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A B S T R A C T   

Joining of structures via adhesive anchors is of theoretical and practical engineering importance, including 
anchors that support concrete ceilings in urban infrastructure. Such anchors typically fail due to stress con
centrations at the loaded and/or embedded ends, captured by the well-known ‘shear-lag’ model. Herein, such 
anchors are revisited by considering elastic properties variation of the adhesive along the embedment length in 
discrete steps, to reduce critical stress concentrations, and thereby minimize the propensity of failure. Initially, a 
closed-form solution is developed for a system with single-step variation in adhesive compliance along the 
embedment length (henceforth referred to as double-adhesive bondline), which agrees well with Finite Element 
simulations. The simplest double-adhesive tailoring is found to reduce the maximum shear stress by 43% while 
maintaining the super-critical bondlength characteristics of such designs. The theoretical framework thus 
developed is extended to systems comprising an arbitrary number of discrete adhesives along the embedment 
length considering, fixed and free boundary conditions of the embedded-end, to allow for parametric evaluation 
of the adhesive compliance tailoring for optimal stress reduction (maximum shear stress reduces by 46% for 
triple-adhesive bondline) while maintaining critical-length characteristics. The adhesive tailoring could be 
effectively applied to anchors with critical-length characteristics by employing a facile double-adhesive bondline 
with the compliant adhesive near the loaded-end and stiffer adhesive near the embedded-end. The particular case 
of the well-known Boston tunnel anchor problem is analyzed as an exemplary demonstration of the approach.   

1. Introduction 

Post-installed adhesive anchors find their applications in construc
tion industry, anchor bridges and sealing [1]. They can also be used to 
anchor masonry units or rocks like limestone, basalt and sandstone [2]. 
Adhesively bonded anchors usually consist of a (steel) anchor bar 
inserted into a drilled hole in hardened concrete and thermosetting 
structural adhesive acting as a bonding agent between the concrete and 
the anchoring bar [3]. Colak et al. [4], reported considerable variations 
in the behavior of bonded anchors with bondline thickness and the 
choice of adhesive. There are four failure modes identified for steel 
anchors in concrete loaded in tension: 1. yielding of the (steel) anchor 
rod, 2. concrete-cone break out, 3. combined cone and bond failure and 
4. bond failure [5]. The yielding of the anchor bar usually is observed for 
anchors with very large embedment lengths while the concrete-cone 
failure (usually brittle in nature), is observed in bonded anchors of 

very shallow embdements without an accompanying bond failure. For 
bonded anchors with larger embedment length, concrete failure 
accompanied by bond failure is most commonly observed [6–8]. The 
experimental data provided by Ref. [8], shows that the bond failure 
mode is usually observed at embedment length of about 8.3–10 times 
the diameter of the anchor, while the steel anchor bar failure mode is 
observed when embedment length is about 11.2 times the anchor 
diameter. These observations were made for systems with adhesive 
thickness in the order of 2–4 mm and are influenced by the moduli of the 
embedding concrete and the adhesive. 

The load transfer in case of bonded anchors loaded in tension pre
dominantly occurs by shearing of the lateral adhesive along embedment 
length. Recently, bond failure due to lack of creep compliance in ad
hesive was reported as the primary cause for the collapse of the ceiling of 
interstate I-90 connector tunnel project in Boston, Massachusetts, U.S.A 
[9]. The embedment length of a typical anchor, in the accident report 
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[9], was about eight times the diameter of the anchor bar, falling into the 
typical design where the entire load is transferred to the concrete over 
the anchor length through shearing of the adhesive, i.e., no load is 
designed to be carried at the embedded end. This length required to 
transfer the entire load in this manner is the critical length, and is 
governed by shear-lag theory [10,46,47]. In the context of bond failure 
(usually observed in anchors of larger embedment lengths), this length is 
a critical bondlength beyond which no further reduction in peak stress in 
the bondline is observed [11]. The critical bondlength is dependent on 
the geometric and material properties of anchorage system and is re
ported by challal et al. [12], as 10 times the diameter for glass fiber rods 
embedded in concrete and cement grout. The critical bondlength in
creases as the strength of the substrate decreases [13] and is found to be 
about 10 times the diameter of the anchor for the anchors embedded in 
the substrate such as low strength concrete [14]. Conventionally, such a 
transfer length for steel-concrete interface under tension is referred to as 
development length [15]. In the present study, the shear-transfer or 
development length is also referred to as critical-length. 

Numerous theoretical, experimental and numerical investigations 
have been conducted on bonded anchors (see, for instance Refs. [5, 
16–19]). Cohesive zone modeling (CZM) is often utilized to predict the 
failure, including interfacial failures in bonded systems using cohesive 
zone elements whose properties depend on experimental 
traction-separation laws [20,21]. For instance, CZM was utilized for 
modeling failure behavior of interfaces between aggregate and cement 
paste [22]. The experimental works of Cook et al. [5,23], and Doerr et al. 
[24], provided detailed insight into the failure behavior of adhesively 
bonded anchors. Shear-lag elastic analysis was extensively used to 
evaluate the non-uniform bond stress in the adhesively bonded anchors 
[6,17]. Wang [19] performed 3D elastic analyses of conventional 
bonded anchors and showed that the 1-D elastic solution predicts the 
load carrying capacity reasonably well for relatively stiff substrate like 
concrete. It was also reported that the 3D models are more suitable for 
anchors embedded in soft substructures such as soil and soft rocks. 
Analytical model incorporating bond-slip behavior was developed by 
Chen et al. [25], for cable anchors fully grouted with cement. Zheng 
et al. [26], developed analytical solution for non-linear pull-out 
response of fiber-reinforced-polymer rods embedded in the steel tube 
with the cement grout, based on the shear-lag analysis. Prieto et al. [27], 
reported that most of the analytical models assumed that the 
embedded-end of the anchor is fully detached from the concrete. Such 
an assumption may not be fully valid. Only a few analytical models in 
the literature thus far considered the in-tact embedded-end condition of 
the anchor [1,11,27,28]. 

Non-uniform bond stress models for anchors (see, for instance Refs. 
[10,11]) indicate that the steep shear stress gradient exists near the 
loaded-end of the anchor. As the bond failure usually initiates from the 
loaded-end, we propose the use of the compliant adhesive for the 
bondline near the loaded-end to mitigate the stress concentration while 
retaining stiffer adhesive near the embedded-end, so as to improve the 
load carrying capacity. The benefit of such compliance tailoring for the 
composite and metallic bonded joints has been demonstrated experi
mentally and numerically [29–34]. Results of these studies indicate that 
the stress concentration in the adhesive can be reduced by considering 
spatially step-wise or smoothly varying properties of the bondline for 
metallic/composite lap joints. Previous works of authors have demon
strated that, owing to reduction in peak stresses in stress concentration 
zones, materially-tailored joints exhibit superior load carrying capacity 
and toughness in comparison to non-tailored joints [35–38]. Authors, in 
their previous studies, have also demonstrated compliance tailoring of 
multilayers via additive manufacturing [39–41]. 

The compliance tailoring of bondline along the bondlength, consid
ering single-step/multiple-step variation in modulus, is proposed and 
explored in this study, in the context of bonded anchors. Using the 
concept of compliance tailoring for bonded anchors, functional variation 
in modulus of the bondline along embedment length was previously 

proposed and explored by the authors, to reduce the peak stresses in the 
bondline [10]. The primary difference in the behavior of adhesively 
bonded anchors from other metal to 
metal/plastic/fiber-reinforced-plastic joints stems from the failure 
modes of the brittle substrate such as concrete-cone and combined 
concrete-cone bond failures which are influenced by the load-shared by 
the embedded-end. This emphasizes the importance of modeling the 
fixed embedded-end condition, disregarded by most of the models in the 
literature as discussed in Ref. [27]. However, to the authors’ best 
knowledge, there has been no work where the bonded anchors 
load-transfer behavior is studied in the presence of double or multiple 
adhesives along the embedment length. 

The objective of the proposed study is to develop a closed-form so
lution for stresses in bonded anchors employing multiple adhesives 
along the embedment length. In the first stage of modeling, 1-D 
axisymmetric closed-form elastic solution is developed based on shear- 
lag analysis of bonded anchors, considering a single-step variation in 
modulus along the bondline with embedded-end fixed or free. The 
baseline solution with which comparison is made is obtained from the 
shear-lag analysis of the anchors with uniform properties along the 
entire embedment length. The solution is then validated by the finite 
element results and the extant bond stress model [17]. The proposed 
double-adhesive bondline models are extended for the anchors with 
n-adhesive bondlines. The effect of compliant adhesive phase on the 
stress-state of the bondline and the load shared by the embedded-end is 
studied in detail for some reported anchor configurations. The me
chanics of double-adhesive bondline anchors is parametrically analyzed 
to identify optimal length and modulus of the compliant phase. As dis
cussed above, the failure of the Boston tunnel is due to creep failure of 
the adhesive anchor [9]. Therefore, it is important that the soft adhesive 
used in our analysis is as high creep resistant as the stiff adhesive in the 
bondline. On the other hand, if the creep resistance of the soft adhesive 
is lower than the stiff adhesive, we could still impose limit on the stress 
in the soft adhesive and design for lower stress in the soft one to stay 
under the limit. However, the analysis is still useful. Due to practical 
difficulties associated with the use of multiple adhesives along the 
bondline, we advocate the use of double-adhesive bondline. The ana
lyses of anchors carried out later with various bondline configurations 
will be helpful for comparison in terms of peak stress reduction. 

2. Analytical modeling 

A typical anchor configuration reported in the interstate I90 tunnel 
in Boston [9], is reproduced in Fig. 1a. This typical anchor assembly is 
idealized here as an anchor of diameter d, embedded into a semi-infinite 
matrix over a depth l as shown in Fig. 1b and carries an axial tensile load 
P. An adhesive layer of thickness t with varying shear modulus along the 
embedment length G(z) is surrounding the anchor and the diameter of 
hole is d + 2t. The elastic modulus of anchor is much higher compared to 
the adhesive, leading to negligible lateral deformation of the anchor bar 
under the load P. Let w(z) be its deformation in the loading direction z, 
neglecting the Poisson’s effect of the anchor. As discussed before, 1-D 
solution neglecting Poisson’s ratio, could be employed for anchors 
with stiff matrix like concrete [19]. The axial strain ϵ and the axial stress 
σ, experienced by the anchor are 

ϵ =
dw
dz

, σ =
dw
dz

E (1)  

where, E is the elastic modulus of the anchor. The shear strain γ and the 
corresponding shear stress τ in the bondline are given, respectively, by 

γ =
w
t
, τ =

w
t

G(z) (2) 

The strain energy in the system, due to axial deformation of the 
anchor and the shear deformation of the adhesive can be expressed in 
the functional form as 
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U =

∫ l

0

(
EA
2

(
dw
dz

)2

+

(
π(d + t)

2t

)

G(z)w2

)

dz (3)  

where, A = π
4d

2 is the cross-sectional area of the anchor. Using Euler- 
Lagrange’s variational principle, the strain energy is rendered stationary 
to obtain the following governing ordinary differential equation (ODE): 
(

π(d + t)
t

)

G(z)w − EA
(

d2w
dz2

)

= 0 (4) 

The above ODE accounts for an arbitrarily variation in shear 
modulus of the adhesive, G(z). The objective here, however, is to find a 
solution of the governing ODE for the adhesive anchor with a double- 
adhesive bondline considering both free and fixed embedded-end con
ditions of the anchor. In subsequent sections, the single-adhesive 
bondline and double-adhesive bondline are referred to as SBL and 
DBL, respectively. 

2.1. Single-adhesive bondline (SBL) 

Using a shear-lag analysis akin to Refs. [10,17], we begin with a 
solution to the conventional adhesive anchors with SBL, treated here as 
a baseline case. For an anchor with SBL, the shear modulus of the ad
hesive along embedment length, remains constant i.e., G(z) = G. The 
governing ODE, given by Eqn. (4), is accordingly simplified to 
(

π(d + t)
t

G
)

w − EA
(

d2w
dz2

)

= 0 (5) 

A general solution to the above second order ODE in closed-form is 
given by 

w = C1cosh(αz) + C2sinh(αz) (6)  

where, C1 and C2 are the constants of integration and the constant α =
̅̅̅̅̅̅̅̅̅̅̅̅̅
π(d+t)G

EAt

√

. 

2.1.1. SBL: Free embedded-end 
In case of SBL with free embedded-end, boundary conditions can be 

written as 

dw
dz

⃒
⃒
⃒
⃒

z=0
= 0;

dw
dz

⃒
⃒
⃒
⃒

z=l
=

P
EA

(7) 

Applying the above boundary conditions to solution given by Eqn. 
(6), we obtain C1 = P

EAα
1

sinh(αl) and C2 = 0. Therefore, the shear stress 
distribution in the adhesive along the bondline is obtained as: 

τ(z) =
(

P
EAα

G
t

)
cosh(αz)
sinh(αl)

(8) 

From the above equation, we can see that, at the embedded-end, the 
shear stress is minimum and is equal to 

τ(0) = τmin =

(
P

EAα
G
t

)
1

sinh(αl)
(9) 

For longer embedment length, as αl → ∞, we observe that the shear 
stress in the bondline at the embedded-end goes to zero. Similarly, the 
maximum shear stress in the adhesive occurs at the loaded-end and is 
equal to 

τ(l) = τmax =

(
P

EAα
G
t

)

coth(αl) (10) 

Note that for a very large l, the shear stress at the loaded-end i. e., z =
l, becomes 

τmax|l→∞ =

(
P

EAα
G
t

)

(11) 

Upon simplification, the axial stress in the anchor with free 
embedded-end, is obtained as 

σ(z) =
(

P
A

)
sinh(αz)
sinh(αl)

(12)  

2.1.2. SBL: Fixed embedded-end 
In case of SBL with fixed embedded-end, the boundary conditions 

can be written as 

Fig. 1. (a) Typical configuration of an adhesive anchor in the interstate I90 tunnel [9]; (b) Idealization of the anchor embedded in the concrete ceiling with a 
double-adhesive bondline. Gs and Gc denote the shear moduli of stiff- and compliant-phase, respectively. ls and lc denote the lengths of stiff- and compliant-phase, of 
the adhesive, respectively. Note, lc = ξl and ls = (1 − ξ)l. 
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w(0) = 0;
dw
dz

⃒
⃒
⃒
⃒

z=l
=

P
EA

(13) 

Applying the above boundary conditions in Eqn. (6), we get C1 =

0 and C2 = P
EAα

1
cosh(αl) . The adhesive shear stress distribution along the 

bondline can be obtained as 

τ(z) =
(

P
EAα

G
t

)
sinh(αz)
cosh(αl)

(14) 

Note that for the embedded-end fixed, shear stress is zero at the 
embedded-end. The maximum shear stress in the adhesive at the loaded- 
end is found as 

τ(l) = τmax =

(
P

EAα
G
t

)

tanh(αl) (15) 

Note that for a very large l, the maximum shear stress at the loaded- 
end i. e., z = l, becomes 

τmax|l→∞ =

(
P

EAα
G
t

)

(16) 

Comparing Eqns. (11) and (16), we see that the influence of 
embedded-end boundary condition disappears for very large l i.e., the 
entire load is transferred through shearing of the bondline. Practically, 
such large embedment length is referred to as critical stress-transfer- 
length (lcr), an important design parameter for such systems. The load 
shared by the embedded-end is evaluated using fixed boundary condi
tions. The axial stress in anchor for the fixed-end condition is obtained as 

σ =

(
P
A

)
cosh(αz)
cosh(αl)

(17)  

2.2. Double-adhesive bondline (DBL): Closed-form solution 

A closed-form solution for the shear stress distribution in the anchor 
assembly with DBL is obtained by modeling a step-change in shear 
stiffness of the bondline such that 

G(z) =
{

Gs 0 ≤ z ≤ (1 − ξ)l,
Gc (1 − ξ)l ≤ z ≤ l

⃒
⃒
⃒
⃒ z ∈ [0, l] (18)  

where, Gc and Gs are the shear moduli of the compliant- and the stiff- 
phase of the bondline, respectively, ls and lc are the lengths of the stiff 
and the compliant adhesives, respectively, and ξ = lc/l is the compliant 
bondlength ratio denoting the length of compliant phase with respect to 
the embedment length l, as seen in Fig. 1b. Using the DBL shear modulus 
profile given by Eqn. (18), the general solution to the ODE given by Eqn. 
(4), can be written as 

w(z) =
{

C1cosh(α1z) + C2sinh(α1z); 0 ≤ z ≤ (1 − ξ)l,
C3cosh(α2z) + C4sinh(α2z); (1 − ξ)l ≤ z ≤ l (19) 

Therefore, the shear stress in the compliant- and the stiff-phase of the 
bondline, respectively, is found to be 

τ(z) =

⎧
⎪⎪⎨

⎪⎪⎩

(C1cosh(α1z) + C2sinh(α1z))
Gs

t
; 0 ≤ z ≤ (1 − ξ)l,

(C3cosh(α2z) + C4sinh(α2z))
Gc

t
; (1 − ξ)l ≤ z ≤ l

(20)  

And the corresponding the axial stress distribution in the anchor is given 
by 

σ(z) =
{
(C1sinh(α1z) + C2cosh(α1z))Eα1; 0 ≤ z ≤ (1 − ξ)l,
(C3sinh(α2z) + C4cosh(α2z))Eα2; (1 − ξ)l ≤ z ≤ l (21) 

The peak stress in the stiff and compliant adhesives occurs either at 
the interface (at which step-change in shear modulus is provided) or at 
the free surface of the compliant adhesive near the loaded-end, respec
tively. Therefore, these peaks are obtained as 

τmax|s = C1cosh(α1(1 − ξ)l)
Gs

t
+ C2sinh(α1(1 − ξ)l)

Gs

t
(22)  

τmax|c = (C3cosh(α2l) + C4sinh(α2l))
Gc

t
(23) 

The peak stress in the bondline is the maximum of the above two. 
Depending on the relative values of the constants α1, α2 and ξ, it occurs 
either in the stiff or compliant phase. Therefore, while performing 
parametric study, the magnitude of peak stresses and the locations at 
which they occur are explored for varying compliant bondlength ratio ξ 
and the factor Gc/Gs = α1/α2. In subsequent formulation, particular 
solutions are derived for the fixed and free embedded-end conditions. 

2.2.1. DBL: Free embedded-end 
From the compatibility of deformation along the embedment length 

of the bondline and the traction-free condition at the embedded-end, the 
solution given in the Eqn. (19) has to satisfy: 

dw
dz

|z=0 = 0;
dw
dz

⃒
⃒
⃒
⃒

z=l
=

P
EA

;

w(z = (1 − ξ)l− ) = w(z = (1 − ξ)l+);
dw
dz

⃒
⃒
⃒
⃒

z=(1− ξ)l−
=

dw
dz

⃒
⃒
⃒
⃒

z=(1− ξ)l+

(24) 

The constants of integration C1, C2, C3 and C4 are determined by 
imposing the above boundary conditions to the general solution given 
by Eqn. (19) and are obtained as 

C1 =
C3cosh(α2(1 − ξ)l) + C4sinh(α2(1 − ξ)l)

cosh(α1(1 − ξ)l)
;C2 = 0;C3 = −

K2

K1
C4;

C4 =
P

EA

(
K1

α2sinh(α2l)(K1coth(α2l) − K2)

)

(25)  

where, 

K1 =α1sinh(α1(1 − ξ)l)cosh(α2(1 − ξ)l)− α2cosh(α1(1 − ξ)l)sinh(α2(1 − ξ)l)
K2 =α1sinh(α1(1 − ξ)l)sinh(α2(1 − ξ)l)− α2cosh(α1(1 − ξ)l)cosh(α2(1 − ξ)l)

2.2.2. DBL: Fixed embedded-end 
Again considering compatibility of deformation as before along the 

length of the bondline and the fixity of the embedded-end, the solution 
given in the Eqn. (19) has to satisfy: 

w(0) = 0;
dw
dz z=l

=
P

AE
;

w(z = (1 − ξ)l− ) = w(z = (1 − ξ)l+);
dw
dz

⃒
⃒
⃒
⃒

z=(1− ξ)l−
=

dw
dz

⃒
⃒
⃒
⃒

z=(1− ξ)l+
;

(26) 

The constants of integration C1, C2, C3 and C4 are determined by 
applying the above boundary conditions on the general solution given 
by Eqn. (19). These constants are obtained as: 

C1 = 0;C2 =
C3cosh(α2(1 − ξ)l) + C4sinh(α2(1 − ξ)l)

sinh(α1(1 − ξ)l)
;C3 = −

K2

K1
C4;

C4 =
P

EA

(
K1

α2sinh(α2l)(K1coth(α2l) − K2)

)

(27)  

where, 

K1 =α1cosh(α1(1 − ξ)l)cosh(α2(1 − ξ)l) − α2sinh(α1(1 − ξ)l)sinh(α2(1 − ξ)l)
K2 =α1cosh(α1(1 − ξ)l)sinh(α2(1 − ξ)l) − α2sinh(α1(1 − ξ)l)cosh(α2(1 − ξ)l)

2.2.3. Validation of the proposed DBL closed-form solution 
For validation of the proposed models, we choose the configuration 

of Farmer’s work [17] with SBL anchors as this original work was 
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validated by experiments. We also compare our analytical solutions with 
Finite Element (FE) results. In this example, the Poisson’ ratio of the 
adhesive ν, not reported by Farmer, is assumed to be 0.4; the shear 
modulus of the compliant adhesive is taken as Gc = 0.25Gs; and the 
compliant bondlength ratio ξ was chosen to be 0.2. See Table 1 for the 
geometric and material properties of Farmer’s configuration used here 
for validation. Table 1 also reports the computed load shared by the 
fixed embedded-end and a constant kl relevant for discussing the critical 
length characteristics of anchors (see appendix section 5.2). Fig. 2a and 
b, shows the comparison of the stresses obtained from the proposed 
model for SBL and DBL assemblies against the FE results and the 
Farmer’s solution [17], for the free and fixed embedded-ends, respec
tively. Note that the Farmer’s solution is only valid for the free 
embedded-end condition as is the case with most of the theoretical 
models reported in literature [27]. We can see that the predicted axial 
and shear stress distributions match very well with the FE results and the 
Farmer’s solution. The discrepancy in the shear stress prediction in 
comparison to the FE solution is within 2–5%. The inset in Fig. 2a shows 
that the traction-free condition i.e., zero axial stress at the 
embedded-end is exactly satisfied by the proposed model and the FE 
results. Further, the shear stress in the bondline with the free 
embedded-end condition agrees with the Farmer’s solution (see Fig. 2a 
bottom panel). We also observe a reduction in peak shear stress, at the 
loaded-end by about 35% by employing DBL in lieu of SBL. From the 
inset shown in Fig. 2b, we can see that the shear stress reaches zero 
owing to fixed embedded-end condition. However, when the 
embedded-end is fixed, axial stress is noted at this end, signifying that a 
fraction of applied load is transferred through this embedded-end of the 
anchor, directly in tension to the matrix. We particularly emphasize on 
the load share/fraction at the embedded-end instead of axial stress due 
to uncertainty associated with fixity, depending upon the amount of 
adhesive reaching this end. The fraction of the load at the embedded-end 
is not significant for anchors with large embedment lengths. From 
comparisons of Fig. 2a and b and analyses carried out in Appendix 5.2, at 
the embedded-end, the adhesive shear stress for an adhesive anchor with 
free embedded-end is proportional to the axial stress for the anchor with 
fixed embedded-end. For large embedment lengths, the effect of the 
boundary condition manifested by the shear and axial stresses, near the 
embedded-end, vanishes as can be observed from the comparison 

between insets of Fig. 2. The closed-form expressions for the 
load-transfer at the embedded-end are presented in the subsequent 
sections for the anchors with SBL and DBL. 

2.3. Load shared by the embedded-end: SBL and DBL 

Let S and Pa be the load transferred through shearing of the adhesive 
along the bondlength and the tensile load resisted by the anchor, 
respectively, such that the applied load is written as 

P = S + Pa = (1 − p)P + pP; 0 ≤ p ≤ 1 (28)  

where, p is the fraction of load shared by the embedded-end. p = 0 for 
the free embedded-end condition. The load transferred through shearing 
of bondline S, is evaluated from the shear stress distribution τ(z) as S =

π(d + t)
∫ l

0 τ(z)dz. Upon simplification, for SBL anchor, we get load 
transferred by the bondline and the anchor at the fixed embedded-end, 
respectively, are 

S = P(1 − sech(αl));Pa = Psech(αl) (29) 

Note for theoretically very large value of l, S = P and Pa = 0. 
Therefore, the proportion of load taken up by the embedded-end for the 
SBL anchor as a function of embedded length is given as 

p = sech(αl) (30) 

An important dimensionless constant which depends on the geo
metric and material properties of the anchor assembly, in order to 
identify critical-length characteristics is identified here as 

kl = αl = l
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
π(d + t)G

AEt

√

(31) 

In the above equation, the ratio d/A ∝ 1/d and hence anchors placed 
in groups, instead of single anchor is more effective in sharing the load. 
Larger diameter anchors have shown poor performance as per Cusens 
et al., [45]. Additionally, note that the larger embedment length l and 
smaller bondline thickness t help in increasing kl. Previous studies have 
associated the aspect ratio l/d with the failure modes or the load-transfer 
characteristics (see, for instance Ref. [8]). However, we propose the use 
of constant kl to characterize the load-tranfer behavior of bonded an
chors. From Eqns. (30) and (31), p and kl become significant when the 
anchor length is restricted, however, we focus our study on larger length 
anchors. Extending this approach, the load shared in shear by the DBL 
anchor is evaluated from the shear stress distribution τ(z) as S = π(d +

t)
∫ l

0 τ(z)dz, where, τz is obtained from Eqn. (20) along with the 
respective constants for the fixed embedded-end. Upon simplification, 
the proportion of load shared by the DBL anchor in tensile mode is 
formulated as 

p=1 − π(d+ t)
(

K∗
2

α1
(cosh(α1l(1 − ξ)) − 1)+

K∗
3

α2
(sinh(α2l) − sinh(α2l(1 − ξ)))

+
K∗

4

α2
(cosh(α2l) − cosh(α2l(1 − ξ)))

)

(32)  

where, K∗
2 = K2

P ,K
∗
3 = K3

P and K∗
4 = K4

P are the normalized constants which 
are independent of the applied load. From Eqn. (30), decreasing the 
shear modulus of adhesive will reduce the critical-length parameter kl, 
leading to a larger proportion of load shared by the embedded-end. 
Therefore, we apply a selective treatment of bondline such that the 
reduction in the modulus does not significantly influence the load shared 
by the embedded-end. 

2.4. n-adhesive bondline (nBL) 

In this section, we extended the idea of step-wise compliance grading 

Table 1 
Geometric and material properties of adhesive anchors tested or analyzed in 
previous works [5,17,24,27,42]. Prieto’s anchor configuration [43] is derived 
from the Boston tunnel [9].*values are assumed for a structural adhesive [44]. 
The parameters p and kl quantify the critical-length characteristics of adhesive 
anchor. Bold indicates the cases analyzed herein.  

Properties Farmer’s 
SBL [17] 

Cook’s SBL 
[5] 

Doer’s 
SBL [24] 

Prieto’s 
SBL [27] 

Embedment length l, 
mm 

350 { 88.9, 
127, 
177.8} 

{50.8, 
101.6, 
152.4} 

127 

Anchor diameter d, mm 20 {12.7, 
15.9, 
19} 

15.9 15.9 

Anchor modulus E, GPa 180 210 210 210 
Adhesive thickness t, 

mm 
4 { 0.8, 1.6} 1.6 1.55 

Adhesive modulus Es, 
GPa 

2.25 3.92* 3.92* 3.92 

Poisson’ ratio of 
adhesive 

0.4* 0.4* 0.4* 0.4 

Load shared by the 
fixed embedded-end 
p 

0.66% 0.9%– 
2.7% 

1.1%– 
34.45% 

2.5% 

Dimensionless 
constant, kl = αl 

5.46 4.3–5.5 1.7–5.2 4.73  
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to develop a framework for multi-adhesive bondline whose compliance 
changes in n number of discrete steps along the embedment length, 
referred here as nBL. The discrete adhesives, in this case, are arranged 
along the embedment length such that the nBL has decreasing 

compliance towards the embedded-end. Fig. 3 shows four discrete ad
hesives in the bondline. For multiple adhesives (say n) along the bond
line, the solution in terms of the deformation of anchor for the governing 
ODE given by Eqn. (4), for the region i is given by 

wi(z) = Kicosh(αiz) + Jisinh(αiz); ζi− 1l ≤ z ≤ ζil (33)  

where, i = 1, 2, ⋯n, ζi = 1 − ξi, αi =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
π(d+t)Gi

EAt

√

, Ki and Ji are constants, Gi 

is the shear modulus of phase i. In Fig. 3, n = 4 and ξn = 1. For coherence 
of discussions, we denote Gic = Gi for n < i i.e., multiple complaint ad
hesives with Gn = Gs for the stiff phase near the embedded-end. For n- 
adhesive bondline, from Fig. 3, we can see that G1c is the modulus of the 
phase-1 which is at the loaded-end. Strategically, we employ the most 
compliant adhesive in this region and the modulus of adhesive chosen is 
increased as we approach a region closer to embedded-end. This strategy 
is based on previous work of the authors [10] and is implemented in a 
parametric optimization study discussed later. The adhesive which is 
placed at the embedded-end is chosen to be the stiffest adhesive with 
largest bondlength ratio. The larger bondlength ratio of stiffest phase 
would ensure effective load-transfer through the bondline, reducing 
stresses near the loaded-end. The displacement fields given in the above 
Eqn. (33) for the n regions will have 2n unknowns. The continuity of 
displacement at any interface wi((1 − ξi)l) = wi+1((1 − ξi)l) gives us (n −
1) equations as follows 

Kicosh(αiζil) + Jisinh(αiζil) − Ki+1cosh(αi+1ζil) − Ji+1sinh(αi+1ζil) = 0
(34)  

where, i = 1, 2, ⋯ (n − 1). The continuity of first derivative of 
displacement along the bondline i.e., w′

i(ζil) = w′

i+1(ζil) gives us another 
(n − 1) equations as follows  

Fig. 2. Validation of proposed solution against the Farmer’s solution [17] and the Finite Element results: Normalized axial stress in the anchor and adhesive shear 
stress distribution the single- and double-adhesive bondline anchors for (a) free embedded-end; and (b) fixed embedded-end. The insets depict the stresses near the 
embedded-end. Gc = 0.25Gs and ξ = 0.2. 

Fig. 3. Multi-adhesive bondline: Idealization of the adhesive anchor embedded 
into concrete ceiling, showing four adhesives in the bondline as exemplary that 
can be extended to visualize n-adhesive bondline. The compliant phase com
prises three adhesives and the last phase contains stiff adhesive. Note that ξ4 
= 1. 
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where, i = 1, 2, ⋯ (n − 1). The boundary condition at the loaded-end i.e, 
w′

1(0) = P
AE is substituted into Eqn. (33) to obtain 

J1 =
P

AEcosh(α1l)
(36) 

Thus we obtain (2n − 1) equations for 2n unknowns and the last 
constraint equation depends on the embedded-end condition. For the 
anchor with free embedded-end, the solution is obtained by solving Eqn. 
(34) − (36) along with wn = 0 i.e., Jn = 0. For the anchors with fixed 
embedded-end, the solution is obtained by solving Eqn. (34) − (36) 
along with w′

n i.e., Kn = 0. We obtain a system of linear equations which 
are coded in MATLAB R2017a to solve for the unknown constants. Using 
the obtained constants, Ki and Ji, the shear stress in each of the adhesives 
is obtained as 

τi(z) =
Gi

t
(Kicosh(αiz) + Jisinh(αiz)); ζi− 1l ≤ z ≤ ζil (37) 

The fraction of load shared by the embedded-end p could be calcu
lated by deducing the load shared by the bondline obtained from the 
above shear stress distribution. Therefore, p = P− S

P , where S = π(d +

t)
∑n

i=1
∫

τidz. 

3. Results and discussion 

To get a detailed insight into the mechanics of anchors bonded with 
DBL, we look at the practically adopted configurations of the SBL an
chors, tested and analyzed by Cook [5,24] and are listed in Table 1. Cook 
and Doerr’s original work reported bond properties evaluated from ex
periments. Note that the Boston tunnel geometry is a subset of the 
configuration tested by Cook. We further classify the reported anchors 
into short, critical-length and super-critical-length anchors. The anchors 
with 50 mm length are classified as short and the anchors with 177.8 
mm as super-critical-length anchors. Critical/development length, as 
discussed before, is the minimum length required to allow full stress 
transfer in shear mode. From the analysis discussed later, we note that 
the anchor with 127 mm bondlength is a critical-length anchor. The 
critical-length is identified from stress analyses [10] and, as discussed 
before, is dependent on the shear stiffness of the bondline. Changing the 
shear modulus/stiffness could lead to a loss of critical-length charac
teristics, e.g., increased adhesive compliance causes the required critical 
length to increase. This is discussed in appendix section 5.2. 

We focused on the anchors with embedment length larger than 
critical lengths, as the load shared by the embedded-end is lower in this 
case. As discussed before, from Eqn. (30), the reduction in bondline 
stiffness increases the load share at the embedded-end. Also, the stress 
distributions predicted considering the embedded-end fixed and free are 
similar, for such anchors. We employ the embedded-end condition as 
fixed to allow us to calculate the load-share at the embedded-end. In the 
first example, the analysis is carried out for anchor properties: E = 210 
GPa and d = 19 mm, the bondline properties: Gs = 1400 MPa, t = 1.6 mm 
and Gc = 0.5Gs, and the embedment length l = 177.8 mm, adopting from 
Cook’s work (see Table 1). For the baseline anchor with SBL, the fraction 
of load shared at the embedded-end p is calculated as 0.9%. A redistri
bution in the stresses along the bondline and a respective increase in the 
load share p is expected due to introduction of compliant phase. In order 
to study the effect of compliant phase on the stress-state in the bondline, 
a parametric study is carried out for anchors with DBL adhesive by 
varying the compliant bondlength ratio such that ξ = {0.1, 0.2, 0.3, 0.4}. 
The SBL anchor with stiff adhesive G = Gs is chosen as the baseline case. 
Fig. 4 shows the comparison of adhesive shear stress distribution in 

super-critical-length anchors with SBL and DBL configurations. The 
maximum shear stress in the baseline anchor with SBL is 0.135(P/A) i.e. 
about 13.5% of tensile stress imposed on anchor rod. It is clearly seen 
that the peak stress in the bondline is reduced at the loaded-end when 
the DBL is employed in lieu of SBL owing to a favorable redistribution of 
shear stresses. For the DBL anchors with bondlength ratio ξ > 0.2, the 
peak stress is noted in the compliant phase of the bondline. Conversely, 
for DBL with ξ < 0.2, the peak shear stress is noted in the stiff adhesive 
phase. It is noted that a favorable distribution is the one in which the 
local peak stress in the stiff and the compliant phase are equal. Conse
quently, ξ = 0.2, gives the minimum value of peak shear stress for the 
choice of parameters chosen here. To better capture the benefit of 
grading, the bondline configuration has to be optimized by varying ξ and 
Gc. 

As discussed before, for a given anchor, the inclusion of the 
complaint phase increases the load shared by the embedded-end. 
Therefore, in the next example, we parametrically identify the bond
line configuration in order to reduce peak stress without significantly 
effecting the load-shared by the embedded-end. In first stage of para
metric evaluation, analysis is carried out for the previous example by 
evaluating the variations in the peak stress and load share p as a function 
of modulus of compliant phase Gc and plotted in Fig. 5a. In this figure, 
the peak stress in the stiff phase, compliant phase and entire bondline 
can be seen. Note that for a smaller Gc < 0.4Gs, the peak stress is 
observed in the compliant phase and the peak stress shifts to stiff phase 
as the Gc increases beyond 0.4Gs. For the parameters considered here, 
the optimal value of modulus of compliant adhesive is 0.4Gs. In the next 
stage of parametric evaluation, using Gc = 0.4Gs in the previous 
example, peak shear stress and the load share p are analyzed as function 
of compliant bondlength ratio ξ and plotted in Fig. 5b. From this figure, 
the peak stress is observed in the stiff phase for ξ < 0.2 and is observed in 
the compliant phase for ξ > 0.2. Therfore, for the anchor configuration 
considered here, the optimal values of shear modulus of compliant phase 
and the complaint bondlength ratio are Gc = 0.5Gs and ξ = 0.15, 
respectively, with a peak stress of 0.0782(P/A). The optimal configu
ration leads to about 43% reduction in peak shear stress in comparison 
to anchor with SBL comprising stiff adhesive. Fig. 5a and b shows that 
the fraction of load shared by the embedded-end p decreases with the 
increase in modulus of compliant phase Gc and increases with the 
compliant bondlength ratio ξ which is expected. For the optimum an
chor configuration, the load shared by the embedded-end was computed 

Fig. 4. DBL anchors with fixed embedded-end (Cook’s super-critical anchor): 
The shear stress distribution at the mid-surface of the adhesive along embed
ment length for a choice of compliant bondlength ratio ξ = {0, 0.1, 0.2, 0.3, 
0.4} and Gc = 0.5Gs. 

Kiαisinh(αiζil) + Jiαicosh(αiζil) − Ki+1αi+1sinh(αi+1ζil) − Ji+1αi+1cosh(αi+1ζil) = 0 (35)   
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as 1.5% in comparison to 0.9% for the SBL anchor. 
The percentage of load share that can be allowed at the embedded- 

end is left to the choice of designers and the proposed models could 
also be used to reduce the load share p by further stiffening of adhesive 
near the embedded-end in addition to the compliance imparted at the 
loaded-end. Fig. 6a and b repeats the parametric evaluation exercise by 
increasing the stiffness of the bondline in the stiff phase i.e., Gs is 
increased to 1643 MPa (corresponding to an adhesive with Young’s 
modulus of 4600 MPa) and comparison is made against the previous 
parametric study. In these figures, it is clearly seen that increasing the 
modulus of stiffer adhesive reduces the load shared by the embedded 
end p for any configuration. However, this increase in stiffness leads to a 
greater value of the peak stress in the bondline in comparison to that of 
the optimal configuration. 

In the next example, the idea of bondline tailoring is extended to 
multi-step variation in shear modulus of bondline adhesive to explore a 
possibility of further reduction in peak stress. The detailed parametric 
stress analysis of three adhesive bondline (TBL) system is discussed in 
appendix section 5.3. Fig. 7 illustrates the comparison of shear stress 
distribution obtained in anchors with SBL against those obtained for 
optimal DBL and TBL configurations. The bondlines based on parametric 

optimization for DBL and TBL adopted here are {Gc = 0.4Gs, ξ = 0.2} and 
{Gc1 = 0.4Gs, Gc2 = 0.6Gs, ξ1 = 0.1, ξ2 = 0.2}, respectively. The baseline 
case for comparison is the SBL anchor with stiff adhesive Gs. In this 
figure, the redistribution of shear stress over a larger portion of the 
bondline is observed for TBL anchor in comparison to SBL or DBL 
bondlines. The peak stress reduction in case of TBL is 46% in comparison 
to the baseline anchor. Besides having a slightly greater influence on 
reducing the peak stress, the TBL anchor helps mitigate the load share at 
the embedded-end, originally introduced due to compliance tailoring. 
Due to higher practicability of the double-adhesive anchor imple
mentation and its comparable performance in terms of peak shear stress 
reduction to TBL anchors, we advocate the use of DBL for anchors. 

The proposed theory is applied to identify an optimal bondline 
configuration of the Boston tunnel anchor which is similar to the Cook’s 
critical length anchors. The geometric and material properties chosen 
are: l = 127 mm, d = 15.9 mm, E = 210 GPa, t = 1.6 mm, Es = 3.92 GPa, 
μ = 0.4. Fig. 8a and b shows the axial stress distribution in the anchor 
and shear stress distribution in bondline, respectively, for four different 
cases: 1. Baseline SBL with Gs = 1400 MPa, 2. Stiffer SBL with Gs = 1643 
MPa (corresponding to a Young’s modulus of 4.6 GPa), 3. DBL para
metrically optimized for minimizing peak shear stress and 4. DBL 

Fig. 5. DBL anchors with fixed embedded-end (Cook’s super-critical anchor): Normalized peak shear stress in the stiff and the compliant phase of the adhesive as a 
function of (a) shear modulus mismatch between the compliant and stiff adhesives Gc

Gs 
for ξ = 0.2 (b) compliant bondlength ratio ξ for Gc = 0.4Gs. Load shared by the 

embedded end is plotted on the vertical axis on the right. 

Fig. 6. DBL anchors with fixed embedded-end (Cook’s super-critical anchor): Normalized peak shear stress in the stiff and the compliant phase of the adhesive as a 
function of (a) shear modulus mismatch between the compliant and stiff adhesives Gc

Gs 
for ξ = 0.2 (b) compliant bondlength ratio ξ for Gc = 0.4Gs and 0.38Gs for Gs =

1400 and 1643 MPa, respectively. Load shared by the embedded-end is shown on the vertical axis on the right. 
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parametrically optimized for retaining the load shared by the 
embedded-end. The cases 2 and 4 are obtained by employing a stiffer 
bondline, with modulus greater than the original problem. The detailed 
parametric plots showing the peak stresses as a function of adhesive 
compliance and the bondlength ratios are presented and discussed in 
appendix. From Fig. 8a, we can clearly see that the axial stress at the 
embedded end is increased as we increase the compliance of the bond
line, however, the axial stress at the embedded-end does not increase 
when we stiffen the original bondline by increasing Gs from 1400 to 
1643 MPa. Note that the axial stress is a function of load shared at this 
end. The anchor used for the ceiling of the Boston tunnel has a load share 
of 2.7% at the embedded-end. Note that for an anchor with SBL, an 
increase in modulus of the bonline leads to higher stress peaks at the 
loaded-end. The first attempt to perform parametric optimization was 
carried out by purely tailoring the compliance of the bonline leading to a 
reduction in peak stress of 38% as seen in Fig. 7. Due to the increased 
compliance obtained by replacing 20% of bondline by adhesive of shear 
modulus = 0.48Gs, the load share at the embedded-end increased up to 
4%. In the second attempt to perform parametric optimization, the 
stiffness near the embedded-end was increased to Gs = 1643 MPa and 
the parametric optimization was performed by maintaining the load 
share at the embedded-end p = 2.7%. In this attempt, the reduction in 
peak stress was about 27%, however, the stress condition of the original 
anchor was unaltered. The adhesive tailoring could be more effective for 

Fig. 8. Boston Tunnel Anchor (Cook’s Critical-length anchor): Comparison of (a) axial stresses and (b) shear stresses, in the optimal DBL anchors against the SBL 
anchor baseline. The constrained optimal DBL corresponds to the case where the load share at the embedded-end is kept constant while performing optimization. The 
legend is the same for both sub-plots. 

Table 2 
Load-shared by the embedded-end, calculated using the approximate formula: p 
= sech((αcξ + αs(1 − ξ))l) and checking error against the proposed model so
lution for p.  

Farmer’s Configuration: Gs = 804 MPa, Gc = 402 MPa, E = 180 GPa 

L mm d mm t mm ξ kl papprox pactual %age Error in p 

350 20 4 0 5.73 0.007 0.007 0.000 
350 20 4 0.1 5.56 0.008 0.008 8.129 
350 20 4 0.2 5.39 0.009 0.010 11.745 
350 20 4 0.3 5.22 0.011 0.012 13.350 
350 20 4 0.4 5.06 0.013 0.015 14.056 
350 20 4 0.5 4.89 0.015 0.018 14.342 
175 20 4 0.2 2.70 0.134 0.146 8.011 
87.5 20 4 0.2 1.35 0.487 0.507 4.107 

Cook’s Configuration: Gs = 1400 MPa, Gc = 700 MPa, E = 210 GPa 
L mm d mm t mm ξ kl papprox pactual %age Error in p 
177.8 19 1.6 0 5.48 0.009 0.009 0.000 
177.8 19 1.6 0.1 5.32 0.010 0.011 7.900 
177.8 19 1.6 0.2 5.16 0.011 0.013 11.536 
177.8 19 1.6 0.3 5.00 0.013 0.016 13.207 
177.8 19 1.6 0.4 4.84 0.016 0.018 13.965 
177.8 19 1.6 0.5 4.68 0.019 0.022 14.280 
127 16 1.6 0 4.30 0.027 0.027 0.000 
127 16 1.6 0.1 4.17 0.031 0.033 6.666 
127 16 1.6 0.2 4.05 0.035 0.039 10.289  

Fig. 7. Multiple-adhesive anchors (Cook’s super-critical anchor): Comparison of normalized shear stress distribution in the optimal DBL and TBL anchors with 
SBL anchor. 
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critical length anchors (Boston tunnel configuration) when we stiffen the 
bondline near the embedded-end. 

Utilizing the proposed theory, as discussed before, the closed form 
formulas are obtained for the peak stresses in the bondline and load 
shared by the embedded-end. A simplified yet approximate formula for 
the load shared by the embedded end of a DBL anchor is proposed by 
treating it as an equivalent SBL anchor with the constant αeff = αc + αs(1 

− ξ), where, αc =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
π(d+t)Gc

EAt

√

and αs =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
π(d+t)Gs

EAt

√

. The load shared by the 
embedded-end could be approximately computed as 

p = sech(αeff l) (38) 

This formula is implemented for some anchor configurations in 
Table 2, and noted an error up to about 15%. However, the error is found 
to be larger for configuration with larger p values and decreases with a 
decrease in p value. 

4. Conclusions 

A simple linear elastic theoretical framework for anchors is devel
oped and used to analyze the stress reduction potential, including the 
consideration of the constraint of maintaining the critical length of the 
design. Closed-form solution and algebraic equations based on shear-lag 
analyses are presented for the anchors with double-adhesive and 
multiple-adhesive bondlines, respectively, to predict the shear stresses 
in the bondline and the load shared by the embedded-end. The closed- 
form solution is validated using the results obtained from an analo
gous finite element model and an extant study. The compliance tailoring 
of the bondline in bonded anchors can reduce the maximum stresses 
driving failure by as much as 43% for the simplest double-adhesive 
tailoring, without significantly influencing the stress-state at the 
embedded-end. An example of super-critical-length anchors with n-ad
hesive bondline indicates that the peak stresses could be reduced by 
about 46% by using three adhesives along the bondline, in lieu of a 

single adhesive, without significantly loading the embedded-end. A 
marginal improvement in peak stress reduction for the case of bondline 
with three adhesives in comparison to double-adhesive bondline and 
practical considerations of deploying multiple adhesives, advocate the 
use of latter. The following observations are drawn based on the stress- 
transfer characteristics of double-adhesive bondline and triple adhesive 
bondline anchors:  

● The load-transfer from anchor to the matrix through the adhesive 
could be more uniform and the peak stresses could be shifted away 
from the loaded-end, if multiple adhesives representing a step-wise 
variation in shear modulus of the bondline is considered in lieu of 
a single adhesive bondline.  

● The compliance tailoring demonstrated here with the help of double- 
adhesive or n-adhesives is more suitable for the anchors with larger 
embedment depths.  

● For double-adhesive anchors, the peak adhesive shear stress and the 
location at which it occurs along the bondline is dependent on the 
compliant bondlength ratio and the modulus of compliant phase 
with respect to the modulus of stiff phase.  

● An approximate yet simplified formula for evaluating the load shared 
by the embedded-end is proposed. 

However, gradual creep softening and damage needs to be accounted 
for, to accurately predict the creep failure. Therefore, creep failure 
analysis of tailored adhesive anchors is left to a subsequent study. 
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Appendix 

Finite Element (FE) Model

Fig. A1. Axisymmetric Model: FE mesh, loading and boundary conditions for the anchor with bonded embedded-end. 
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To perform the validation of the solutions obtained for the anchors with SBL and DBL, finite element analyses was performed on an adhesively 
bonded anchor assembly shown in Fig. 1b by treating the embedded-end as fixed and free. The analyses was performed using ABAQUS 6.14 code. A 3D 
axisymmetric FE model, shown in Fig. A1, was set up with loading and boundary conditions representing anchor assembly fully bonded to the concrete 
substructure i.e., perfect bonding of cylindrical bondline with both the concrete and the anchor core, transferring the load through shearing. The 
tensile load is applied as a traction at the bottom surface of the anchor core. As the concrete substrate is semi-infinite, it is considered to be rigid. The 
properties of the steel and the bondline adhesive are same as that of the analytical model. Due to restraint by rigid concrete, the bondline was fixed 
along the outer periphery at (d/2 + t). The embedded-end condition was chosen as fixed or free depending on the case to be validated. The adhesive is 
divided into two phases representing compliant and stiff regions, akin to schemata of analytical model. A 4-noded bi-linear axi-symmetric quadri
lateral element (CAX4R) with radial and axial degrees of freedoms at each node was used to mesh the entire geometry. The mesh size of 0.1 mm × 0.1 
mm was chosen based on a sensitivity analysis for both the anchor and the adhesive. A linear static analysis was performed and the shear stress at the 
mid-surface of the bondline was extracted for comparison with the analytical model. 

Critical-length Characteristics of Adhesive Anchor

Fig. A2. Effect of shear stiffness of adhesive on p with SBL and DBL super-critical length anchors: Normalized adhesive shear stress along the bondline as a function of 
adhesive modulus G for SBL anchors and its comparison against the DBL anchor for super-critical-length anchors for (a) Embedded-end free and (b) Embedded-end 
fixed; for DBL, Gc = 0.25Gs, ξ = 0.2, l = 350 mm. 

The critical-length characteristic of an anchor configuration is sensitive to the shear stiffness of bondline as noted in Eqn. (30). We choose to verify 
this by analyzing an anchor from Farmer’s work as we have used it for validation of the proposed models. The baseline case for DBL anchor 
configuration is taken as (E = 180 GPa, d = 20 mm, Gs = 804 MPa, t = 4 mm, Gc = 0.5Gs, l = 350 mm, ξ = 0.25). The SBL baseline is chosen by changing 
the bondline configuration to G = Gs = 804 MPa. First, we study the effect of modulus of adhesive on the critical length characteristic of anchor. It is 
important to reiterate that the critical-length of the anchor is the minimum length required for shear-dominated load tranfer, identified by zero shear 
stress (negligible) at the embedded-end. Fig. A2a, depicts the shear stress distributions along the bondline of the SBL anchors for choices of shear 
modulus of adhesive G = {804, 402, 201} MPa for the anchors with free embedded-end. Note that, for the anchor with (G = 804 MPa), the shear stress 
vanishes near the embedded-end, while it increases with the decrease in shear modulus of the SBL. Therefore, the critical length characteristic is lost 
with the increase in shear modulus of the adhesive. Note that the shear stress is always zero at the embedded-end for the anchor with fixed embedded- 
end. However, the load share by the embedded-end is zero (negligible) for the critical length anchors with fixed embedded-end. The non-zero shear 
stress at the embedded-end for the anchor with free embedded-end is manifested by the load share/the axial stress at the embedded-end for the anchor 
with fixed embedded-end. We particularly emphasize on load share instead of axial stress at the embedded-end due to uncertainty associated with the 
fixity at the embedded-end, depending on the amount of adhesive reaching this end. From Eqn. (9), the shear stress at the embedded-end is a function 
of 1/sinh(l) and therefore, increases with the decrease in embedment depth. The critical-length parameter kl = αl for the present joint configuration 
(with G = 804 MPa) is calculated as 4.314. The SBL anchors with kl < 4.314 does not show complete load transfer in shear. Most of the configurations 
reported in Table 1, focused on designs whose kl is greater than 4.3. 
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Fig. A3. Effect of embedment depth l on p with SBL and DBL super-critical length anchors: Shear stress distribution along the length of the SBL and DBL anchors for a 
choice of embedment length l = {350, 175, 87.5} mm for (a) Embedded-end free and (b) Embedded-end fixed; for DBL, Gc = 0.25Gs, ξ = 0.2. 

Now, we are interested in looking at effect of embedment length on the critical-length characteristics of the anchor SBL and the DBL anchors. As 
noted before, the loss of critical length characteristic is observed, either in terms of magnitude of the shear stress in the bondline at the embedded-end 
for the anchor with free embedded-end or in terms of load share at the embedded-end for the anchor with fixed embedded-end. Figs. A3a and A3b, 
shows the shear stresses along the bondline for the SBL and DBL anchors for the choice of embedment depth l = {350, 175, 87.5} mm. For comparison, 
farmer’s SBL and DBL configurations are chosen as baselines. It can be clearly seen that the decrease in the embedment depth of the bondline leads to a 
greater load share at the embedded-end for both the SBL and DBL anchors leading to loss of critical length characteristic. Note that we are using only 
the fixed embedded-end condition to analyze the adhesive anchors in all the remaining sections of the paper. 

Parametric Optimization of Cook’s Supercritical TBL Anchor

Fig. A4. TBL anchors (Cook super-critical): The solid lines depicts the peak shear stress drawn as a contour plot as a function of moduli of compliant phases {Gc1, Gc2} 
for ξ1 = 0.1 and ξ2 = 0.2. The dashed lines shows the load shared by the embedded-end as a contour plot as a function of moduli of compliant phases {Gc1, Gc2}.  

M.A. Khan et al.                                                                                                                                                                                                                                



International Journal of Adhesion and Adhesives 118 (2022) 103227

13

Fig. A5. TBL anchors (Cook super-critical): The solid lines depicts peak shear stress drawn as a contour plot as a function of compliant bondlength ratios {ξ1, ξ2 − ξ1}; 
for Gc1 = .4Gs and Gc2 = .6Gs. The dashed lines shows the load shared by the embedded-end as a contour plot as a function of compliant bondlength ratios ξ1, ξ2. 

The analysis is carried out choosing anchor properties as (E = 210 GPa, d = 19 mm), the bondline configuration as (Gs = 1400 MPa, t = 1.6 mm), 
and the embedment depth l = 177.8 mm, adopted from Cook’s work (see Table 1). The solution developed for the n-adhesive bondline will be used 
here. For coherence of discussions, we denote Gci = Gi for n < i i.e., multiple compliant phases and Gn = Gs for the stiff phase near the embedded-end. 
The bondline configuration has to be optimized such that the load share at the embedded-end is not significantly influenced. We choose anchor with 
three-adhesive bondline denoted here as TBL anchor which contains two complaint phases and one stiff phase along the bondline. Fig. A4 shows the 
peak shear stress τmax and the load share p as a contour plot of modulii of compliant phases {Gc1, Gc2} ranging between 0.1Gs to Gs. In this figure, the 
solid arrows indicate how the optimum could be approach by reducing the shear moduli and dashed arrow indicates the distribution of p as a function 
of compliance. The loss in p could also be mitigated by employing more stiff adhesive in region near the embedded-end, i.e., order of modulus of 
adhesive should be Gs > Gc2 > Gc1. Also observe from the inset that Gc2 should be greater than Gc1 by about 1.27 times, looking at the direction of top 
left arrow. Note that the load share p is within 2% for {Gc1, Gc2} = {0.4Gs, 0.6Gs}. 

In the next stage of a parametric optimization, by fixing {Gc1, Gc2} = {0.4Gs, 0.6Gs}, the peak stress is minimized as a function of compliant 
bondlength ratios {ξ1, ξ2 − ξ1}, while simultaneously observing the load share by the embedded-end p, as demonstrated by Fig. A5. Note that for the 
values of ξ1 and/or (ξ2 − ξ1) greater than 0.25, the peak shear stress calculated is greater than the maximum value. From Fig. A5, note that for ξ1 = 0.1, 
ξ2 − ξ1 can be chosen between 0.05 and 0.1 without significantly altering peak shear stress. The dashed lines shows the load shared by the embedded- 
end as a contour plot as a function of compliant bondlength ratios {ξ1, ξ2 − ξ1}. The solid arrows indicate how the optimum could be approach by 
reducing the shear moduli and dashed arrow indicates the trend of p as we add more compliance. Note that here while approaching the optimal 
solution, the bondlength ratio of second phase i.e., ξ2 − ξ1 should be about 0.75–1 times the bondlength ratio closer to loading i.e., ξ1, looking at the 
direction of bottom solid arrow. Therefore, for brevity, we choose {ξ1, ξ2 − ξ1} = {0.1, 0, 1} as the optimal compliant bondlength ratios, leading to a 
reduction of about 46% in the peak bondline stresses. The load share by the embedded-end for the optimal bondline configuration is about 1.1%. 

Parametric Optimization of Boston Tunnel Anchor 

The cook critical configuration is similar to the anchor in the Boston tunnel. The parameteric optimization of the Boston tunnel anchor config
uration is depicted in the Figs. A6 and A7. Fig. A6 shows the parametric optimization for minimizing the peak stresses by reducing the compliance of 
the bondline near the loaded-end in two stages. In the first stage, the peak stress is minimized in relation to the stiffness of the compliant phase Gc, at a 
constant compliant bonlenght ratio ξ. In the subsequent stage, the peak stress is minimized in relation to the compliant bondlength ratio ξ, for the fixed 
Gc, obtained in the previous stage. The optimal bondline which reduces the peak shear stress by about 38% is ξ = 0.2 and Gc = 0.48Gs. Fig. A7 shows an 
additional parametric sweep for the anchor whose bondline is stiffened to reduce the load share at the embedded-end. In this case, we search for a 
bondline configuration such that the load share at the embedded-end is the same as the original SBL anchor. It can be seen that the parameters Gc = ξ =
0.15, Gc = 0.45Gs corresponds to p = 2.7% with a reduction in peak stress about 34%. 
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Fig. A6. DBL anchors with fixed embedded-end (Cook critical anchor): Peak shear stress in the stiff and the compliant phase of the adhesive as a function of (a) 
modulus of compliant adhesive in relation to stiff adhesive Gc

Gs 
for ξ = 0.2 (b) compliant bondlength ratio ξ for Gc = 0.48Gs. Load shared by the embedded end is 

plotted on the vertical axis on the right. 

Fig. A7. DBL anchors with fixed embedded-end (Cook super-critical anchor): Peak shear stress in the stiff and the compliant phase of the adhesive as a function of (a) 
modulus of compliant adhesive in relation to stiff adhesive Gc

Gs 
for ξ = 0.2 (b) compliant bondlength ratio ξ for Gc = 0.48Gs and 0.45Gs for Gs = 1400 and 1643 MPa, 

respectively. Load shared by the embedded end is plotted on the vertical axis on the right. 
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[43] Pablo A Prieto-Muñoz, Huiming M Yin, and Rene B Testa. Mechanics of an 
adhesive anchor system subjected to a pullout load. i: elastic analysis. J Struct Eng, 
140(2): 2013. 
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