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BOUNDARY QUOTIENT C*-ALGEBRAS OF SEMIGROUPS

EVGENIOS T.A. KAKARIADIS, ELIAS G. KATSOULIS, MARCELO LACA, AND XIN LI

Abstract. We study two classes of operator algebras associated with a unital subsemigroup
P of a discrete group G: one related to universal structures, and one related to co-universal
structures. First we provide connections between universal C*-algebras that arise variously
from isometric representations of P that reflect the space J of constructible right ideals, from
associated Fell bundles, and from induced partial actions. This includes connections of appro-
priate quotients with the strong covariance relations in the sense of Sehnem. We then pass to
the reduced representation C∗λ(P ) and we consider the boundary quotient ∂C∗λ(P ) related to
the minimal boundary space. We show that ∂C∗λ(P ) is co-universal in two different classes:
(a) with respect to the equivariant constructible isometric representations of P ; and (b) with
respect to the equivariant C*-covers of the reduced nonselfadjoint semigroup algebra A(P ). If
P is an Ore semigroup, or if G acts topologically freely on the minimal boundary space, then
∂C∗λ(P ) coincides with the usual C*-envelope C∗env(A(P )) in the sense of Arveson. This covers
total orders, finite type and right-angled Artin monoids, the Thompson monoid, multiplicative
semigroups of nonzero algebraic integers, and the ax+ b-semigroups over integral domains that
are not a field. In particular, we show that P is an Ore semigroup if and only if there exists a
canonical ∗-isomorphism from ∂C∗λ(P ), or from C∗env(A(P )), onto C∗λ(G). If any of the above
holds, then A(P ) is shown to be hyperrigid.

1. Introduction

The use of C*-constructs has been central in the study of geometric and topological objects
such as semigroups, graphs, dynamical systems etc. It goes as far back as the work of Murray
and von Neumann in the 1930’s and 1940’s, and has been a continuous source of inspiration
for further developments. On one hand one obtains a universal object that covers appropriate
representations of the object by Hilbertian operators. On the other hand one can ask for the
minimal quotient that still carries a faithful copy of the original data, through a boundary space.
Similar questions appear in the nonselfadjoint context through the seminal work of Arveson [1]
and the notion of the Šilov boundary. In a recent work of the authors with Dor-On [12] it has
been shown that C*-boundaries and Arveson’s Šilov boundary interconnect in a rather solid way
in the case of product systems. In this work we continue to investigate boundary quotients in
both the C*- and the nonselfadjoint context. This is part of a bigger programme that aims to
elucidate the relations between boundary operator algebras.

Here we examine several operator algebras associated with a unital subsemigroup P of a
group G, always assuming that P generates G. This type of operator algebras have been under
thorough investigation by many authors and connections have been established with C*-algebras
of more general constructs. The principal examples come from abelian semigroups, starting with
N in the seminal work of Coburn [4], and more general totally ordered groups by Douglas [14]
and Murphy [29]. Nica [30] introduced quasi-lattice ordered semigroups and established the
study of their semigroup C*-algebras as universal models of the left regular representation on
`2(P ). Further motivating examples come from geometric group theory [5, 6, 23] or have a
number-theoretic origin [7, 8, 9]. We refer the reader to [10] and the references therein.

A major motivation for working with semigroups is that their operator algebras lie in the
intersection of several categories of current interest, such as partial dynamical systems, product
systems and Fell bundles. The different realizations bring in existing results from each category

2020 Mathematics Subject Classification. 46L08, 46L05, 47L55, 20M32.
Key words and phrases: Semigroup algebras, partial crossed product, coactions, boundary quotient, C*-envelope.

1



2 E.T.A. KAKARIADIS, E.G. KATSOULIS, M. LACA, AND X. LI

for studying their structure. Conversely, semigroup algebras can act as a medium for cross-
pollination of techniques between their wider supercategories, as well as a testing ground for
new structural theorems. As examples we mention the realization: by partial crossed products
for computing the K-theory [8], for computing the KMS-states [7], or for deducing simplicity
[27]; and as product systems for nuclearity results [20, 25].

The representations of P that we consider are more than just by isometries as the universal
isometric C*-algebra C∗iso(P ) may not be carrying much structure; for example C∗iso(N2) fails to
be even nuclear. The point of inspiration is the left regular representation C∗λ(P ) and in this
paper we consider isometric representations of P that reflect various aspects of the structure of
the constructible right ideals as they are manifested in C∗λ(P ). The study is carried mainly in
five directions: (i) universal/maximal constructs; (ii) reduced representations; (iii) boundary
quotients; (iv) co-universal C*-algebras; and (v) Šilov boundaries. An important aspect in
(i)–(iv) has been the existence of a coaction by the group G that induces a topological grading.
In the past, connections with (v) had been established for abelian lattices where the coaction is
well understood as an action of the compact dual [11, 13]. Three natural questions that arise
in this context:

Qn. 1. What is the connection between universal semigroup constructions?

Qn. 2. What is the connection between the induced semigroup boundary quotients?

Qn. 3. Is there a co-universal semigroup C*-algebra and what is its form?

Here we answer these questions guided by two beacons (see Figure 1 for a summary). First
we establish links between different classes of representations of P and the universal C*-algebra
C∗s(P ) of the constructible representations. Secondly we identify the boundary quotient C*-
algebra ∂C∗λ(P ) as the co-universal object in both the C*-algebraic and the nonselfajoint alge-
braic approaches. Below we provide a detailed discussion of these results.

1.1. On universal C*-algebras. Our starting point is the universal C*-algebra C∗s(P ) with
respect to constructible semigroup representations in the sense of [25]. This is an equivariant
quotient of the universal isometric C*-algebra C∗iso(P ), that takes into account the space J of
the constructible right ideals in P , and thus sits closer to the structure of C∗λ(P ). A second
important variant is the boundary quotient C∗sc(P ) of C∗iso(P ), given by the strongly covariant
representations of P as induced by Sehnem’s work on product systems [35]. This universal C*-
algebra models the isometric representations that lift automatically to faithful representations
on the fixed point algebra. In Proposition 3.6 we show that strongly covariant representations
are constructible, providing the vertical arrow in the following commutative diagram:

C∗
iso(P ) //

&&

C∗
s(P ) //

��

C∗
λ(P )

C∗
sc(P )

.

Universal/maximal constructs are easier to work with, as they enjoy exactness with respect
to induced ideals. We use this type of argument for identifying C∗s(P ) and C∗sc(P ) with C*-
algebras associated with Fell bundles and partial actions. On one hand we consider the induced
Fell bundles Ps inside C∗s(P ), and Psc inside C∗sc(P ). On the other hand we use the fixed point
algebra Ds(P ) of C∗s(P ) and the minimal G-invariant subspace ∂ΩP of its spectrum to realize
them as partial crossed products (see Theorem 3.10 and Theorem 3.14). Namely we have

C∗s(P ) ' C∗(Ps) ' Ds(P ) oG and C∗sc(P ) ' C∗(Psc) ' C(∂ΩP ) oG.

In passing, we show that C∗s(P ) ' C∗(IV ) for the inverse semigroup

IV := {V ∗p1
Vq1 · · ·V ∗pnVqn | pi, qi ∈ P ;n ∈ Z+}

of V -words in C∗λ(P ) (see Theorem 3.2), which improves a previous result of Li [26] by removing
the Toeplitz condition from P . By using a result of Norling [31] we deduce that J is independent
if and only if Ds(P ) ' Dλ(P ) canonically (see Corollary 3.3). These results address (Qn. 1). In
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general C∗λ(Ps) differs from C∗λ(P ). The algrebraic relations that define the Fell bundle induced
in C∗λ(P ) are completely described by Laca and Sehnem in their recent work [22]. Even though
we do not rely here on [22], it has motivated us in the final stages of this research to free the
setup from the independence condition on J and work at the general level of the constructible
representations of C∗s(P ).

1.2. On reduced C*-algebras. In [27] it has been established that C∗λ(P ) coincides with the
partial crossed product of a partial action of G on the diagonal algebra Dλ(P ). It coincides with
the reduced C*-algebra of Ps if and only if J is independent. We have three further reduced
boundary quotients arising from:

(a) the partial crossed product picture, i.e., C(∂ΩP ) or G;

(b) the strong covariance Fell bundle, i.e., C∗λ(Psc); and

(c) the strong covariance relations in the left regular representation, i.e., qsc(C
∗
λ(P )).

Items (a) and (b) are automatically ∗-isomorphic due to the realization of C∗sc(P ) as C(∂ΩP )orG.
Under exactness we can pass the results from the universal C*-algebras between items (a) and
(c) down to the reduced case. Indeed exactness induces a normal co-action on qsc(C

∗
λ(P )) from

C∗λ(P ), and thus we can use the fixed-point-algebra property of qsc(C
∗
λ(P )) inherited from C∗sc(P )

(see Theorem 3.10). This settles (Qn. 2) and provides the upper-left part of Figure 1.

1.3. On co-universality. We next turn our attention to (Qn. 3). By [10, Lemma 5.7.10]
∂ΩP embeds as the smallest, closed, G-invariant, nonempty subset of the spectrum of Ds(P ).
Consequently in Theorem 4.2 we deduce that the quotient map

C∗s(P )→ ∂C∗λ(P )

factors through any non-trivial equivariant representation of C∗s(P ), i.e., ∂C∗λ(P ) is co-universal
for the non-trivial equivariant constructible representations of P .

On the other hand we connect ∂C∗λ(P ) to a Šilov boundary. The natural candidate for a
nonselfadjoint algebra is the closed algebra A(P ) generated by the image of P inside C∗λ(P ).

The normal coaction δ on C∗λ(P ) descends to A(P ) giving rise to the cosystem (A(P ), G, δ), and
in Theorem 4.4 we establish that

∂C∗λ(P ) ' C∗env(A(P ), G, δ).

We further explore conditions under which C∗env(A(P ), G, δ) is C∗env(A(P )). This is automatic
for abelian semigroups, however it is unknown if in general C∗env(A(P )) admits automatically
a coaction of G. By using the simplicity criteria of [27] we find that this is the case when P
is an Ore semigroup or when G acts topologically freely on ∂ΩP . In particular, if P is an Ore
semigroup then the C*-envelope is the usual C∗λ(G). Surprisingly this is also a defining property
for a semigroup P ⊆ G to be Ore. We thus derive the right-lower part of Figure 1.

These diagrams expand on the theory of Ore semigroups in amenable groups. In this case the
scheme collapses into two distinct classes of ∗-isomorphic C*-algebras: (a) the Fock type ones

C∗(Ps) ' Ds(P ) or G ' C∗λ(P ) ' Dλ(P ) or G;

and (b) their boundary quotients

C∗sc(P ) ' qsc(C
∗
λ(P )) ' ∂C∗λ(P ) := C(∂ΩP ) or G ' C∗env(A(P ), G, δ) ' C∗env(A(P )) ' C∗λ(G),

which have the co-universal property with respect to C∗s(P ).

Structure of sections. In Section 2 we provide the preliminaries on boundary quotients and
the C*-envelope. In Section 3 we gather the constructions that arise from C∗s(P ) and connect
with Fell bundles and partial crossed products. In passing we also provide the identifications for
the corresponding full C*-algebras. In Section 4 we study the boundary quotient ∂C∗λ(P ) and
we establish its co-universal properties.
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universal reduced ∂-quotients

Ds(P ) oG

'[Thm 3.14]

��

// Ds(P ) or G

'[Thm 3.14]

��
C∗(IV )

'[Thm 3.2]

��

// C∗λ(IV )

'[Thm 3.10]

��
C∗(Ps)

'[Thm 3.10]

��

// C∗λ(Ps)

iff J :independent, '[Thm 3.10]

��
C∗iso(P ) //

��

C∗s(P )

[Prop 3.6]

��

// C∗λ(P )

((��

' Dλ(P ) or G

C∗sc(P )

'[Thm 3.14]

��

// qsc(C∗λ(P ))

if G:exact, '[Thm 3.10]

��

'
if G:exact

// ∂C∗λ(P )

'[Thm 4.4]

��

:= C(∂ΩP ) or G

C(∂ΩP ) oG

'[Thm 3.10]

��
C∗(Psc) // C∗λ(Psc)

'[Thm 3.14] // C∗env(A(P ), G, δ)

'[Thm 4.5]if G y ∂ΩP :top. free

��

'[Thm 4.2] //

'[Thm 4.6]

iff P :Ore

##

∂G[C∗s(P )]

'[Rem 4.7]iff P :Ore

��
C∗env(A(P ))

'[Thm 4.6]

iff P :Ore
// C∗λ(G)

• C∗λ(P ): The reduced C*-algebra of P .

• A(P ): The reduced semigroup algebra of P in C∗λ(P ).

• C∗iso(P ): the universal C*-algebra with respect to isometric representations of P .

• C∗s(P ): the universal semigroup algebra of (P,J ) in the sense of [25].

• C∗sc(P ): the strong covariant algebra of the trivial product system on P in the sense of [35].

• qsc(C∗λ(P )): The quotient of the reduced C*-algebra by strong covariant relations.

• oG is the universal partial crossed product; orG is the reduced partial crossed product.

• ∂G[C∗s(P )]: the co-universal C*-algebra with respect to G-equivariant representations of C∗s(P ).

• C∗env(A(P ), G, δ) is the C*-envelope of the cosystem (A(P ), G, δ); C∗env(A(P )) is C*-envelope of A(P ).

• IV : the inverse semigroup induced by the left regular representation of P .

• Fell bundles: Ps induced in C∗s(P ); Psc induced in C∗sc(P ).

• Spaces: Ds(P ) := [C∗s(P )]e; Dλ(P ) := [C∗λ(P )]e; ΩP = (Dλ(P ))∗; ∂ΩP is the minimal G-subspace in ΩP .

Figure 1: Diagram with main results.
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2. Preliminaries

2.1. The Šilov boundary. The reader may refer to [33] for the general theory of nonselfadjoint
operator algebras and dilations of their representations, which we will avoid repeating here in
full length.

Let A be an operator algebra, which in this paper means a closed subalgebra of B(H) for a
Hilbert space H. We say that (C, ι) is a C*-cover of A if ι : A → C is a completely isometric
representation with C = C∗(ι(A)). The C*-envelope C∗env(A) ofA is a C*-cover (C∗env(A), ι) with
the following co-universal property: if (C ′, ι′) is a C*-cover of A then there exists a (necessarily
unique) ∗-epimorphism Φ: C ′ → C∗env(A) such that Φ(ι′(a)) = ι(a) for all a ∈ A. Arveson
defined the C*-envelope in [1] and computed it for a variety of operator algebras, predicting its
existence in general. Ten years later Hamana [19] confirmed Arveson’s prediction by proving the
existence of injective envelopes for the unital case. The C*-envelope is the C*-algebra generated
in the injective envelope of A once this is endowed with the Choi-Effros C*-structure.

Dritschel and McCullough [15] provided an alternative proof based on maximal dilations for
the unital case. A dilation of a representation φ : A → B(H) is a representation φ′ : A → B(H ′)
such that H ⊆ H ′ and φ(a) = PHφ

′(a)|H for all a ∈ A. A completely contractive map φ : A →
B(H) is called maximal if every dilation φ′ : A → B(H ′) is trivial, i.e., PHφ

′(a) = φ(a) = φ′(a)|H
for all a ∈ A. It follows that the C*-envelope is the C*-algebra generated by a maximal
completely isometric representation. It does not hold in general that if π : C∗env(A) → B(H) is
a ∗-representation then it is the unique contractive completely positive (ccp) extension of π|A.
The algebra A is called hyperrigid if this is the case for any representation π of C∗env(A).

The basic examples of C*-envelopes arise in the context of uniform algebras: the C*-envelope
of a uniform algebra is formed by the continuous functions on its Šilov boundary. The un-
conditional existence of the C*-envelope provides a non-commutative analogue of this result.
Consider A ⊆ C∗(A). An ideal I C C∗(A) is called a boundary ideal if the quotient map
qI : C∗(A) → C∗(A)/I restricts to a completely isometric map on A. The Šilov ideal Is is
by definition the boundary ideal that contains all boundary ideals of A. The existence of the
C*-envelope implies the existence of the Šilov ideal; in particular it follows that C∗env(A) is
canonically isomorphic to C∗(A)/Is.

2.2. Coactions on operator algebras. We denote the minimal tensor product by ⊗. We
will need some elements about coactions on C*algebras as well as some results from [12] about
coactions on operator algebras.

For a discrete group G we write ug for the unitary generator associated with g ∈ G in the
full group C*-algebra C∗(G). We write λg for the generators of the left regular representation
C∗λ(G). Recall that C∗(G) admits a faithful ∗-homomorphism

∆: C∗(G)→ C∗(G)⊗ C∗(G);ug 7→ ug ⊗ ug.

On the other hand C∗λ(G) admits a faithful ∗-homomorphism

∆λ : C∗λ(G)→ C∗λ(G)⊗ C∗λ(G);λg 7→ λg ⊗ λg.
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Definition 2.1. [12, Definition 3.1] Let A be an operator algebra. A coaction of G on A is a
completely isometric representation δ : A → A⊗C∗(G) such that the linear span of the induced
subspaces

Ag := {a ∈ A | δ(a) = a⊗ ug}
is norm-dense in A, in which case δ satisfies the coaction identity

(δ ⊗ idC∗(G))δ = (idA ⊗∆)δ.

If, in addition, the map (id⊗ λ)δ is injective then the coaction δ is called normal.
If A is an operator algebra and δ : A → A ⊗ C∗(G) is a coaction on A, then we will refer

to the triple (A, G, δ) as a cosystem. A map φ : A → A′ between two cosystems (A, G, δ) and
(A′, G, δ′) is said to be G-equivariant, or simply equivariant, if δ′φ = (φ⊗ id)δ.

If (A, G, δ) is a cosystem then Ar · As ⊆ Ars for all r, s ∈ G, since δ is a homomorphism.

Remark 2.2. [12] A coaction δ of G on A is automatically non-degenerate, in the sense that

δ(A) [I ⊗ C∗(G)] = A⊗ C∗(G).

In particular suppose that δ : C∗(A) → C∗(A) ⊗ C∗(G) is a ∗-homomorphism satisfying the
coaction identity

(δ ⊗ id)δ(c) = (id⊗∆)δ(c) for all c ∈ C∗(A),

and (A, G, δ|A) is a cosystem. Then δ is automatically non-degenerate on C∗(A), i.e.,

δ(C∗(A)) [C∗(A)⊗ C∗(G)] = C∗(A)⊗ C∗(G).

In particular the definition of the coaction here extends that of a full coaction on a C*-algebra
by Quigg [34].

Remark 2.3. [12] Suppose that A admits a “reduced” coaction in the sense that there is a
faithful map δλ : A → A⊗ C∗λ(G) that satisfies the coaction identity

(δλ ⊗ idC∗λ(G))δλ(a) = (idC∗(A) ⊗∆λ)δλ(a) for all a ∈ A,

and for which the linear span of the induced subspaces Ag := {a ∈ A | δλ(a) = a ⊗ λg} is
norm-dense in A. Due to Fell’s absorption principle, δλ promotes to a normal coaction δ of G
on A such that δλ = (id⊗ λ)δ.

Definition 2.4. [12, Definition 3.6] Let (A, G, δ) be a cosystem. A triple (C, ι, δC) is called a
C*-cover for (A, G, δ) if (C, ι) is a C*-cover of A and δC : C → C ⊗ C∗(G) is a coaction on C
such that the diagram

A ι //

δ
��

C

δC
��

A⊗ C∗(G)
ι⊗id // C ⊗ C∗(G)

commutes.

Definition 2.5. [12, Definition 3.7] Let (A, G, δ) be a cosystem. The C*-envelope of (A, G, δ)
is a C*-cover (C∗env(A, G, δ), ι, δenv) such that: for every C*-cover (C ′, ι′, δ′) of (A, G, δ) there
exists a ∗-epimorphism Φ: C ′ → C∗env(A, G, δ) that fixes A and intertwines the coactions, i.e.,
the diagram

ι′(A)
δ′ //

Φ
��

C ′ ⊗ C∗(G)

Φ⊗id
��

ι(A)
δenv // C∗env(A, G, δ)⊗ C∗(G)

is commutative on A, and thus is commutative on C ′.



BOUNDARY QUOTIENT C*-ALGEBRAS OF SEMIGROUPS 7

The existence of the C*-envelope of a cosystem was proved in [12] by a direct computation
that uses the C*-envelope of the ambient operator algebra. In order to state the result explicitly
we need to make some preliminary remarks and establish the notation. Suppose (A, G, δ) is a
cosystem, let i : A → C∗env(A) be the C*-envelope of A, and recall that the spatial tensor product
of completely isometric maps is completely isometric. Then the representation of A obtained
via the composition

A δ // A⊗ C∗(G)
i⊗id // // C∗env(A)⊗ C∗(G)

is completely isometric, and the C*-algebra

C∗((i⊗ id)δ(A)) := C∗(i(ag)⊗ ug | g ∈ G)

becomes a C*-cover of A. This C*-cover is special because it admits a coaction id⊗∆, so that
the triple

(C∗(i(ag)⊗ ug | g ∈ G), (i⊗ id)δ, id⊗∆)

becomes a C*-cover for (A, G, δ). The following theorem summarizes fundamental results about
existence and representations of C*-envelopes for cosystems.

Theorem 2.6. [12, Theorem 3.8 and Corollary 3.10] Let (A, G, δ) be a cosystem and let i : A →
C∗env(A) be the inclusion map. Then

(C∗env(A, G, δ), ι, δenv) ' (C∗(i(ag)⊗ ug | g ∈ G), (i⊗ id)δ, id⊗∆).

If in addition δ is normal on A then δenv is normal on C∗env(A, G, δ).
Moreover if Φ: C∗env(A, G, δ) → B is a ∗-homomorphism that is completely isometric on A

then it is faithful on the fixed point algebra of C∗env(A, G, δ).
Let us close this section with some remarks on topological gradings from [17, 18]. Recall

that a topological grading {Bg}g∈G of a C*-algebra B consists of linearly independent subspaces
that span a dense subspace of B and are compatible with the group G, i.e., B∗g = Bg−1 and
Bg · Bh ⊆ Bgh. By [17, Theorem 3.3] the linear independence condition can be substituted by
the existence of a conditional expectation on Be. The maximal C*-algebra C∗(B) of B is defined
as universal with respect to the representations of B. The reduced C*-algebra C∗λ(B) of B is
defined by the left regular representation of B on `2(B). If Φ is a representation of B then the
range of Φ has a natural topological grading Φ(B) = {Φ(Bg)}g∈G. By [18, Proposition 21.3]
there are equivariant ∗-homomorphisms making the following diagram

C∗max(B) //

��

C∗λ(B)

��
C∗max(Φ(B)) // C∗(Φ) // C∗λ(Φ(B))

commutative. A topological grading defines a Fell bundle and once a representation of a Fell
bundle is established the two notions are the same. In a loose sense a Fell bundle B over a
discrete group G is a collection of Banach spaces {Bg}g∈G, often called the fibers of B, that obey
to canonical algebraic properties and the C*-norm properties; see [18, Definition 16.1]. So we
will alternate between these two notions. Spectral subspaces of coactions on C*-algebras are an
important source of topological gradings.

Definition 2.7. Let B = {Cg}g∈G be a topological grading for a C*-algebra C over a group G.
We say that an ideal I C C is induced if I = 〈I ∩ Ce〉.

If δ : C → C ⊗ C∗(G) is a coaction on a C*-algebra and I C C is an induced ideal then δ
induces a faithful coaction on C/I, see for example [3, Proposition A.1]. Normal actions also
descend through induced ideals when G is exact, see for example [3, Proposition A.5].

Definition 2.8. Let δ be a coaction of G on a C*-algebra C and let I C C be an ideal of C.
We say that the quotient map is G-equivariant, or that the quotient C/I is G-equivariant if δ
descends to a coaction of G on C/I.
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3. Semigroup algebras

In this section we present the concrete and the universal C*-algebras that are related to
semigroups, partial crossed products and product systems. We provide the identification of
several universal and reduced C*-algebras that arise in this context.

3.1. The reduced semigroup algebra. Let P be a unital semigroup in a discrete group G.
We write

C∗λ(P ) := C∗(Vp | p ∈ P ) and A(P ) := alg{Vp | p ∈ P}
for the C*-algebra and the operator algebra, respectively, generated by the left-creation operators

Vp : `2(P )→ `2(P ); δs 7→ δps.

Let U : `2(P )⊗ `2(G)→ `2(P )⊗ `2(G) be the unitary operator determined by

U(δs ⊗ δg) = δs ⊗ δsg for all s ∈ P, g ∈ G,
and let λg be the canonical unitary corresponding to g ∈ G in the left regular representation of
G. A routine calculation shows that

(Vp ⊗ λp)U = U(Vp ⊗ I) for all p ∈ P.

Thus the ∗-homomorphism δλ obtained by composition

C∗λ(P )
' // C∗(Vp ⊗ I | p ∈ P )

adU // C∗(Vp ⊗ λp | p ∈ P )

is faithful and satisfies the reduced coaction identity

(δλ ⊗ idC∗(G))δλ = (idA ⊗∆λ)δλ,

where ∆λ(λg) = λg ⊗ λg. We also note that

[C∗λ(P )]g := {a ∈ C∗λ(P ) | δλ(a) = a⊗ λg}
⊇ span{V ∗p1

Vq1 · · ·V ∗pnVqn | p
−1
1 q1 · · · p−1

n qn = g;n ∈ Z+; pi, qi ∈ P},

and thus by construction these fibers are norm-dense in C∗λ(G). The reverse inclusion, and hence
equality, follows by applying id⊗Eg, where Eg is the g-th Fourier coefficient map on C∗λ(G). In
particular by restricting to A(P ) we get that

[A(P )]p = C · Vp for all p ∈ P and [A(P )]g = (0) for all g /∈ P.

Let δ : C∗λ(P )→ C∗λ(P )⊗C∗(G) be the normal coaction induced by δλ. The induced faithful

conditional expectation Eλ is implemented by compressing (id⊗λ)δ to the (e, e)-entry and thus

Eλ(V ∗p1
Vq1 · · ·V ∗pnVpn) =

{
V ∗p1

Vq1 · · ·V ∗pnVqn if p−1
1 q1 · · · p−1

n qn = e,

0 otherwise.

In [25] it has been established that

Eλ(V ∗p1
Vq1 · · ·V ∗pnVqn) =

∑
s∈P

Qs(V
∗
p1
Vq1 · · ·V ∗pnVqn))Qs,

where Qs is the projection on C · δs. In other words, Eλ is the faithful conditional expectation
on C∗λ(P ) given by compressing to the diagonal. We will write Dλ(P ) for the fixed point algebra

[C∗λ(P )]e of δ on C∗λ(P ).
We will require some additional facts from [25]. For a set X ⊆ P and p ∈ P we write

(3.1) pX := {px | x ∈ X} and p−1X := {y ∈ P | py ∈ X}.
Note here that by definition p−1P = P . We write J for the smallest family of right ideals of
P containing P and ∅ that is closed under left multiplication and taking pre-images under left
multiplication (as in the sense above), i.e.,

J :=
{
p−1

1 q1 . . . p
−1
n qnP | n ∈ Z+; pi, qi ∈ P, 1 ≤ i ≤ n

}
∪ {∅}.
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The elements in J are called constructible right ideals of P . It is important to notice that a
constructible right ideal p−1

1 q1 . . . p
−1
n qnP does not depend on the product p−1

1 q1 . . . p
−1
n qn as an

element of G because the second operation in (3.1) involves the pre-image of multiplication in
P and not in G. It follows from [25, Lemma 3.3] that

q−1
1 p1 . . . q

−1
m pmp

−1
m qm . . . p

−1
1 q1X = (q−1

1 p1 . . . q
−1
m pmP ) ∩X

for every finite collection pi, qi ∈ P and every subset X of P . Thus the set of constructible
ideals is actually automatically closed under finite intersections. We will write x,y, z etc. for
the elements of J . For a set X ⊆ P we will write E[X] for the projection on the subspace `2(X)

of `2(P ).

Proposition 3.1. [25, Lemma 3.1] Let P be a unital semigroup in a group G. For elements
p1, q1, . . . , pn, qn ∈ P we have that

E[p−1
1 q1...p

−1
n qnP ] = V ∗p1

Vq1 · · ·V ∗pnVqnV
∗
qnVpn · · ·V

∗
q1Vp1 ∈ C∗λ(P ).

If p−1
1 q1 · · · p−1

n qn = eG in G then

V ∗p1
Vq1 · · ·V ∗pnVqn = E[q−1

n pn...q
−1
1 p1P ].

Moreover, we have that
E[x]E[x′] = E[x∩x′] for all x,x′ ∈ J .

Consequently, we have that

Dλ(P ) := [C∗λ(P )]e = span{E[x] | x ∈ J }
for the fixed point algebra of C∗λ(P ).

Notice that if a finite set F ⊆ J of constructible right ideals is closed under intersection then

BF := span{E[x] | x ∈ F}
is a finite-dimensional, hence closed, ∗-subalgebra of the diagonal Dλ(P ). By saturating every
finite subset under intersection, we see that Dλ(P ) is the inductive limit of the BF over the set of
∩-closed, finite subsets of J directed by inclusion. Following [25] we say that J is independent
when the following holds:

for all x,x1, . . . ,xn ∈ J with
⋃n
i=1 xi = x there is an i0 such that x = xi0.

It then follows that J is independent if and only if {E[x]}x∈F is a basis for BF [10, Corollary
5.6.29].

3.2. Universal semigroup C*-algebras. The isometric semigroup C*-algebra C∗iso(P ) is the
universal C*-algebra generated by isometries {vp | p ∈ P} satisfying vpvq = vpq. Universality
implies that there exists a coaction of G on C∗iso(P ) determined by vp 7→ vp ⊗ up and having
fixed point algebra

[C∗iso(P )]e = span{v∗p1
vq1 · · · v∗pnvqn | p

−1
1 q1 · · · p−1

n qn = e}.
The full semigroup C*-algebra C∗full(P ) of P is the universal C*-algebra generated by isome-

tries {Vp | p ∈ P} and projections {Ex | x ∈ J } satisfying the relations:

I. Vpq = VpVq and VpExV∗p = Epx;
II. EP = I, E∅ = 0; and Ex · Ey = Ex∩y.

Introduced in [25], C∗full(P ) offers a model of C∗λ(P ) where the projections Ex corresponding to
the constructible ideals are regenerated in the obvious way, i.e.,

Ex = V∗p1
Vq1 · · · V∗pnVqnV

∗
qnVpn · · · V

∗
q1Vp1 for x = p−1

1 q1 . . . p
−1
n qnP.

The full semigroup C*-algebra admits a coaction of G whose fixed point algebra contains the
commutative C*-algebra

Dfull(P ) := C∗(Ex | x ∈ J ).

In [25] it is shown that the canonical ∗-epimorphism C∗full(P )→ C∗λ(P ) is faithful on Dfull(P ) if
and only if J is independent.
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The constructible semigroup C*-algebra C∗s(P ) of P introduced in [25, Definition 3.2] is the
universal C*-algebra generated by isometries {vp | p ∈ P} and projections {ex | x ∈ J }
satisfying the relations:

I. vpq = vpvq;
II. e∅ = 0;

IIIG. if p1, q1, . . . , pn, qn satisfy p−1
1 q1 · · · p−1

n qn = eG then

v∗p1
vq1 · · · v∗pnvqn = ex for x = q−1

n pn . . . q
−1
1 p1P.

It follows by [25, Lemma 3.3] that the family {vp, ex | p ∈ P,x ∈ J } satisfies also the relations

eP = 1, vpexv
∗
p = epx, and ex · ey = ex∩y.

Therefore C∗s(P ) is a quotient of C∗full(P ). Universality implies that there exists a coaction of G
on C∗s(P ) that induces a conditional expectation

E : C∗s(P )→ span{v∗p1
vq1 · · · v∗pnvqn | p

−1
1 q1 · · · p−1

n qn = e}.
Hence the projections ex have dense linear span [C∗s(P )]e. We will write

Ds(P ) := C∗(ex | x ∈ J ) = [C∗s(P )]e.

In particular the fixed point algebra [C∗s(P )]e is the inductive limit of the (finite dimensional
and thus closed) C*-subalgebras

BF := span{ex | x ∈ F} for finite ∩-closed F ⊆ J .
If J is independent then the canonical ∗-epimorphism C∗s(P )→ C∗λ(P ) is faithful on Ds(P ), by
[25, Corollary 2.27]. We will prove the converse of that, by using a result of Norling [31].

Towards this end we need to make a connection with inverse semigroups. Recall that if S
is an inverse semigroup then the reduced C*-algebra C∗λ(S) is the C*-algebra generated by the
operators λ(s) : `2(S \ {0})→ `2(S \ {0}), determined by

λ(s)δx =

{
δsx if s∗s ≥ xx∗,
0 otherwise.

There is also a universal C*-algebra C∗(S) generated by a universal representation {us : s ∈ S}
of S by partial isometries. The fastest way to obtain an inverse semigroup from our P is to use
its left regular representation V and define

IV := {V ∗p1
Vq1 · · ·VpnV ∗qn | n ∈ Z+; pi, qi ∈ P, 1 ≤ i ≤ n}.

Then IV is an inverse semigroup (of partial isometries on `2(P )), so we have two C*-algebras

C∗(IV ) = C∗(u(V ) | V ∈ IV ) and C∗λ(IV ) = C∗(λ(V ) | V ∈ IV ).

It was shown in [26] that under the assumption that P satisfies the Toeplitz condition from [27,
Definition 5.8.1], there is a canonical isomorphism C∗s(P ) ∼= C∗(IV ). We remove this assumption
next.

Theorem 3.2. Let P be a unital subsemigroup in a group G and let IV be the induced inverse
semigroup in C∗λ(P ). Then there exists a canonical ∗-isomorphism

C∗s(P )→ C∗(IV ); vp 7→ u(Vp)

that restricts to an isomorphism of Ds(P ) to the C*-subalgebra C∗(E) of C∗(IV ) generated by
the semilattice of idempotents in IV .

Proof. Since the universal representation u of IV is multiplicative and unital, the composition

p ∈ P 7→ Vp ∈ IV 7→ u(Vp) ∈ C∗(IV )

is clearly an isometric representation of P in C∗(IV ). Recall now that if p−1
1 q1 · · · p−1

n qn = eG
and x = q−1

n pn . . . q
−1
1 p1P , then the relation

E[x] = V ∗p1
Vq1 · · ·V ∗pnVqn ,
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holds in C∗λ(P ). Thus E[x] ∈ IV and the composition map

x ∈ J 7→ E[x] ∈ IV 7→ u(E[x]) ∈ C∗(IV )

satisfies

u(E[x]) = u(V ∗p1
Vq1 · · ·V ∗pnVqn) = u(Vp1)∗u(Vq1) · · ·u(Vpn)∗u(Vqn).

Thus the families {u(Vp) | p ∈ P} and {u(E[x]) | x ∈ J } satisfy the relations defining C∗s(P ), and
by the universal property there is a ∗-homomorphism C∗s(P )→ C∗(IV ) mapping vp to u(Vp).

For the other direction we want to show that the assignment

(3.2) V ∗p1
Vq1 · · ·V ∗pnVqn ∈ IV 7→ v∗p1

vq1 · · · v∗pnvqn ∈ C∗s(P )

is a well-defined representation of IV by partial isometries. To this end let us set

V := V ∗p1
Vq1 · · ·V ∗pnVqn and W := V ∗r1Vs1 · · ·V

∗
rmVsm

and suppose that V = W . Hence we also have that V V ∗ = WW ∗ = WV ∗ = VW ∗, and so

q−1
n pn . . . q

−1
1 p1P = s−1

m rm . . . s
−1
1 r1P =: x.

For V 6= 0 we have that x 6= ∅, and in particular we get that

VW ∗δt = V V ∗δt = E[x]δt = δt for all t ∈ x.

For any such t ∈ x we deduce that

q−1
n pn · · · q−1

1 p1s
−1
m rm · · · s−1

1 r1t = t,

which yields q−1
n pn · · · q−1

1 p1s
−1
m rm · · · s−1

1 r1 = eG. Consequently we obtain another description
for x by using the left regular representation. That is, the relation

E[x] = V V ∗ = VW ∗ = E[q−1
n pn···q−1

1 p1s
−1
m rm···s−1

1 r1P ]

yields

x = q−1
n pn · · · q−1

1 p1s
−1
m rm · · · s−1

1 r1P.

Likewise we obtain similar expressions for x corresponding to the equations E[x] = WV ∗ =
WW ∗. Let us set

v := v∗p1
vq1 · · · v∗pnvqn and w := v∗r1vs1 · · · v

∗
rmvsm .

Then by the properties of C∗s(P ) and the descriptions for x obtained above we get

ex = vv∗ = ww∗ = wv∗ = vw∗.

This shows that v and w are partial isometries. By considering the dual equalities

V ∗V = W ∗W = V ∗W = W ∗V,

we have the symmetrical

v∗v = w∗w = v∗w = w∗v.

Since this implies

v = v(v∗v) = v(w∗w) = (vw∗)w = (ww∗)w = w,

the map given in (3.2) is well defined and determines a ∗-epimorphism C∗(IV )→ C∗s(P ). Choos-
ing p1 = eG and q1 = p shows that this epimorphism is indeed the inverse of the ∗-homomorphism
C∗s(P )→ C∗(IV ) constructed above, and the proof of the isomorphism C∗s(P ) ' C∗(IV ) is com-
plete.

Finally, notice that by Proposition 3.1, the semilattice E of idempotents in IV coincides with
the set of characteristic functions of constructible right ideals viewed as operators on `2(P ).
Therefore C∗(E) ⊆ C∗(IV ) is the image of Ds(P ) ⊆ C∗s(P ) in the isomorphism.
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Corollary 3.3. (cf. [31, Theorem 3.22] and [25, Corollary 2.27]) Let P be a unital subsemigroup
in a group G and consider the commuting diagram

C∗full(P )

��

λfull

((
C∗s(P )

λs // C∗λ(P )

of canonical ∗-epimorphisms. Then the following are equivalent:

(i) J is independent.
(ii) λfull|Dfull(P ) : Dfull(P )→ Dλ(P ) is faithful.

(iii) λs|Ds(P ) : Ds(P )→ Dλ(P ) is faithful.

Proof. The equivalence of items (i) and (ii) is precisely [25, Corollary 2.27]. Since the diagram
restricts to a commuting diagram of diagonal algebras, it is clear that (ii) implies (iii). In order to
prove that (iii) implies (i), assume now that (iii) holds and observe that since Ds(P ) ' C∗(E) by
Theorem 3.2, the canonical ∗-epimorphism C∗(E) → Dλ(P ) is faithful. Then [31, Proposition
3.5 and Corollary 3.6] imply that (i) holds, see also the proof of [31, Theorem 3.22].

3.3. Sehnem’s strong covariance relations. Working at the generality of product systems,
Sehnem [35] has provided a quotient of the Toeplitz C*-algebra with the following properties: (a)
it admits an injective copy of the coefficient algebra; and (b) every equivariant ∗-representation
of the quotient that is injective on the coefficient algebra is automatically faithful on the fixed
point algebra. Let us review her construction for a unital semigroup P in a group G. This
corresponds to the product system X over P such that every fiber Xp is C. For a finite set
F ⊆ G set

KF :=
⋂
g∈F

gP.

For r ∈ P and g ∈ F define

Ir−1K{r,g}
:=

{
(0) if K{r,g} 6= ∅ and r /∈ K{r,g},
C otherwise,

and Ir−1(r∨F ) :=
⋂
g∈F

Ir−1K{r,g}
.

Let the spaces

XF :=
〈
δr ∈ `2(P ) | Ir−1(r∨F ) 6= (0)

〉
and X+

F :=
⊕
g∈G

XgF ⊆ `2(P )⊗ `2(G).

For every p ∈ P define the operator

VF,p : X+
F → X+

F ;XF 3 δr 7→ δpr ∈ XpF .

It is well-defined as Ir−1(r∨F ) = I(pr)−1(pr∨pF ) for all r ∈ P , and Ir−1(r∨F ) = I(s−1r)−1(s−1r∨s−1F )

for all r ∈ sP . It follows that VF,p is an isometry and thus we obtain a ∗-representation

ΦF : C∗iso(P )→ B(X+
F ); vp 7→ VF,p.

For the projections

Qg,F : X+
F → XgF

we get that

VF,pQg,F = Qpg,FVF,p and V ∗F,pQg,F = Qp−1g,FV
∗
F,p.

Therefore Qe,F is reducing for ΦF ([C∗iso(P )]e). For f ∈ [C∗iso(P )]e define

‖f‖F := ‖Qe,FΦF (f)Qe,F ‖ = ‖ΦF (f)Qe,F ‖ = ‖Qe,FΦF (f)‖ .

When we specialize the definition of strongly covariant representations from [35] to the case of
semigroup algebras, which are obtained from product systems with one-dimensional fibers, we
get the following.
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Definition 3.4. (cf. [35, Definition 3.2]) Let P be a unital subsemigroup of a group G. An
isometric representation of P is called strongly covariant if it vanishes on the ideal IeC[C∗iso(P )]e
given by

Ie := {f ∈ [C∗iso(P )]e | lim
F
‖f‖F = 0},

where the limit is taken with respect to the partial order induced by inclusion on finite sets F
of G. We write I∞ for the ideal of strong covariance relations generated by Ie. We denote by
C∗sc(P ) the universal C*-algebra with respect to the strong covariant representations of X.

Since C∗sc(P ) is a quotient of C∗iso(P ) by an induced ideal, it inherits a faithful coaction
C∗sc(P ) → C∗sc(P ) ⊗ C∗(G). Moreover since C∗sc(P ) is a unital ∗-representation of C∗iso(P ), we
get that C∗sc(P ) 6= {0}. An important point of Sehnem’s theory is that the image vp ∈ C∗sc(P ) of
each p ∈ P is an isometry, and thus non-zero. The next observation follows from [35, Theorem
3.10].

Theorem 3.5. Let P be a unital semigroup in a group G. Then a unital ∗-representation of
C∗sc(P ) that admits a coaction of G is automatically faithful on [C∗sc(P )]e.

Proof. The conclusion follows by the property (C3) of C∗sc(P ) by [35, Theorem 3.10]. We note
here that the coefficient algebra of the product system in this setting is C, and that trivially it
embedded in C∗sc(P ).

We see that every ΦF is actually a restriction (and thus a sub-representation) of the “reduced”
coaction of C∗λ(G) on C∗λ(P ). Since Qe,F is reducing for ΦF ([C∗iso(P )]e) we obtain the maps

(3.3) [C∗iso(P )]e
ρ // [C∗s(P )]e

λ // [C∗λ(P )]e

Φ:=
⊕

fin F⊆G
ΦF |XF

//
∏

fin F⊆G
B(XF )

qqd

��∏
fin F⊆G

B(XF )
/
c0(B(XF ) | fin F ⊆ G) .

Thus by definition it follows that I∞ = 〈ker(qqdΦλρ) ∩ [C∗iso(P )]e〉. Therefore every e-graded
relation in C∗s(P ) passes to the strong covariance algebra. In particular we have the following
proposition.

Proposition 3.6. Let P be a unital subsemigroup in a group G. Then the canonical ∗-
epimorphism C∗iso(P )→ C∗sc(P ) factors through C∗s(P ).

Proof. For convenience let us set C∗sc(P ) := C∗(v̇p | p ∈ P ). It is clear that the family
{v̇p | p ∈ P} is an isometric representation of P . We have to show that there is a family of
projections

{ėx | x ∈ J } ⊆ C∗sc(P )

which, along with the family of isometries {v̇p | p ∈ P}, satisfies the e-graded axioms of C∗s(P ).
Recall that the projections in C∗s(P ) can be recreated from the isometries, i.e.,

ex = v∗p1
vq1 · · · v∗pnvqnv

∗
qnvpn · · · v

∗
q1vp1 for x = p−1

1 q1 . . . p
−1
n qnP.

We are going to use this as a model. Fix p1, q1, . . . , pm, qm ∈ P and set

f := v∗p1
vq1 · · · v∗pnvqnv

∗
qnvpn · · · v

∗
q1vp1 .

Clearly f is selfadjoint. Using the diagram (3.3) preceding the statement we see that

λρ(f) = E[x] for x = p−1
1 q1 . . . p

−1
n qnP.

As projections in C*-algebras are defined by ∗-algebraic relations, by strong covariance we then
derive that the element

ḟ := v̇∗p1
v̇q1 · · · v̇∗pn v̇qn v̇

∗
qn v̇pn · · · v̇

∗
q1 v̇p1
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is a projection in C∗sc(P ). Indeed we have that f− f2 ∈ Ie since

qqdΦλρ(f− f2) = qqdΦ(E[x])− qqdΦ(E2
[x]) = 0,

and so ḟ = ḟ2.
Next let r1, s1, . . . , rn, sn such that

x := p−1
1 q1 . . . p

−1
m qmP = r−1

1 s1 . . . r
−1
n snP

and set
g := v∗r1vs1 · · · v

∗
rnvsnv

∗
snvrn · · · v

∗
s1vr1 .

As before we see that λρ(g) = E[x] = λρ(f) and so ġ = ḟ. Therefore there is a well-defined map

J 3 x = p−1
1 q1 . . . p

−1
m qmP 7→ ėx := v∗p1

vq1 · · · v∗pnvqnv
∗
qnvpn · · · v

∗
q1vp1 .

Then the family {v̇p, ėx | p ∈ P,x ∈ J } satisfies the axioms (I) and (II) of C∗s(P ). The third
axiom IIIG is e-graded and it is satisfied in C∗λ(P ), thus it follows (with a similar argument to
the one above) that this family satisfies axiom IIIG as well. Hence the proof is completed by
the universal property of C∗s(P ).

Next we wish to introduce a reduced version of the strong covariance algebra.

Definition 3.7. Let P be a unital subsemigroup in a group G and let λρ : C∗iso(P ) → C∗λ(P )
be the canonical ∗-epimorphism. We define the reduced quotient strong covariance algebra
qsc(C

∗
λ(P )) be the quotient of C∗λ(P ) by the ideal λρ(I∞).

We therefore can update the previous diagrams to obtain

[C∗iso(P )]e
ρ //

$$

[C∗s(P )]e
λ //

��

[C∗λ(P )]e

Φ:=
⊕

fin F⊆G
ΦF |XF

//

qsc

��

∏
fin F⊆G

B(XF )

qqd

��
[C∗sc(P )]e // [qsc(C

∗
λ(P ))]e //

∏
fin F⊆G

B(XF )
/
c0(B(XF ) | fin F ⊆ G) .

Since qsc(C
∗
λ(P )) is a quotient of C∗λ(P ) by an induced ideal it inherits the coaction of G. Hence

qsc is an equivariant unital ∗-representation of C∗sc(P ), and we derive the following corollary of
Theorem 3.5.

Corollary 3.8. Let P be a unital subsemigroup in a group G. Then [qsc(C
∗
λ(P ))]e ' [C∗sc(P )]e.

Moreover any unital ∗-representation of qsc(C
∗
λ(P )) that admits a coaction of G is faithful on

[qsc(C
∗
λ(P ))]e.

3.4. Fell bundles. If P embeds in a group G, then there are canonical coactions of G on the
universal C*-algebras C∗s(P ) and C∗sc(P ), which give gradings and thus Fell bundles.

Definition 3.9. Let P be a unital semigroup in a group G and consider the C*-algebras C∗s(P )
and C∗sc(P ). We define the Fell bundles Ps and Psc over G by

Ps,g := [C∗s(P )]g and Psc,g := [C∗sc(P )]g for all g ∈ G.

Here we show the connections with the other algebras.

Theorem 3.10. Let P be a unital semigroup in a group G. Then

C∗(Ps) ' C∗s(P ) ' C∗(IV ), C∗λ(Ps) ' C∗λ(IV ), and C∗(Psc) ' C∗sc(P ),

by canonical ∗-homomorphisms that fix P . Moreover we have that J is independent if and only
if C∗λ(Ps) ' C∗λ(P ).

If G is exact (but J is not necessarily independent) then

C∗λ(Psc) ' qsc(C
∗
λ(P ))

by a canonical ∗-homomorphism that fixes P .
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Proof. We have already seen in Theorem 3.2 that C∗s(P ) ' C∗(IV ). To prove the isomorphism
to the full C*-algebra of the bundle, recall that C∗s(P ) is a quotient of C∗iso(P ) by an induced ideal
(as the extra relations in C∗s(P ) are e-graded). Hence the representations of Ps are automatically
representations of C∗s(P ) and conversely. A similar argument applies for Psc to prove C∗(Psc) '
C∗sc(P ).

The proof of Theorem 3.2 asserts that a representation of IV implements a representation
of C∗s(P ) and thus of P. Since the reduced representation of IV has a faithful conditional
expectation we derive by [17] that C∗λ(IV ) ' C∗λ(Ps).

For the second part we have that Ps,e ' [C∗s(P )] = Ds(P ). Therefore by Corollary 3.3 we
have that J is independent if and only if Ps,e ' Dλ(P ), equivalently if and only if C∗λ(P ) is an
injective representation of Ps. The latter is equivalent to C∗λ(Ps) ' C∗λ(P ) by [17], as C∗λ(P )
has a faithful conditional expectation.

Suppose now that G is exact. By Corollary 3.8 qsc(C
∗
λ(P )) is an isometric representation of

Psc. Since G is exact, the normal coaction of G on C∗λ(P ) is inherited by qsc(C
∗
λ(P )). Thus by

[17] we have that qsc(C
∗
λ(P )) ' C∗λ(Psc).

3.5. The partial crossed product realization. A alternative description of C∗λ(P ) as a re-
duced partial crossed product has been given in [27, Proposition 3.10]. Let us recall some
notation and facts about partial product systems from [18, 28].

Suppose that a group G with identity e acts on a topological space X by a partial action θ
in the sense that:

(i) there is a collection {Ωg}g∈G of open subsets of X such that Ωe = X;
(ii) there is a collection {θg}g∈G of homeomorphisms θg : Ωg−1 → Ωg such that θe = idX ;
(iii) for all g1, g2 ∈ G we have that θg2(Ω(g1g2)−1 ∩ Ωg−1

2
) = Ωg−1

1
∩ Ωg2 , and θg1g2(x) =

θg1 ◦ θg2(x) for all x ∈ Ω(g1g2)−1 ∩ Ωg−1
2

.

Then the reduced crossed product algebra C0(X) or G is defined in the following way. On
`2(G)⊗ `2(X) let the twisted representation of C0(Ωg) given by

µ(f)δh ⊗ ξ = δh ⊗Mh(f)ξ,

where

(Mh(f)ξ)(x) =

{
f(θh(x))ξ(x) if x ∈ Ωh−1 ,

0 if x /∈ Ωh−1 .

Furthermore, let Eg be the projection on µ(C0(Ωg−1))(`2(G)⊗ `2(X)) so that

Eg(δh ⊗ δx) =

{
δh ⊗ δx if x ∈ Ω(gh)−1 ∩ Ωh−1 ,

0 otherwise,

and for g ∈ G define

u̇g := (λg ⊗ I`2(X)) · Eg.
Then the reduced crossed product of the partial action is defined by

C0(X) or G := span{µ(fg)u̇g | f ∈ C0(Ωg), g ∈ G},

and it follows that it is a C*-algebra. It is known that the unitary operator

U : `2(G)⊗ `2(X)⊗ `2(G)→ `2(G)⊗ `2(X)⊗ `2(G); δh ⊗ δx ⊗ δh′ 7→ δh ⊗ δx ⊗ δhh′

induces a “reduced” coaction δλ

C0(X) or G
' // (C0(X) or G)⊗ I adU // (C0(X) or G)⊗ C∗λ(G),

and thus a normal coaction δ of G on C0(X) or G.
Recall that there is also the universal partial crossed product, denoted by C0(X)oG, which is

the universal C*-algebra subject to `1-bounded representations of the algebra of monomials fgδg
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where fg ∈ C0(Ωg), the δg are invertible of norm one for g ∈ G, and the covariant multiplication
is given by

(f1δg1) · (f2δg2) := θg1(θg−1
1

(f1)f2)δg1g2 for all fi ∈ C0(Ωgi), gi ∈ G.

A closed set Y ⊆ X is called invariant under θ, or G-invariant, if

θg(Y ∩ Ωg−1) ⊆ Y for all g ∈ G.

In this case one can define a partial action on Ω′g := Y ∩Ωg by the restrictions θ′g := θg|Ω′g . If the

θ′g are also homeomorphisms then we can define the reduced partial crossed product C0(Y )orG,
and there is a canonical ∗-homomorphism

C0(X) or G→ C0(Y ) or G;µ(fg)u̇g 7→ µ(fg|Ω′g)u̇g,

in the sense that it sends generators to their restriction on Y . This ∗-homomorphism is faithful
if and only if X = Y .

Conversely, quotients of C0(X) or G produce G-invariant closed sets of X. Towards this end
let a ∗-homomorphism

Φ: C0(X) or G→ B(H),

and let us write θ∗g for the ∗-endomorphism induced by θg−1 . For convenience let us identify
C0(Ωg) with µ(C0(Ωg)). We will show that there exists a ∗-homomorphism

ϑ∗g : Φ(C0(Ωg−1))→ Φ(C0(Ωg)) such that ϑ∗g ◦ Φ|C0(Ωg−1 ) = Φ ◦ θ∗g .

Then it will follow that Φ(C0(X)) is G-invariant, and by duality defines a closed G-invariant
subspace Y of X. By Arveson’s Extension Theorem there exists a unital completely positive
map

φ : B(`2(G)⊗ `2(X))→ B(H) such that φ|C0(X)orG = Φ.

We directly define ϑ∗g : Φ(C0(Ωg−1))→ B(H) by

ϑ∗g(Φ(f)) := φ(u̇g)Φ(f)φ(u̇g)
∗ for all f ∈ C0(Ωg−1).

It is clear that ϑ∗g is a contractive completely positive map implemented by the contraction
φ(u̇g).

Proposition 3.11. With the aforementioned notation, we have that

ϑ∗g ◦ Φ|C0(Ωg−1 ) = Φ ◦ θ∗g .

Therefore ϑ∗g is a ∗-isomorphism onto Φ(C0(Ωg−1)).

Proof. By construction we have that C0(X) or G is in the multiplicative domain of φ and
therefore φ(u̇gx) = φ(u̇g)φ(x) for all x ∈ C0(X) or G. In particular for every f ∈ C0(Ωg−1) '
µ(C0(Ωg−1)) with f ≥ 0 we have that

ϑ∗g(Φ(f)) = φ(u̇g)Φ(f)φ(u̇g)
∗ = φ(u̇g)Φ(f

1
2 )Φ(f

1
2 )φ(u̇g)

∗

= Φ(u̇gf
1
2 )Φ(f

1
2 u̇∗g) = Φ(u̇gfu̇

∗
g) = Φ(θ∗g(f)),

where we used that Φ(f
1
2 ) lies in the multiplicative domain of φ for the third equality. This

completes the proof since the maps involved above are linear and continuous.

Next we pass to the connection of partial crossed product with our context. Let P be a unital
subsemigroup in a group G that it generates, and let the isometries p 7→ Vp be the left regular
representation on `2(P ). On I×V := IV \ {0} we define the homomorphism

σ : I×V → G;V ∗p1
Vq1 · · ·V ∗pnVqn 7→ p−1

1 q1 · · · p−1
n qn.

Then Dλ(P ) = span{σ−1(e)}, and define

Dg−1 := span{V ∗V | V ∈ I×V , σ(V ) = g}.
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From [27, Section 3.3] every Dg−1 is an ideal of the abelian C*-algebra Dλ(P ). By identifying

`2(P ) with a subspace of `2(G) we may view C∗λ(P ) ⊆ B(`2(G)) and we get that

V = λgV
∗V for all V ∈ σ−1(g).

Therefore there is an induced ∗-homomorphism implemented by λg, namely

θ∗g : Dg−1 → Dg;V
∗V 7→ λgV

∗V λ∗g = V V ∗.

By construction Dλ(P ) and Dg−1 are abelian and we denote their spectra by ΩP and Ωg−1 ,
respectively. Then the actions θg induced by θ∗g−1 form a partial action of G on ΩP , i.e.,

θ∗g(χ) = χ ◦ θg−1 for all χ ∈ Dg−1 ' C0(Ωg−1).

Proposition 3.12. [27, Proposition 3.10] Let P be a unital semigroup in a group G. Then
there is a canonical ∗-isomorphism

C∗λ(P )→ Dλ(P ) or G;Vp 7→ µ(VpV
∗
p )u̇p = u̇p.

In [27] it was shown that there is a smallest non-empty closed G-invariant subspace ∂ΩP of
ΩP . The subspace ∂ΩP can be identified by using the semilattice of idempotents in P .

Definition 3.13. Let P be a unital semigroup in a group G. Let ∂ΩP be the smallest non-empty
closed G-invariant subspace of ΩP . The C*-algebra

∂C∗λ(P ) := C(∂ΩP ) or G

is called the boundary quotient of C∗λ(P ).

The canonical ∗-epimorphisms

C∗s(P )→ C∗λ(P )→ ∂C∗λ(P )

restricted to the diagonals produce the injections

∂ΩP ↪→ ΩP ↪→ Spec(Ds(P )).

Thus ∂ΩP is a minimal G-invariant subspace of Spec(Ds(P )). It is not immediate but by [10,
Lemma 5.7.10] it follows that ∂ΩP is the smallest G-invariant subspace of Spec(Ds(P )), as well.
The partial crossed product picture connects with the previous C*-algebras in the following way.

Theorem 3.14. Let P be a unital semigroup in a group G. Then

C∗s(P ) ' Ds(P ) oG and C∗sc(P ) ' C(∂ΩP ) oG,

and therefore

C∗λ(Psc) ' C(∂ΩP ) or G ≡ ∂C∗λ(P ),

by canonical ∗-homomorphisms that fix P .

Proof. The first part follows directly as in the reduced case [27, Proposition 3.10], where now
the ∗-isomorphism is implemented by the universal properties. Since C∗sc(P ) is a quotient of
C∗s(P ) by an induced ideal we then get that

C∗sc(P ) ' C(Y ) oG for C(Y ) := [C∗sc(P )]e.

It is clear that C(∂ΩP ) o G inherits a coaction of G from Ds(P ) o G due to exactness of the
universal construction [18]. By definition there exists a unital G-equivariant ∗-epimorphism

C∗sc(P ) ' C(Y ) oG→ C(∂ΩP ) oG.

Then Theorem 3.5 yields that the map is ∗-isomorphic on the fixed point algebra and thus

C(Y ) ' [C∗sc(P )]e ' [C(∂ΩP ) oG]e ' C(∂ΩP ).

Therefore we get the required Y ' ∂ΩP , and thus

C∗(Psc) ' C∗sc(P ) ' C(∂ΩP ) oG.
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Recall here that C∗sc(P ) ' C∗(Psc) from Theorem 3.10. Since Psc is the Fell bundle of a partial
crossed product [18, Proposition 16.28], we then get that its reduced C*-algebra passes down
to the reduced partial crossed product giving

C∗λ(Psc) ' C(∂ΩP ) or G,

and the proof is complete.

Remark 3.15. In [22] Laca and Sehnem identify the exact relations that define the Fell bundle
of the canonical coaction of G on C∗λ(P ). These come from ∗-representations Φ of C∗s(P ) that
satisfy the additional axiom that

∏
y∈F (Φ(ex) − Φ(ey)) = 0 whenever F ⊆ J is finite and

x = ∪y∈Fy. The quotient of C∗s(P ) determined by this set of extra relations in the context
of [22] is called the universal Toeplitz algebra of P , and is denoted by Tu(P ). The quotient
map C∗s(P ) → C∗sc(P ) from Proposition 3.6 can also be seen by combining [22, Proposition
3.22] with the isomorphism of items (1) and (2) in [22, Theorem 6.13]. The isomorphism
C∗sc(P ) ' C(∂ΩP ) o G from Theorem 3.14 also appears in [22, Theorem 6.13] as the partial
crossed product realization of the covariance algebra of the product system with one-dimensional
fibers over P , which is viewed there as the natural full boundary quotient of Tu(P ).

4. Noncommutative boundaries and co-boundaries

We will show that ∂C∗λ(P ) carries two types of co-universality. The first one is in the C*-
context with respect to the representations of C∗s(P ), while the second one is in the nonselfadjoint
context, with respect to contractive representations of the tensor algebra A(P ) that are com-
patible with the canonical coaction of G. We introduce some terminology to make this precise.

Definition 4.1. Let P be a unital semigroup in a group G. An isometric semigroup represen-
tation T of P will be called constructible if it induces a representation of C∗s(P ).

We denote by ∂G[C∗s(P )] the C*-algebra generated by a G-equivariant constructible iso-
metric representation of P with the following co-universal property: for every G-equivariant
constructible isometric representation T : P → B(H) there exists a canonical ∗-epimorphism
C∗(T )→ ∂G[C∗s(P )].

We now prove the first co-universal property of C∗s(P ).

Theorem 4.2. Let P be a unital semigroup in a group G. Then

∂C∗λ(P ) ' ∂G[C∗s(P )].

Proof. Let T be an non-trivial G-equivariant representation of C∗s(P ) ' Ds(P ) o G. Let
T = {C∗(T )g}g∈G be the associated Fell bundle on C∗(T ). Since T is non-trivial, the isometry
Tp is non-zero for every p ∈ P , so the Fell bundle T is non-zero and thus C∗λ(T ) is non-zero. By
[18, Proposition 21.3] there is a canonical ∗-epimorphism

Ds(P ) or G ' C∗λ(Ps)→ C∗λ(T ).

By Proposition 3.11 we have that [C∗(T )]e = C(Y ) for some G-invariant closed subspace of the
spectrum of Ds(P ). Therefore, due to the existence of the faithful conditional expectation on
C∗λ(T ) we can write

C∗λ(T ) ' C(Y ) or G.

By [10, Lemma 5.7.10] we have the inclusion ∂Ω ↪→ Y . We deduce that

C∗(T )→ C∗λ(T ) ' C(Y ) or G→ C(∂Ω) or G,

and the proof is complete.

The next aim is to show that ∂C∗λ(P ) is the C*-envelope of the cosystem (A(P ), G, δ). First
we show that it is a boundary quotient of A(P ), and hence the terminology makes sense both
in the selfadjoint and the nonselfadjoint context.
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Proposition 4.3. Let P be a unital semigroup in a group G and Y be a closed G-invariant
subspace of ΩP . Then the canonical embedding

A(P ) ↪→ C(ΩP ) or G→ C(Y ) or G

is unital completely isometric. Thus C(Y ) or G becomes a (normal) C*-cover for (A(P ), G, δ).

Proof. Let us denote by ι : A(P )→ C(Y )orG the canonical completely contractive embedding,
where C(Y ) or G acts on `2(G)⊗ `2(Y ). By construction

ι(Vp) = (λp ⊗ I) · Ep for all p ∈ P,
where Ep is the projection on

Ep(`
2(G)⊗ `2(Y )) =

∑⊕

h∈G
Cδh ⊗ `2(Ω(ph)−1 ∩ Ωh−1 ∩ Y ).

Notice that for r ∈ P we have that I = V ∗r Vr ∈ Dr−1 and so Ωr−1 = ΩP . Hence

Ω(ph)−1 ∩ Ωh−1 ∩ Y = Y for all h ∈ P.

Thus, if QP : `2(G)→ `2(P ) is the canonical projection we see that

Ep · (QP ⊗ I) = (QP ⊗ I) · Ep = (QP ⊗ I)

for all p ∈ P . Therefore

ι(Vp) · (QP ⊗ I) = (λp ⊗ I) · (QP ⊗ I) = Vp ⊗ I = (QP ⊗ I) · (λp ⊗ I) · (QP ⊗ I),

and consequently

ι(a) · (QP ⊗ I) = a⊗ I for all a ∈ A(P ).

Let n ∈ N and [aij ] ∈Mn ⊗A(P ). Then we have that

‖[aij ]‖ ≥ ‖[ι(aij)]‖ ≥ ‖[ι(aij)] · (In ⊗QP ⊗ I)‖ = ‖[aij ⊗ I]‖ = ‖[aij ]‖,
giving that the map idn⊗ι is isometric. As this holds for any n ∈ N it follows that ι is completely
isometric.

Finally recall that C(Y ) or G admits a normal coaction δ′ of G. By definition we have that

(ι⊗ id)δ(Vp) = u̇p ⊗ up = ((λp ⊗ I) · Ep)⊗ up = δ′ι(Vp)

for all p ∈ P , and the proof is complete.

We can now prove the second co-universal result for ∂C∗λ(P ).

Theorem 4.4. Let P be a unital semigroup in a group G. Then

∂C∗λ(P ) ' C∗env(A(P ), G, δ).

Proof. By Theorem 2.6, normality of the coaction on A(P ) implements a normal coaction on
C∗env(A(P ), G, δ). Since any G-equivariant quotient of C∗λ(P ) implements a partial action by

Proposition 3.11, faithfulness of the conditional expectation on C∗env(A(P ), G, δ) yields

C∗env(A(P ), G, δ) ' C(Y ) or G for C(Y ) := [C∗env(A(P ), G, δ)]e.

On the other hand by Proposition 4.3 we have that ∂C∗λ(P ) is a C*-cover for (A(P ), G, δ), and
so there exists a canonical ∗-epimorphism

Φ: ∂C∗λ(P ) = C(∂ΩP ) or G→ C∗env(A(P ), G, δ)

that intertwines the conditional expectations. Hence Φ restricts to a surjection from C(∂ΩP )
onto C(Y ). Minimality of ∂ΩP yields ∂ΩP = Y , and thus Φ is faithful.

Recall that the action of G on a partial system ({Ωg}g∈G, {θg}g∈G) is called topologically free
if for every e 6= g ∈ G the set {ω ∈ Ωg−1 | θg(ω) 6= ω} is dense in Ωg−1 . Next we see that under

a topological freeness assumption we have that the Šilov boundary of the cosystem is the usual
Šilov boundary of A(P ).
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Theorem 4.5. Let P be a unital semigroup in a group G. If the partial action of G on ∂ΩP is
topologically free then

∂C∗λ(P ) ' C∗env(A(P )).

Proof. Clearly any C*-cover of the cosystem is a C*-cover for the algebra. Thus by Theorem
4.4 and the definition of C∗env(A(P )) we have a canonical ∗-epimorphism

∂C∗λ(P ) ' C∗env(A(P ), G, δ)→ C∗env(A(P )).

By [27, Corollary 3.22] we get that ∂C∗λ(P ) is a simple C*-algebra and thus the ∗-epimorphism
is faithful.

Let us now consider the Ore semigroup case. Recall that P is a left-Ore semigroup if it is
cancellative and left-reversible, in the sense that it satisfies pP ∩ qP 6= ∅ for all p, q ∈ P . A
semigroup P is left-Ore if and only if it embeds in a group G in such a way that G = PP−1.
Equivalently, the set PP−1 of formal right quotients forms a group. See [16, 32]. Modulo an
easy translation from right to left reversibility, Laca [21, Theorem 1.2] shows that a left-Ore
semigroup has the following (universal) extension property for semigroup homomorphisms into
groups: every semigroup homomorphism P → G into a group G has a unique extension to a group
homomorphism G = PP−1 → G. See also [11, Theorem 2.2.4] for an alternative proof that uses
a construction of G by direct limits. When P is an Ore semigroup then ∂ΩP is a singleton,
hence ∂C∗λ(P ) ' {pt}orG = C∗λ(G); see the comments following [10, Definition 5.7.9]. We will
see that if P is left-Ore and G = PP−1 is its enveloping group, then C∗env(A(P )) = C∗λ(G). In
fact, we will prove that this is a characteristic property of Ore semigroups.

Theorem 4.6. Let P be a unital semigroup in a group G that it generates. The following are
equivalent:

(i) P is an Ore semigroup (in which case necessarily G = PP−1).
(ii) The map Vp 7→ λp extends to a completely isometric map A(P )→ C∗λ(G).

(iii) C∗env(A(P ), G, δ) ' C∗λ(G) by a canonical ∗-homomorphism that fixes P .
(iv) C∗env(A(P )) ' C∗λ(G) by a canonical ∗-homomorphism that fixes P .

If any of the above holds then A(P ) is hyperrigid.

Proof. We will show [(i) ⇔ (ii) ⇒ (iii) ⇒ (iv) ⇒ (ii)], and that item (ii) implies hyperrigidity
of A(P ).
[(i) ⇒ (ii)]: If P is an Ore semigroup then by construction ∂ΩP = {pt} is a singleton; see
the comments following [10, Definition 5.7.9]. Thus {pt} or G = C∗λ(G) and the canonical
embedding

A(P )→ C∗λ(G);Vp 7→ λp

is completely isometric by Proposition 4.3.
[(ii) ⇒ (i)]: Suppose there is a completely isometric map Φ: A(P ) → C∗λ(G) with Φ(Vp) = λp
for all p ∈ P . Then C∗λ(G) is a C*-cover for A(P ). Since contractive dilations of unitaries are
trivial we get that C∗λ(G) is the C*-envelope. For the same reason A(P ) is hyperrigid.

Thus Φ extends uniquely to a ∗-epimorphism C∗λ(P )→ C∗λ(G) which we denote by the same
symbol. Let p, q ∈ P . Since

Φ(VpV
∗
p VqV

∗
q ) = λpλ

∗
pλqλ

∗
q = I,

we have that VpV
∗
p VqV

∗
q 6= 0. It follows that pP ∩ qP 6= ∅, and thus P satisfies the Ore property.

[(ii)⇒ (iii)]: Assuming item (ii) we have that C∗λ(G) is a C*-cover of the cosystem (A(P ), G, δ),
and thus there is a canonical ∗-epimorphism

{pt}or G = C∗λ(G)→ C∗env(A(P ), G, δ)

that fixes A(P ) and intertwines the faithful conditional expectations. As the fixed point algebra
of C∗λ(G) is trivially C and the ∗-epimorphism is non-zero, we have that the ∗-epimorphism is
faithful.
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[(iii) ⇒ (iv)]: Assuming item (iii) we have that C∗λ(G) is a C*-cover for A(P ) by unitaries, and
thus (as above) we deduce that it is its C*-envelope.
[(iv) ⇒ (ii)]: Assuming item (iv) we have trivially that the map

A(P ) ↪→ C∗env(A(P )) ' C∗λ(G);Vp 7→ λp

is completely isometric, and the proof is complete.

Remark 4.7. We can combine Theorem 4.2 with Theorem 4.6 to deduce that any item of
Theorem 4.6 is equivalent to having an equivariant ∗-isomorphism C∗λ(G) ' ∂G[C∗s(P )].

Remark 4.8. It is interesting to note that Theorem 4.5 and Theorem 4.6(iv) give the same
conclusion ∂C∗λ(P ) ' C∗env(A(P )) in opposite situations; the former applies to semigroups with
a boundary spectrum that is large enough to support a topologically free partial action of G,
while the latter applies when the boundary spectrum is a singleton so the boundary action is as
far from topologically free as possible. Combined, they cover the following classes of examples:

(i) abelian submonoids of groups, in particular, multiplicative semigroups of nonzero al-
gebraic integers (obviously Ore);

(ii) total orders in groups (obviously Ore);
(iii) Artin monoids in Artin groups of finite type (Ore by [2]);
(iv) quasi-lattice orders with trivial core (where the action is topologically free by [6, Propo-

sition 5.5]), in particular, the subclass consisting of Artin monoids in right-angled Artin
groups having no direct Z factor, [6, Corollary 5.7];

(v) the Thompson monoid F+ in the Thompson group F (Ore, in fact, lattice ordered);
(vi) the ax + b-semigroup R o R× over an integral domain that is not a field (where the

action is topologically free by combining [24, Corollary 8] with [10, page 243], or by
[22, Corollary 8.4 and Proposition 6.18]).

In fact only simplicity of the boundary quotient ∂C∗λ(P ) is required in the proof of Theorem
4.5 to deduce that it coincides C∗env(A(P )). A characterization of simplicity for general ring
C*-algebras has been identified in [24, Corollary 8].
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