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Abstract
A new class of implicit-explicit (IMEX) methods combined with a p-adaptive
mixed finite element formulation is proposed to simulate the diffusion of react-
ing species. Hierarchical polynomial functions are used to construct a conform-
ing base for the flux vectors, and a non-conforming base for the mass concentra-
tion of the species. The mixed formulation captures the distinct nonlinearities
associated with the flux constitutive equations and the reaction terms. The IMEX
method conveniently treats these two sources of nonlinearity implicitly and
explicitly, respectively, within a single time-stepping framework. A reliable a
posteriori error estimate is proposed and analyzed. A p-adaptive algorithm based
on the proposed a posteriori error estimate is also constructed. The combination
of the proposed residual-based a posteriori error estimate and hierarchical finite
element spaces allows for the formulation of an efficient p-adaptive algorithm. A
series of numerical examples demonstrate the performance of the approach for
problems involving travelling waves, and possessing discontinuities and singu-
larities. The flexibility of the formulation is illustrated via selected applications
in pattern formation and electrophysiology.
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1 INTRODUCTION

1.1 Motivation

The spatio-temporal dynamics of multiple species interacting through a combination of two distinct mechanisms,
namely reaction and diffusion, can be described by diffusion-reaction equations. Reaction refers to the inter/intra
species interactions, resulting in the production and extinction of species. It is embodied in a term that is referred
to as reaction kinetics f , which is a function of the mass concentration(s) m of the involved species. Diffusion refers
to the flow of substance (concentration) in space, and is mathematically described by a flux h related to m (and/or
its spatial gradient) through a constitutive equation. Diffusion-reaction models are relevant in various important
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applications, including tissue morphogenesis and pattern formation,1,2 tissue remodeling,3-7 electrophysiology,8,9 and
epidemiology.10

The aforementioned applications motivate the need for robust and efficient numerical methods for solving
diffusion-reaction problems. Various numerical methods have been proposed for approximating the solutions of
these problems. Meshless methods in conjunction with operator-splitting techniques have been used in in one- and
two-dimensions.11 Olmos and Shizgal12 solved Fitzhugh–Nagumo type models using a multidomain algorithm based
on a pseudospectral approach. A review of some finite-difference-based methods in one-dimension can be found in
Ramos.13 Furthermore, a finite difference scheme was constructed for the simulation of waves in excitable media using
a two-variable diffusion-reaction equation.14 However, finite difference and spectral algorithms are suitable only for
approximations over relatively simple domains.

1.2 Spatial discretization

The finite element method (FEM), due to its capabilities in handling arbitrary geometry and nonlinearities and its
strong theoretical foundation, is a natural choice for solving diffusion-reaction problems. The majority of the finite
element numerical approaches for diffusion-reaction problems presented in the literature are based on the standard,
single-field formulation. Ruiz-Baier15 employed the standard formulation in a computational framework for the cou-
pling of diffusion-reaction and elasticity. Tuncer et al.16 used a projected finite element approach for stationary, closed
surface geometries to simulate pattern-formation in biological applications. MacDonald et al.17 constructed a moving
mesh FEM for simulating chemotaxis in two-dimensions. A multigrid FEM on stationary and evolving surfaces was
proposed by Landsberg and Voigt.18 A semi-linear multistep finite element was constructed in Mergia and Patidar19 for
the two-dimensional simulation of pattern formation in ecological application. Mackenzie et al.,20 recently proposed
an interesting finite element scheme for diffusion-reaction equations on evolving domains wherein a H1-conserving
FEM is combined with an arbitrary Lagrangian Eulerian (ALE) formulation, which leads to a globally mass-conserving
property.

Solutions of diffusion-reaction problems exhibit a variety of phenomena from the formation of travelling waves
to complex structures like dissipative solitons. Some solutions may even involve low regularity features such as
evolving jump discontinuities and singularities. The H1-conforming basis functions used in the standard formula-
tion impose an unnecessarily high regularity requirement. Mixed FEMs see for example21-23offer an elegant solution
for such problems. Mixed FEMs are two-field formulations, which employ a H(div)-conforming basis for the flux
and an L2-conforming basis for the mass concentration. This combination of basis functions relaxes the conformity
requirements, allowing a wider class of solutions to be approximated accurately. Furthermore, the mixed method
allows the nonlinearities that may appear in the flux constitutive equation and the reaction term to be considered
separately.

Numerical studies of diffusion-reaction type problems using mixed methods are, by comparison to standard for-
mulations, relatively few. In Fu et al.,24 a stabilized mixed formulation was proposed for solving steady and unsteady
diffusion-reaction problems. In this approach, H1-conforming finite element spaces are used for m, and L2-conforming
spaces for h. With regard to the finite element space used for m, such a method has no particular advantage over the
standard FEM in terms of accuracy. Recently, Liu et al.25 proposed and analyzed a mixed-type finite element formula-
tion based on minimization of a functional which accounts for the flux jump across control volume boundaries subject to
local conservation of mass. The finite element spaces are composed of standard conforming shape functions for the pri-
mary field and piecewise constant functions over the control volume boundaries for the Lagrange multiplier. Kadeethum
et al.26 recently proposed a mixed, enriched finite element framework for hydro-mechanical-chemical processes. They
also demonstrated that the computational framework provides local mass conservation for various strongly heterogeneous
and anisotropic materials.

Adaptive schemes are particularly important for problems involving the movement of fine features such as trav-
elling waves. A reliable and efficient a posteriori error estimate is essential for the success of such a scheme.
Most of the recent developments in this respect, however, have focused particularly on the time-independent
case, see for example27-32. In Chaudhry et al.,33 an adjoint-based a posteriori analysis for estimation of error for
advection-diffusion-reaction problems is presented. Bériot et al.32 proposed a hp-adaptive, spectral, discontinuous
Galerkin method for the incompressible Navier–Stokes equation. For time-dependent problems, Chalmers et al.34
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developed a hp-adaptive, spectral, discontinuous Galerkin method. Other important works on robust a posteriori error
indicators include.35,36

1.3 Temporal discretization

Most numerical procedures for diffusion-reaction equations that utilize finite elements, approach the temporal integra-
tion using either fully-implicit or fully-explicit methods. It is well-established that explicit methods can be very efficient
and are easy to implement. However, they usually suffer in terms of algorithmic stability, and impose severe time step
restrictions arising from the diffusion term. Implicit methods are known for their greater stability, but can be challeng-
ing in terms of implementation, and are usually less efficient as they lead to the solution of a large system of algebraic
equations. In addition, for nonlinear problems, it is necessary to derive and compute tangent matrices that includes
implicit nonlinearities at each time step, adding further inefficiencies. Implicit-explicit (IMEX) methods mitigate such
problems by combining the advantages of explicit and implicit methods.37 By treating the non-local diffusion term (involv-
ing a spatial derivative) implicitly, and the local reaction term (without a spatial derivative) explicitly, one can eliminate
the coupling effect of spatial mesh size h and the time step sizeΔt on the stability condition. This allows the spatial mesh
to be refined adaptively without the need for reducing the time-step size. In the literature, IMEX methods have contin-
ued to be used in various context, for example, they have recently been used for convection-diffusion-reaction33,38-40 and
Navier–Stokes34,41,42 equations. In Meng et al.,41 a fractional-step algorithm for an incompressible Navier–Stokes equation
on moving overlapping meshes has been proposed. The predictor step in the fractional-step algorithm involves solving
an equation which is essentially a convection-diffusion equation using an IMEX scheme in which the diffusion part is
treated implicitly in order to ensure that the time step restriction remains Δt ∝ h. This is important for adaptive schemes
where the diffusion term becomes dominantly stiff due to -refinement. In DeCaria and Schneier,42 a stability and conver-
gence analysis of variable time-step size IMEX schemes with mixed FEMs for the incompressible Navier–Stokes equation
has been performed. A time adaptive algorithm that combines solution of the IMEX method with a time filter correction
(as a postprocessing step) has also been proposed.

1.4 Contribution of the work

In this article, we propose a p-adaptive, mixed FEM with IMEX temporal integration for a general class of
diffusion-reaction problems. We extend the a posteriori error estimates of the mixed formulation for linear elliptic prob-
lems proposed in Braess and Verfurth43 to the transient diffusion-reaction framework. An upper bound to the energy error
norm based on the a posteriori error estimator is derived and proved. An efficient p-adaptive strategy which capitalizes
on the hierarchical features of the basis functions as well as straightforward calculations of the a posteriori error estima-
tor is proposed, see also 32. It is known that on elements with higher polynomial order basis functions the diffusion term
becomes dominantly more stiff than the reaction term.41 In addition, the absence of spatial derivatives in the reaction term
means that there is no coupling of the mesh size h and the time step sizeΔt as a result of the spatio-temporal discretization
of the reaction term. These motivates the choice the IMEX approach such that the flux constitutive equation is treated
implicitly, while, the nonlinearities in the reaction term are handled explicitly. Several numerical examples are presented
that demonstrate the performance of the present numerical method in different areas including pattern-formation and
electrophysiology.

1.5 Manuscript organization

The article is organized as follows. In Section 2, a general mathematical model of multi-species diffusion-reaction systems
is presented briefly. The weak formulation of the model using a mixed approach is described in Section 3. In Section 4,
relevant aspects of the numerical procedure for the temporal discretization using the IMEX method and the spatial approx-
imation using mixed Galerkin approaches are presented. Finally, in Section 7 the performance and capabilities of the
proposed formulations are demonstrated using various numerical examples. Here, the performance of the mixed and
the standard formulations are compared, and finally some selected examples relevant to pattern formation, ecology and
electrophysiology are simulated using the mixed method.
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F I G U R E 1 Schematic of the domain Ω with boundary partitions ΓE and ΓN

2 MODEL OVERVIEW

Consider n species, each with mass concentration mi, where i = 1, 2, 3, … ,n, interacting in an open, bounded region
Ω ⊂ I Rd (d = 1, 2, or 3). The local form of the mass balance, for each of the species, is given by

ṁi + div hi = fi(m1, … ,mn), i = 1, … ,n, (1)

where hi denotes the concentration flux of the ith species, and fi is the chemical kinetics term that represents the rate
of production or degradation of species concentration of the ith species as a result of its interaction with other species.
In addition to the mass balance Equation (1), a constitutive relation relating the flux hi to the mass concentration mi is
required. A commonly used constitutive relation is given by

hi = −Di∇ mi, i = 1, … ,n. (2)

Here Di is a symmetric and positive-definite second-order tensor representing a potentially spatially varying dif-
fusivity/mobility of the ith species on the domain Ω. Let ΓN and ΓE be nonoverlapping portions of the boundary
of Ω, denoted by Γ (see Figure 1), such that ΓN ∪ ΓE = Γ. The prescribed boundary conditions imposed on these
partitions are

mi = mi on ΓN , and (3)

− hi ⋅ n = hi on ΓE, (4)

where n represents the unit outward normal vector to the boundaryΓ. A complete description of the problem also requires
the prescription of initial conditions for each mi, which read as

mi(x) = m0
i (x), at t = 0, ∀x ∈ Ω.

3 WEAK FORMULATIONS

The focus here is on the mixed formulation. However, for the sake of completeness, the standard, single-field formu-
lation is first briefly stated. Thereafter, a detailed presentation of the mixed formulation and its spatial and temporal
discretization is given.
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In the context of initial-boundary value problems, such as analyzed here, it is helpful to view functions of space and
time as mappings from the time interval of interest I = [0, T] to the corresponding functional space. For example, a
function u ∈ L2(Ω; I) is understood as the map u ∶ I → L2(Ω) (L2(Ω) denotes the space of measurable functions which are
square integrable over the domainΩ). In addition to the functional space L2(Ω; I)we also make use of the spaces H1(Ω; I)
and H(div,Ω; I), where

H1(Ω) = {m ∈ L2(Ω) ∶ ∇ m ∈ [L2(Ω)]d}, and
H(div,Ω) = {h ∈ [L2(Ω)]d ∶ div h ∈ L2(Ω)}.

The natural norms endowed by H1(Ω) and H(div,Ω) are, respectively, given by

||m||21,Ω ∶= ||m||20,Ω + ||∇ m||20,Ω, and

||h||2div,Ω ∶= ||h||20,Ω + ||div h||20,Ω,

where || ⋅ ||0,Ω denotes the standard L2-norm for scalar or vector-valued functions.
For a mixed finite element formulation, in addition to mi, the flux hi is taken as an unknown variable. Thus, the

constitutive relation (2) is rewritten as

D−1
i hi + ∇ mi = 0. (5)

The mixed weak form associated with Equations (5) and (1) reads:

find (hi, mi) ∈ H(div,Ω; I) × L2(Ω; I) such that

ai(𝝉 , hi) − b(𝝉 , mi) = (𝝉 ⋅ n, mi)ΓN , ∀𝝉 ∈ H0E(div, Ω), (6)
d
dt

c(v, mi) + b(h, v) = 𝓁i(v), ∀v ∈ L2(Ω), (7)

where the subspace H0E(div,Ω) ⊂ H(div,Ω) possesses a vanishing normal component 𝝉 ⋅ n on the boundary ΓE. Also, the
test functions v and 𝝉 are time-independent. In this case, the trial flux solution hi satisfies the boundary conditions (4) a
priori, making it an essential boundary condition in the context of the mixed formulation (6) and (7).

The bilinear forms ai ∶ H(div,Ω) ×H(div,Ω) → I R, b ∶ H(div,Ω) × L2(Ω) → I R, and c ∶ L2(Ω) × L2(Ω) → I R are
defined by

ai(𝝉 , hi) ∶= (𝝉 , D−1
i hi)Ω,

b(𝝉 , mi) ∶= (div 𝝉 , mi)Ω,
c(mi, v) ∶= (mi, v)Ω,

for any 𝝉 ,hi ∈ H(div,Ω) and mi, v ∈ L2(Ω).

Remark
1. When the L2(Ω) space of test functions is replaced by its discrete counterpart, the test function v is chosen such that it

vanishes everywhere in the domain Ω except on a given element Ωe. This in turn implies that for v in (7) set to unity
on the element Ωe, one obtains

d
dt∫

Ωe

mi dΩ + ∫
Ωe

div hi dΩ = ∫
Ωe

fi dΩ.

As a result, such an approximation method is said to have a locally conservative property. That is, the conservation of
mass (1) is satisfied on each element.
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2. The classification of boundary conditions in the mixed formulation is opposite to the standard single-field case (see
Appendix A). In the standard formulation, the boundary condition (4) is a natural one as it does not require a priori
prescription on the space of trial or test spaces. By contrast, it becomes an essential boundary condition in the mixed
formulation since the trial and test functions require the normal flux at the boundary ΓE to be prescribed a priori.
The role of Equation (3) is also reversed, that is, it is essential in the standard formulation but natural in the mixed
formulation.

4 DISCRETIZATION

The temporal discretization of the weak formulations, (6) and (7), using a combination of implicit and explicit methods
is now presented. Then, the discrete counterparts of the spaces H(div,Ω) and L2(Ω) are detailed in the context of the
hierarchical construction of shape functions over a triangle/tetrahedral mesh.

4.1 Temporal discretization

Consider first the temporal discretization of the mixed formulation using a class of IMEX methods. The time interval of
interest is partitioned into subintervals [tn−1, tn]with step sizeΔtn = tn − tn−1. Note that the partition need not be uniform,
that is, the step-sizes need not be equal. As Equation (6) is without a time derivative, we treat it fully implicitly at the
current time tn. For the IMEX method only the second Equation (7) involving time derivatives is relevant. For clarity of
notation, we drop the subscript i from the weak forms (6) and (7), and, in a general multistep context, replace each term
by interpolation or extrapolation formulas as linear combinations of previous discrete values, as defined by

d
dt

c(•, m) ≈
◦
c(•) ∶= 𝛼r

Δtn
c(•, mn) +

r−1∑

j=0

𝛼j

Δtn
c(•, mn+j−r), (8)

b(h, •) ≈ ̂b(•) ∶= 𝛽r b(•, hn) +
r−1∑

j=0
𝛽j b(hn+j−r

, •), (9)

𝓁(•) ≈ ̃𝓁(•) ∶=
r−1∑

j=0
𝛾j 𝓁n+j−r(•), (10)

where 𝓁k(•), k = n − r, … ,n − 1, represents the family of functionals 𝓁(•) defined using the time discrete values of the
reaction kinetics f k = f (mk), that is, with reference to (A2),

𝓁k(v) = (f k
, v)Ω.

The coefficients 𝛽0, 𝛽1, … , 𝛽r and 𝛼0, 𝛼1, … , 𝛼r correspond to the implicit interpolation formula (corresponding to
Equations 8 and 9) for the value and its time derivative of a field at tn on the time interval [tn−r, tn]. 𝛾0, 𝛾1, … , 𝛾r−1 are
coefficients of the explicit extrapolation (corresponding to the Equation 10) of a field at tn on the interval. The integer r
represents the extent to which previous step solutions, starting from the current step, are included in the scheme. Some
of the commonly used IMEX schemes are listed in Appendix A.

Substituting the discrete approximations (8)–(10) into the weak formulation (7), together with the discrete equation
corresponding to Equation (6) at the current time-step renders

an(𝝉) − bn(𝝉) = (𝝉 ⋅ n, m)ΓN , ∀𝝉 ∈ H(div, Ω), and (11)
◦
c(v) + ̂b(v) = ̃𝓁(v), ∀v ∈ L2(Ω), (12)

where

an(𝝉) ∶= a(𝝉 ,hn), bn(𝝉) ∶= b(𝝉 , mn).
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Note, (11) and (12) constitute a boundary value problem at the time-step tn. IMEX methods can be viewed as multistep
schemes involving r − 1 previous time step’s solutions. They are formally rth-order convergent in time.

4.2 Spatial discretization

Assume a regular decomposition h of Ω into simplexes (triangles in 2D and tetrahedrals in 3D). For a given p ∈ Z+ (a
non-negative integer), denote the set of all polynomials, on a given T ∈ h, whose order is less than or equal to p by
p(T). For FEMs which typically involve the use of non-uniform higher-order approximations on unstructured meshes,
increasing the order of the polynomial space locally via p- and hp- adaptivity can lead to complications in enforcing global
conformity of shape functions.44 Hierarchical shape functions address such problems, as well as naturally supporting
the use of p- and hp-adaptivity.45,46 The construction of hierarchical shape functions of arbitrary order with various con-
formity conditions to obtain finite element subspaces for L2(Ω), H1(Ω), H(div,Ω) on a general unstructured meshes is
detailed in Ainsworth and Coyle.44 An alternative construction for H(div) conforming exact sequence elements with arbi-
trary order has been proposed by Fuentes et al.47 Note, that the space proposed by Ainsworth and Coyle,44 consisting of
divergence-free zero normal functions, is used for the numerical examples in Section 7.

Here, hierarchic shape functions are used to define the finite element spaces corresponding to the triangulation h
such that the test spaces, for concentration m and flux, are defined as

h = {vh ∈ L2(Ω) ∶ vh|T ∈ p−1(T), where T ∈ h}, and (13)
0

h = {𝝉h ∈ H(div,Ω) ∶ 𝝉h|T ∈ [p(T)]dim and 𝝉h ⋅ n = 0 on ΓE}, (14)

where dim = 1, 2, or 3 refers to the spatial dimension. While the trial space for concentration m is also h, the trial space
h for the flux h is given by

h = {𝝉h ∈ H(div,Ω) ∶ 𝝉h|T ∈ [p(T)]dim and − 𝝉h ⋅ n = h on ΓE}. (15)

It should be noted that to obtain a stable pair (hh, mh) the order of approximation for h is required to be at least one
order higher than that of h, see, for example Reference21.

For the approximation of (h, m), we employ the finite dimensional trial space (h, h) and test space (0
h , h), as

defined in Equations (13)–(15), following a Galerkin approach. Having specified the corresponding finite element spaces,
the spatio-temporal discrete form of the Equations (11) and (12) produces a block matrix system given by

[
K B
BT −𝜎M

][
Hn

mn

]

=

[
F
G

]

, (16)

where

KIJ = a(𝝉h
I , 𝝉

h
J ), BIL = −b(𝝉h

I , vh
L), and MKL = c(vh

K , v
h
L).

Here, I, J denote the global indices corresponding to the numbering of the basis elements of h, while K, L correspond
to that of h. The right hand side contributions F and G are given by

FI = (𝝉 I ⋅ n, mh)ΓE and GK =
1
𝛽r

r−1∑

j=0

[

𝛾j 𝓁n+j−r(vK) − 𝛽j b
(

vK , hn+j−r
h

)]

.

The vector Hn and mn are the solution vectors containing the degrees-of-freedom (DoF) associated with the current
values of hn and mn, respectively. The coefficient 𝜎 = 𝛼r∕[Δtn 𝛽r] is a shift coefficient of the mass matrix M. The matri-
ces K and M are positive definite and symmetric. Solvability of the block system (16) also requires that B as a linear
map is surjective (see, for example, Reference21Section 3.3). The requirement that the order of the flux shape func-
tion should be at least one order higher than the mass concentration shape function is a sufficient condition for the
surjectivity of B.
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Formally, for sufficiently smooth solutions, the expected rate of convergence for the spatial approximation employing
the finite element spaces h and h will be of order p in both the L2 and the natural norms.

Remark
1. One of the most important implications of the mixed formulation, from a computational perspective, is that the matrix

M can be inverted locally on an element-by-element basis, and the inverse is sparse. This is due to the fact that there
is no conformity requirement on mh ∈ h ⊂ L2(Ω) over element boundaries.

2. The consequence of the above observation is that one can efficiently solve the block system using a solver that utilizes
a Schur complement preconditioner. More precisely, one can exactly compute the sparse Schur complement S = K +
BM−1BT in an efficient manner.

5 A POSTERIORI ERROR ESTIMATORS AND p-ADAPTIVITY

Adaptive FEMs are a fundamental numerical approach in science and engineering applications. The success of an adap-
tive algorithm relies on the availability of a good error indicator (or a posteriori error estimator) that provides an upper
bound to the true approximation error, and the complexity of its implementation and computation. In this section, we
present a residual-based error estimate that can be computed cheaply. This estimate together with the hierarchical con-
struction of the shape functions makes the method well suited for local p-adaptivity. Hierarchical shape functions (and
DoF) are associated with mesh entities such as vertices, edges, faces, and volumes, rather than nodes. For example, in 2D,
if the local order of two adjacent faces F1 and F2 sharing an edge E is different, say order-p1 and order-p2, respectively,
then to satisfy the global H(div,Ω)-conformity one only needs to add local shape functions of order-max(p1, p2) on the
edge E. By contrast, since there is no continuity requirement for L2(Ω) along element interfaces, the shape functions are
only associated with faces in the 2D case. Thus, the polynomial order of L2 shape functions can be set independently in
each element, thereby greatly simplifying the implementation of p-adaptivity.

To underpin an effective local p-adaptivity scheme, one requires a reliable a posteriori error estimate that provides an
upper bound to the true error and, at best, decays with the same rate as the true error as the polynomial order increases
uniformly. The energy norm on H(div,Ω) × L2(Ω), defined by

||h||div,Ω + ||m||0,Ω, (17)

is the appropriate norm for measuring the magnitude of approximation errors in the mixed formulation (6) and (7).
To develop the error estimator, and for the sake of simplicity, we shall consider a one-species mixed transient problem

with homogeneous boundary condition on mh,q, where the additional subscript used here is to denote the order of the
polynomial space, that is

a(𝝉h,p, hn
h,p) − b(𝝉h,p, mn

h,p−1) = 0 ∀𝝉h,p ∈ h,k, (18)

𝜎 c(vh,p−1, mn
h,p−1) + b(hn

h,p, vh,p−1) = (g, vh,p−1)Ω, ∀vh,p−1 ∈ h,k−1 (19)

with g = ̃f − 𝜎mn−1
h,p−1, where ̃f denotes an extrapolation of f at the previous time-step values of mh that is determined by

the specific type of the IMEX scheme, the remaining term in g is a contribution from temporal discretization of ṁh,p−1 =
𝜎[mn

h,p−1 −mn−1
h,p ]. Recall that for stability the orders used in Equations (18) and (19) for the flux and mass are p and p − 1,

respectively (p > 1). To simplify the notation, in the remainder of this section, the current unknowns hn
h,p and mn

h,p−1 are
denoted as hp and mp−1.

5.1 Residual and interface jump based error estimates

The a posteriori error estimate corresponding to the energy norm (17) of the error is derived from the following residual-
and jump-based errors. Consider first a sufficiently refined regular mesh h of Ω, where h is the mesh parameter.

• Element residual errors corresponding to the constitutive and conservation of mass equations: let K be an element in
h, define
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𝜂K,R,1 ∶= ||D∇mp−1 − hp||0,K , (20)

𝜂K,R,2 ∶= ||𝜎 mp−1 + divhp − g||0,K . (21)

• Inter-element interface jump error: let e be an edge shared by two adjacent elements K+ and K−, then the jump error
is defined by

𝜂e,J ∶= h−1∕2||[[mp−1]]||0,e, (22)

where the jump operator is [[mp−1]] = m+
p−1 −m−

p−1, m+
p−1, and m−

p−1 are values of mp−1 at the edge e from the side of K+

and K−, respectively.

The local error estimate over a given element K ∈ h is thus defined by summing the error contributions from (20)
to (22),

𝜂K ∶=
[

𝜂

2
K,R,1 + 𝜂

2
K,R,2 +

∑

e∈𝜕K
𝜂

2
e,J

]1∕2

, (23)

and the global error estimate is given by

𝜂h
∶=

[
∑

K∈h

[
𝜂

2
K,R,1 + 𝜂

2
K,R,2

]
+
∑

e∈Γh

𝜂

2
e,J

]1∕2

. (24)

5.2 Upper bound

The global residual error (24) provides an upper bound of the energy norm of the error. To show this, we make use of the
following standard estimates

1. Optimality estimate: let (h, m) ∈ H(div,Ω) × L2(Ω) be the exact solution at the current time-step, that is, tn, then there
exists C > 0, such that

||h − hp||div,Ω + ||m −mp−1||0,Ω ≤ C
{

inf
𝝉p∈p

||h − 𝝉p||div,Ω + inf
vp−1∈p−1

||m − vp−1||0,Ω

}

. (25)

2. Energy norm error estimate of the finite element solution:

||hp||div,Ω + ||mp−1||0,Ω ≤C
⎡
⎢
⎢
⎣

sup
𝝉p∈p

||𝝉p ||div,Ω=1

{a(𝝉p, hp) − b(𝝉p, mp−1)}

+ sup
vp−1∈p−1
||vp−1 ||0,Ω=1

{𝜎 c(vp−1, mp−1) + b(hp, vp−1)}
⎤
⎥
⎥
⎦

,

(26)

for some C > 0.
3. Saturation assumption: One of the most crucial ingredients towards the proof of an upper bound is the saturation

assumption. Roughly, it states that the error norm decreases uniformly as we increase the order of approximation by
one. More precisely, let (hp+1,mp) and (hp,mp−1) be approximate solutions of (18) and (19), then there is 0 < 𝛽 < 1,
such that

||h − hp+1||div,Ω + ||m −mp||0,Ω < 𝛽
[
||h − hp||div,Ω + ||m −mp−1||0,Ω

]
. (27)

One can construct a mesh h on which such a saturation estimate does not hold, however, for sufficiently refined
regular mesh it always hold true.
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Having the above results for the upper bound, it is sufficient to show that the error between successive approximations
is bounded from above. That is, there is a constant C > 0 such that

||hp+1 − hp||div,Ω + ||mp −mp−1||0,Ω ≤ C𝜂h
. (28)

To show this, since (hp,mp−1) belongs to the test space p+1 × p, we note that

a(𝝉p+1, hp+1 − hp) − b(𝝉p+1, mp −mp−1) = 0, ∀𝝉p+1 ∈ p+1 (29)
𝜎 c(vp, mp −mp−1) + b(hp+1 − hp, vp) = 0, ∀vp ∈ p. (30)

Hence, by the estimate (26), we have, for some C > 0,

||hp+1 − hp||div,Ω + ||mp −mp−1||0,Ω

≤ C
⎡
⎢
⎢
⎣

sup
𝝉p+1∈p+1

||𝝉p+1 ||div,Ω=1

{a(𝝉p+1, hp+1 − hp) − b(𝝉p+1, mp −mp−1)}

+ sup
vp∈p

||vp ||0,Ω=1

{𝜎 c(vp, mp −mp−1) + b(hp+1 − hp, vp)}
⎤
⎥
⎥
⎦

.

(31)

Now, since

a(𝝉p, hp+1 − hp) − b(𝝉p, mp −mp−1) = 0, ∀𝝉p ∈ p, (32)

it follows for every 𝝉p that

a(𝝉p+1, hp+1 − hp) − b(𝝉p+1, mp −mp−1)
= a(𝝉p+1 − 𝝉p, hp+1 − hp) − b(𝝉p+1 − 𝝉p, mp −mp−1)
= −a(𝝉p+1 − 𝝉p, hp) + b(𝝉p+1 − 𝝉p, mp−1)

=
∑

K

{
(𝝉p+1 − 𝝉p, hp)K + (div(𝝉p+1 − 𝝉p), mp−1)K

}

=
∑

K

{
−(𝝉p+1 − 𝝉p, hp)K + (𝝉p+1 − 𝝉p, ∇mp−1)K

}
+
∑

e∈Γh

([𝝉p+1 − 𝝉p] ⋅ n, [[mp−1]])e

=
∑

K
(𝝉p+1 − 𝝉p, hp − ∇mp−1)K +

∑

e∈Γh

([𝝉p+1 − 𝝉p] ⋅ n, [[mp−1]])e

≤∑

K
||𝝉p+1 − 𝝉p||0,K ||hp − ∇mp−1||0,K +

∑

e∈Γh

||[𝝉p+1 − 𝝉p] ⋅ n||0,e ||[[mp−1]]||0,e

=
∑

K
𝜂K,R,1 ||𝝉p+1 − 𝝉p||0,K +

∑

e∈Γh

𝜂e,J h1∕2||[𝝉p+1 − 𝝉p] ⋅ n||0,e.

Hence, we obtain that

sup
𝝉p+1∈p+1

||𝝉p+1 ||div,Ω=1

{a(𝝉p+1, hp+1 − hp) − b(𝝉p+1, mp −mp−1)} ≤ C1{
∑

K
𝜂

2
K,R,1 +

∑

e
𝜂

2
e,J }

1∕2
, (33)

for some constant C1 > 0. A similar argument also leads to

sup
vp∈p
||||0,Ω=1

{𝜎 c(vp, mp −mp−1) + b(hp+1 − hp, vp)} ≤ C2{
∑

K
𝜂

2
K,R,2 }

1∕2
. (34)

Therefore, for C = max(C1,C2) we obtain the estimate (28). Employing the saturation estimate (27) and (28), it then
follows that
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||h − hp||div,Ω + ||m −mp−1||0,Ω ≤ C
1 − 𝛽

𝜂h
. (35)

Here the constant C depends only on the approximation order p and h.

6 ADAPTIVE p-REFINEMENT STRATEGY

Once the problem is solved with a given distribution of polynomial orders over the mesh entities, and the local a pos-
teriori error 𝜂K over each element K ∈ h is calculated, the next step is to apply a p-refinement strategy inspired by the
well-known bulk-chasing Dörfler’s criterion.48 The refinement algorithm is characterized by two parameters 𝜃min and
𝜃max, where 0 ≤ 𝜃min < 𝜃max ≤ 1, and is performed in three stages:

Stage 1. Given a posteriori error estimate 𝜂K on each element K ∈ h and 𝜂MAX = maxK∈h{𝜂K}, the polynomial order
over element K is raised by one if

𝜂K ≥ 𝜃max𝜂MAX ,

or reduced by one if

𝜂K ≤ 𝜃min𝜂MAX .

After applying this first stage of the adaptive process it may happen that the polynomial order distribution over adjacent
elements is greater than one order. Numerical experiments (not presented here) revealed that such heterogeneity of
polynomial order distribution results in undesirable oscillatory features in the approximated solution. Hence, following
this step, certain smoothing of polynomial order over the mesh is required, which leads one to the next stage.

Algorithm 1. Pseudocode for the p-adaptive algorithm
Calculate 𝜂K on each K ∈ h. Take 𝜃max and 𝜃min
[Stage 1. Setting order on each K]
for K ∈ h do

if 𝜂K ≥ 𝜃max𝜂MAX then
raise polynomial order on K by one

end if
if 𝜂K ≤ 𝜃min𝜂MAX then

decrease polynomial order on K by one to not less than a minimum order chosen by the user, say 1
end if

end for
[Stage 2. Order smoothing]
for E ∈ Γh shared by two elements K and K′ in h such that the order in K is greater than that of K′ by more than 1 do

set: order in K′ equals order in K minus 1
end for
[Stage 3. Setting order on the interfaces]
for E ∈ Γh do

if E is on the boundary with only one adjacent element K then
set order on E to be equal to that of on K

else
find adjacent elements K and K′ sharing E
Set: order on E to be maximum of orders on K and K′

end if
end for
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Stage 2. To smooth the polynomial order distribution, we force the difference in polynomial order between two adjacent
elements K and K′ to not exceed one, by resetting the order on the element with smaller degree to that of the higher
degree minus one. That is, suppose order(K) + 1 < order(K′), then we reset order(K) ∶= order(K′) − 1.
Stage 3. This stage is responsible for maintaining the H(div)-conformity of the space of flux functions after execution of
the above two stages. For each interface entity E shared by two elements K and K′, one sets the order as the maximum
of the polynomial orders over K and K′.

The adaptive p-refinement algorithm consisting of the above three stages is summarized in Algorithm 1. Follow-
ing the above p-adaptive stages, one also needs to adjust the quadrature rules over the mesh entities appropriately in
order to match the polynomial order distributions optimally. Certain models of physical processes that are well described
using diffusion-reaction equations introduce so-called internal variables (see Section 7.4 which considers a problem in
electrophysiology).

The projection of field variables within an element upon change in the polynomial order is handled in a straightfor-
ward manner using the hierarchical finite element approach employed here. In addition, internal variables are treated
here in the same spirit as field variables and approximated using an L2 basis.

As is common with such schemes, the choice of the parameters 𝜃min and 𝜃max is informed by numerical experiment.
This is an open research problem and therefore further work on such heuristic approaches is required.

7 NUMERICAL EXAMPLES

Two groups of numerical examples are presented. The first compares the convergence of results of the mixed scheme
and the standard single-field formulation in approximating important aspects of the solution. These include solutions
involving singularities in Section 7.1, and computation of the speed of travelling wave solutions in Section 7.2. Suitabil-
ity of the p-adaptive mixed formulation in terms of the features of the solution is also investigated. The second group,
in Sections 7.3 and 7.4, showcases the capabilities of the p-adaptive, IMEX mixed formulation in simulating problems
of practical importance, namely pattern formation and electrophysiology. We investigated various IMEX schemes, how-
ever, for the examples presented in this section we opted for the second-order additive Runge–Kutta scheme. This choice
allows one to exploit the smoothness of the reaction terms using methods with high-order approximation in time, such
as Runge–Kutta, thereby allowing larger time steps without sacrificing accuracy.

The computer implementation of the proposed numerical scheme is carried out using the open-source library
MoFEM.49 The library integrates and utilizes other open-source libraries such as MOAB, a mesh-oriented database,50 and
PETSc.51 The MOAB library is used to store and manage mesh related data, while PETSc is used for parallel operations
involving linear algebra.

The IMEX methods presented in Section 4 are implemented using the PETSc time solvers.52

7.1 Convergence tests

Two cases are considered. In the first case, a spatially smooth solution is considered with a piece-wise temporal profile
that stabilizes after some specified time. Thus, the approximation error after a sufficiently long simulation time is associ-
ated entirely with the spatial discretization. The second case considers the approximation of a one-species Fisher’s type
problem on a square domain Ω with heterogeneous diffusivity.

Smooth manufactured solution

It is well-known that both standard and mixed finite element formulations are optimal in terms of convergence in the
L2-norm, that is, (hp+1), for sufficiently smooth solutions, where p is the order of the finite element space. Noting that
the mesh size parameter h is inversely proportional to the number of DoF to the power dim, where dim = 1, 2, or 3 is the
space dimension, these optimality results are confirmed practically, as shown in Figure 2, by considering a manufactured
solution based on the smooth function

g(x, y) = 1 + sin(2𝜋x) sin(2𝜋y), for (x, y) ∈ Ω. (36)
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F I G U R E 2 Exact (manufactured) solution for m at t = 1

Consider first a one-species diffusion-reaction system over the domain Ω = [−1, 1]2 (so that g vanishes on the
boundary) with isotropic diffusivity D = dI, d = 1, and then assume the exact (manufactured) solution for the mass
concentration m

m(x, y, t) =

{
t g(x, y), t < t∗,
g(x, y), t ≥ t∗,

(37)

for some given t∗. The right-hand-side source term f is given by the residual of the exact solution, that is,

f ∶= ṁ + div(D∇m).

Note that ṁ and div(D∇m) are also piecewise in time, that is,

ṁ =

{
g(x, y), t < t∗,
0, t > t∗,

and div(D∇m) =

{
t div(D∇g), t < t∗,

div(D∇g), t ≥ t∗.

Consequently, the source term is also temporally piece-wise which stabilizes to a time-independent profile after t∗. Note
also that for t < t∗, m = t on the boundary Γ, and for t > t∗, m = 1. With this set up, the temporal discretization error after
a time t sufficiently greater than t∗ will be negligible, and the total error is dominated by the spatial approximation. In
other words, it amounts to the approximation of the steady state case (ṁ = 0) with the manufactured solution m = g.

The convergence results presented in Figures 3 and 4 are obtained by a successive refinement of an initial uniform
mesh with h = 2∕5, and the inflection time t∗ and a uniform time step length Δt are chosen to be 1 and 0.1, respectively,
for each mesh. The simulations are run up to t = 10; a sufficiently long time to ensure that the temporal discretization
error is negligible.

With the manufactured solution (37), the convergence rate of the mixed formulation with respect to the H1-norm,
given by

[||m −mh||20,Ω + ||h − hh||20,Ω ]
1∕2
,

is expected to be one order higher than that of the standard formulation, as demonstrated in Figure 4. This is due to the
fact that the flux hh for the standard formulation is obtained by postprocessing from mh, unlike the mixed formulation,
wherein the flux is directly approximated as a primary field variable.

The next set of examples in this group aims at demonstrating the effectiveness of the p-adaptive mixed formulation in
resolving fine features of solutions efficiently. For smooth solutions such as (36), the variability of the solution is almost
uniform on the larger scale. In this case, the application of p-adaptivity is less effective since the error is distributed almost
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F I G U R E 3 Comparison of convergence rates of the mixed (MFE) and standard (SFE) formulations with respect to the L2 error norm.
(A) For orders of approximation p = 1, 2, while (B) for p = 3, 4. The legend “order” stands for the absolute value of the slope of the
convergence curve once a consistent slope is established between consecutive refinements
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F I G U R E 4 Comparison of convergence rate the mixed (MFE) and standard (SFE) formulations with respect to the H1-norm. (A) For
order of approximation p = 1, 2, for m while (B) for p = 3, 4. The legend “order” stands for the absolute value of the slope of the convergence
curve once a consistent slope is established between consecutive refinements

uniformly. This is demonstrated in the convergence result displayed in Figure 5. It shows that the p-adaptive strategy
with parameters 𝜃min = 0.02 and 𝜃max = 0.8, representing a quite conservative adaptive strategy, produces a convergence
trend which is not generally better than that of the uniform p-refinement. As expected, at each adaptive step, as shown
in Figure 6, the error is distributed almost uniformly, which leads to the marking of most of the elements for refine-
ment. This corresponds to the convergence result shown in Figure 5, which is no better than the uniform p-adaptive
strategy.

By contrast, when the solution is characterized by the presence of sudden spatial changes over the domain, such as
travelling waves, the p-adaptive algorithm becomes most effective. To demonstrate this, we consider a smooth analytical
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F I G U R E 5 Comparison of the p-adaptive and uniform refinement strategies for smooth and slowly varying solution

F I G U R E 6 Distribution of error and polynomial order over the mesh at each p-adaptive iteration

solution (manufactured) replacing the g in Equation (36) by the bump function over the square domain Ω = [−1, 1]2,

g(x, y) =

{
exp( −x2−y2

r2−x2−y2 ) if x2 + y2
< r2

,

0 otherwise.
(38)

where r = 0.75. As in the previous examples, the diffusion parameter is chosen such that d = 1, and t∗ = 1 and Δt = 0.1.
The error is computed at t = 10, as in the previous simulation, as it is far enough from the inflection time t∗ = 1 so that
the temporal discretization error becomes negligible. The spatial mesh is unstructured and relatively coarse. It can be
easily seen that the bump function is infinitely many times differentiable, hence smooth. However, as can be seen from
Figure 7, along the circle x2 + y2 = r2 the solution changes drastically from zero to some finite non-zero value within a
relatively small distance in the radial direction.

Thus it is expected that most of the error of the finite element approximation concentrates along the circle. This
becomes evident in the distributions of the error as well as polynomial order over the mesh as displayed in the p-adaptive
sequence as shown in Figure 9. The corresponding convergence result, shown in Figure 8, exhibits the better performance
compared to the uniform p-adaptive strategy.
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F I G U R E 7 Bump function (left) and norm of the gradient (right)
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F I G U R E 8 Convergence comparison between uniform and adaptive p-refinements for the bump function solution

Rough solution with singularities

Consider a one-species reaction diffusion problem on the square domain Ω = [−1, 1]2, with reaction kinetics of Fisher
type,

f = m[1 −m]. (39)

The domain is comprised of square patches with contrasting diffusivities D = d(x)I with a checkerboard pattern, as shown
in Figure 10 (A). For the blue patches d = 0.1 and for the remaining patches d = 0.001. An initial condition of m0 = 0.5
on the center square and zero elsewhere is prescribed—see Figure 10 (B). A homogeneous flux boundary condition of the
type given in Equation (4) is prescribed along the entire boundary Γ (i.e., h = 0).

Solutions were computed up to t = 6 with a time-step size Δtn = 0.1. Both the standard and mixed solutions were
computed and compared. Because of the heterogeneous diffusivity, the solution develops kinks along the interfaces of the
patches and singularities at the corners. It is important to note the well-known fact that such irregularities (singularities)
cannot be resolved by increasing the polynomial order. A feasible way of resolving such features is using local h-adaptivity.
In fact, numerical experimentation (not presented here) showed that p-adaptivity caused artificial oscillations near the
corners as the polynomial order increases locally. For example, Figure 11 (B) shows the distribution of the flux magnitude,
computed using the mixed method with the a priori adaptively refined mesh as shown in Figure 11 (A). Figures 11 (C)
and 11 (D) show the mass distribution computed using the standard and mixed methods, respectively. Even though the
reference mesh Figure 11 (A) has been used in both cases, the difference in their respective solutions is apparent. This
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F I G U R E 9 Distribution of the error (top row) and polynomial order (bottom row) in a p-adaptive sequence

F I G U R E 10 The heterogeneous domain Ω = [−1, 1]2 with a checkerboard pattern where in (A) the blue regions have d = 1 × 10−3

and the rest have d = 1 × 10−1, and in (B) an initial value m0 = 0.5 is prescribed

is due to the fact that the standard formulation uses a H1-conforming space and is unable to approximate solutions with
features such as discontinuities and singularities. By contrast, the mixed formulation uses a non-conforming L2(Ω) space
for mh and the exact, physically motivated conformity for the flux hh, that is, H(div). This allows the mixed method to
capture such features.

Figure 12 shows the superiority of the mixed method over the standard single-field formulation. Here, the mass profiles
along a line segment, colored in red in Figure 11 (A), that connects the center and the right top corner of the square
domain Ω are displayed. Along this line segment, there are two interior corners of patches where discontinuities in mh

are expected. The solutions were obtained using various uniform meshes at different levels of refinement with parameter
h = 1∕5, 1∕10, 1∕20, and 1∕40, including a reference mesh (denoted by Ref. Mesh), which is obtained by refining along
the interfaces and corners of the patches as in Figure 11 (A). The discontinuities at the interior corners are captured
almost exactly using the mixed method regardless of the refinement level. By contrast, using the standard formulation,
none of the meshes resulted in a reasonable approximation of the discontinuities. Another interesting observation is that
the approximation of the mixed formulation converges from below. This is opposite to the standard formulation in which
the approximation overestimates the solution.

7.2 Speed of travelling wave solutions

The one-species Fisher-type Equation (39) supports travelling wave solutions. The wave nature of the solution depends
on the relative size of the reaction and diffusion terms. When the reaction term is dominant, the wave front steepens and
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F I G U R E 11 Comparison of approximations by standard and mixed methods, (A) an a priori adaptively refined mesh on which the
mass concentration approximation at t = 6 are computed based on the standard (C) and mixed (D) methods. (B) Shows the distribution of the
magnitude of flux, computed using the mixed method using the mesh (A) at t = 6, where singularities at the corners of the patches are shown

the wave travels with a finite speed. By contrast, when diffusion is dominant, the influence of the reaction term becomes
less and the solution exhibits typical diffusion behavior, that is, it decays exponentially.

Consider the planar domain as shown in Figure 13, composed of rectangular patches that are arranged horizon-
tally with increasing diffusivity between successive patches. The rectangular domain has height 0.8 and the width of
the 5 patches are 0.6, 0.4, 0.4, 0.4, and 2.2. The maximum diffusivity d = 0.5 is chosen so that the problem remains in
the wave propagation regime. As the initial condition, the mass concentration m = 1 is set on the first one-third of the
left-most patch, while on the rest of the domain m is set to zero at t = 0. Since the diffusivity is smallest in the first
left patch, the solution starts to evolve slowly with a sharp wave front. As the wave passes each interface, its speed
increases while the sharpness of the wavefront decreases. The wavefront is identified using a levelset method based on a
mass concentration value of 0.6. Uniform time steps of length Δt = 0.05 have been used. The position of the wavefront
against time is presented in Figure 14 for various levels of mesh refinement. Importantly, the uniform approximations
based on the mixed method are accurate and converge to the correct wave speed. However, the uniform approxima-
tion using the standard method initially overestimates the true speed of the travelling wave solution, and only slowly
converges to the correct speed. The p-adaptive mixed formulation is used with the second coarsest mesh, and it is also
obtained that the speed of the wave is in excellent agreement with that of the converged results of the mixed and standard
methods.

7.3 Pattern formation in ecological applications

The class of problems considered here have application in various important areas including biological pattern formation,
morphogenesis2 and electrophysiology.53
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F I G U R E 12 Mass concentration profile along a diagonal line from the center of the square to the right corner (as indicated in Figure 11
(A) with a red line segment) at t = 6. Various uniform meshes at different refinement levels described by the mesh parameter h along with a
reference mesh (designated as Ref. Mesh), which was adaptively refined along the interfaces and corners of the patches, were used

F I G U R E 13 Domain for the travelling wave problem. Color indicates the diffusivity, which is piecewise constant and increasing
towards the right

Segregation pattern

A competition-diffusion model involving three interacting species is considered. The level and mode of interaction
between the species is the same. This, in effect, means that the magnitude of each species that is consumed by the others
is the same as the other species that consumes it. The reaction term, for each i = 1, 2, 3, is given by

fi = mi[1 − ai1m1 − ai2m2 − ai3m3], (40)

where the parameters in the model are represented in Table 1. It is assumed that all the three species have the same
mobility rates, that is, D = dI, where d = 0.01. In cases where the dynamics is largely influenced by the reaction term,
it is important to analyze the local stability of the spatially homogeneous problem (i.e., ignoring the diffusion terms).
Such an analysis provides important insights into the range of parameter values for various possible spatio-temporal
interaction patterns. A local stability analysis of the problem described by Equation (40) reveals eight equilibrium points
of which only, [m1, m2, m3]1 = [1∕a11, 0, 0], and [m1, m2, m3]2 = [0, 1∕a22, 0], and [m1, m2, m3]3 = [0, 0, 1∕a33] are
quasi-stable. In the case of the segregation problem, these equilibrium points represent regions which are exclusively
occupied by one of the species.
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F I G U R E 14 Comparison of speed of travelling wave solution with time. The broken lines correspond to the computation using the
standard formulation (SFM) while the solid lines correspond to the mixed formulation (MFM). The horizontal lines mark the interface
positions in the solution domain

T A B L E 1 List of parameters for three species segregation problem

d1 d2 d3 a11 a12 a13 a21 a22 a23 a31 a32 a33

0.01 0.01 0.01 1 3 3 3 1 3 3 3 1

It is assumed initially that all three species are distributed randomly over the domain Ω = [−1, 1]2 as shown in
Figure 15. Such problems have been studied previously.19,54 In those studies the numerical approaches were either the
finite difference method or the standard FEM.

A relatively coarse mesh for such a problem is used, but to sufficiently represent the random initial condition and
to capture the fast dynamics at the beginning stage, order-6 polynomial approximation are used as shown in the lower
left corner of Figure 15. During the early stages of evolution, as show in Figure 15 at t = 0 through t = 10, the dynamics
appears to be reasonably fast. Eventually, as shown in the second row of Figure 15, as the species start to establish them-
selves into well defined regions each occupied by one of the species, the interaction starts to proceed in a slower manner.
During this time the error distribution becomes more concentrated in the vicinity of the boundaries of these regions. It
is shown that the polynomial adaptation follows the error distribution very closely. These regions tend to a quasi-stable
configuration, that is patches of convex shapes with triple junctions with angle of separation given by 2𝜋∕3.

Cyclic interaction

Here a three-species competition-diffusion system of equations with the reaction term given by Equation (40) is consid-
ered. The species react with each other in a cyclic way (based on parameters in Table 2) resulting in various complex
spatio-temporal patterns such as spiral-like, and band-like structures depending on the topology of the habitat and the
initial configuration.

A square habitat Ω = [−1, 1]2 is considered with initial configuration as shown in Figure 16 at t = 0 (top row left).
The parameter values considered in the simulations are presented in Table 2. A relatively coarse mesh is used for such
problem whose solution have complex, fine and spiral structure. A uniform time stepping is also used with step size
Δt = 0.2. Initially the polynomial order is set to 2 and adaptively increases to 6 (with parameter 𝜃max = 0.6 and 𝜃min = 0.1)
throughout the simulation. As shown in Figure 16, a spiral pattern starts to form turning in a clockwise direction. The
spiral shape consists of stripes of each species lying side-by-side, and eventually fills the region and continues with the
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F I G U R E 15 Development of segregation pattern as a result of interactions of the three species (Equation 40, Table 1) at various times.
The blue color surface plot represents the region dominated by m1 (i.e., m1 > m2 and m1 > m3), the red color surface plot by m2, and the
green surface plot by m3

T A B L E 2 List of parameters for three species cyclic interaction problem

d1 d2 d3 a11 a12 a13 a21 a22 a23 a31 a32 a33

0.01 0.01 0.01 1 2 7 7 1 2 2 7 1

same spiral feature. It is also shown that the error is high in the vicinity of the interface between the species which led to
the adaptivity taking place only on elements around such interfaces. This clearly shows the efficiency of the p-adaptive
mixed method.

7.4 Spiral wave re-entry in electrophysiology

The propagation of ionic current in the cardiac muscle can be simulated using a mono-domain model, which is mathe-
matically equivalent to the diffusion-reaction equation. The transmembrane electric potential can be viewed as a diffusing
species, which “reacts” locally with the cellular ion channel densities. The reaction term depends on the ion channel den-
sities through a set of highly nonlinear and coupled ordinary differential equations. Thus, the ion channel densities can be
viewed as non-diffusing species and treated simply as internal state variables. There are a large number of models available
for the reaction term (called cardiac electrophysiology models) with varying degrees of complexity in terms of the num-
ber of (internal) variables. Using the proposed mixed method, we simulate the phenomenon of spiral wave re-entry—the
cause of several cardiac arrhythmias, such as ventricular tachycardia, atrial flutter, and atrial and ventricular fibrillation.

A square block of cardiac tissue of dimension 100 mm is considered. The domain is subdivided into a relatively
coarse triangular mesh. The propagation of the transmembrane electric potential (more commonly known as the action
potential) is governed by
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F I G U R E 16 Development of spiral pattern as a result of cyclic interactions of three species (Equation 40, Table 2) at various stages.
Region with blue depicts m1, red m2, and yellow m3

d
d𝜏

m − div(D∇m) = f (m, r) + IΩ′(𝜏), (41)

where the non-dimensional variable m ∈ [0, 1] is related to the transmembrane action potential E (mV) through the
relation

E = [100m − 80] mV,

r is a single internal variable representing the density of ionic channels, and IΩ′ is the external stimulus. The time t (ms)
is non-dimensionalized as

t = 12.9 𝜏 ms.

One of the simplest models capable of reproducing the spiral wave re-entry, the Aliev-Panfilov model,9 is adopted for the
reaction term:

f (m, r) = cm[m − 𝛼][1 −m] − rm. (42)

Equation (42) is supplemented by an ordinary differential equation for the recovery (internal state) variables r:

d
d𝜏

r =
[

𝛾 + 𝜇1r
𝜇2 +m

]

[−r − cm[m − b − 1]], (43)

where the parameters appearing in Equations (42) and (43) are given in Table 3. We assume the conductivity to be
isotropic, that is, D = dI. The time integration of Equation (43) together with the reaction term of Equation (41) are
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T A B L E 3 List of parameters for spiral wave re-entry problem

d (mm2) 𝜶 𝜸 b c 𝝁 𝝁2

0.01 0.01 0.01 1 2 7 7

F I G U R E 17 Evolution of a planar wave into a rotating spiral wave re-entry as a result of external stimulation IΩ′ = 40 applied on a
section of the domain during the time interval t = 565 ms to t = 575 ms. The planar wave is initiated with an initial excitation of
E(t = 0) = −40 mV

carried out using the explicit part of the IMEX method. The p-adaptivity strategy with parameters 𝜃max = 0.7 and 𝜃min =
0.03 starts uniformly with order p = 2 and increases locally to order p = 6.

A horizontal planar wave is initiated by setting the action potential to E = −40 mV on the region between y = 0 and
y = 3. The wave form continues to propagate upwards as seen from the snapshot at t = 160 ms.

Before the depolarizing tail disappears, an external stimulus IΩ′ is applied to the strip of region, defined by Ω′ =
{(x, y) ∶ 50 < x < 100, 67 < y < 70}, in order to initiate the spiral wave re-entry. The stimulus has magnitude 40 and is
applied at t = 565 ms for a duration of 10 ms. This results in the development of the wavebreak (shown in Figure 17
at t = 772 ms). The wavebreak then evolves into a stable rotating vortex, as shown in the snapshots at t = 924 ms, and
continues afterwards. The computational aspects of this problem have been considered by several researchers in the
electrophysiology and electromechanics community. One notable work is by Göktepe and Kuhl53 in which they used the
standard finite element approach with an implicit time integration scheme on a structured quad mesh. The proposed
p-adaptive, IMEX mixed method, as compared to their work, is seen to capture the spiral wave re-entry dynamics more
efficiently.

8 CONCLUSION

A family of p-adaptive IMEX, mixed finite element formulations has been proposed for a general class of diffusion-reaction
based problems. In contrast to single-field, standard finite element formulations, this class of methods provides accurate
approximations of a wider class of solutions, including those with less regularity. A standard formulation was shown
to converge poorly, if at all, for such problems. The IMEX approach has been shown to be efficient and eliminates the
dependence of algorithmic stability on the size of the spatial mesh size by handling the non-local diffusion part implic-
itly. This advantageous feature allows for mesh refinement, for example in an adaptive strategy, without the need for
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changing the time step size Δt. The explicit treatment of the local reaction term makes the implementation generic and
modular for various classes of reaction kinetics as demonstrated by the wide range of problems that have been ana-
lyzed here. The finite element spaces are built using a hierarchical construction which, in addition to offering optimal
conditioning of the resulting linear system, makes the use of the p-adaptivity strategy a natural choice.44 The mixed
formulation introduces additional DoF. However, the computational complexity due to this increase in DoF can be han-
dled efficiently using static condensation as the mass concentration field (which is in L2) can be inverted locally since
the local contributions are decoupled from one another. Moreover, this local inversion can also be used in block iter-
ative schemes that involves computation of the Schur complement as an intermediate step. The Schur complement
can then be computed exactly, resulting in a sparse global structure, rather than reverting to the common practice of
approximating it.

A distinguishing feature of the mixed formulation is that it leads to straightforward derivation and implementation
of residual-based a posteriori error estimations without the need for computationally demanding postprocessing effort as
is usually the case in literature, see, for example.43,55,56 This feature together with the hierarchical approximation of the
mixed FEM is exploited in formulating the p-adaptive strategy. It has been demonstrated by a range of examples that the
p-adaptive algorithm performs extremely well in efficiently resolving fine features.

The performance of the proposed formulation is demonstrated by a number of challenging examples. The advantages
of the proposed method over the standard techniques are showcased by a problem that has singularities (see Section 7.1);
and another one that supports travelling wave solutions (see Section 7.2). The capability of this general p-adaptive frame-
work is demonstrated by applying it to problems arising from different applications such as electrophysiology, and spatial
pattern formation in theoretical ecology.4,54,57

The a posteriori error indicator proposed is well-suited for local p-adaptivity. The results presented suggest that the
approach is reliable. However, rigorous analysis should be undertaken to determine the tightness of the bounds in the
estimate and thereby assess its reliability.

Through a straightforward generalization the proposed mixed method can be coupled to the mechanical deformation
field for applications in cardiac electromechanics and chemo-mechanics. Due to the explicit treatment of the reaction
term, the approach can be easily linked with, for example, electrophysiology models in the CellML repository.56 Similarly,
due to this explicit treatment of the reaction term, our computational approach can be easily used to drive the form of
reaction kinetics models from experimental data following the approach proposed in Brunton et al.58
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APPENDIX A. STANDARD FORMULATION

The standard weak problem is defined as

find mi ∈ H1(Ω), satisfying the boundary conditions (3), such that

d
dt
(v, mi)Ω + (∇v, Di∇mi)Ω = (v, hi)ΓE + 𝓁i(v), ∀v ∈ H1

0N(Ω), (A1)

where H1
0N(Ω) is a subspace of H1(Ω) that contains functions whose trace on ΓN vanish. Here, it should be noted that

the test function v is time-independent.
The functional 𝓁i ∶ H1(Ω) → I R is defined by

𝓁i(v) ∶= (fi, v)Ω. (A2)

The pairings (⋅, ⋅)Ω and (⋅, ⋅)ΓN∕E represent the standard L2 inner products over the domainΩ and the boundary ΓN or ΓE,
respectively.

As can be seen from Equation (A1), the boundary condition (4) is incorporated into the weak form, while Equation (3)
is enforced as a constraint on the trial solutions. Thus, for the standard formulation, (4) is a natural boundary condition
and (3) is an essential boundary condition.
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APPENDIX B. SOME OF THE COMMONLY USED IMEX SCHEMES IN THE LITERATURE

• IMEX schemes based on the backward differentiation formula (BDF)

Second-order 𝛼0 = 1∕2, 𝛼1 = −2, 𝛼2 = 3∕2,
𝛽0 = 0, 𝛽1 = 0, 𝛽2 = 1,
𝛾0 = −1, 𝛾1 = 2,

Third-order 𝛼0 = 1∕24, 𝛼1 = −1∕8, 𝛼2 = −7∕8, 𝛼3 = 23∕24,
𝛽0 = 1∕16, 𝛽1 = −5∕16, 𝛽2 = 15∕16, 𝛽3 = 5∕16,
𝛾0 = 3∕8, 𝛾1 = −5∕4, 𝛾2 = 15∕8.

• The second-order Crank-Nicholson–Adams-Bashforth scheme

𝛼0 = 0, 𝛼1 = −1, 𝛼2 = 1,
𝛽0 = 0, 𝛽1 = 1∕2, 𝛽2 = 1∕2,
𝛾0 = −1∕2, 𝛾1 = 3∕2.

• The second-order additive Runge–Kutta (RK-IMEX) scheme59

𝛼0 = −1, 𝛼1 = 0, 𝛼2 = 1
𝛽0 = 1, 𝛽1 = 0, 𝛽2 = 1
𝛾0 = 0, 𝛾1 = 2,
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