, we would have H3 = ch3 F
′ ≤ 0. Hence F ′ is the ideal 

sheaf of a genus 1 curve C. The only complex with cohomologies IC [1] and Cp is Fp. Similarly, the Gx are 
all the complexes with cohomologies IC and Cy0 . �
Proof of Theorem 5.1. The statement about σα,β-semistable objects is proven with the same argument as 
[23, Prop. 4.1]: the authors show that σα,β-stability coincides with Gieseker stability for α � 1, and that 
there are no walls for objects of class −κ1 on the line β = −1

2 .
On the other hand, Propositions 5.5 and 5.7, combined with Remark 5.6, show that σ0

α,β-semistable 
objects are precisely those listed in the statement. �
Remark 5.10. A simple consequence of Lemma 5.4 is that every Fp is σ(α, β)-stable for all (α, β) ∈ V

(defined by Eq. (2)). In fact, Fp is actually σ0
α,β-semistable for all 0 < α, −1 < β < 0. Since this strip 

intersects V , Fp is also σ(α, β)-semistable, for some (α, β) ∈ V , and hence for all of them by Proposition 2.8. 
Having primitive numerical class, Fp must be σ(α, β)-stable. This proves that the Fp are σ-stable, giving 
an alternative argument than that of Theorem 4.6.
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Remark 5.11. Note that the object Fy0 ∈ Coh0
α,β(Y ) is not σ0

α,β-semistable. It is destabilized by the triangle 
(12). However, Fy0 is σ(α, β)-stable, since it is the rotation of the stable object Ey0 (see Theorem 4.6). 
There is no wall in the (α, β) plane which would make Fy0 stable. Nevertheless, the objects Gx defined in 
Sec. 4 are σ0

α,β-semistable, and they can be obtained from (12) as all the possible extensions in the other 
direction: in fact, the objects G fitting in a triangle

[O⊕3
Y → OY (1)] → G → OY (−1)[2] (16)

are all and only the Gx. Indeed, the complex [O⊕3
Y → OY (1)] fits in the Koszul complex

OY (−2) a−→ OY (−1)⊕3 → O⊕3
Y

b−→ OY (1) → Cy0 .

Then the cohomology sequence of (16) gives immediately

H0(G) � Cy0 ,

0 → OY (−1) c−→ K → H−1(G),
(17)

where K = ker(b) = coker(a) and H−2(G) = 0 because c �= 0. Considering the sequence O(−2) →
O(−1)⊕3 → K, one sees that c must lift to an inclusion O(−1) → O(−1)⊕3, and hence H−1(G) � coker(c) =
coker(OY (−2) → OY (−1)⊕2) = ICx

for some x ∈ P 2. In other words, G has cohomologies

ICx
[1] → G → Cy0

and hence G � Gx for some x (see Remark 5.6). Conversely, all Gx fit in a triangle (16).

6. Stable pairs and moduli of σ0
α,β-semistable complexes

In this section we show that there is a fine moduli space for σ0
α,β-semistable complexes. We recall that a 

stable pair on Y is a pair (P, s) where:

– P is a pure sheaf supported on a curve of Y ;
– s is a map

OY
s−→ P

with zero-dimensional cokernel (see [22]).

We say that OY
s−→ P has class κ1 if v(P ) = κ1 − v(OY ).

A family of stable pairs over a quasi-projective base scheme B is a pair (P, s) where P ∈ Coh(Y ×B) is 
flat over B and

OY×B
s−→ P,

with the property that the restriction (Pb, sb) is a stable pair on Y × {b} for all closed b ∈ B.
There is a fine moduli space P (κ1) representing the functor

P(κ1) : (Sch/C)op → Sets

whose value on a scheme B is the set of families of stable pairs over B of class κ1, and which maps morphisms 
to pull-backs of families (the space P (κ1) is constructed using GIT techniques and it is projective [16]). 
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Pandharipande and Thomas show that two stable pairs OY
s−→ P and OY

s′−→ P ′ are isomorphic if and only 
if they are quasi-isomorphic as complexes in Db(Y ) [22, Prop. 1.21]. As a consequence, they identify P(κ1)
with the moduli functor whose value in B is the quasi-isomorphism class of B-perfect complexes on Y ×B

that restrict to stable pairs of class κ1 on closed points of B [22, §2].
On the other hand, consider the weak stability condition σ0

α,β of Theorem 5.1. We can define a moduli 
functor

M0
α,β(κ1) : (Sch/C)op → Gpds (18)

whose value on a scheme B is the groupoid of all B-perfect complexes I ∈ D(Y ×B) such that for all closed 
b ∈ B, Ib ∈ D(Y × {b}) is σ0

α,β-semistable of class κ1 (as above, the value of M0
α,β(κ1) on morphisms is 

pull-back).
Observe that Theorem 5.1 classifies exactly all stable pairs of class κ1. In fact, one can argue as in [22, 

Lemma 1.6] and show that a stable pair of class κ1, viewed as a complex I := [OY
s−→ F ] ∈ Db(Y ), satisfies 

H0(I) � IC where C is a degree 1 curve, length(H1(I)) ≤ 1, and all other cohomologies vanish. Such 
complexes are precisely (shifts of) those in Theorem 5.1.

In other words, P(κ1) (interpreted as a moduli functor of complexes) is identified with M0
α,β(κ1), and 

therefore P (κ1) is a fine moduli space for M0
α,β(κ1).

Moreover (recall the descriptions of MG(κ1) and Mσ(−κ1) in Theorem 3.7 and Theorem 4.6) we have:

Theorem 6.1. The projective scheme P (κ1) is a fine moduli space of σ0
α,β-semistable objects, for σ0

α,β as in 
Theor. 5.1. P (κ1) contains the surface of lines F (Y ), and has a second irreducible component M̃3, which is 
the blow-up of M3 � Y at y0.

Proof. It follows from Theorem 5.1 that the universal family of MG(κ1), restricted to F (Y ), induces an 
inclusion F (Y ) → P (κ1). We denote by M̃3 the second irreducible component of P (κ1), it parametrizes 
complexes of the form Fp for y0 �= p ∈ Y , and Gx for x ∈ P 2.

Observe first of all that M̃3 is smooth outside the intersection with the other components, in fact, we 
have ext1(Fp, Fp) = 3 (by Theorem 4.6) and ext1(Gx, Gx) = 3 by Lemma 6.2 below. Then, the locus D′

parametrizing the objects Gx lies in the smooth locus of M̃3, and hence D′ is a Cartier divisor in M̃3. Set 
D = D′ × Y and write iD : D → M̃3 × Y for the inclusion.

Let I ∈ Db(M̃3 × Y ) be the universal family of P (κ1) restricted to M̃3. We will use a modification of I
to construct a family of objects of Ku(Y ) supported on M̃3. Consider the triangle

I(−D) → I r−→ I|D

and the relative version of (16) over the projection pD : D → Y :

p∗D[O⊕3
Y → OY (1)] → I|D

u−→ p∗DOY (−1)[2]

(we denote A := [O⊕3
Y → OY (1)] in what follows). We abuse notation and we use the same letter u for the 

map iD∗I|D
u−→ iD∗p∗DOY (−1)[2] obtained by pushing forward. The octahedral axiom applied to u ◦ r yields 

a triangle

I(−D) → I ′ → iD∗p
∗
DA, (19)

where I ′ is the (shift of the) cone of u ◦r. By tensoring iD∗p
∗
DA with the sequence OM̃3×Y (−D) → OM̃3×Y →

iD∗OD we obtain a triangle on D:
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p∗DA(−D) 0−→ p∗DA → Li∗DiD∗p
∗
DA, (20)

where Li∗DiD∗p
∗
DA is the derived restriction of iD∗p

∗
DA to D.

On the other hand, restriction of (19) to a fiber [Gx] × Y of D, gives a triangle

Gx → (Li∗DI ′)[Gx] → (Li∗DiD∗p
∗
DA)[Gx]. (21)

The cohomologies of (Li∗DiD∗p
∗
DA)[Gx] can be computed from (20), using that the cohomologies of A

(and those of Gx) are computed in Remark 5.11. Then, taking cohomologies of (21), we see

Gx → (Li∗DI ′)[Gx] → (Li∗DiD∗p
∗
DA)[Gx]

0 → H−2((Li∗DI ′)[Gx]) → K →
ICx

f−→ H−1((Li∗DI ′)[Gx]) → M →
Cy0

g−→ H0((Li∗DI ′)[Gx]) → Cy0

where K = h−1(A) and M is an extension of Cy0 by K. By construction, the connecting map K → ICx

coincides with that in (17). So H−2((Li∗DI ′)[Gx]) � OY (−1) and f = 0. Similarly, the map M → Cy0 is 
surjective, so that H−1((Li∗DI ′)[Gx]) � K and g = 0, which implies H0((Li∗DI ′)[Gx]) � Cy0 .

Therefore there is a triangle

OY (−1)[2] → (Li∗DI ′)[Gx] → A,

which shows that (Li∗DI ′)[Gx] � Fy0 by Lemma 4.7 (and because ext1(A, OY (−1)[2]) = 1).
Then, I ′ ∈ D(M̃3 × Y ) defines a flat family of σ-stable objects of Ku(Y ) of class κ1, and therefore a 

morphism M̃3 → M3 which maps D′ to y0. �
Lemma 6.2. For x ∈ P 2, we have ext1(Gx, Gx) = 3.

Proof. We compute this applying the spectral sequence (8) to the complex Gx � [OY → OCx
(y0)]. The 

first page has spaces of dimension

0 0 0
1 * 0
0 0 + 2 0
0 1 + 1 1

Since the map in the bottom row

Hom(OY ,OY ) ⊕ Hom(OCx
(y0),OCx

(y0)) → Hom(OY ,OCx
(y0))

is non-zero, ext1(Gx, Gx) ≤ 3. But every Gx fits in a three dimensional component (there are two dimensions 
for deforming Cx and one to move y0), so ext1(Gx, Gx) ≥ 3 and equality holds. �
6.1. P (κ1) as a generalized Quot scheme

In Section 3 we showed that MG(κ1) is isomorphic to the Hilbert scheme of lines on Y . Here, we give 
a similar interpretation for the moduli space P (κ1) of σ0

α,β-semistable objects as quotients of OY in an 
appropriate heart of Db(Y ).

Consider the sheaves of the form OC(p), where p ∈ Y (possibly p = y0) and C = Cx for some x ∈ P 2. 
By Riemann-Roch we also have
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χ(OC(p)(t)) = 1 + t.

However, the OC(p) are not sheaf quotients of OY and do not represent points of the Hilbert scheme of 
lines of Y .

In this section, we consider a different space of quotients, and show that the distinguished triangles

I� → OY → O�

Fp[−1] → OY → OC(p)

Gx[−1] → OY → OCx
(y0)

(22)

are all short exact sequences in an appropriate abelian category (the notation here is the same as that of 
Theorem 5.1).

More precisely, define Bθ
α,β as follows: pick (α, β) ∈ V so that the chain of inequalities

β

−
(

α2−β2

2 + 1
) = μ0

α,β(Fp) > 0 = μ0
α,β(OC(p)) > μ0

α,β(OY ) = 2β
−(α2 − β2)

is satisfied. By the wall computation of Lemma 5.3, we may pick 0 < ε � 1 so that, if F is any unstable 
object of class −κ1, then any destabilizing quotient G satisfies μ0

α,β(G) < θ := μ0
α,β(F ) − ε.

Then, consider the torsion pair in Coh0
α,β(Y ) consisting of the categories Coh0

α,β(Y )μ0
α,β≤θ and 

Coh0
α,β(Y )μ0

α,β>θ generated by σ0
α,β-semistable objects of slope ≤ θ and > θ respectively. Denote by Bθ

α,β

the (shift of the) corresponding tilt:

Bθ
α,β :=

[
Coh0

α,β(Y )μ0
α,β≤θ,Coh0

α,β(Y )μ0
α,β>θ[−1]

]
.

Since IZ [1], Fp, and Gx are σ0
α,β-semistable of phase > θ, their shifts by −1 belong to Bθ

α,β . Similarly, 
by the choice of θ we have that O�, OC(p), OCx

(y0), and OY belong to Bθ
α,β as well. Then, the triangles in 

(22) are short exact sequences in Bθ
α,β. The converse is true:

Proposition 6.3. Quotients of OY of class κ1 in Bθ
α,β are precisely the objects O�, OC(p), and OCx

(y0) listed 
in (22).

Proof. First, we claim that if

F → OY → Q (23)

is a short exact sequence in Bθ
α,β with χ(Q(t)) = t + 1, then F is σ0

α,β-semistable of class κ1. Indeed, the 
statement about the numerical class is immediate. As for semistability: a destabilizing quotient G of F must 
have μ0

α,β(F ) > μ0
α,β(G) > θ, otherwise G /∈ Bθ

α,β . But this contradicts our choice of θ.
So, F must be (a shift of) the objects classified in Theorem 5.1, and the sequence (23) must be one of 

those listed in (22). �
Remark 6.4. The arguments above identify the moduli functor M0

α,β(κ1) with the generalized Quot functor 
defined in [2, Sec. 11] and [25].
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