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Abstract: In this paper, we obtain the intensity and phase distributions of the scattering and external
fields of a vector Bessel–Gaussian vortex beam in the far-field region after being scattered by a
particle. In our analysis, we use the Generalized Lorenz–Mie theory (GLMT) and the angular
spectrum decomposition method (ASDM). The orbital angular momentum (OAM) spectra of the
fields are analyzed by using the spiral spectrum expansion method, which is a frequently used
tool for studying the propagation of vortex beams in turbulent atmospheres. Both scattered and
external fields show a significant difference in spiral spectra for particles with different characteristic
parameters, such as the size and complex refractive index. We also examine sampling the phase
along with a circle and show that it is unable to fully express the information of the fields. This study
can provide a theoretical basis for the inversion of characteristic parameters of the Bessel–Gaussian
vortex beam and spherical particle by OAM spectra with applications in remote sensing engineering.

Keywords: OAM state; scattered field; polarization; spiral spectrum; Bessel–Gaussian vortex beam

1. Introduction

Since the 1990s, when the concept of orbital angular momentum (OAM) was proposed
by Allen [1], structured beams carrying OAM have been widely used in optical fields.
Instances are optical manipulation [2], imaging [3], and optical communication [4,5]. Fur-
thermore, in the particular case of a MIMO system, beams with different OAM modes can
potentially increase the capacity of radio communication systems under certain particular
conditions [6,7]. Therefore, there have been many studies on the application of vortex
beams in antenna design [8,9], radar imaging [10] and target detection [11]. It was shown
that the transmission performance of vortex beams is better than that of plane waves [12]
and the information carried by vortex beams is more easily obtained by the receiver [13].
This is mainly due to the scattering and transmission characteristics of typical vortex beams.

Techniques based on optics are often used for detecting the physical and chemical
properties of substances [14]. The spiral spectrum of the reflected or transmitted field of
the vortex beam obtained at the receiving end can be also used for inferring and inversing
the information of the transmission channel or target.

Most of the current research on the spiral spectrum characteristics of the OAM beams
are focused on the macro transmission channels, such as turbulent atmosphere [15–20] and
underwater environment [21–25], which are related to the modelling of random media.
There are, however, few studies on the scattering characteristics and OAM spectrum of
vortex beams irradiating a specific target. In 2012, D. Petrov et al. [26] obtained the spiral
spectra scattered off a transparent sphere illuminated by a Laguerre–Gaussian beam. They
showed that the geometric properties of the sphere, e.g., the position, can be determined
based on the scattering spiral spectrum data. Furthermore, the intensity distribution and
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OAM mode distortion of a Laguerre–Gaussian vortex beam reflected and transmitted by
a non-uniform plasma plate were also examined by Li [27]. Later in 2020, Liu [28] used
the physical optical algorithm to investigate the backscattering characteristics of an ideal
conductive sphere and a PEC cone illuminated by a vortex beam. They then used phase
sampling along the circumference of the scattered field profile and concluded that the
scattering field of a symmetric object remains a vortex field, and the topological charge is
the same as that of the incident field.

Using the spiral spectrum expansion method, some of the above works take samples
along the circumference of the field profile, whereas others sample the whole profile. In this
paper, we investigate these two sampling approaches and compare their computational
differences and their pros and cons.

Amongst many existing types of vortex beams, the high-order Bessel beam is often
used. This is due to the properties, including non-diffraction [29,30] and self-healing [31,32].
The energy of a high-order Bessel beam is, however, infinite in radial distribution [33],
hence unattainable in practice. To address this issue, instead of the high-order Bessel beam,
an approximated non-diffraction beam, namely, the high-order Bessel–Gaussian beam, is
used. Characteristics of the Bessel–Gaussian vortex beams, including transmission in turbu-
lent media [34–36], self-healing [37,38], and tight focusing [39] are discussed. Nevertheless,
to the best of our knowledge, the interactions between vector high-order Bessel–Gaussian
beams and small particles have not been investigated. In our previous works, we derived
the beam shape coefficients of polarized Bessel–Gaussian vortex beams [40]. Further, in [41],
we studied the scattering of vector Bessel–Gaussian vortex beams caused by spherical par-
ticles with non-uniform structure and electric charges. In this paper, we further investigate
transmission information of the vector Bessel–Gaussian vortex beam and explore a wider
range of potential applications.

This paper is organized as follows: Section 2 presents the theoretical method, deriva-
tions of the field distribution, and the OAM spectrum calculations. In Section 3, we then
investigate how the changes in characteristic parameters of the particle and the beam affect
the OAM spectrum, where three polarization states are considered. The paper is then
concluded in Section 4. The appendix shows the beam shape coefficients of differently
polarized incident beams.

2. Theoretical Background
2.1. GLMT of a Sphere Illuminated by an Arbitrarily Shaped Beam

According to the Generalized Lorenz–Mie theory, the incident and scattered fields of
a spherical particle irradiated by a shaped beam can be expressed by the vector spheri-
cal wave functions (M(1)

nm(kr), N(1)
nm(kr)) multiplied by the beam shape coefficients (gm

n,TE,
gm

n,TM) [42,43]:

Ei =
∞

∑
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n

∑
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cpw
n [gm
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where k = 2π/λ is the wavenumber and
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n = (−i)n+1 2n + 1
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(5)
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Am
n and Bm

n in Equations (3) and (4) are the expansion coefficients of the scattered field
defined as: {

Am
n = angm

n,TM
Bm

n = bngm
n,TE

(6)

an and bn are Mie scattering coefficients and can be derived based on the boundary
conditions. The boundary conditions for a uniform and isotropic dielectric sphere, and
a charged sphere were obtained in [44], and [45], respectively. Therefore, the specific
expressions of their Mie scattering coefficients were derived.

For a homogeneous and isotropic dielectric sphere, the Mie scattering coefficients are
an = jn(x)[mxjn(mx)]′−m2 jn(mx)[xjn(x)]′

h(1)n (x)[mxjn(mx)]′−m2 jn(mx)[xh(1)n (x)]′

bn = jn(x)[mxjn(mx)]′−jn(mx)[xjn(x)]′

h(1)n (x)[mxjn(mx)]′−jn(mx)[xh(1)n (x)]′

(7)

and for a charged sphere,
an = [xjn(x)][mxjn(mx)]′−m2xjn(mx)[xjn(x)]′−iωµ0σs [mxjn(mx)]′ [xjn(x)]′/k[

xh(1)n (x)
]
[mxjn(mx)]′−m2xjn(mx)

[
xh(1)n (x)

]′
−iωµ0σs [mxjn(mx)]′

[
xh(1)n (x)

]′
/k

bn =
[mxjn(mx)][xjn(x)]′−mxjn(x)[mxjn(mx)]′+iωµ0σs[mx2 jn(x)jn(mx)]/k

[mxjn(mx)]
[

xh(1)n (x)
]′
−mxh(1)n (x)[mxjn(mx)]′+iωµ0σs

[
mx2 jn(mx)h(1)n (x)

]
/k

(8)

where m is the complex refractive index of the sphere relative to the surrounding vacuum
environment. Also, σs is the conductivity of a sphere carrying electric charges [45,46]:

σs ≈
[

x
2

ω2
s

ω2 + γ2
s

(
−1 + i

γs

ω

)
· k
]

/iωµ0 (9)

and ωs is the plasma frequency derived by ω2
s = 2qϕ

mea2 , me and q are the mass and charge

of an electron, respectively, i.e., me = 9.109 × 10−31 kg and q = 1.602 × 10−19 C. ϕ = q
4πε0a

is the surface electrostatic potential of a charged sphere, a is the radius of the sphere, and
ε0 is the permittivity of the vacuum. Besides, γs ≈ kBT/}, kB = 1.3807 × 10−23 J/K is the
Boltzmann’s constant, T is the temperature of the sphere in Kelvin, h̄ denotes the reduced
Planck constant, and h̄ = 1.05457 × 10−34 J s. Given the frequency of the incident beam and
the radius of the sphere, the conductivity can be determined by the surface electrostatic
potential ϕ and the temperature T.

As is seen above, given the beam shape coefficients of the vector Bessel–Gaussian
vortex beams, the incident field and scattered field in the far region can be obtained using
Equations (1)–(4).

The derivation of beam shape coefficients of Bessel–Gaussian vortex beams with
different polarization states is presented in Appendix A.

2.2. Spiral Spectrum Expansion Method

Any field distribution can be considered as the superposition of multiple spiral har-
monics [47–49].

E(ρ, φ, z) =
1√
2π

∞

∑
n=−∞

aln(ρ, z) exp(inφ) (10)

The expansion coefficients aln(ρ, z) are

aln(ρ, z) =
1√
2π

∫ 2π

0
E(ρ, φ, z) exp(−inφ)dφ (11)

Cln =
∫ ∞

0
|aln(ρ, z)|2ρdρ (12)
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The energy content or weight of each spiral harmonic of a field can therefore be
determined as the following:

Pn|l =
Cln

∑∞
−∞ Cl

(13)

The weight, Pn|l , corresponds to the detection probability on the measurement plane,
where the orbital angular momentum is n.

Using the spiral spectrum expansion method, there are two main approaches to
analyzing the spiral spectrum characteristics of the field. One approach is to ignore the
radial distribution of the field followed by sampling along the circle at a certain radius,
see, e.g., [28,50–52]. An alternative approach, e.g., [27,47–49] is to sample radial and angular
distributions of the field on the whole measurement plane at the receiving end.

3. Simulation and Discussion

First, in order to verify the correctness of the algorithm we use, a validation exam-
ple is used to compare the calculation results of the Mie scattering theory with those of
the electromagnetic (EM) simulation software FEKO. Subject to the source of FEKO, a
Bessel–Gaussian beam with x-polarization is considered to irradiate a uniform and ho-
mogeneous dielectric sphere of complex refractive index m = 1.377 + 1.62× 10−3i and
radius a = 0.5 µm. The wavelength of the incident beam is λ = 1.064 µm, the order is l = 0,
the conic angle is θb = 0◦, and the beam waist radius w0 → ∞ . The radar cross section
(RCS) and the scattered field distribution calculated by the GLMT and FEKO are compared.
The measurement plane of the scattered field is located at z = 50 µm, and the results are
shown in Figure 1. It is obvious that the results match very well and the relative errors
are negligible.

Figure 1. Comparison of the results calculated by the Mie scattering theory and FEKO: panel (a) is
the radar cross section (RCS); panels (b) and (c) are the scattered field distributions obtained by the
GLMT algorithm and FEKO simulation, respectively; the relative error between them is shown in
panel (d).
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In the following simulations of the field sampling, we consider the OAM modes
from −5 to 5. We further set the radial, and angular sampling intervals to 0.1 µm, and
1◦, respectively.

Considering the y-polarized Bessel–Gaussian beam as an example, the topological
charges of the incident beam are 1, 2, 3, and 4, respectively. Unless otherwise specified, here
the beam wavelength is 1.064 µm, the conic angle is 25◦ and the waist radius is 0.5 µm.

Figure 2 shows the intensity and phase distributions of the y-polarized Bessel–Gaussian
vortex beams at the source plane. The topological charges corresponding to the left panels
to right are 1–4, respectively. Panels (a)–(d) present intensity and (e)–(h) show phase. The
intensity distribution of the incident field of beam presents a hollow structure and the
hollow shape is similar to an ellipse. It is not completely uniform and symmetrical in the
angular space, but it follows the basic characteristics of the vortex beam. In other words,
the greater the topological charge, the weaker the intensity and the larger the hollow size.
Note that the panels at the bottom show the phase distributions, where the changes in the
wavefront phase reflect the orbital angular momentum mode carried by the incident beam.

Figure 2. The intensity and phase distributions of the incident field of y-polarized Bessel–Gaussian
beams with different topological charges at the source plane: panels (a–d); and (e–h) show intensity,
and phase, respectively. The corresponding topological charge from left to right is 1–4.

As was seen above, there are two ways to detect the spiral spectrum according to
the field distribution including sampling along the circumference at a certain radius and
sampling the whole measurement plane. The OAM modes of the incident beam at the
source plane are calculated according to these two sampling methods. Figure 3 provides the
one-dimensional intensity of the incident field in the polarization direction (i.e., y-direction),
and marks the specific coordinates with the maximum intensity. Taking the position as
the determined radius, we then conduct phase sampling on the circle. A similar approach
based on taking the intensity in the polarization direction as a sample was also considered
in [28].
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Figure 3. (a–e) show the one-dimensional intensity distribution of the incident beams with differ-
ent topological charges in the polarization direction; (f) shows the phase sampling results along
the circumference.

Panels (a)–(e) in Figure 3 show the one-dimensional intensity distribution of the
incident field in the polarization direction for the topological charges of 0, 1, 2, 3 and 4,
respectively. We also marked the specific coordinates with the maximum intensity. It can
be seen that for the topological charges of 1 and 2, the central intensity is a valley with a
non-zero value. In contrast, for the topological charges of 3 and 4, the intensity in the center
is further reduced to 0. The position with the intensity peak indicates the size of the hollow.
In Figure 3f we consider the location where the intensity has its maximum value as the
radius and plot the phase samples along the circumference. Figure 3f shows that the phase
sampling results along the circle can intuitively characterize the topological charge of the
incident beam, i.e., through the relationship between the phase change and 2πwithin the
sampling angle range, regardless of whether the phase changes regularly or not.

We also found that for different radii of the circle used for phase sampling, the specific
phase corresponding to each sampling angle may change significantly. This is despite the
same change periods of the phase within the sampling angle range. Therefore, obtaining
the normalized weights of OAM modes based on the phase sampling results on a certain
circle might be unstable. Furthermore, in practice, it is much easier to obtain the intensity
distribution on a measurement plane, which also reflects the spatial information of the
beam more comprehensively. This is the main reason that sampling is often applied on the
whole measurement plane at the receiving end when the intensity and phase changes of
vortex beam propagating in a turbulent environment are studied. In Figure 4, we consider
sampling the entire incident field to obtain the weights of OAM modes.
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Figure 4. Weights of the OAM modes of the incident beam with different topological charges as
sampling the field on the whole measurement plane: panels (a–d) are for the topological charges
of 1–4.

The electric field of the vector Bessel–Gaussian vortex beam in this manuscript is
calculated based on the GLMT and ASDM. Nevertheless, the intensity distribution is not
as ideal and uniform as the scalar Bessel–Gaussian vortex beam. The spiral spectrum of
the incident field is also shown in Figure 4. As can be seen, the decisively dominant OAM
mode clearly shows the topological charge carried by the incident beam. In addition, the
modes separated by one bit from the main mode account for a small proportion. The size
of the measurement plane of the field that is used to calculate the OAM modes directly
affects the calculation results. The sampling plane should be large enough to ensure full
reception of the beam’s energy.

Here, we further calculate the intensity and phase distributions of the scattered field
of the beam that is scattered by a small spherical particle. As an example, we consider a
uniform and isotropic dielectric spherical particle and set its radius and complex refractive
index as a = 0.5 µm, and m = 1.377 + 1.62 × 10−3 i, respectively. Assuming that the
measurement plane is 50 µm away from the particle center, the energy of the scattered field
can be fully received if the diameter of the circular receiving plane is 2000 µm.

Figure 5 shows the intensity and phase distributions of the scattered field in the whole
measurement plane. Here, the scatterer is a homogeneous and isotropic spherical particle.
Panels in the first and second rows present the intensity and phase, respectively. The
topological charges corresponding to the panels from left to right in each row are 1, 2, 3,
and 4. The area with the concentrated intensity and the area with clear phases are small,
hence, we show the results in a smaller region in the upper right corner of each panel, and
the specific dimensions are marked in white. Figure 5 shows that the intensity distribution
of the scattered field presents a scattered crescent shape for the topological charge 1 or 2.
For all beams considered here, the scattered fields tend to rotate to the right relative to the
incident fields. As for the phase distribution, for the incident beams with OAM of 1 and 3,
the phases of their scattered fields at the receiving end are one topological charge, whereas
the spiral direction is the opposite. In the case where the topological charge of the incident
beam is l = 2, on the circumference, the phase of the scattered field remains consistent. The
helical phase of the scattered field also shows two topological charges where the beam is
incident with l = 4.
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Figure 5. The intensity and phase distributions of the scattering field of the y-polarized
Bessel–Gaussian beams with different topological charges. The beam is scattered by a uniform
and isotropic particle and the measurement plane is located at z = 50 µm: panels (a–d) show the
intensity; and (e–h) the present phase. The corresponding topological charge from left to right is 1
to 4.

Panels (a)–(e) in Figure 6 show the one-dimensional intensity of the scattered field
in the polarization direction. Figure 6f presents the phase sampling on the circumference
with the location of maximum intensity as the radius. Comparing Figures 3 and 6, the
one-dimensional intensity distribution of the scattered field and the incident field is differ-
ent, not only in the amplitude of the intensity but also in the position with the maximum
intensity. For the topological charge of 2, the one-dimensional intensity of the scattered
field shows a peak instead of a valley at y = 0. This phenomenon is similar to the case in
which the topological charge carried by the incident beam is zero, which can also explain
the phase behavior in Figure 5f. It can also be seen that when the topological charge of the
incident beam is zero, the positions of the intensity peak of the incident field and scattered
field remain the same, with the largest intensity at the center. Figure 6f also shows that the
sampling phase on the circumference with the maximum one-dimensional intensity cannot
directly and accurately reflect the phase structure of the center of the scattered field.

Figure 7 shows the spiral spectrum results of the entire scattered field with the measure-
ment plane at 50 µm away from the center of the particle. The topological charge marked
in the panels is the OAM mode when the beam is incident. Comparing Figures 4 and 7,
the spiral spectrum distribution of the scattered field is different from that of the incident
field. For the incident beams with orbital angular momentums of 2, 3, and 4, the spiral
spectrum of the scattered field does not show the mode of the field, but it carries the phase
information of the whole scattered field. Combined with the above analysis of the sampling
phase along the circle, it can be seen that sampling the whole field on the receiving plane
can stably, accurately, and concretely provide the normalized weights of the OAM modes
of the current beam. This can be considered as an important basis for identifying the
transmission conditions.
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Figure 6. (a–e) present the one-dimensional intensity of the scattered field in the polarization direction,
where the beam is incident with topological charges of 0–4; (f) is the phase sampling results along the
circumference. The scatterer is a uniform and isotropic spherical particle, the measurement plane is
located at z = 50 µm.

We further consider using the difference in the spiral spectrum of the scattered field
at the receiving end to inverse the physicochemical parameters of the particle scatterer.
Therefore, it is necessary to eliminate the possibility that the normalized weights of the
OAM modes change with the transmission distance due to the calculation algorithm of the
field. Figure 8 focuses on the incident beam and shows the spiral spectrum of the incident
field on the receiving plane that is 50 µm away from the particle center. By comparing
Figures 4 and 8, can be seen that using GLMT and ASDM to calculate the beam field does
not lead to a significant difference in the intensity of different sampling planes. Taking the
detection probability of the OAM modes at the source as the true value, Table 1 presents the
relative error between the weights of the OAM modes in Figures 4 and 8. The maximum
relative error is 5.99%, and the maximum magnitude of absolute error is 10−3, which is
very small for the probability range 0–1. Therefore, it is reasonable to consider that the
detection error of the spiral spectrum caused by the algorithm is negligible.

We further investigate whether the distance between the receiving plane and the target
particle affects the spiral spectrum of the scattered field of the beam. Considering the
divergence of the beam, the intensity distribution of scattered field at different transmission
distances is shown in Figure 9, in which the topological charge is l = 3. It can be seen
that, as the transmission distance increases, the spot size of beam increases and the beam
energy decreases. Therefore, when the measurement plane is set at the receiving end, the
divergence of the beam needs to be fully considered, so as to avoid that the energy of field
cannot be completely received due to the insufficient size of the measurement plane, and
then the obtained OAM spectrum is not accurate.



Remote Sens. 2022, 14, 4550 10 of 23

Figure 7. Weights of the OAM modes of the scattered field on the whole measurement plane: panels
(a–d) correspond with the cases that the topological charges are 1–4, where the beam is incident. The
scatterer is a uniform and isotropic spherical particle, and the measurement plane is located at z = 50 µm.

Figure 8. The same as in Figure 4, but the measurement plane is located at z = 50 µm.
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Table 1. Relative error in the detection probability of the OAM modes at the source and at z = 50 µm
for the incident field with topological charge l. Detection errors are caused by the calculation
algorithm of the field.

OAM Modes
Relative Error Caused by the Algorithm

l = 1 l = 2 l = 3 l = 4

−5 - - - -
−4 - - - -
−3 - - - -
−2 - - - -
−1 2.12% - - -
0 - 3.72% - -
1 −0.21% - 3.03% -
2 - −0.40% - 3.53%
3 5.99% - −0.50% -
4 - 5.31% - −0.30%
5 - - 4.88% -

Figure 9. The intensity distribution of the scattered field at different transmission distances, where the
topological charge is l = 3 and the other parameters are the same as Figure 5: panels (a–d) correspond
to the transmission distances of z = 50 µm, z = 200 µm, z = 500 µm and z = 1000 µm, respectively.

Figure 10 shows the spiral spectrum of the scattered field for the receiving plane
located at z = 1000 µm. The scatterer is a homogeneous and isotropic dielectric spherical
particle. Compared with Figure 7 and the relative error between them is shown in Table 2,
where the detection probability of the OAM modes of the scattered field at z = 50 µm is set
to the true value. It is seen that the maximum relative error is 6.38%, and the maximum
magnitude of absolute error is 10−3. Therefore, the position of the receiving plane in the far
region does not affect the spiral spectrum of the scattered fields.



Remote Sens. 2022, 14, 4550 12 of 23

Figure 10. The same as in Figure 7, but the measurement plane is located at z = 1000 µm.

Table 2. Relative error in the detection probability of the OAM modes for scattered fields at z = 50 µm
and z = 1000 µm of the beam with topological charge l. The scatterer is a uniform and isotropic
dielectric sphere.

OAM Modes
Relative Error Caused by the Algorithm

l = 1 l = 2 l = 3 l = 4

−5 - - - -
−4 - - - -
−3 - - - -
−2 - - - -
−1 6.38% - - -
0 - 0.01% - -
1 −0.13% - −0.01% -
2 - 0.00% - 0.00%
3 - - 0.01% -
4 - −0.01% - 0.00%
5 - - - -

In practice, the beam continues propagating forward after being scattered by particles.
Therefore, the field received by the measurement plane set in the far region needs to be
the total external field, hence the summation of the scattered field and the incident field.
Therefore, it is necessary to study the normalized weights of the OAM modes of the total
external field. Figure 11 shows the intensity and phase distribution of the total external
field in the far region after the beam is scattered by a homogeneous and isotropic spherical
particle. The location of the measurement plane is z = 50 µm. Compared with the incident
field and scattered field, the phase distribution of the total external field is very irregular,
and the OAM mode mixing is more obvious. From the intensity amplitude of the field,
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it can be seen that the energy of the incident beam has been substantially reduced if it is
transmitted to the position at which the receiving plane is located.

Figure 11. The same as in Figure 5, but the total field in the far region is considered.

Figure 12 shows the position of the maximum intensity of the total external field in
the polarization direction (Figure 12a), the sampling phase on the circumference where the
maximum is located (Figure 12b), and the spiral spectrum results of the whole external field
(Figure 12c–f). Compared with the results of the incident beam shown in Figures 3 and 4,
the maximum one-dimensional intensity of the external field after scattering is significantly
changed. The phase corresponding to the sampling angle along the circumference is
different. However, the phase along the circle within the whole sampling range still shows
the OAM mode carried by the incident beam. This is the case even if the phase structure
of the external field becomes extremely irregular. There is a weight difference between
the spiral spectrum of the external field and that of the incident field. It can be seen that
the larger the topological charge of the incident beam, the smaller the difference. This is
because the beam is incident on the axis, so the lower the energy irradiates on the particle
when the topological charge is larger, the weaker the scattering effect and the smaller the
proportion of the scattered field in the total external field.

The above analysis shows that the weights of OAM modes in both scattered and
external fields at the receiving end are different from that of the incident field. This
enables significant application opportunities, where the spiral spectrum of the field on
the measurement plane can be used as a reference for retrieving the physicochemical
parameters of the scatterer particle. In addition, sampling the phase along the circumference
can only show the phase performance of the intensity on a certain sampling radius, hence
unable to reflect the deformation of the OAM states of the whole field.

To show that the spiral spectrum can identify the parameters of the scatterer particle,
we use the single variable method and provide the following examples. Here, we change
the particle radius from 0.5 µm to 1.0 µm and show the simulation results in Figure 13.
The specific information of each panel in Figure 13 is the same as in Figure 12. Similarly,
Figure 14 includes the simulations after changing the complex reflective index of the particle
to m = 1.75 + 0.44i. A comparison of the results in Figures 13 and 14 with Figures 6 and 7
show clear differences in the position of maximum intensity, the sampling phase along a
circle, and the spiral spectrum distribution. Therefore, the inversion of particle parameters
by using the weights of the OAM modes of the scattered field at the receiving end is
theoretically viable. Nevertheless, because the change of different types of parameters
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may lead to the same spiral spectrum simulation results, it might be much more accurate
to use both the circumferential sampling phase and the spiral spectrum to inverse the
particle parameters.

Figure 12. The information of the external field in the far region after the beam is scattered by
a uniform and isotropic spherical particle: (a) lists the position of the maximum intensity of the
corresponding external field in the polarization direction where the beam is incident with a different
topological charge; (b) shows the sampling phase along the circle where the maximum lies; and
(c–f) are the spiral spectra of the entire external fields. The measurement plane is located at z = 50 µm.

Figure 13. The same as in Figure 12, but here the scattered field is simulated. The radius of the
illuminated particle is changed to 1.0 µm and other parameters are unchanged.
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Figure 14. The same as in Figure 12, but simulating the scattered field. The complex refractive index
of the scatterer particle is changed to m = 1.75 + 0.44i, and other parameters are unchanged.

Similarly, the particle parameters can also be retrieved by using the circumferential
sampling phase and the spiral spectrum of the total external field at the receiving end.

We further change the properties of the scatterer and replace it with a charged spherical
particle. The surface electrostatic potential is 50 V and the temperature is 30 °C, reflecting
the amount of charge carried on the particle. The simulation results are shown in Figure 15.
Comparing Figure 15 with Figures 6 and 7, we can see that the results of one-dimensional
intensity, sampling phase along a circle, and spiral spectrum of the scattered field of a
charged spherical particle are consistent with those of a neutral dielectric sphere. The
reason is that when the particle size is small enough, the scattering effect of a charged
spherical particle is different from that of a neutral one, and the difference is more obvious
in the near region than in the far region. Therefore, the scattered field in the far region can
hardly identify whether the scatterer particle carries charges or not. Similarly, the external
field in the far region is unable to identify this.

Finally, we discuss whether other types of vector Bessel–Gaussian vortex beams can
show the differences in the weights of OAM modes for various characteristic parameters
of particles. Here, we consider the right circular polarization and the radial polarization.
Their field distributions in the x-direction at the receiving end are used to analyze the spiral
spectrum characteristics in order to explore whether we can obtain the spiral spectrum
varying with the parameters of the scatterer particle only, based on knowing the component
field in a certain direction. Hence, the characteristic parameters of the scatterer can be
retrieved according to the differences in the spiral spectrum. This may then be used for
remote sensing applications in engineering.
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Figure 15. The same as in Figure 12, with the simulated scattered field. The scatterer is changed into
a charged particle where other parameters remain unchanged. The surface electrostatic potential of
the charged particle is ϕ = 50 V and the surface temperature is T = 30 °C.

Figure 16 shows the spiral spectrum of the scattered field of the right circular po-
larized Bessel–Gaussian vortex beam. The topological charges 1-4 are considered, cor-
responding to the panels from left to right in each row. The radius a, and the complex
refractive index m, of the irradiated particle in each row are different. In the first row,
a = 0.5 µm and m = 1.377 + 1.62 × 10−3i, in the second, a = 0.5 µm and m = 1.75 + 0.44i and
a = 1.0 µm and m = 1.377 + 1.62 × 10−3i in the third row. The particle is homogeneous
and isotropic. The spiral spectrum distribution of the scattered field of the right circular
polarized Bessel–Gaussian vortex beam in the x-direction is highly sensitive to the change
of the characteristic parameters of the illuminated particle. Instances of such parameters
are the complex refractive index and size of the particle. In other words, for the right circu-
lar polarized Bessel–Gaussian vortex beam, the characteristic parameters of the scatterer
particle can be retrieved by using the spiral spectrum of the scattered field in the x-direction.
In addition, comparing the results of the first and the third rows, it can be seen that the
particle size is larger, the weight of the primary mode becomes dominant, which visually
shows the OAM state carried by the incident beam.

Similar to Figure 16, Figure 17 discusses the simulation results where the incident
beam is a radial polarized Bessel–Gaussian vortex beam. Refer to Figure 16 for specific
contents and parameters of panels. As it is seen, variations in the characteristic parameters
of the scatterer particle also affect the spiral spectrum distribution of the scattered field of
radial polarized Bessel–Gaussian vortex beam.
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Figure 16. The spiral spectra of the scattering fields of right circular polarized Bessel–Gaussian vortex
beams were scattered by a particle with different sizes and different complex refractive indices. The
scatterer particle is a uniform and isotropic sphere. Radius a and complex refractive index m of
the illuminated particle are: a = 0.5 µm and m = 1.377 + 1.62 × 10−3i in panels (a–d); a = 0.5 µm
and m = 1.75 + 0.44i in panels (e–h); a = 1.0 µm and m = 1.377 + 1.62 × 10−3i in panels (i–l). The
corresponding topological charge from left to right in each row is 1–4.

The above discussions show that changing the characteristic parameters of the illu-
minated particle significantly alters the spiral spectrum of the scattered field of the vector
Bessel–Gaussian vortex beam. Therefore, for detecting parameters of the particle, one can
select Bessel–Gaussian vortex beams with different polarization states for incidence. Fields
in multiple directions can be then sampled and their spiral spectrum characteristics can
be analyzed to build a multi-dimensional database. Similarly, a uniform and isotropic
dielectric sphere can be used as an auxiliary objet. By changing the multiple characteristic
parameters of this object, a multi-dimensional database can be then established to identify
the parameters of the incident vector Bessel–Gaussian beam. The higher the number of such
dimensions, the more accurate the inversion results of the beam and particle parameters.
In our future research, we will investigate whether a similar method can be extended to
other shaped beams and irregular scatterers.
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Figure 17. The same as in Figure 16, but the radial polarization is considered.

4. Conclusions

We investigated the impact of the scattering effect of a spherical particle on the orbital
angular spectrum of a vector Bessel–Gaussian vortex beam. We considered y polarization,
right circular polarization, and radial polarization. The generalized Lorenz–Mie theory
and the angular spectrum decomposition method were used to describe the scattered and
external fields of vector Bessel–Gaussian vortex beam in the far-field region. The spiral
spectrum expansion method was then combined to simulate the orbital angular momentum
spectra of scattered and external fields. The calculation algorithm of the field does not
cause the spiral spectrum of the beam change with the position of the measurement plane.
Our simulation results further suggested that sampling along the circumference cannot
fully reflect the phase information of the field, and different sampling radii lead to different
sampling results. The spiral spectra of the scattered and external fields of y polarized,
right circular polarized, and radial polarized Bessel–Gaussian vortex beams are sensitive
to the changes in the particle characteristic parameters, such as its complex refractive
index and size. The sampling results are inconsistent in different directions. Therefore, the
polarization state of the beam and sampling direction of the field can be used as calculation
dimensions to build a database for retrieving the parameters of scattered particles. Similarly,
the characteristics of the incident beam can be retrieved by using the particle parameters.
Studying the field distribution and spiral spectrum of the vector Bessel–Gaussian vortex
beam scattered by spherical particles provides a theoretical basis for potential applications



Remote Sens. 2022, 14, 4550 19 of 23

of vortex beam in remote sensing, such as the real-time monitoring of rain droplet size in
rainy environments.
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Appendix A

Considering a spherical particle with radius a and relative complex refractive index
m illuminated by a vector Bessel–Gaussian vortex beam. The coordinate systems of the
particle and beam are o-xyz and O-XYZ, respectively (Figure A1). Here, α is the angle
between the wave vector k of the plane wave component and the transmission axis Z, and
β is the azimuthal angle. The coordinates of the beam center O in the particle coordinate
system are (x0, y0, z0) indicating the relative position of the beam and particle.

Figure A1. Schematic diagram of a spherical object illuminated by a Bessel–Gaussian vortex beam.

The expression of the electric field of a vector Bessel–Gaussian beam with order l at
the source plane is

E(ρ, ϕ, 0) = euE0 Jl(γρ) exp(− ρ2

w02 )e
ilϕ (A1)
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where, ρ =
√

x2 + y2, ϕ = arctan(y/x), θb is the conic angle and γ = k sin θb. w0 is the
waist radius of the incident beam, Jl(x) is the Bessel function of order l. eu represents the
vector state of the beam and the subscript u indicates the polarization type.

In the angular spectrum theory of light, the light field on any plane can be considered
as a linear superposition of many plane waves with different amplitudes and propagation
directions. Therefore, from the definition, Equation (A1) can be expressed as

P(kx, ky, kz=0) =

+∞∫
−∞

+∞∫
−∞

E(x, y, 0) exp[−i(kxx + kyy)]dxdy (A2)

where, kz = k cos α, kρ = k sin α, kx = kρ cos β and ky = kρ sin β. Using straightforward
mathematical transformations, the derivation result of Equation (A2) is

P(kx, ky, kz=0) = P(kρ, β) = E0(−1)l+1πw0
2eil(β+ π

2 ) exp

(
−
(kρ

2 + γ2)w0
2

4

)
Il(

kργw0
2

2
) (A3)

Il(x) is the modified Bessel function of order l. For the details of the derivation process,
see [40].

For a beam on an arbitrary plane, the expression of the electric field changes to

E(x, y, z) = E(α, β) =
1

4π2 k2
2π∫
0

π/2∫
0

euP(kρ, β)eik·r sin α cos αdαdβ (A4)

Taking the beam position into account, i.e., the beam’s location is (x0, y0, z0) instead of
(0, 0, 0). Correspondingly, the above equation becomes

E(α, β) =
1

4π2 k2
2π∫
0

π/2∫
0

eueik·rP(kρ, β)eik·r0 sin α cos αdαdβ (A5)

In Equation (A5), r0 =
√

z2
0 + ρ2

0, ρ0 =
√

x02 + y02, ϕ0 = arctan(y0/x0). It can be
expanded by using the vector spherical wave functions as

E(α, β) = k2

4π2

π/2∫
0

2π∫
0

∞
∑

n=1

n
∑

m=−n
P(kρ, β)Dmneik·r0 × [p′umnM(1)

mn(kr) + q′umnN(1)
mn(kr)] sin α cos αdβdα

=
∞
∑

n=1

n
∑

m=−n
pu

mnM(1)
mn(kr) +

∞
∑

n=1

n
∑

m=−n
qu

mnN(1)
mn(kr)

(A6)

where

Dmn =
(2n + 1)(n−m)!

4n(n + 1)(n + m)!
(A7)

pu
mn =

1
4π2 k2Dmn

π/2∫
0

2π∫
0

P(kρ, β)eik·r0 p′umn sin α cos αdβdα (A8)

qu
mn =

1
4π2 k2Dmn

π/2∫
0

2π∫
0

P(kρ, β)eik·r0 q′umn sin α cos αdβdα (A9)

Comparing the expression of the electric field in Equation (A6) with Equation (1), the
mathematical relationship between the beam shape coefficients (gm

n,TM and gm
n,TE) and the

expansion coefficients (pu
mn and qu

mn) can be obtained.

gm,u
n,TM =


n(n+1)

in+1(2n+1) qu
mn m ≥ 0

1
(−1)|m|

(n+m)!
(n−m)!

n(n+1)
in+1(2n+1) qu

mn m < 0
(A10)
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gm,u
n,TE =


−in(n+1)

in+1(2n+1) pu
mn m ≥ 0

1
(−1)|m|

(n+m)!
(n−m)!

−in(n+1)
in+1(2n+1) pu

mn m < 0
(A11)

In the simulation part, y, right circular, and radial polarization are discussed. Therefore,
the derivation results of the beam shape coefficients for these three polarization states
are given.

1. Y polarization

{
py

mn
qy

mn

}
= J

{∫ π/2

0
exp(−

(k2
ρ + γ2)w0

2

4
)Il(

kργw0
2

2
)×

[
cos α

{
πmn(cos α)
τmn(cos α)

}
I− − i

{
τmn(cos α)
πmn(cos α)

}
I+

]
sin α cos αdα

}
(A12)

where

J = −E0(−1)l+1in+1 k2w0
2

π
Dmneil π

2 (A13)

I+ = πeik cos α·z0
[

Jm−l−1(kρρ0)ei(l−m+1)ϕ0 ei(m−l−1) π
2 + Jm−l+1(kρρ0)ei(l−m−1)ϕ0 ei(m−l+1) π

2

]
(A14)

I− = iπeik cos α·z0
[

Jm−l+1(kρρ0)ei(l−m−1)ϕ0 ei(m−l+1) π
2 − Jm−l−1(kρρ0)ei(l−m+1)ϕ0 ei(m−l−1) π

2

]
(A15)

2. Right circular polarization

{
prr

mn
qrr

mn

}
= J


∫ π/2

0 exp(− (k2
ρ+γ2)w0

2

4 )Il(
kργw0

2

2 )×[
cos α(I+ − iI−)

{
πmn(cos α)
τmn(cos α)

}
+ i(I− + iI+)

{
τmn(cos α)
πmn(cos α)

}]
sin α cos αdα

 (A16)

The expressions of I+ and I− are consistent with those of the y polarization state.
3. Radial polarization

{
pR

mn
qR

mn

}
= J

∫ π/2

0
exp(−

(k2
ρ + γ2)w0

2

4
)Il(

kργw0
2

2
)IR

{
πmn(cos α)
τmn(cos α)

}
cos2 α sin αdα (A17)

IR = 2πeik cos α·z0 ei(l−m)ϕ0 ei(m−l) π
2 Jm−l(kρρ0) (A18)
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