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Abstract: The authors have studied analytically by simulation and by experiment the impact of a conducting medium on the
mutual inductance between two coils, in particular as related to the attenuation of magneto-inductive (MI) waves. To illustrate
the physics, the distributions of both the magnetic field and the Poynting vector are determined. They show that the plane wave
approach used in the literature for the theoretical description of MI attenuation has only limited validity. It is further found that the
mutual inductance becomes a complex quantity, its modulus declining monotonically as a function of conductivity or medium
thickness. Their results will be relevant for the design and optimisation of MI waveguide links in conducting media, in general,
and particularly when the attenuation is caused by soil conductivity. The results can also be useful for practical applications
including in vivo communication and wireless power transfer for medical implants.

1 Introduction
It has been known ever since the work of Faraday and Oersted that
currents flowing in a coil could produce a magnetic field and a
time-varying magnetic field can induce currents in another coil –
electromagnetic (EM) induction. This principle has led to many
technologies including transformers, motors, generators and more
recently near-field communications [1]. We have studied magneto-
inductive (MI) waveguides in the past [2] exploiting this property
for wideband communications and considered wireless power
transfer via the same structures [3].

The wave aspect was first discussed 15 years ago [4, 5]. They
were called MI waves. Their main merit is simplicity. They consist
of a set of resonant coils mostly arranged in a linear array. They
can be used at frequencies from the high kHz up to the low GHz
region. The wave properties are usually derived from a model
based on nearest neighbour interaction though higher-order
interactions [5, 6] have also been studied and had to be
implemented in a case when the length of a 100 element array was
about five wavelengths [7]. When any distance is comparable with
the wavelength, then, of course, the quasi-static approximations are
no longer applicable and one must introduce retardation into the
theory. Early experimental results were obtained in [8] followed by
more detailed ones [9–12]. Various devices made up by MI
waveguides were considered in [13].

Coming back to wireless communications, a review by Akyildiz
and Stuntebeck [14] introduces the acronym WUSN standing for
wireless underground sensor network. The emphasis is here on
underground. That is the challenge the authors face. They
investigate a solution by EM waves. In a later publication, Sun and
Akyildiz [15] return to underground communications. They
compare the EM wave solution with that of using MI waveguides
and conclude that the MI solution is better because it does not need
a large antenna (a small coil will do) and it does not suffer from
multi-path interference. Further analyses by us [2, 16] and others
[17, 18] included the investigation of noise properties as well. To
increase the channel capacity, it was proposed in [19] to stagger the
resonant frequencies of the elements. Digital signal transmission
was considered in [20] and various optimisation techniques in [21].
An experimental study under realistic soil conditions was
conducted in [22]. Underwater applications were discussed in [23,
24] and pipeline monitoring in [25].

Modelling of propagation of low-frequency waves in a lossy
medium is also important in data links to embed biomedical
systems and in body area networking for health-related
applications since the human body and other biological tissues are
moderately conductive at microwave frequencies. The range of
conductivity is from about 0.05 S/m (fat) to about 1.5 S/m (blood).
MI waves can also travel in the human body. Their main advantage
in that context is their ability to prevent heating due to the
excitation of standing waves on long conductors immersed in tissue
[26], a well known problem when endoscopes are used in magnetic
resonance imaging. The heating cannot occur in an MI waveguide
since it is constituted by discrete elements. For realisations at 1.5
and 3 T, see [27, 28]. The achievable signal-to-noise ratio is studied
in [29].

Similar physical processes have been investigated in the
petroleum industry since the 1940s, where the aim was to find oil-
bearing mud by means of low-frequency induction coils. The
practise is known as induction logging. By measuring the
transmission, particularly the phase of the arriving signal, between
two or sometimes several coils placed in a bore hole, geologists
were able to infer the conductivity of adjacent substrate that could
reveal the presence of oil [30–33]. For a review, see [34].

An application suggested by Tesla [35, 36] at the beginning of
the 20th century has become fashionable in the 21st century. It is
near-field power transfer. Tesla wanted to provide all the energy
needs of the world by wireless means. The aims are more modest
nowadays. The main motivation for wireless transfer of power is
the charging of the numerous electrical devices all of us have. We
would like to mention a study of power transfer with the aid of a
slab of metamaterial [37] and two further papers, where the transfer
of power is based on MI lines and a solution is presented where the
waveguide can be tapped at any point [3, 38].

We should recall one more direction of research in connection
with coils and metal plates, and that is the shielding of coils. The
first study analysing the means of shielding coils is that of Lewi
[39] developed further by Smythe [40] and Foggo et al. [41]. All
these studies give useful, though rather complicated, solutions. To
our mind, the best analysis for the quasi-static case is that of Dodd
and Deeds (D&Ds) [42], which gave the solution satisfying the
boundary conditions in closed analytical form. This analysis has
been more recently extended to predict the interaction of systems
of coils in more general configurations and in the presence of
layered conducting media [43–49].
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The aim of the present paper is to investigate the impact of a
conducting medium on the mutual inductance between two coils
going beyond previous studies by including retardation into the
equations, by using simulations and by going into the details of the
physics. The basic configuration is simple. Some conductive
material of thickness t and diameter D is inserted between two
coaxial coils a distance d apart as shown in Fig. 1. In our paper, we
shall cover the full range of conductivities from zero to that of
copper, and the range of thicknesses from a thin plate to one filling
the whole space between the coils. 

We are primarily interested in the mutual inductance between
the coils. In the absence of the conductive slab, the magnetic field
distribution between two concentric coils can be found in
practically every textbook on EM theory. When a conducting slab
is introduced, the physics is still clear: a time-varying magnetic
field generates eddy currents that create a magnetic field opposing
the inducing field and lowering the coupling and hence the mutual
inductance, or more precisely its real part, between the pair of
coils. It is also obvious that an interference with the magnetic field
of a transmitting coil will affect the phase of the magnetic field
reaching the receiver coil. Since the induced EM force now has a
phase shift relative to that one expects from simple, real mutual
inductance. At the same time, eddy currents flowing in a
conducting medium with finite conductivity also produce losses
associated with the energy dissipated as heat in the material.
Therefore, the overall interaction between two coils in the presence
of a conducting medium can be generally described by a complex
mutual inductance [49], or, in a completely equivalent manner – if
M is a complex quantity, the associated impedance, ZM, has indeed
also a real part: ZM = jωM = −ωIm(M) + jωRe(M)– in terms of the
coupling or mutual, impedance of the coils, as more commonly
found [43–48].

Indeed mutual inductance can become a complex quantity also
in another circumstance [7]. It occurs when the distance between
the elements is not entirely negligible relative to the wavelength. In
that case, the magnetic field excited by a transmitting coil has,
beside the inductive, a radiating component as well. These two
components will reach the next coil with different phases and
amplitudes. The phase difference will then make the mutual
inductance necessarily complex (note that the real part of the
mutual inductance is often taken as positive or negative, but that
only signifies the direction from which the magnetic flux reaches
the coil). In fact, the real part may actually vanish. The complex
mutual inductance between two coils in the presence of a
conducting plate is discussed in a paper we published in a recent
Conference Proceedings [50], which is only a preliminary and
partial study preceding this one.

In Section 2, we shall first find the distribution of the magnetic
field for a configuration showing both the penetration of the
magnetic field and how the magnetic field lines can go round a
finite conductive medium at higher conductivity. While most of our
results are based on analytical models regarding the slab as being
infinitely wide, we are able to have results for finite width plates as
well by relying on simulations [51]. To elucidate the physical
mechanism for the complex coupling, we determine the Poynting

vector between the coils. We shall follow that by discussing
methods relevant for the determination of the mutual inductance.
The relationship between methods assuming the finite and infinite
widths of the conducting medium is discussed. In Section 3, we
present the mutual inductance, real part, imaginary part, modulus
as a function of both conductivity and the thickness of the medium.
Experiments and results are presented in Section 4. Conclusions
are drawn in Section 5. In the Appendix, we present D&Ds'
solution for the case of a single conducting slab in the air and
including the effect of retardation.

2 Variation of the magnetic field and the Poynting
vector
Fig. 2a (for σ = 10 S/m) and Fig. 2b (for σ = 103 S/m) show the
results of finite elements calculation by Computer Simulation
Technology Microwave Studio (CST MWS) allowing us to
examine the polarisation of the magnetic field in the presence of
the conducting medium. For simplicity and without loss of
generality, due to the standard frequency scaling of EM
phenomena, all results presented in the following are relevant to
the sample angular frequency ω = 1 × 109 rad/s, i.e. f = 159 MHz;
also, the coil configuration is kept the same throughout this paper:
the radius of the coil is 11 mm, the cross-section of the coil has a
diameter w = 1 mm, the separation between the two coaxial coils is
37 mm, the thickness of the cylindrical conducting block is 30 mm.
The magnetic field generated by the transmitting coil is linearly
polarised. In the presence of the conducting block, eddy currents
are excited inside the conductor and produce a reaction field which
can be significantly phase shifted with respect to the primary field.
As a result, the total magnetic field, given by the superposition of
the primary field of the transmitting coil and the reaction field
generated by eddy currents, becomes elliptically polarised.
Correspondingly the mutual inductance between the transmitting
and receiving coils will become a complex quantity
M = 0.19∠ − 110∘. For the same block with conductivity σ = 103 
S/m (Fig. 2b) the effect of eddy currents, stronger than in the
previous case, is to make the normal component of the magnetic
field at the bottom face of the block almost vanish, while the
tangential component just outside the block is nearly doubled. In
other words, the slab has become almost impermeable to magnetic
fields and most of the magnetic field lines are deflected around the
periphery of the block as one would expect for a perfect
diamagnetic material. Unsurprisingly, the corresponding mutual
inductance is considerably smaller than in the previous case:
M = 0.00018∠ − 26∘. The variation of the magnetic field due to the
conducting block may be explained by primary and secondary
fields that describe more precisely the physics of the phenomenon.
Alternatively, we could simply say that the magnetic penetration is
much reduced at higher conductivities due to the skin effect. 

No study of EM phenomena is complete without looking at the
movement of power, i.e. considering the Poynting vector moving
from source to sink. For that, we need the solution of the full EM
problem. In Figs. 3a–d, we show the magnitude (power flow
density) and direction of the Poynting vector from the transmitting
coil at the top, to the receiving coil at the bottom, for 22 mm
diameter coils, 37 mm apart with a conductive block 30 mm thick
between them, at a frequency of 159 MHz and for four different
conductivities. In Fig. 3a, the case of coils in free space (σ = 0) is
plotted as a reference. Even for the relatively small conductivity of
σ = 10 S/m, considered in Fig. 3b, the conducting block introduces
a significant attenuation of the power flowing between the two
coils. As the conductivity further increases to 100 and 1000 S/m,
the Poynting vector not only gets more and more attenuated, but its
direction changes considerably as it is being diverted to be mostly
perpendicular to the lateral surface of the block by the boundary
conditions, there constraining the fields, in good consistency with
the behaviour of the magnetic field that it showed in Fig. 2b going
around the block. Thus, the physical picture given by the Poynting
vector further corroborates that obtained by plotting the magnetic
field lines. It is useful to note here that for the higher
conductivities, there is still energy leaving the course and being
absorbed by the eddy losses in the conducting block, but in a

Fig. 1  Schematic representation of two coils a distance d apart with a
conducting block (thickness t and diameter D) between them
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gradually decreasing thickness at the surface, as one may expect
from skin effect considerations. 

It is quite clear that due to the conductivity of the block, the
mutual inductance is considerably reduced. How can we determine
this analytically? This is far from a trivial question. In many
publications, among which [18, 22], it is suggested that it suffices
to consider the path loss, i.e. the attenuation of the wave in the
conducting medium, and that this decline can be accounted for by
using the expression for the attenuation of a plane wave (PW) in a
conductive half space. Adopting a slightly less crude
approximation, M can be assumed to undergo both the same decay
and phase delay experienced by a PW in a conductive half space,
and accordingly the mutual inductance would have the complex
form

M = M0 exp − 1 + j t /δ (1)

where Mo is the mutual inductance in the absence of the conductive
medium, whose expression can be found in many textbooks, e.g.
[52], t is the thickness of the medium

δ = 2/ ωσμ (2)

is the skin depth and μ is the magnetic permeability. As noted in
Section 1, this complex M actually corresponds to a coupling
impedance with both real and imaginary parts. We shall examine
the validity of this approximation, though small magnetic
communications terminals and resonators usually operate in the
vicinity of conducting interfaces and do not provide a plane
magnetic field; moreover, while standard depth of penetration
decreases with an increase in conductivity, magnetic permeability
or operating frequency, true penetration depth depends also on the
conductive material thickness and the selected transmitter
parameters. Our starting point is the paper of D&D published some

half a century ago [42]. For most of our calculations, we can rely
on their quasi-static solution. In that model, a current flows in a
thin circular coil at a certain height above a finite conducting slab.
Space is divided into four layers (see Fig. 1 in [42]): above the coil,
below the coil, but above the conductor, the conductor of finite
length and the medium below the conductor. Note that all the
media are air with the exception of the conductor. To find an
analytical solution in closed form, the authors had to assume that
the slab was infinitely wide. They set up a differential equation for
the magnetic vector potential and solved it subject to the boundary
conditions. The mutual inductance between the transmitting coil
and a coil that has the same orientation and is coaxially placed
could then be found in terms of the magnetic vector potential
A(n) r, z  in the form

M = 2π
S ∫ ∫

S
rA(n) r, z dr dz (3)

where the superscript (n) refers to the nth layer (the vector potential
has different forms in each section), r and z are cylindrical
coordinates and S is the area of the receiving coil. The expression
for the vector potential is in the form of integrals containing Bessel
functions (see the Appendix), and of course, once the vector
potential is known over all spaces, the mutual inductance between
the transmitting coil and another coil placed anywhere in space can
be determined.

3 Determination of the mutual inductance
We need to know how accurate the solution of D&Ds [42] is.
Clearly, the conducting medium below the transmitting coil is not
infinitely wide. Common sense suggests that if the block has a
width somewhat wider than the diameter of the coil that would be
sufficient for using the infinitely wide slab assumption. The mutual
inductance using again the CST MWS package is plotted for
several conductivities in Fig. 4a for coils separated by d = 37 mm,
conducting block thickness t = 30 mm and with the transmitting
and receiving coils being 22 mm in diameter. The results show that,
if the radius of the block is ∼4 times larger than the coil radius,
then the mutual inductance becomes independent of the block
diameter even for the smaller conductivity considered. We have
found the mutual inductance by CST MWS also for the case when
asymmetry is involved. The conducting medium has again a
thickness of 30 mm, but its diameter is fixed at 90 mm. The
conductor is initially in the middle of the two coils. Its centre is
then moved horizontally in the x-direction by 45 mm in steps of 5 
mm. When the plate is moved out of its centre position, then the
magnetic field at the lower coil from the upper increases as flux
paths around the plate edge shorten. Hence, as the plate moves the
mutual inductance will increase. These results are shown in
Fig. 4b, where the modulus of the mutual inductance is plotted as a
function of the horizontal displacement of the conducting block
normalised with respect to the distance (D/2 − r0) between the coil
and plate external edges in the original centre-aligned
configuration. For low conductivity (σ = 10), screening is
imperfect and M non-zero even at zero offset. The displacement
has a more dramatic impact only once and the edge of the plate
approaches the perimeter of the coils and conductivity is larger
(σ ≥ 50 S/m), which result in M rapidly rising. On the basis of
these results, most simulation results presented in the rest of this
paper will use a conducting block of size D = 90 mm centre-aligned
with the pair of coils. 

In Fig. 5, we report the mutual inductance calculated for a wide
range of block conductivities from 0.01 to 104 S/m for the
parameters D = 90 mm, d = 37 mm, t = 30 mm, ro = 11 mm and coil
cross-section, w = 1 mm. The real part is shown in Fig. 5a, the
imaginary part in Fig. 5b, and the modulus in Fig. 5c. There are
three curves in each figure showing the three different ways the
mutual inductance was determined: by full wave simulations, the
PW assumption corresponding to (1), and from the expressions of
D&D [42]. There is an excellent agreement between the results of
CST MWS and D&D. The curve from the PW assumption (1) is

Fig. 2  Polarisation ellipses and magnitude of the total magnetic field
produced by a transmitter coil when a coaxial receiver coil displaced by 37 
mm and a 30 mm thick conducting cylindrical block are present. Ellipse
axes are normalised and plotted at a sampling step of 5 mm along the y and
z directions. Black lines mark the cross-sections of the conducting block,
and transmitter (top) and the receiver (bottom) coils. The conductivity of
the block is
(a) σ = 10 S/m; (b) σ = 103 S/m
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quite different. As mentioned before, the latter has indeed no
theoretical basis. For most applications of coupled coils, the
excitation field is not a uniform PW, and so the behaviour of the
fields and the eddy currents induced in the conducting block will
deviate from the idealised case of a PW. Also, the polarisation of
the magnetic field produced by a coil is not that of a PW, as well as
its relation to the electric field. 

The PW approximation could be applicable when the excitation
is a current in a wire or when the current is induced from a very
electrically large coil. Indeed, the larger the coil, the more like a
uniform PW field the magnetic field will appear to the material.
However, for most inductively coupled systems, coils are small and
the PW model exhibits large inaccuracy and can only be used for
crude approximations of the magnitude of M and the conductivity
range over which it decays.

There is one more comment we have to make on the modulus of
the mutual inductance. For physical reasons, one would expect M
to be a monotonically declining function of conductivity since
when conductivity increases the eddy currents increase and hence
M modulus must decline. This is indeed the case when the
conductor is infinitely wide, as seen in Fig. 5c. However, in the
case of a finite conductor block, an interference effect also exists
between the field contributions that reach the receiving coil
through the block and going around it, which is responsible for the
small overshoot and undershoot in the magnitude of M predicted
by numerical simulations at σ ∼ 0.2 and 80 S/m, respectively.

In Figs. 6a–c, the mutual inductance is shown as a function of
block thickness. As in Fig. 5, three approaches are used:
simulations, the analytical solution [42] and the PW approach
represented by (1). The curves look similar to those in Fig. 5 in that
|M| may again be seen as a monotonically declining function. In
fact, an increase in thickness means a larger volume for opposing

eddy currents, hence a decline in M modulus follows analogously
to the effect produced by the stronger eddy currents associated with
larger values of conductivity. Also in these plots, the agreement
between the results of CST MWS and D&D is very good, while the
PW approximation appears to significantly overestimate
attenuation even for small values of the thickness of the conducting
block. 

4 Experiments
A large number of experiments have been conducted to evaluate
the mutual inductance between two coils in the presence of a
conducting medium. In our experiments, we measured the transfer
function for signals carried between two single turn coils (radius
11 mm) using a vector network analyser (VNA). The conducting
medium was placed between them. This was an aqueous solution
of sodium chloride with variable concentration placed in a plastic
container with dimensions t = 30 mm and D = 90 mm. The
conductivity of sodium chloride solutions was assessed with a
conductivity meter, calibrated to a relative accuracy of 2% by using
suitable calibration standards. The largest conductivity of the
sample solutions used in the experiments was 20 S/m,
corresponding to the upper limit of the conductivity meter range.

The measurement setup is shown in Fig. 7a, while Fig. 7b
represents the corresponding CST MWS model used for
simulations. The fixture supporting the coils and the container of
the conducting solution was placed inside an anechoic chamber to
reduce background signals. The coils were arranged in their
coaxially aligned positions at the desired spacing distance once and
for all at the beginning of the experiments. The container of the
conducting solution was realised by three-dimensional printing to
have a simple cylindrical shape, as in the simulation model, with

Fig. 3  Variation of power density from the transmitter to receiver for t = 30 mm, d = 37 mm, f = 159 MHz and
(a) σ = 0 S/m, (b) σ = 10 S/m, (c) σ = 102 S/m, (d) σ = 103 S/m
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the upper edge just 2 mm higher than the top surface of the liquid
for sliding it in and out of the test fixture to replace the solution
without moving the coils. 

As according to the block diagram depicted in Fig. 7c, the
impedance matrix Z2−port of the two-port network representing the
pair of coils and their coupling through the conducting medium
was converted from the scattering parameters obtained from the
VNA measurements by de-embedding the effect of the cables and
connectors of the measurement fixture. The mutual inductance of
the two coupled coils can then be derived by referring to a simple
equivalent circuit model of the coils, which under the assumption
that the operating frequency is below the coil self-resonance, are
simply represented as two coupled inductors, and therefore Z2−port
can be written as

Z2−port = R + jωL jωM
jωM R + jωL

(4)

In the latter expression, R denotes the ohmic resistance of the coils
and L and M are generally complex quantities thus corresponding
to self- and coupling impedance terms with both real and
imaginary parts which take into account the lossy and inductive
contributions, respectively, associated with the self- and mutual
couplings of the coils in the presence of the conducting block.

In Figs. 8a–c, we show the measured mutual inductance (real
part, imaginary part and modulus) along with the three sets of
theoretical values. In both simulations and the analytical
calculations based on the extension of the solution [42] provided in
the Appendix, which includes retardation effects and takes into
account an arbitrary permittivity of the conducting medium, the
dielectric constant of water has been assumed to be εr = 78 [53].
Measured M is complex and in good agreement with results of

simulations and predictions based on the generalised D&D
solution. In particular, the magnitude of measured M falls very
close to the values obatined with CST MWS and the generalised
D&D formulas, exhibiting practically the same decay. Only for
small values of conductivities, i.e. σ < 1, the analytical results
slightly differ from the simulated and measured values: in fact, for
vanishing conductivity, the aqueous solution behaves as a high-
permittivity dielectric block whose shielding effect more markedly
depends on its extension, and correspondingly the mutual
inductance exhibits a multi-resonance pattern as a function of
variable block radius (this result is omitted due to space
limitations); as a result, the infinitely wide slab solution cannot
generally provide an accurate model of this situation. However at
low frequencies, of interest for inductively coupled systems,
conduction effects can overcome dielectric ones already at low
conductivity values, even in a medium with large permittivity. This
will considerably mitigate the dependence of the coupling between
two coils on the actual finite extension of a conducting block.

Fig. 4  Effect of the finite size and position of a 30 mm thick conducting
circular plate on the mutual inductance of two coaxially aligned coils
separated by d = 37 mm
(a) |M| as a function of the conducting block diameter for σ = 1, 10, 15 S/m, (b)
Variation of |M|, normalised with respect to the free space value M0, against the
displacement of the conducting circular plate with fixed diameter D = 90 mm
expressed in terms of the distance of the coil from the edge of the plate. The

conductivity of the plate varies from σ = 10 to 104 S/m. Simulations by CST MWS
 

Fig. 5  Mutual inductance of two coaxially aligned circular coils displaced
by d = 37 mm in the presence of a conducting cylindrical block with
dimensions D = 90 mm and t = 30 mm as a function of conductivity. Real
part
(a) Imaginary part (b), Modulus, (c) Mutual inductance. Simulation results obtained
with CST MWS are compared with the analytical solution [42] and PW approximation
expressed by (1)
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Thereby, the dielectric-resonator-like response of a lossy dielectric
block and the resonant character of its repercussion on the mutual
inductance is restricted to a narrow range of vanishing
conductivities, the lower the relative permittivity of the block, the
narrower is this range. This trend makes, in turn, the analytical
solution for an infinitely wide conducting slab a reliable and
accurate tool to predict the impact of a finite conducting block on
the mutual inductance of a pair of coils for a broad range of
configurations, as previously highlighted in the discussion of
Figs. 4–6. 

On the other side, it shall be noted that the measured real and
imaginary parts of M vanishes and reaches its minimum,
respectively, at slightly larger values of conductivity than predicted
numerically. These small discrepancies can be attributed to a few
factors such as the instrumental precision of the conductivity meter
and inaccuracy in VNA calibration, uneven level of the solution
due to the surface tension of water, and de-embedding of the effect
of measurement cables.

It is finally noted that the estimations of the real and imaginary
parts of M based on the PW approximation (1) are distant from
both simulated and measured values and imply a significant
underestimation of the coupling between the coils at the smallest
values of conductivity along with a much faster lowering of it than
that observed in practise.

5 Conclusions
The amplitude and phase of the mutual inductance between two
coils in the presence of a conducting medium have been
investigated analytically, experimentally and by simulation. The
physics has been illustrated by computing both magnetic field
distribution and the state of its polarisation, showing that it is
elliptically polarised, and the progress of the Poynting vector from
the transmitter to receiver. The results for the mutual inductance
(real and imaginary parts) are evaluated for a wide range of
medium thicknesses and conductivities. Experiments have been
conducted in the range of 0–20 S/m, whereas simulations using the
CST numerical package have examined the variation of the mutual
inductance over broad variations of all the relevant parameters. In
addition, we have assessed the accuracy of a proposal in the
literatures [18, 22] that the skin effect expression for attenuation
might provide a good estimate. We have found that this is indeed a
too simplistic and crude approximation. In particular, predictions
based on it of both the real and imaginary parts of the mutual
inductance are distant from results obtained by numerical
approaches and experiments. The analytical solution [42]
generalised in this paper to the arbitrary permittivity of the
conducting medium and retardation effects is verified by simulated
and experimental data for mutual inductance over a broad range of
conductivity and thickness values of an intervening conducting
block. Our findings are obviously relevant for the attenuation of MI
waves in conducting environment and are also applicable to body
area networking and describing properties of biological systems.
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Fig. 6  Mutual inductance of two coaxially aligned circular coils displaced
by 37 mm in the presence of a conducting cylindrical block of conductivity
σ = 10 S/m and of width D = 90 mm as a function of thickness
(a) Real part, (b) Imaginary part, (c) Modulus of the mutual inductance. Simulation
results obtained with CST MWS are compared with the analytical solution [42] and
PW approximation expressed by (1)

 

Fig. 7  Measurement setup
(a) Schematic view of the measurement set-up, (b) Corresponding model for
simulating the experiments with CST MWS, (c) Block diagram of the measurement
system
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8 Appendix. D&Ds’ solution for a coil above a
conducting slab including retardation effects
 
For our calculations, we shall use a geometry that is a special case
of that considered by D&Ds [42] in the sense that the medium
below the conductor is taken as air. Moreover, we will assume that
the conducting slab has an arbitrary permittivity εr. Analogously to
[42], the solution can be expressed in terms of the magnetic vector
potential that, due to the axial symmetry, has only a single
component along the azimuthal angle ϕ, i.e. A = Aϕ(r, z)ϕ^

. D&Ds
then find the vector potential in the form of integrals containing
first-order Bessel functions. Expressions, obtained by generalising
D&Ds' formulae to include retardation, are given below:

Aϕ
i = Aϕ

i r, z = μ0I0r0∫
0

∞
J1 αr0 J1 αr Fi(α, z)α dα (5)

where the index i, i = 1, 2, 3, 4 refers to the different regions in
which the problem is divided, i.e. above the coil (i = 1), below the
coil, but above the conductor (i = 2), the conductor of finite length
(i = 3), the medium below the conductor (i = 4) and the spectral
functions Fi(α, z), obtained by imposing the continuity of the
electric and magnetic fields at the various interfaces, are:

F1 = e−α0 z − l

2α0
+ α0 − α1 α0 + α1 e2α1t − 1

α0 + α1
2e2α1t − α0 − α1

2
e−α0 z + l

2α0

F2 = e−α0 l − z

2α0
+ α0 − α1 α0 + α1 e2α1t − 1

α0 + α1
2e2α1t − α0 − α1

2
e−α0 l + z

2α0

F3 = e−α0l α0 + α1 e2α1teα1z + α1 − α0 e−α1z

α0 + α1
2e2α1t − α0 − α1

2

F4 = e−α0l 2α1e α0 + α1 teα0z

α0 + α1
2e2α1t − α0 − α1

2

(6)

In (6), z = l correspond to the position of the coil above the
conducting slab, whose upper face is assumed to be located at
z = 0; moreover, α0 and α1 are the quantities introduced in the
derivation of the solution by the method of separation of variables
that are related to the permittivity, permeability and conductivity of
the different regions

α0 = α2 − ω2μ0ε0,
α1 = α2 − ω2μ0ε0εr + jωμ0σ1

(7)

The differences from D&Ds’ quasi-static solution appear as in [42]
the assumption is made that the term ω2μ0ε0 in (7) is negligible and,
therefore, it is taken α0 ≃ α and α1 ≃ α2 + jωμ0σ1. The use of (7)
in (5) and (6) retains in the solution the effects of retardation and
takes into account an arbitrary permittivity of the conducting
medium. While this generalisation of D&D's analysis obviously
reduces to the original magneto-quasi-static approximation as long
as ω2μ0ε0 → 0 and ωε0εr ≪ σ1, when these conditions have not
fulfilled the solution in [42] can lead to substantial inaccuracies in
the prediction of the mutual inductance. This is the case, for
example, of the experiments described in Section 4, for which at
ω = 109 rad/s and for εr = 78 its results ωε0εr ≅ 0.7, implying that
the magneto-quasi-static solution would not be applicable roughly
for σ1 ≤ 10. It is also worth noting that, based on the analyses we
performed, the computational effort involved in the calculation of
D&Ds’ solution [42] or its generalisation are substantially similar.
Therefore, unless the criteria recalled above are strictly verified, for
a more precise estimation of M it can be advantageous to resort to
the complete solution including dielectric and retardation effects.
Finally, it is worth noting that another situation in which
retardation could matter is when the structure under consideration
is electrically large, e.g. when there is an array with a total length
larger than the wavelength, in which case the coupling between
distant coils should be calculated by the generalised solution for M.
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