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A B S T R A C T   

This study develops a new hybrid active contraction model for myocardial dynamics abstracted from sarcomere 
by combining the phenomenologically active-stress based Hill model and the micro-structurally motivated active 
strain approach. This new model consists of a passive branch and a parallel active branch that consists of a serial 
passive element for active tension transmission and a contractile unit for active tension development. This 
rheology represents an additive decomposition of the total stress into a passive and active response. The active 
stress is formulated following the active strain approach based on the sliding filament theory by multiplicatively 
decomposing the stretch of the contractile element into a fictitious and an active part. The length-dependence 
and force-velocity are further incorporated in the active strain. We estimate the passive stiffness of the serial 
passive element using literature data, which is 250 kPa, then the active stress is computed from the serial passive 
element in the active branch because of its force transmission structure. This one-dimensional contraction model 
is further generalized to three dimensions for modelling myocardial dynamics. Our results demonstrate that the 
proposed active contraction model has a high descriptive capability for various experiments, including both 
isometric and isotonic contraction compared to existing active strain approaches. We also show that it can 
simulate physiologically accurate cardiac dynamics in humans. The excellent agreement with experimental data 
and a local sensitivity study highlight the importance of length-dependence and force-velocity in the active strain 
approach. Our results further show that there exists a tight interaction between the length-dependence and force- 
velocity relationships. This new hybrid model serves as a step forward in personalized cardiac modelling using an 
active-strain based contraction model and has the potential to understand the multi-scale coupling in active 
contraction according to the sliding filament theory.   

1. Introduction 

Mathematical modelling of cardiac biomechanics has gained wide 
popularity and success towards the emerge of precision medicine in 
cardiology, the digital twin of heart [1]. It not only deepens the mech-
anistic understanding of cardiac function from the cellular level to the 
tissue/organ level, but also provides novel biomarkers for improved 
patient care and decision-making [2,3]. Many challenges still exist in the 
modelling of the myocardium despite decades of efforts being made 
from both the experimental and modelling communities, and far from 
being resolved thoroughly [4]. One essential component of cardiac 
models is the mathematical formulation of the mechanical properties of 
cardiac tissue, including both passive and active responses. 

The contraction of the myocardium is a very complex and synergistic 

multi-physics/scale process [5]. In literature, approaches to modelling 
active contraction can be broadly grouped into three categories: active 
stress, active strain, and hybrid approaches, see [6] for a historical re-
view on cardiac mechanics. As for the first one, the passive stress is often 
derived from certain strain energy functions (SEF), and an additive 
active stress tensor [7–9] is included to account for myocardial 
contraction. The active stress is widely used in personalized cardiac 
modelling because of its relatively easy implementation and abundant 
experimental data for parameter calibration because of the additively 
separated passive and active stress tensors [10–12]. However, it is 
difficult to formulate SEFs for active contraction due to the complex 
electrical-chemical-mechanical reactions in active force generation. 
Instead, active stress is often modelled as a set of ordinary differential 
equations [9,13]. 
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Coupling two stress tensors from different concepts in the active 
stress approach can lead to issues of mathematical convexity [14]. To 
overcome this, the active strain approach has been developed based on 
the theories of plasticity, tissue growth and morphogenesis. Kondaurov 
and Nikitin [15] firstly proposed this framework, further developed by 
Taber [16] and others [17–20]. The key concept of the active strain 
approach is the multiplicative decomposition of the deformation 
gradient tensor F = FeFa with Fa the active strain that stores no elastic 
energy, which can be fictitiously imagined as plastic distortion of the 
soft tissue. Fa may be formulated via prescribed myocardial contraction 
behaviour. The elastic deformation Fe accounts for the elastic energy 
and preserves the compatibility of the soft tissue. Finally, the passive SEF 
with respect to Fe can be used to derive the total myocardial stress [19, 
20]. In the active strain approach, the active and passive stresses are 
inseparable in general, and thus a SEF is not needed for the active stress 
but indirectly determined by the passive SEF [20]. 

A third approach is the hybrid approach [21], which is inspired by 
the classic Hill model [22] which consists of two nonlinear springs and 
one contractile element. The Hill model, though considered to be a 
phenomenological model, still informs today’s studies on muscle 
contraction because of its capability of accurately simulating muscle 
force generation under various excitation conditions at cellular and 
tissue levels, myocardial contraction included [13,21]. Interested 
readers may refer to [6,23] for more details. In the hybrid approach, 
same as the active stress approach, the total stress is the summation of 
the active and passive stresses, in which the passive stress is derived 
from a SEF with respect to the total deformation gradient tensor F. While 
the active stress is derived from an additive active SEF with respect to Fe 

that is determined by F F− 1
a following the active strain approach, and Fa 

is defined in a similar way as in the active strain approach. This hybrid 
approach preserves the advantage of mathematical convexity from the 
active strain approach whilst separates active and passive contributions 
to facilitate model calibration. 

Active stress approach is rather phenomenological, suffering from 
the convexity issue [14], while active strain approach is 
micro-structurally motivated and depends on the local distortions. The 
multiplicative decomposition of deformation gradient tensor signifies 
the sequential order between the active distortion and the elastic 
deformation. In the active strain approach or the hybrid approach, 
various assumptions have been made to prescribe active strain tensor Fa, 
such as the transversely isotropic model with det Fa = 1 [19,24], while it 
has difficulty in producing physiologically correct ejection fraction and 
wall thickening. The transversely isotropic model with contraction only 
occurring along myofibres [14] could overcome the above limitations by 
not restricting det Fa = 1. Alternatively, the orthotropic model [25] 
could predict the physiological wall thickening in systole by defining 
different contractility along the myofibre and sheet directions based on 
the assumption that myofibre contraction induces the expansion along 
the sheet direction by maintaining det Fa = 1. One essential component 
in the active strain approach is to describe the contractile function along 
each axial direction. The temporal evolution of these contractile strains 
is usually prescribed by a set of time varying curves in existing studies 
[19,26] rather than using a set of ordinary differential equations by 
taking into account detailed tension-development mechanism as in the 
active stress approach [13,27]. For example, few studies have incorpo-
rated the length-dependent and force-velocity relationships into the 
formulation of Fa that have been widely studied in the active stress 
approach [27]. 

The main constituent of the myocardium is myocytes, which take 
about 75% of the solid volume. At the cellular level, the myocyte con-
tains bundles of contractile myofibrils whose basic unit is sarcomere, 
which is about 2μm in length. The spatial arrangements of main func-
tional elements have been reported in many studies [28–30]. In brief, 
sarcomere can be considered as a symmetric structure in which the actin 
(thin) filaments are in parallel to the myosin (the thick filament). The 

Z-bands at both ends are anchored to the thin filaments and linked to the 
myosin by the elastic protein titin. Cross-bridges can be formed between 
the myosin and the actin filaments, which is triggered by the action 
potential. In the absence of activation, the thick and thin filaments will 
slide relatively freely because of no formed cross-bridges, and thus the 
passive response of myocytes is mainly from titin, membrane, collagen 
and elastic fibres. Once activated, cross-bridges will be formed and 
strongly bind the thin and thick filaments. Through a series of “pow-
er-strokes” [31], the thin filaments will slide towards the sarcomere 
centre, and the generated active tension from cross-bridges will be 
transmitted through those components linked to the contractile units, i. 
e. the Z-band, the non-overlapped thin-filament, and the costamere [32, 
33], here we denote these components as the serial passive elements. 
Cook et al. [34] observed elastic deformation in the cellular level in their 
isometric contraction experiments even though the overall length of the 
myocyte/muscle did not change, which would suggest there exists 
elastic deformation in this serial passive element. Kojima et al. [35] 
measured the stiffness of a single actin filament, which is around 5 × 104 

pN/μm. Given that the peak active force per myosin filament is around 
530 pN [36], this will cause a stretch of 1.05 in the thin filament. Kojima 
et al. [35] further concluded that 50% of the sarcomere compliance is 
due to the extensibility of the thin filament. Thus the serial passive 
element, linked to the cross-bridges, is a necessary unit for effective 
active force generation and transmission. 

Based on the geometrical arrangement of sarcomere [28–30], we 
propose a modified Hill model for active tension development with two 
branches as shown in Fig. 1, the left panel: the passive branch respon-
sible for passive properties when no cross-bridges formed (e.g. during 
diastole), and the active branch which has one serial passive element 
and one contractile element. The serial passive element in the active 
branch is a lumped unit with components involved in active force 
transmission, including the non-overlapped thin filament, Z-band and 
costamere. The contractile element is the overlapped region between the 
thin and thick filament which allows the application of the active strain 
approach through the multiplicative decomposition. We then incorpo-
rate the length-dependent and force-velocity relationships in active 
strain, which is further calibrated with existed experimental data. To the 
authors’ best knowledge, this is the first time to include experimentally 
calibrated length-dependence and force-velocity in active strain. We 
then validate this novel active contraction model using three typical 
active contraction experiments from literature. Finally, a 
three-dimensional finite element (FE) left ventricle (LV) model is pre-
sented with a parameter sensitivity study. 

2. Methods 

2.1. Hybrid active contraction model 

2.1.1. The 1-dimensional Hill model for the sarcomere unit 
Inspired by the widely-used Hill-type models of muscle contraction 

[13,21,22], a three-element rheology model is proposed here to model 
myocardial mechanical behaviour as depicted in Fig. 1. It consists of two 
branches: the upper branch for the passive response, and the lower one 
for the active response, and the two branches are connected in parallel. 
The right panel of Fig. 1 schematically illustrates the main sub-units in a 
typical sarcomere, including the actin filament, myosin, titin, and the 
Z-band [28,37]. The passive branch is responsible for the passive 
response of myocytes (i.e. titin, membrane) and extracellular connective 
tissues (collagen fibres), which can be described by a strain energy 
function Ψp. The lower branch consists of an passive element and a 
contractile element in serial. The contractile element is responsible for 
active contraction governed by the electrophysiology-mechanics 
coupling, and the active tension is transmitted through the passive 
element to additively contribute to the total myocardial stress (σ), 

σ = σp + σa, (1) 
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in which σp is the passive stress, and σa is the active tension which will be 
formulated following the active strain approach. 

The geometrical features of the passive element and the contractile 
element are defined at stress-free state as shown in Fig. 1. We consider 
the overlapped region between the thick filament (myosin) and the thin 
filaments to be the contractile element as in [28], and further assume 
cross-bridges will be exclusively formed in that region. The contractile 
element can change its length through the sliding between the thin and 
thick filaments either freely (no cross-bridge formed) or active 
contraction. Thus, in the stress-free state, the contractile element (Lc

a)

has the same length as the thick filament, 1.65μm [28]. Given that the 
total sarcomere length is L = 1.85 μm at stress-free state, the passive 
element for transmitting active tension (Lp

a) is 0.2μm in length, i.e., Lp
a +

Lc
a = L. See the top panel of Fig. 1 for details. 

Based on the sliding filament theory, we adopt the active strain 
approach to model myocardial active contraction using the multiplica-
tion decomposition [21]. Thus, in this 1-D Hill model, stretch of the 
contractile element λc

a is decomposed into a fictitious inelastic/plastic 
component Λp and an active stretch Λa for the contractile element, that 
is 

λc
a = ΛaΛp, (2)  

in which the active stretch Λa is related to contractility and further de-
pends on intracellular calcium transient ([Ca]), overall stretch (λ) and 
contraction velocity (λ̇ = dλ /dt), and Λp is a fictitious stretch repre-
senting the maximum potential stretch in the contractile element under 
current stretch λ if no cross-bridge is formed. In other words, the 
multiplication of Λa and Λp mimics the sliding between the thin and 
thick filaments under active contraction. 

2.1.2. Passive response of the active branch 
In the absence of excitation, no cross-bridge will be formed between 

the thin and thick filaments, i.e. in diastole. We assume the contractile 
element can be freely stretched without any resistance since the passive 
response is solely from the passive branch. Then the passive element in 
the active branch will stay in its stress-free state because of no force 
generated in the active element, indicating λp

a = 1. Thus for the active 
branch without activation, we have 

λp
aLp

a + λc
aLc

a = λL, (3)  

where λc
a = Λp is the stretch of the contractile element with Λa = 1 

because of no active tension generation, and λ is the overall stretch of the 
considered sarcomere. The middle panel of Fig. 1 schematically illus-
trates the purely passive response process. From Eq. (3), we have 

Λp = (λL − Lp
a)
/

Lc
a. (4)  

2.1.3. Active response of the active branch after excitation 
Once activated, a complex biochemistry process will start to form 

cross-bridges, causing strong bindings between the myosin heads and 
the thin actin filament. Through a series of “power stroke”, the thick 
filament slides past the thin filament towards the centre of the sacro-
mere. This phenomenon has been well described by the sliding filament 
theory in the literature [38]. Because of much higher active tension, in a 
range of 50 kPa ∼ 100 kPa [39], the passive element in the active branch 
will be stretched. The bottom panel of Fig. 1 illustrates the active 
contraction process. Using Eq. (3), the stretch in the passive element of 
the active branch is 

λp
a =

λL − λc
aLc

a

Lp
a

=
λL − λc

a(L − Lp
a)

Lp
a

. (5) 

Denoting η = L/Lp
a = 9.25, Eq. (5) can be further simplified as 

λp
a = λη − λc

a(η − 1). (6) 

Since Λp is the maximum fictitious passive stretch of the contractile 

Fig. 1. A modified Hill model consisting of a parallel passive branch and an active branch (the left panel) abstracted from the microstructure of sarcomere (the right 
panel). This schematic illustration describes three states of a sarcomere from the resting state (top) to the passive stretching (middle), and finally the active 
contraction state (bottom). λ represents stretch, Λ is the stretch in the contractile element which is multiplicatively decomposed with λc

a = Λa Λp, L represents the 
length, Ψp is the strain energy function for the passive response, and Kp

a is the stiffness of the passive element in the active branch. 
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element under current stretch λ if no cross-bridge is formed, thus we 
have Λp = (λL − Lp

a)/Lc
a, that is the same as Eq. (4) in which Λa = 1 

without excitation. We now have 

λp
a = λη − Λa(λη − 1), (7)  

and the linear strain for the passive element of the active branch is 

εp
a = λp

a − 1 = (λη − 1)(1 − Λa). (8) 

As depicted in Fig. 1, the passive element and the active element are 
connected in serial, thus the active tension in the active element is equal 
to the tension in the passive element. By assuming a linear response for 
the passive element, the active tension for the considered sacromerer is 
then 

Ta = Kp
a εp

a = Kp
a (λη − 1)(1 − Λa), (9)  

in which Kp
a is the elastic modulus of the passive element, which is set to 

be Kp
a = 250kPa. The estimation of Kp

a can be found in Appendix A. Note 
that the smaller Λa, the more shortening of the sacromerer, and the 
higher active tension. 

2.2. Electro-mechanical coupling 

Similar to [21], the evolution of Λa depends on the normalized 
intracellular calcium transient [Ca], and further governed by the action 
potential (AP) of myocytes. To model time varying potential of myo-
cytes, the two-variable phenomenological Aliev-Panfilov [40] model is 
employed to determine [Ca] transient. The Aliev-Panfilov model includes 
two ordinary differential equations, one for the rapidly evolving 
dimensionless potential ϕ, and the other one for the slowly evolving 
recovery variable r. In specific, 

dϕ
dt

= c ϕ(ϕ − α)(1 − ϕ) − r ϕ,

dr
dt

= ε̂(ϕ, r)[ − r − c ϕ(ϕ − br − 1)],
(10)  

in which α, br and c are constants, ε̂(ϕ, r) is a coefficient function that 
governs the restitution characteristics of the AP model through addi-
tional parameters γ, μ1 and μ2 [21,40], and 

ε̂(ϕ, r) = γ +
μ1 r

μ2 + ϕ
. (11) 

Similar as in [41], the normalized [Ca] transient is 

d[Ca]
dt

= q ϕ − k [Ca] (12)  

with constant parameters k and q. 
Following [41], Λa is defined as a function of [Ca], 

Λa =
1

1 + ℱ([Ca])(ξ − 1)
, (13)  

in which ξ = 1/Λmin, and Λmin is the minimum stretch ratio that the 
active element can achieve, in other words, the maximum shortening, 
and the function ℱ controls the contraction behaviour. The maximum 
value of Λa is 1 when there is no active contraction. Therefore, Λmin ≤

Λa ≤ 1. Similar as in Pelce et al.‘s study [41], 

ℱ([Ca]) = 1 +
2
π arctan(βln [Ca]), (14)  

where β is a constant. Note Eq. (14) is different from the study [21], a 
factor of two is used in this study to ensure ℱ in a range of [0, 1] when 
[Ca] ∈ [0, 1]. Fig. 2 shows an example of the action potential (ϕ), the 
normalized intracellular calcium transient ([Ca]) and the active strain Λa 

with a fixed sarcomere length at 1.85μm under an instant stimulus of 1 

that is applied at 0.1 s. 
Two important features of the active tension generation in myocytes 

are the length-dependence and force-velocity, both have been measured 
and studied in many cardiac muscle experiments [42,43]. The experi-
mental study in [44] has demonstrated force-velocity curves are shifted 
up/down in parallel along the force axis with varied initial muscle 
length, suggesting the force-velocity relationship is not much affected by 
the muscle length, hence we assume that the force-velocity and 
length-dependent relationships are independent, and the minimum 
active stretch Λmin is formulated as 

Λmin(λ, λ̇) =

{

ϑ1(λ)ϑ2(λ̇) for ϑ1ϑ2 ≤ 1,
1, otherwise,

(15)  

in which the function ϑ1(λ) describes the length-dependent relationship, 
and the function ϑ2(λ̇) is for the force-velocity relationship. 

It has been widely acknowledged that there exists an optimal 
sarcomere length (SL) range for efficient active tension generation [45]. 
When outside this range, the active tension is suppressed dramatically. 
This indicates that Λmin shall achieve the minimal value at this optimal 
SL range for maximized contraction, but with much higher values 
outside the optimal range. Note the smaller value of Λmin, the greater 
active contraction of sacromere. We now define ϑ1 as a U-shaped 
quadratic function of λ, that is 

ϑ1(λ) = κ1λ2 + κ2λ + κ3, (16)  

where κ1, κ3 are positive constants and κ2 is a negative constant. Fig. 3(a) 
shows an example of ϑ1 with varied λ, ϑ1 reaches the minimum value 
(0.66) at λ = 1.15, corresponding to a stretched sarcomere at a length of 
2.13μm. 

For the force-velocity relationship, published experiments have 
demonstrated that a higher shortening velocity will reduce the active 
tension [13]. A zero shortening velocity corresponds to the isometric 
contraction with a fixed length, thus ϑ2(λ̇) = 1 if λ̇ = 0. With non-zero 
shortening velocity, ϑ2 will lead to a reduced active tension that can 
be realized by increasing Λmin. With those in mind, we choose a logistic 
type function for ϑ2, specifically 

ϑ2(λ̇) =
1 + κ4

1 + κ4 eκ5 λ̇
, (17)  

where κ4 and κ5 are positive parameters. It can be verified that when λ̇ =

0, ϑ2 = 1, and ϑ2 > 1 for any non-zero shortening velocity. Note that 
the shortening velocity is negative. Fig. 3(b) gives an example of ϑ2, 

Fig. 2. The normalized action potential, the calcium concentration and the 
contraction of the active element using the Aliev-Panfilov model. Parameters 
are [21]: α = 0.01, γ = 0.002, br = 0.15, c = 8, μ1 = 0.2, μ2 = 0.3, q = 0.1, 
k = q/1, β = 3, Λmin = 0.5 with a stimulus ϕ = 1 at t = 0.1s. 
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which increases with higher shortening velocity, thus weaker contrac-
tion with increased Λmin. 

2.3. Upscale to 3-dimension 

Assuming myocytes being analogues to homogenized sarcomeres, 
then the tensorial representation of the active stress in the myocyte is 
defined as 

σa = Kp
a (λη − 1)(1 − Λa)f̂ ⊗ f̂ , (18)  

in which ̂f is the unit myofibre direction at the current configuration. Eq. 
(18) is a widely-used approach for formulating active stress in cardiac 
mechanics [13]. The myofibre stretch λ is 

λ =
̅̅̅̅̅
I4f

√
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

f0⋅(FTF f0)

√

(19)  

where f0 is the unit myofibre direction at the reference configuration, 
and F is the deformation gradient. Then Eq. (18) can be further written 
as 

σa = Kp
a(1 − Λa)

η
̅̅̅̅̅
I4f

√
− 1

I4f
f ⊗ f (20)  

with f = Ff0 and f̂ = f/
̅̅̅̅̅
I4f

√
. 

For the passive response of the myocardium, a reduced form of 
invariant-based strain energy function, based on the constitutive model 
developed by Holzapfel and Ogden [46], is used in this study with 
contributions from the ground matrix and myofibres, 

Ψp =
a
2b

[eb(I1 − 3) − 1] +
af

2bf
[ebf (I*

4f − 1)2
− 1], (21)  

where a, b, af , bf are material constants, I1 = trace(C) and I4f = f0⋅ (Cf0)

are strain invariants with C = FTF. I*
4f = max(I4f , 1) is to ensure only the 

stretched fibres can bear load. By further assuming the myocardium is 
incompressible, the total Cauchy stress is then 

σ =σp +σa =F
∂Ψp

∂F
+σa − pI

=aeb(I1 − 3) B+2af (I*
4f − 1)ebf (I*

4f − 1)2
(f⊗ f )+Kp

a(1 − Λa)
η

̅̅̅̅̅
I4f

√
− 1

I4f
f⊗ f − pI,

(22)  

where B = FFT, p is the Lagrange multiplier to enforce incompressibility 
(det F = 1), and I is the identity matrix. 

2.4. Fitting to typical experiments 

The unknowns for the hybrid active contraction model in Eq. (22) are 
the passive parameters: a, b, af and bf , and the active parameters: κ1, κ2, 
κ3, κ4 and κ5. Other active parameters including β, α, br, c, μ1, μ2, γ, k and 
q are obtained from the existed study [21], unless specified. In order to 
determine those unknown parameters, three typical experimental 
studies are selected: (a) the isometric contraction with different 
pre-stretches bathed in a saturated calcium solution [39]; (b) the con-
stant force-velocity experiments with saturated calcium concentration 
[13], and (c) the isometric active tension with varied intracellular cal-
cium transient [47]. Parameters are inferred by formulating a non-linear 
least-square minimization problem [48], which is implemented using 
the Matlab function fmincon (MatLab, MathWorks 2017) with the loss 
function 

L(Θ) =
∑N

n=1
[σn(Θ) − σexp

n ]
2
, (23)  

where Θ denotes the set of unknown parameters, N is the total number of 
data points, the scalar σn is the model-predicted stress component ac-
cording to the corresponding experiment, and σexp

n is the measured 
value. 

2.4.1. Length-dependent tension experiment 
Hawkins et al. [39] measured the total, passive, and active stresses in 

the rat tibialis anterior muscle under different fixed stretch ratios. Pas-
sive stress was firstly measured by stretching the muscle to a fixed 
stretch ratio, followed by the isometric active contraction with saturated 
intracellular calcium transient, the total stress was then recorded. The 
active stress was calculated by subtracting previously measured passive 
stress from the total stress. To mimic Hawkins’s experiment, we consider 
a muscle strip under uniformly unaxial stretch (λ) along muscle fibres 
without active contraction in the first step, then followed by the iso-
metric active contraction with [Ca] = 1. The deformation gradient 
tensor is assumed to be homogeneous, 

F = λe1 ⊗ e1 +
1
̅̅̅
λ

√ e2 ⊗ e2 +
1
̅̅̅
λ

√ e3 ⊗ e3 (24)  

in which e1 is the unit muscle fibre direction, e2 and e3 are the cross-fibre 
directions. The stretch is applied along e1 at one end and the other end is 
fixed with free boundary conditions at cross-fibre directions. From Eq. 
(22), the passive and active tension along e1 are given by 

σp
11 = a(λ2 −

1
λ
)eb(λ2+2

λ− 3) + 2af λ2(λ2 − 1) ebf (λ2 − 1)2
,

σa
11 = Kp

a(1 − Λa)(λη − 1).
(25) 

Fig. 3. Schematic illustrations of ϑ1 and ϑ2: (a) ϑ1 with respect to different myofibre stretches from 0.8 to 1.4 with κ1 = 1.2, κ2 = − 2.8 and κ3 = 2.8; (b) ϑ2 with 
respect to different myofibre contracting velocity from 0/s to − 10/s with κ4 = 1.0 and κ5 = 1.0. 

D. Guan et al.                                                                                                                                                                                                                                   



Computers in Biology and Medicine 145 (2022) 105417

6

According to the experimental protocols [39], we set [Ca] = 1 and 
λ̇ = 0 for the isometric contraction, and 

σa
11 = Kp

a [1 − (κ1λ2 + κ2λ+ κ3)](λη − 1). (26) 

To determine those unknown parameters, we first fit σp
11 to the 

measured passive stresses to infer the four passive parameters a, b, af and 
bf , and then fit the active stress σa

11 to the measured active stresses to 
determine κ1, κ2 and κ3. 

2.4.2. Force-velocity experiment 
Land et al. [13] recently reported the constant velocity shortening 

experiments on human myocytes. In their experiments, the sarcomere 
was firstly stretched to 2.3 μm, and then the isotonic contraction was 
induced by releasing one end while fixing the other end. They found that 
the sarcomere was shortened by 7 ∼ 11% in a duration of 0.1 ∼ 0.3 s 
under a steady [Ca] concentration. In order to model Land’s constant 
velocity shortening experiments, we assume the sarcomere is shortened 
by the same distance but with different duration, thus different veloc-
ities. By setting [Ca] = 1.0, from Eq. (9), the active tension (σa

pre) before 
releasing is 

σa
pre = Kp

a (λ0η − 1)(1 − Λa)

= Kp
a (λ0η − 1)

[
1 − (κ1λ2

0 + κ2λ0 + κ3)
]
,

(27)  

in which the overall stretch λ0 = 2.3/1.85≊1.24. After releasing, the 
active tension (σa

rel) at end of the shortening is 

σa
rel = Kp

a(λ1η − 1)(1 − Λa)

= Kp
a(λ1η − 1)

[

1 − (κ1λ2
1 + κ2λ1 + κ3)

1 + κ4

1 + κ4 eκ5 λ̇

]

,
(28)  

in which λ̇ represents the constant shortening velocity, and the final 
overall stretch λ1 = 1.12 is about 10% reduction from λ0 that ensures λ̇ 
in the experimental range [0.2/s,1.2/s] [13]. The relative active tension 
reduction due to the shortening velocity is 

R =
σa

rel

σa
pre

=

(λ1η − 1)
[

1 − (κ1λ2
1 + κ2λ1 + κ3)

1+κ4
1+κ4 eκ5 λ̇

]

(λ0η − 1)
[
1 − (κ1λ2

0 + κ2λ0 + κ3)
] . (29) 

To fit Eq. (29) to the force-velocity experimental data, we first fix κ1, 
κ2 and κ3 with values inferred from the length-dependent tension 
experiment [39], κ4 and κ5 are then determined by matching R to the 
corresponding data in Land’s study [13]. In specific, we first fit a second 
order polynomial curve to Land’s force-velocity experimental data, we 
then match Eq. (29) to the fitted polynomial curve by minimizing the 
mismatch. 

2.4.3. Isometric contraction with time-evolving [Ca] concentration 
Janssen & Tombe [47] measured isometric active tension with 

time-evolving calcium concentration by using an iterative computer 
feedback system, which would prevent the shortening of the central 
segment of rat cardiac trabeculae. Active tetanus was stimulated by 
maintaining a constant sarcomere stretch (λ0 = 1.189) for the central 
segments. The calcium transient was increased to around 1 mM for a 
period of 15 min at 0.5 Hz. Because of fixed length in the central region, 
λ̇ = 0, and the active tension is then 

σa = Kp
a

[

1 −
1

1 +ℱ([Ca])(ξ − 1)

]

(ηλ0 − 1). (30) 

To model the time evolving intracellular calcium transient ([Ca]), the 
Aliev-Panfilov model is used here. In the fitting process, we first fit a 
cubic-spline curve to Janssen & Tombe’s experimental data, and then 
match Eq. (30) to the fitted curve. A scaling parameter ra is applied to 
the constants κ1, κ2, and κ3 obtained from the length-dependent experi-
ments [39], and we further optimise the parameters in the 

Aliev-Panfilov model to match the time course of active contraction. In 
sum, the optimised parameters are α, γ, br, c, μ1, μ2, q, k, β and ra. The 
Aliev-Panfilo model (Eq. (10)) is solved by using the semi-explicit 
Matlab ODE solver ode15s (MatLab, MathWorks 2017). 

2.5. An in vivo human heart model 

A healthy human LV model from our previous study [49] is used to 
simulate cardiac dynamics using this new hybrid active contraction 
model. Fig. 4 (a) shows the in vivo image-derived LV geometry with a 
rule-based fibre structure where myofibres linearly rotate from the 
epicardium (− 60◦) to the endocardium (60◦). A simplified circulation 
system [50] is attached to the LV model to provide physiological pres-
sure and blood flow boundary conditions, including the aorta, the left 
atrium, the aortic valve and the mitral valve (Fig. 4 (b)). Both valves are 
modelled using a diode and a resistance to only allow uni-directional 
flow. Time-varying [Ca] transient is determined using the 
Aliev-Panflov model. We further assume the whole heart contracts 
simultaneously without time-delay due to the action potential propa-
gation. The same assumption is widely used in modelling healthy left 
ventricles [12,21,49]. 

This LV model is implemented in ABAQUS (Dasssult Systemes, 
Johnston RI, USA) similar as [8,50]. The LV pressure is firstly preloaded 
to a population-based end-diastolic pressure (8 mmHg) [10] within 0.5 s 
due to lack of invasive pressure measurement. Then, the iso-volumetric 
contraction begins which is triggered by increased [Ca] transient, and 
followed by the systolic ejection when the LV pressure exceeds the aortic 
pressure (82 mmHg, a population-based value), finally the ejection ends 
when the LV pressure is lower than the aortic pressure. The next cycle 
starts when the LV is relaxed with a low pressure near zero. Detailed 
implementation of this ABAQUS-based cardiac model can be found in 
[51], which has been adopted in various studies [8,11]. 

A time-average approach is used to determine myocardial contrac-
tion velocity, that is 

λ̇ =
λ − λed

t − ted , (31)  

in which λ is the my fibre stretch at time t, and λed is the value at end of 
diastole (ted). Furthermore, to accelerate the isovolumetric relaxation 
after ejection so that the LV pressure can quickly return to zero, a decay 
function ℋ(t) is applied to ℱ([Ca]) as follows, 

ℱ([Ca]) = ℋ(t) ℱ([Ca]),

ℋ(t) =

⎧
⎪⎪⎨

⎪⎪⎩

exp[(t − teject)]

exp[ω(tiso − teject)]
for teject ≤ t ≤ tiso,

1, otherwise,

(32)  

where ω controls the decreasing ratio, and we set ω = 50, teject is the 
time when the AV is closed and tiso is the time when isovolumetric 
relaxation finishes. Since this study is not focusing on the myocardial 
relaxation, thus the duration of isovolumetric relaxation will have little 
effect on diastolic filling and active contraction. Given that, we set tiso to 
be 0.1 s after teject. Note the isovolumetric relaxation in this study can 
also be treated as a pseudo-relaxation process but not in real-time or 
subject-specific. 

2.6. Sensitivity study on active contraction parameters 

A grand challenge in the development of cardiac mechanical models 
is to determine model parameters’ identifiability, which can be 
approached by sensitivity analysis, including both global sensitivity 
analysis and local sensitivity analysis; see [52] for a review. Sensitivity 
analysis focuses on how parameter variations contribute to the variance 
of the chosen quantities of interest. Sensitivity analysis has been widely 
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applied to cardio-vascular modelling [53], a recent study on cardiac 
mechanic modelling can be found in [54]. Global sensitivity analysis 
usually requires running a large number of simulations, which can be 
very computationally demanding, recent efforts have been focused on 
using computationally cheap surrogate models to replace computa-
tionally expensive cardiac models, i.e., Gaussian process [55]. Instead, 
local sensitivity analysis merely perturbs model parameters near a set of 
fixed values and analyses how such small variations influence the model 
outputs. To shed light on the importance and identifiability (i.e., cor-
relation) of parameters in our newly developed active contraction 
model, we carry out a local sensitivity study for selected active 
contraction parameters ({θi, i= 1,…,6} := {Kp

a, κ1, κ2, κ3, κ4, κ5}) using 
the human LV model, similar to our previous study [56]. Parameters 
related to electrophysiology are not considered in this section. To 
measure the active contraction, strains along the circumferential (c0), 
radial (r0) and longitudinal (l0) directions are defined as 

εc = c0⋅(Ec0), εr = r0⋅(Er0), εl = l0⋅(El0), (33)  

where E = 1
2 (C − I). Note strains are calculated with respect to the end- 

diastole state. Denoting the measurements (the output features) of the 
LV model 

{di, i= 1,…, 10} = {εk
j , EF}, k, j ∈ {1, 2, 3} (34)  

where εk
j is the average systolic strains along the circumferential (k = 1), 

radial (k= 2) and longitudinal (k= 3) directions from three segments: 
the base (j = 1), the mid-ventricle (j= 2) and the apex (j= 3) as shown 
in Fig. 4 (a), and the ejection fraction (EF) = (EDV - ESV)/EDV is 
evaluated using the end diastolic volume (EDV) and the end systolic 
volume (ESV). 

To quantify the local sensitivity, the human LV model from the 
previous section is treated as the baseline model, then a variation of ±
10% is applied to {θ}, one parameter at each time. A sensitivity matrix 
[56] is then constructed, 

S =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Δd1

Δθ1

Δd1

Δθ2
⋯

Δd1

Δθ6

Δd2

Δθ1

Δd2

Δθ2
⋯

Δd2

Δθ6

⋮ ⋮ ⋱ ⋮
Δd10

Δθ1

Δd10

Δθ2
⋯

Δd10

Δθ6

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (35)  

where Δ denotes a variation in that variable. If the variations in any of 
the parameters produce similar responses, then these parameters may be 
correlated. To quantify the correlations, we further calculate the sensi-

tivity coefficient matrix (SCM) from the normalized S [56], 

SCMij = [S
̄

i
]
T
[S
̄

j] and i, j ∈ {1,…, 6},S
̄

i =
Si

|Si|
, Si = {

Δdk

Δθi
, k

= 1,…, 10}. (36) 

If SCMij is close to ±1, then θi and θj are closely correlated. The ex-
istence of correlated parameters poses non-uniqueness when inversely 
determine them from experimental data. A possible remedy is to esti-
mate one parameter only while leaving the correlated ones constant. In 

addition, the norm |Si| =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑10

k=1

(
Δdk
Δθi

)2
√

reflects the sensitivity of the 

objective function to the variation of each parameter. In general, a 
parameter with low sensitivity is difficult to be estimated from limited 
experimental data. 

3. Results 

3.1. Fitting to experiments 

Fig. 5 (a) shows the fitted and measured experimental stresses from 
Hawkins’ study [39], and optimised parameters are listed in Table 1. It 
can be found that both the fitted active and passive stresses agree well 
with measured data. For the active stress, it can be found that the 
optimal stretch is around 1.2 with the maximum active tension. Beyond 
this range, it decreases. Corresponding Λmin determined by Eq. (16) is 
shown in Fig. 5 (b). Λmin reaches its minimum at 0.966 with a pre-stretch 
of around 1.2. When either the sacromere is over-stretched, i.e., > 1.3 or 
less-stretched, i.e., < 1, the contractility is reduced with a higher value 
of Λmin, in particular when the stretch is less than 1. 

Fig. 6 shows the fitted constant velocity experiment results using Eq. 
(29) compared to the measured data in [13]. Optimal values of κ4 and κ5 
are listed in Table 1. In general, our hybrid active contraction model 
follows the measured force-velocity relationship very well. For example, 
a fast contraction leads to a reduced active tension, almost to one fifth of 
the isometric tension before the release. 

Fig. 7 (a) shows the time-varying active tension from this hybrid 
active contraction model compared with the experimental data [47] 
with a constant SL. Parameters of the Aliev–Pandflov model are α =

0.01, γ = 0.002, br = 0.15, c = 1, μ1 = 0.04, μ2 = 0.3, q = 0.015, k =

0.015, and the corresponding action potential and [Ca] transient are 
shown in Fig. 7 (b). The length–dependent parameters (κ1 ∼ κ3) are 
adjusted by a common factor ra = 1.007 to have a maximum active 
tension of 53 kPa. Fig. 7 (c) shows the actual stretches in the contractile 
element and the passive element of the active branch with respect to 
their own reference configurations. The maximum stretch of the passive 

Fig. 4. (a) The human LV model (133,042 linear 
tetrahedral elements and 26,010 nodes) with layered 
myofibre structure. Three sections at the basal, mid-
dle and apical locations are defined. (b) Sketch of the 
human LV model with a lumped-parameter circula-
tion model, MV: mitral valve; AV: aortic valve; LA: 
left atrium; Ao: aorta; Sys: systemic circulation. 
Grounded springs with a stiffness (k) are tuned to 
provide physiologically-correct pressure-volume 
response (i,e., compliance) in the Ao and LA cavities. 
CV is the viscous resistance coefficient to describe the 
resistance between two cavities. Uni-directional flow 
through valves is controlled by setting fluid 
exchanging properties between the cavities. Details of 
the human LV model implementation can be found in 
[8,50].   
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element is around 1.21 when the active tension is the highest, and the 
contractile element is slightly shortened during this isometric active 
contraction, with a maximum shortening of 0.042μm. 

3.2. The human LV model 

Three cases are simulated using the human LV model, they are  

● Case 1: without force-velocity in active tension by setting ϑ2 = 1, 
and adjusting κ1 ∼ κ3 from Table 1 with a common factor ra to 
achieve an EF in the physiological range of 50% ∼ 75%. Note that we 
do not aim to achieve a personalized simulation but to have a general 
healthy LV model; 

● Case 2: incorporating ϑ2 with κ4 and κ5 from Table 1, other param-
eters are the same as in case 1.  

● Case 3: further adjusting ra to achieve the same EF as in case 1. 

In addition, the time-evolving [Ca] transition is determined using the 
experimental data from Janssen and Tombe [47] as shown in Fig. 7. 
Parameters for case 1 are listed in Table 2. 

For case 1, we manually reduce ra by 0.005 per step, and finally 
choose ra = 0.975 which can lead to an EF of 57.6%. Fig. 8(a) shows the 
pressure-volume (p-v) loops for the three cases, which have the same 
end-diastolic volume because of the same end-diastolic pressures and 
passive properties. When including the force-velocity relation into the 
contraction model (case 2), the p-v loop is much smaller than that of case 
1, which can be explained by the reduced active tension because of the 
fast contraction velocity. EF in case 2 is 26.4%, much lower than the 
value in case 1 (57.6%). For case 3, the re-adjusted ra is 0.955 with 
nearly the same p-v loop as in case 1. The slight adjustments in length- 
dependent parameters may suggest that the length-dependence can play 
a significant role in myocyte contraction. Fig. 8(b) shows myofibre 
shortening ratio defined as (λ − λed)/λed × 100%. The shortening ratio is 
much less in case 2 compared to cases 1 and 3. Again myofibre short-
ening ratio is almost identical in cases 1 and 3 with a peak value of 

Fig. 5. Fitting the total, passive, and active stress responses in length-dependent experiments [39] (a), and the corresponding minimum active strain, i.e., Λmin, with 
respect to the pre-stretch of myofibre. The determined passive parameters are a = 3.604 kPa, b = 0.1, af = 0.206 kPa, and bf = 4.625, other parameters can be found 
in Table 1. 

Table 1 
Optimised parameters from experimental data.  

Parameters κ1 κ2 κ3 κ4 κ5 

Hawkins et al. [39] 0.1475 − 0.3500 1.1738 ∼ ∼

Land et al. [13] 0.1475 − 0.3500 1.1738 0.0246 3.1338 
Janssen and Tombe [47] 0.1485 − 0.3524 1.1820 ∼ ∼

Fig. 6. Fitting results of the constant velocity shortening experiment [13].  

Fig. 7. Fitting results with the experimental data from [47]. (a) Active tension, (b) action potential and [Ca] transient, and (c) stretches of the contractile element and 
the passive element. 
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− 25%, which is comparable to the ratio reported from in vitro myocytes 
[13]. The much higher shorting ratio in the human model compared to 
cellular-level experiments may partially explain further parameter 
re-adjustment in case 3 after including the force-velocity relation, that is 
because the inferred parameters from cellular experiments were under 
different conditions compared to in vivo condition. In fact, reducing ra is 
equivalent to the reduction of Λmin, in other words, increasing the 
contractility. 

Myofibre contraction velocity (λ̇) in systole is shown in Fig. 9 (a). λ̇ is 
much more heterogeneous in case 1 at 0.1 s during systole compared to 
cases 2 and 3, especially near the basal region in which the myocardium 
contracts much faster than the middle and apical ventricle at early- 
systole. Because of reduced active tension in case 2, the end-systolic 
volume is much larger than cases 1 and 3. Corresponding myofibre 
stress in systole is shown in Fig. 9 (b), again much higher stress can be 
found for case 1 at early-systole near the base, while stress distribution 

patterns for the three cases are in general similar, especially at end- 
systole. The excessive wall thinning near the base at early-systole and 
thickening near the apex at end-systole in case 1 may suggest that it is 
necessary to include force-velocity relationship for a more homogeneous 
and synchronized myocardial contraction. Further experiments are 
needed to elucidate the exact mechanism of force-velocity relation on 
ventricular contraction. 

3.3. Sensitivity study 

Table 3 summarizes the local sensitivity analysis of the selected six 
parameters using case 3 as the baseline model. It can be found that κ2 has 
the highest sensitivity (43.02), followed by κ1 (42.23) and κ4 (36.57), 
whilst κ5 has the lowest sensitivity (0.06). This would suggest that both 
length-dependence and force-velocity play an important role in 
myocardial contraction. The negative correlation between Kp

a and other 

Table 2 
Passive and active parameters in the human LV model, case 1.  

Action potential α γ br c μ1 μ2 q k  
0.01 0.002 0.15 1.0 0.04 0.3 0.015 0.015 

Active strain Kp
a (kPa) κ1 κ2 κ3 κ4 κ5 β   

250 0.1409 − 0.3342 1.1210 0.0246 3.1338 3.000  

Passive response a (kPa) b af (kPa) bf      
0.22449 1.6215 2.4 1.8268      

Fig. 8. Simulated LV dynamics. (a) Pressure-volume loops and (b) average myofibre shortening relative to the length at end-diastole.  

Fig. 9. Distribution of myofibre shortening at systole (a) and myofibre stress at systole(b).  
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parameters κ1 ∼ κ5 may indicate that they can compensate each other 
when myocardium needs to adapt its function under altered conditions. 
In addition, we find κ1 and κ2 are highly correlated (0.97). Experiments 
have demonstrated that when the sarcromere is prestretched to 2.2μm 
[45], it can achieve the maximum contraction. Since the function ϑ1 has 
a maximum value at − κ2

2κ1
, by taking L = 1.85μm and the optimal pre-

stretched SL length 2.2μm, it leads to the approximation κ1 ≈ − 0.42κ2, 
the exact ratio obtained from the inferred values in Table 1. 

4. Discussion 

Inspired by the classic Hill’s three-elements model, we have devel-
oped a hybrid active contraction model by combining active stress and 
active strain approaches based on the micro-structure of sarcomere, the 
basic contractile unit of myocytes. Different from the recent Hill’s active 
contraction model developed by Göktepe et al. [21], we consider that 
the passive element in the active branch is a strictly serial element which 
transmits the active tension for muscle shortening, the first novelty lies. 
We further take into account the experimentally-calibrated length-
en-dependence and force-velocity relationship in the active strain of the 
contractile element, which is missing in other active strain approaches. 
Our results show that this novel hybrid active contraction model can 
well describe existed experimental data for both the isometric contrac-
tion [39,47] and the isotonic contraction [13]. We further successfully 
apply this active contraction model to a beating human left ventricular 
model. 

In this hybrid active contraction model, the passive response is 
described by an invariant-based phenomenal constitutive law [46,48, 
57,58], whilst the active response is formulated using the active strain 
approach based on the micro-structure of sarcomere. In sarcomere, the 
actin filament and myosin are the two primary units responsible for 
active tension generation through cross-bridges [37,59]. Analogically, 
the three-element Hill model usually separates the active and passive 
responses of sarcomere into two parallel branches: the passive and 
active branches as shown in Fig. 1. One element in the passive branch 
represents the total passive stress resulting from titin, collagen fibres, 
etc. The active branch has a serial structure with a passive element and a 
contractile element, which experiences the same tension generated from 
the contractile unit when it is excited. Rather than implicitly treating the 
serial element in the active branch to be multiplicatively attached to the 
contractile unit as in [21], the passive element in our model is serially 
attached to the contractile unit. Therefore, the active tension can also be 
characterized by this passive element in the active branch, for example, 
treating it as a linear spring as done in this study. 

Length-dependent relationship is a main feature of myocyte 
contraction. For example, Hawkins’s experiment [39] clearly showed 
the existence of the optimal SL at which the maximum active tension can 
be generated, see Fig. 5 (a). Thus, the length-dependence needs to be 
included in the active strain approach, as found in this study, the min-
imum stretch of the contractile element (Λmin) is affected by the SL 
length or the prestretch of sarcomere, see Fig. 5 (b). Without considering 
length-dependence in the active strain approach like in the classical 
active approach [25] or the Hill-type active contraction model 

developed by Göktepe et al. [21], it can be found that the active tension 
will keep increasing with increased pre-stretch, shown in Fig.B.1. More 
details can be found in Appendix B for the comparison between our 
model and existed active strain approaches. Therefore, there is a need to 
include the length-dependence in the active strain approach as being 
widely used in the active stress approach [13]. 

Contracting velocity is another factor that can affect active tension 
generation [13]. Rather than including contracting velocity into the 
cross-bridge kinematics [60] and calcium dynamics [20], we assume the 
contracting velocity directly affecting Λmin based on existed experi-
mental data. The minimum stretch of the contractile element is finally 
determined by the prestretch and the contracting velocity together, see 
Eq. (15). Our results show that the proposed force-velocity relationship 
for the active strain can match the experimental data well [13], and it 
further leads to a more homogeneous and synchronized contraction in 
the human LV model as shown in Fig. 9. Note, the mean contracting 
velocity with respect to the end-diastolic state is used for the human LV 
model. Our tests using the instantaneous velocity led to convergence 
issue and much longer computation time, which may be caused by the 
explicit implementation of this LV model, but not considering the 
viscoelasticity [60] and blood flow within the LV wall and in the cavity 
[61]. Nevertheless, our results from the human LV model again suggest 
that it is necessary to include the force-velocity relationship into active 
contraction. 

As can be seen from Eq. (15), a non-zero contracting velocity will 
reduce the contractility by augmenting Λmin, which is the very reason for 
the poor pump function of case 2 after introducing the force-velocity 
relationship into active contraction. Niederer et al. [27] found that the 
length-dependent active tension development is key for the beat-to-beat 
regulation of cardiac function by using a patient-specific electro-
mechanics heart model. For case 3 of the human LV model, we adjust the 
length-dependent parameters (κ1, κ2 and κ3), which mimics the 
length-dependent regulation of tension development, then the LV model 
can achieve similar pump function as case 1. The explicit incorporation 
of length-dependent regulation in the active strain model would allow 
constructing a more biophysically accurate cardiac model. 

The range of ±10% around baseline values has been widely used 
when performing local sensitivity analysis [56,62,63]. In our human LV 
model, a total of Δ = 20% of each parameter is able to produce varied 
model outputs. Note other ranges can also be chosen, while it is expected 
the results of the local sensitivity analysis will not be affected by 
changing the parameter ranges if such variations are still within the 
perturbations of baseline parameters, for example, the sensitivity 
ranking and correlations summarized in Table 3. While one must keep in 
mind the fact that such sensitivities are only local quantities and 
extrapolating far from the nominal value may be misleading [63]. To 
gain a full understanding of the model parameters in this new active 
contraction model, future studies shall include a global sensitivity study. 
From the local sensitivity study, we find two parameters κ1 and κ2 
exhibit high correlations, indicating κ1 could be estimated by κ2 or vice 
versa, and their high correlation is reflected by the function ϑ1 with a 
minimum at − κ2/(2κ1). Since the resting sarcomere length and its 
optimal range vary little across different species, in fact, we can further 
reduce one parameter either κ1 or κ2 in ϑ1. The stiffness of the passive 
element in the active branch Kp

a is negatively correlated to the 
length-dependent and force-velocity parameters, suggesting that myo-
cytes could regulate active tension either through the passive element or 
the contractile unit. The poor correlation between the 
length-dependence and the force-velocity parameters suggests that both 
length-dependence and force-velocity play an essential role in active 
tension development. 

The Aliev-Panfilov model has been widely used to study AP propa-
gation in 2-D and 3-D cardiac tissues [64] and in realistic heart geom-
etries [21] by providing a realistic shape of the AP with less 
computational demand. It can be applied to modelling both the normal 

Table 3 
Correlation coefficient matrix and parameter sensitivities.   

Kp
a κ1 κ2 κ3 κ4 κ5 

Ka 1.00 − 0.99 − 0.93 − 0.84 − 0.92 − 0.94 
κ1  1.00 0.97 0.89 0.95 0.90 
κ2   1.00 0.98 0.98 0.77 
κ3    1.00 0.95 0.65 
κ4     1.00 0.75 
κ5      1.00 

sensitivity      
7.83 42.23 43.02 21.82 36.57 0.07  
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heartbeats and arrhythmias [65]. In this study, the Aliev-Panfilov model 
is mainly used to provide a realistic AP to trigger the active contraction 
but not the AP propagation, thus the choice of an AP model is not crit-
ical, which can be replaced by other models that can also provide a 
realistic AP shape together with the intracellular calcium transit, for 
example, the O’Hara-Rudy model for human myocytes [66]. Given that 
this study focuses on cardiac mechanics, the AP model is only used to 
provide the activation time, thus we did not study the existence and 
uniqueness of the solution for the Aliev-Panfilov model. Interested 
readers may refer to literature [67,68] for the analysis in those aspects. 

Because of the complex LV geometry, non-linear material property 
and large deformation of the myocardium, cardiac mechanics model, i. 
e., the LV model, does not admit a closed-form solution, therefore the 
solution of the LV model has to be computed numerically. Various nu-
merical approaches have been developed in the literature, among which 
finite element method is one of widely used numerical methods for 
efficiently solving nonlinear mechanics models [4]. In particular, the 
commercial ABAQUS software is a popular platform for developing 
different types of cardiac mechanics models ranging from single 
ventricle [69] to 4-chamber whole-heart [51], etc. In this study, the LV 
model is implemented and solved using ABAQUS similar to our previous 
studies [8,50,69] and others [11,51]. Except for finite element method, 
meshless methods have also been developed to solve cardiac mechanics 
problems [70], and partial differential equations in general [71], such as 
immersed boundary method with finite element extension [72], 
smoothed particle hydrodynamics [73], to name some. See [70] for a 
recent review on meshless models in cardiac mechanics. 

Finally, we would like to mention limitations in this study. Firstly, we 
have not modelled the cross-bridge dynamics [74] in the active strain 
approach, thus the developed contraction model is still phenomeno-
logical, i.e., the force-velocity and length-dependence formulations, 
which shall be modelled with detailed biophysics in future studies as in 
the active stress approach [13,75]. Secondly, the active contraction is 
triggered by a spatially-homogeneous time-varying intracellular cal-
cium transient, and a coupled electromechanics cardiac model would 
further deepen the understanding of length-dependence and 
force-velocity in active contraction. In addition, the selected experi-
mental studies from Hawkins et al. [39] and Janssen & Tombe et al. [47] 
did not directly measure individual myocyte’s contraction but inferred 
from muscle strips. Given the challenge and complexity of measuring 
active tension in single myocyte or sarcomerer, those muscle experi-
ments still serve essential measurements to inform new model devel-
opment, usually by assuming all myocytes mechanically behave the 
same in one experiment. In this study, we consider all myocytes in the LV 
contract simultaneously without time delay since the mechanical 
contraction takes much longer time (400 ms) than the AP propagation in 
a healthy LV (≈ 40 ms). Therefore the AP model is simplified by using 
two ODE functions without spatial derivatives. However, if the AP 
propagation becomes significant, such as in patients with myocardial 
infarction, then the cardiac model shall take into account the AP prop-
agation, which can be well described by either the bi-domain or 
mono-domain models [76]. Within the myocyte, its active contraction 

may also be described by partial differential equations [77], while such 
approach can be very computationally expensive for a whole heart 
model. 

5. Conclusion 

In this study, we have developed a novel hybrid active contraction 
model for the myocardium based on the Hill model by additionally 
decomposing the total stress into a passive and active response, and the 
active stress is further formulated following the active strain approach in 
the sarcomere level. Different from the multiplicative decomposition of 
the deformation gradient in the active strain approach, a serial passive 
element is considered in the active branch for transmitting the active 
tension, with an estimated stiffness of 250 kPa. We further incorporate 
the length-dependent and force-velocity relationships into the active 
strain response, which is depended upon the intracellular calcium con-
centration that is evolved with the transmembrane potential described 
by the Aliev-Panfilo model. The passive response is characterized by an 
invariant-based strain energy function that takes into account layered 
myofibre structures. We have demonstrated that the proposed active 
contraction model has a higher descriptive capability for various active 
contraction experiments, including both the isometric and isotonic 
contraction compared to existing active strain approaches. We then 
show that this active contraction model is applicable to the modelling of 
human cardiac dynamics, with more homogeneous and synchronized 
contraction when the active contraction model includes both the length- 
dependence and force-velocity relationships, whose importance is 
further shown from the sensitivity study by using a human LV model. 
Our results further show that there exists a tight interaction between the 
length-dependence and force-velocity relationships. The LV ejection 
fraction can be reduced by half from a normal range if only including the 
force-velocity without adjusting the length-dependence relationship. 
Future development can be readily expanded by including more bio-
physically detailed cross-bridge kinetics in this new active contraction 
model to reveal the fundamental mechanism of the dysregulated 
excitation-contraction coupling under various pathological conditions. 
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Appendix A. Estimating Kp
a 

Experimental data on active tension are mostly done in the tissue level [39,42,47] or in the cellular level [13]. In order to estimate Kp
a, we assume 

myocyte having the same analogous structure as the sarcomere shown in Fig. 1, the left panel. We then lump the thin-filament in the I-band, Z-bands 
and costamere together to the passive element in the active branch with a resting length of 0.2 μm, and considering they all are responsible for active 
tension transmission. Thus, the active tension of a myocyte is 

Kp
a εe

a =
N f
A0

, (A.1)  

where εe
a is the strain of the passive element, N is the total number of sarcomeres in one myocyte, f is the active force per sarcomere, and A0 is the cross- 
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section area of the myocyte. The stiffness of costamere is around 30pN/μm, much softer than the actin filament which has a stiffness of around 5 × 104 

pN/μm [35]. We further assume that the stiffness of the passive element in the active branch will be mainly determined by the stiffness of costamere. 
Moreover, the analogous structure assumption indicates the myocyte and the sarcomere will share the same strain (εe

a). Then the active force for each 
sarcomere could be approximated as 

f = Ks εe
a Lp

a, (A.2)  

in which Ks is the stiffness of the passive element in the active branch, taken to be the stiffness of costamere. Note the unit for Ks is pN/μm but not Pa, 
thus the length of the passive element Lp

a is included in Eq. (A.2). Substituting Eq. (A.2) into Eq. (A.1), we have 

Kp
a =

N Ks Lp
a

A0
. (A.3) 

The spatial lattice of sarcomere is an equal hexagon with a side length about 27 nm [78], and its cross-sectional area is around a0 = 1.728×

10− 15 m2. There are about 72.2 sarcomeres longitudinally along one myocyte in average [79], then the total number of sarcomere in one myocyte is 
N = 72.2A0/a0. From Eq. (A.3), we have Kp

a = 250kPa, which is also in a similar range of the active tension (270 kPa) as reported in [36]. We also have 
tried different values of Kp

a ∈ [100,500]kPa when fitting the active contraction model to the experimental data from [39], excellent agreement has been 
achieved with Kp

a > 100kPa, this further suggests that the selected Kp
a = 250kPa is reasonable. It is worthy to mention that this is a simplified esti-

mation of Kp
a, and may be only considered to a homogenized stiffness of the passive element in the active branch, but not the stiffness of a specific 

sub-unit. Future development of this active contraction model shall include individual sub-units in active force transmission to avoid the lumped 
stiffness estimation. 

Appendix B. Comparing with existed active strain approaches 

In this section, we further compare two existed active contraction models by fitting them to the length-dependent experimental data from Hawkins 
et al. [39], they are the classical active strain model [14,25] and a Hill’s three–element model developed by Göktepe et al. [21]. Both models are based 
on the multiplicative decomposition of the total deformation gradient (F) [15] as 

F = FEFA, (B.1)  

where FA is the inelastic active deformation tensor and FE = FF− 1
A is the elastic deformation tensor. 

In the classical active strain model [14,25], the total myocardial stress is derived from a chosen strain energy function with FE, and the active stress 
is not explicitly defined. For example, by assuming contraction only occurs along the myofibre direction, the active deformation tensor can be defined 
as 

FA = I + (λa − 1)f0 ⊗ f0, (B.2)  

and its inverse is F− 1
A = I+ ( 1

λa
− 1)f0 ⊗ f0. Here λa describes the contraction of myofibres, which further depends on time [19] and [Ca] [21,80]. In this 

study, λa is similar to Eq. (14), that is 

λa([Ca]) =
1

1 + ℱ([Ca])( 1
λmin

− 1)
, (B.3)  

where λmin is a constant which will be determined from the experimental data, and it is different from Λmin. The elastic deformation tensor is then 

FE = F + (
1
λa

− 1)F f0 ⊗ f0. (B.4) 

From Eq. (21), the total Cauchy stress is 

σ = J− 1
E FE

∂Ψp

∂FE
= J− 1

E a eb(IE
1 − 3) BE + 2J− 1

E af (IE*
4f − 1) ebf (IE*

4f − 1)2
(fE ⊗ fE ), (B.5)  

where JE = det(FE), BE = FEFT
E , fE = FEf0, CE = FT

EFE, IE
1 = trace(CE), IE

4f = f0⋅(CEf0), and IE*
4f = max(IE

4f ,1). Note σ in Eq. (B.5) consists of both the 
passive and active stresses, and a non-zero active stress can not be separated from the total stress. 

In the Hill’s three-element approach [21], an active strain energy function (Ψa) is assumed with FE, and a passive strain energy function using F for 
purely passive response. The active stress is added up to the passive stress for the total stress. Here, we use the same active strain energy function from 
[21], 

Ψa =
ζ
2
(IE

4f − 1)2
, (B.6)  

in which ζ is an active parameter. Using the same strain energy function for the passive response (Ψp) from Eq. (21), the total Cauchy stress is 

σ = σp + σa = J− 1F ∂Ψp

∂F
+ J− 1

E FE
∂Ψa

∂FE
= J− 1a eb(I1 − 3) B+ 2J− 1 af (I*

4f − 1) ebf (I*
4f − 1)2

(f ⊗ f ) + 2J− 1
E ζ(IE

4f − 1)fE ⊗ fE. (B.7)  

Note for this Hill’s three-element model, the active and passive stress can be fitted separately to corresponding experimental data as seen from Eq. 
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(B.7).

Fig. B.1. Fitting the classic active strain approach (a) and the Hill’s three elements approach (b) to the length-dependent experiment [39].  

Fig. B1 shows the fitted results using the classic active strain and the Hill’s three-elements approaches to the experimental data from Hawkins et al. 
[39]. It can be seen that both active contraction models can not match the measurements. The passive response from the classic active strain model is 
almost linear in Fig. B1 (a), very different from the measured passive response. Similar result for the active stress, it increases monotonically with 
increased pre-stretch without showing an optimal stretch range, which is not physiologically accurate. For the Hill’s three-elements model [21], it can 
fit the measured passive stress very well (Fig. B1 (b)) because of the separated passive strain energy function, and the inferred passive parameters are 
a = 3.604 kPa, b = 0.1, af = 0.206 kPa, and bf = 4.625. However, the fitted active stress increases monotonically with increased stretch with ζ = 2.24 
and λmin = 0.5, which is similar as the classic active strain approach. The poor fitting result for this two approaches is largely because of a lack of 
length-dependence, which leads to always increased active tension with increased pre-stretch. 
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