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Abstract—In this paper, we develop an analytical framework
for the statistical analysis of the battery recharging time (BRT)
in reconfigurable intelligent surfaces (RISs)-aided wireless power
transfer (WPT) systems. Specifically, we derive novel closed-
form expressions for the probability density function (PDF),
cumulative distribution function, and moments of the BRT of
the radio frequency energy harvesting wireless nodes. Moreover,
a closed-form expression of the PDF of the BRT is obtained
for the special case when the RIS consists of a large number
of elements. Capitalizing on the derived expressions, we offer
a comprehensive treatment for the statistical characterization
of the BRT and study the impact of the system and battery
parameters on its performance. Our results reveal that the
proposed statistical models are analytically tractable, accurate,
and efficient in assessing the sustainability of RIS-assisted WPT
networks and in providing key design insights for large-scale
future wireless applications. For example, we demonstrate that a
4-fold reduction in the mean time of the BRT can be achieved by
doubling the number of RIS elements. Monte Carlo simulation
results corroborate the accuracy of the proposed theoretical
framework.

Index Terms—Reconfigurable intelligent surfaces (RIS), stat-
istical models, wireless power transfer, recharging time.

I. INTRODUCTION

THE roadmap to beyond fifth generation (B5G) wireless
networks is envisaged to introduce a new spectrum of

fully automated and intelligent data-driven services, such as
flying vehicles, haptics, telemedicine, augmented and virtual
reality [1]–[5]. Several unprecedented application environ-
ments, including machine-to-people and machine-to-machine
communications, are expected to be the driving force of B5G
systems. As a result, the number of connected Internet-of-
Everything (IoE) devices (e.g., sensors, wearables, implant-
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ables, tablets) is anticipated to witness a phenomenal growth
in the next few years, reaching up to tens of billions [6]. This
poses a fundamental challenge on provisioning a ubiquitous
seamless connectivity, while concurrently prolonging the life-
time of a massive number of energy-constrained low-power
low-cost devices.

Wireless power transfer (WPT) has been highly recognized
in both academia and industry as a promising technology to
address the energy sustainability problem of wireless nodes,
and has rapidly gained growing interest in the context of
B5G communication networks [7], [8]. This is mainly due
to its capability to deliver on-demand wireless energy to
a large number of wireless devices in a controllable and
low-cost manner, and thus, eliminating the need for battery
replacement. In this framework, radio frequency (RF) signals,
that are received from dedicated wireless power transmitters,
are leveraged either to recharge the batteries of wireless nodes
or to directly power the wireless transmissions of battery-less
devices [9], [10].

However, it is demonstrated in recent studies [11]–[13] that,
the distance between the RF transmitter and the corresponding
RF energy harvesting (RFEH) receiver creates a performance
bottleneck for practical wirelessly-powered wireless networks.
This stems from the fact that the efficiency of WPT is
inversely proportional to the distance, and hence, conventional
relay-aided wireless communications were proposed to realize
WPT range expansion [11]–[13]. More recently, advanced
technologies, such as massive multiple-input multiple-output
(MIMO), have been studied as potential candidates to achieve
considerable WPT efficiency gains through the exploitation
of beamforming with or without relaying techniques [14],
[15]. Nonetheless, this comes at the price of severe energy
consumption, higher computational complexity, and increased
hardware cost, all of which are more pronounced at higher
RF frequencies, such as millimeter-wave frequencies for future
wireless systems [16]. In addition to the distance factor, the
efficiency of WPT, achieved through these conventional mech-
anisms, is degraded by the RF signal attenuation resulting from
high penetration loss, multi-path fading, molecular absorption,
and Doppler shift [3]. This effect is even more noticeable
in ultra-dense network deployments, which feature highly
dynamic radio environments.

To address the aforementioned challenges, reconfigurable
intelligent surfaces (RISs) have recently emerged as a prom-
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ising technology that can potentially offer fundamental per-
formance improvements in wireless systems, in terms of spec-
trum and energy efficiencies, in a cost-effective manner [1]–
[3], [17]–[19]. Practically, RISs can be realized by different
approaches. This includes (i) surfaces equipped with large
arrays of discrete, inexpensive, and tiny antenna elements,
called unit cells, (ii) implementations based on conformal
large surfaces or metamaterial-based planar surfaces with
scattering elements spaced apart at distances much smaller
than the wavelength [20]. Unlike conventional approaches
that lack full control over the propagation environment, RISs
allow a transformative control of the electromagnetic (EM)
waves [1], [4], [20]. For example, in RISs made of large
arrays of inexpensive antennas, each element is individually
configured and optimized to manipulate the impinging EM
waves in arbitrary ways [21], [22]. This is achieved by jointly
manipulating the reflected signal amplitude and/or phase shift
at each of the RIS elements in real time according to the
dynamic and implicit randomness of wireless channels. For
instance, the signal component arriving from an RF source
node and reflected by the RIS elements can be steered towards
an intended destination node to enhance its received signal
power. Traditional transmission techniques, such as phased
arrays, multi-antenna transmitters, and relays, involve active
components of complex hardware that exhibit high power
consumption. On the other hand, RISs require a large number
of scattering elements that are coupled with a number of small-
sized, low-power, and inexpensive components [21], [22].
Details of the key similarities and differences between RIS
and relays are provided in [23].

As a consequence of the aforementioned advantages offered
by RISs compared to conventional relaying techniques, the
application of RISs is recognized to be particularly appealing
for aiding in WPT systems [4]. This is due to the fact that
the large aperture of RISs is leveraged to assist in powering
a massive number of heterogeneous devices by compensating
the significant power loss over long distances via appropri-
ately customized signal reflections. This yields a substantial
improvement of the overall efficiency of WPT systems.

A. Related Work
The opportunities opened by RISs have spurred, in a short

span of time, research in many areas related to wireless
communication systems. This includes multi-user resource
allocation, beamforming optimization, design of efficient en-
abling mechanisms, and performance analysis of RIS-assisted
wireless networks. For example, in the area of resource al-
location, the authors of [24] developed energy-efficient power
allocation approaches subject to individual link budget guar-
antees for multiple mobile users. The authors of [25] proposed
an achievable rate optimization framework for orthogonal
frequency division multiplexing (OFDM) that jointly identifies
the transmit power at the base station (BS) and the reflection
coefficients at the RIS. Furthermore, several research works
designed enabling mechanisms, such as channel estimation
schemes, in an effort to achieve the passive beamforming
gains of RISs [26], [27]. Also, to reduce the overhead in
channel training, the authors of [28] proposed a practical

transmission protocol that involves estimating the combined
channel of a group of RIS elements. Furthermore, the authors
of [29] and [30] investigated the realization of index modula-
tion and space-time modulated digital coding, respectively, in
RIS-assisted transmissions to improve the spectral efficiency.
From the performance analysis point of view, recent research
studies provided a theoretical framework to characterize the
performance of RIS-assisted wireless systems in terms of
outage probability [31], reflection probability [32], spectral
efficiency [33], [34], and capacity [35]–[37]. Additionally,
the fundamental limits of the error probability performance
of RIS-aided backscatter and non-orthogonal multiple access
(NOMA) were examined in [38] and [39], respectively. Fur-
thermore, numerous research studies focused on proposing
active and passive beamforming strategies to achieve secrecy
[40] and sum-rate [41] enhancements and transmit power
reduction [42]–[44] for multi-antenna and/or multi-user RIS-
assisted networks.

While the preceding research works focus on leveraging the
benefits of RISs to improve the performance of information
transfer, RISs are shown to offer significant enhancements in
terms of power transfer efficiency in wireless systems powered
by near-field WPT [45]. Apart from this, the deployment
of RISs is demonstrated to enhance the far-field WPT and
establish effective RFEH zones through compensating the
attenuation of RF signals over long distances [46]–[48]. Spe-
cifically, the authors of [46] and [47] considered the weighted
sum-power and sum-rate optimization problems, respectively,
for RIS-aided simultaneous wireless information and power
transfer (SWIPT) systems, where an RIS is deployed in the
vicinity of two separate groups of energy and information
receivers. Moreover, joint active and passive beamforming
design for RIS-aided SWIPT systems is proposed in [48], by
taking into consideration the signal-to-interference-plus-noise
ratio constraints imposed by the information receivers (IRs)
and the RFEH constraints imposed by the energy receivers
(ERs).

B. Motivation and Contribution

The aforementioned studies [46]–[48] assume battery-free
RFEH ERs, whose harvested energy is directly used for
future transmissions. In this case, the received RF signals, and
consequently, the amount of harvested energy, is considered to
be sufficient and predictable over a certain period of time. In
scenarios where RFEH nodes are equipped with batteries [49],
however, the harvested energy is first stored in the battery
before being used for future transmissions. Since the power
of the received RF signal depends on the distribution of
the wireless fading channel between the transmitter and the
receiver, the RFEH process and, similarly, the time required
to recharge the battery of an RFEH node, called the battery
recharging time (BRT), are stochastic processes. The statistical
characterization and modeling of the BRT were developed
in [49]–[51] for conventional SWIPT systems operating over
multi-path fading channels. Their results demonstrated that
the RFEH process is significantly impacted by the system,
fading, and battery parameters, including the capacity and
discharging depth, and the BRT. Although the previously
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mentioned research works [46]–[48] provide useful results to
improve the RFEH process in RIS-assisted SWIPT systems,
their approach focuses on developing transmission protocols
and their design insights are limited to battery-free ERs.

Despite being a fundamental figure of merit in designing and
quantifying the sustainability of RIS-assisted WPT networks
in various operational setups in B5G systems, to the best of our
knowledge, the statistical characterization of the BRT is not
yet studied in the open literature. Motivated by this, the prime
focus of this work is to develop a novel theoretical framework
to characterize the statistical properties of the BRT for RIS-
assisted WPT systems, consisting of ERs with limited battery
capacity. In our work, we consider that the RIS comprises
passive reflecting elements spaced half of the wavelength
apart, and that each element is individually configured for
realizing optimal WPT. The main contributions of this paper
are listed as follows:
• First, we derive novel accurate closed-form approxima-

tions for the probability density function (PDF) and cu-
mulative distribution function (CDF) of the instantaneous
total received power of the energy harvesting node. The
obtained expressions take into account the number of RIS
elements and the distances of the source (S)→RIS and
RIS→ER links, and assume that all wireless channels are
subject to Rayleigh fading.

• Building upon the analytical expressions of the received
power, we obtain closed-form expressions for the PDF
and CDF of the BRT. The derived results are shown
to accurately capture the impact of the battery paramet-
ers (i.e., discharge depth, battery capacity, and charging
voltage), system parameters, and the number of RIS
elements on the BRT statistical properties. To the best of
our knowledge, these expressions are novel in literature.

• Next, an analytical closed-form expression for the PDF of
the BRT is derived for the special case when the number
of RIS elements grows large. In this case, we exploit
the central limit theorem (CLT) to demonstrate that the
PDF of the BRT converges to an impulse response,
revealing that the deployment of RISs is highly promising
in practically realizing WPT in future large-scale IoE
networks.

• To further investigate the properties of the BRT, we
derive a computationally simple closed-form expression
for its moments. We employ this result to obtain statistical
tools to evaluate the mean value, variance, skewness and
kurtosis of the BRT.

• The derived expression of the moments is also exploited
to examine the amount of fading (AoF) of the BRT as
a function of the RIS elements. Our study unveils that,
employing RISs of large size can effectively boost the
efficiency of WPT over fading channels.

• Finally, we present Monte Carlo simulation and numerical
results to validate the accuracy of the developed theoret-
ical framework.

C. Organization

The rest of the paper is organized as follows: Section II
introduces the RIS-assisted WPT system model, as well as the

statistical characterization of the corresponding power received
by the energy harvesting node. In Section III, the analytical
expressions of the statistics of the BRT for RIS-assisted WPT
systems are derived. Simulation and numerical results are
presented in Section IV, while concluding remarks are given
in Section V.

II. SYSTEM AND CHANNEL MODEL

In this paper, we consider a single-antenna RF source node,
S, and a single-antenna energy-constrained ER, as depicted in
Fig. 1. The ER could be a low-power sensor node equipped
with a battery with a finite capacity. In order to extend the
operational range of the ER, while ensuring that its harvested
energy is sufficient for real-life operation, we propose a WPT
system assisted by an RIS.

The end-to-end (E2E) channel gain between S and the ER
characterizes the power received at the ER, and accordingly,
defines the behavior of the overall RFEH process, including
the instantaneous BRT at the ER. Therefore, to quantify the
impact of RIS-assisted WPT on the required time to charge the
battery of the ER node, we analytically present the distribution
of the instantaneous received power at the ER, which will be
exploited next to develop the statistical characterization of the
underlying instantaneous BRT.

We further assume that the direct link does not exist between
S and the ER. This is motivated by the fact that this link is
subject to strong attenuation, due to deep fading or shadowing
effects due to surrounding physical obstacles, and WPT can
be achieved only via the RIS. It is worth mentioning that such
an assumption is widely adopted in research studies related to
WPT systems [12], [47]. Moreover, this assumption is usually
employed in the literature of RIS-assisted communications
[52], [53], since an RIS is more useful in environments that
experience a high blockage probability [54], [55].

In our setup, we consider an RIS that is made of N elements.
Each of the elements can be reconfigured through software
by using a controller, as illustrated in Fig. 1. The power
transmitted from S, being either a BS or an RF source, which
is reflected by the RIS towards the ER, is harvested and stored
in a battery with a limited capacity before being used in future
signal transmissions.

As shown in the block diagram of Fig. 1, hi and gi
denote the small scale complex channel fading coefficients
of the S →RIS and RIS→ER links, respectively, where
i ∈ {1, 2, ..., N} denotes the i-th element of RIS. The
envelopes of the two wireless links are modeled as independent
and identically distributed (i.i.d) Rayleigh fading channels
with the scale parameter, σ, being equal to 1, i.e., |hi|, |gi|
∼CN (0, 2σ2) for i∈ {1, 2, ..., N}, where CN (0, κ) stands
for a zero-mean complex Gaussian distribution with variance
equal to κ. The assumption of Rayleigh fading channels is
representative of scenarios in which a line-of-sight (LoS)
link cannot be established. Although channels in RIS-assisted
wireless communications are often characterized by a LoS
connection, there are scenarios where the LoS may not be
available, e.g., when the RISs are deployed on randomly
distributed spatial blockages, and a significant number of
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scatterers still exist. In this case, the system designer has
no control on the optimal location of RISs [56]. Therefore,
in this work, we consider that the LoS is unavailable, and
hence, wireless communication is carried out over the non-
LoS (NLoS) component only. It is worth mentioning that this
assumption is made in other related research works, such as
[2], [52], [53], [57] and the references therein.

Figure 1: RIS-assisted WPT system model.

Let Ps denote the transmit wireless power of the source
node. The instantaneous total power received at the ER through
the i-th element of RIS is expressed as

Pr =

∣∣∣∑N
i=1 |hi||gi|ejθi

∣∣∣2
dδ1d

δ
2

Ps, (1)

where d1 and d2 represent the distance between S and the
center of the RIS and between the center of the RIS and the
ER, respectively, and δ is the path loss exponent. Furthermore,
θi specifies the adjustable phase induced by the i-th element
of the RIS [2]. The total received power in (1) is based on the
path loss model 1/

√
dδ1d

δ
2 that is applicable in the far-field

regime, as defined in [58], [59]. Accordingly, N can be large
but it needs to be finite [20, Sec. IV-D].

It is assumed that the channel phases of hi and gi, denoted
as φhi and φgi , respectively, are perfectly known to the RIS
and, accordingly, it is able to apply optimal phase shifts, i.e.,
θi = −(φhi

+φgi) [60]. This assumption constitutes a system
operation performance benchmark for practical operations [2].
Therefore, the obtained results represent a lower bound on the
BRT required to sustain the operation of RIS-assisted WPT
systems. In this paper, we assume that the amplitude of the
reflection coefficient of each RIS element is equal to 1,1 for
all i ∈ N . Consequently, the instantaneous received power is
maximized and (1) can be formulated as

Pr =
Ps
dδ1d

δ
2

B2 (2)

where

B =

N∑
i=1

|hi||gi| (3)

is the E2E channel gain.

1Recent studies proposed efficient designs achieving a reflection coefficient
value as high as one [4].

A. Statistical Characterization of the E2E Channel

As previously mentioned, the BRT, Tr, is determined by
the amount of power received and then harvested at the
ER. Therefore, it is necessary to have in hand the statistical
characterization of the E2E channel fading coefficient, B, in
order to derive the distributions of Pr and Tr. Note that B
presents a sum of N double Rayleigh random variables (RVs).
An accurate approximation of its PDF is given in the following
proposition.

Proposition 1: The PDF of the E2E channel coefficient of
an RIS-assisted WPT system is accurately approximated in a
closed-form expression as

fB(x) ≈ a1G
2,0
1,2

[
x

a2

∣∣∣∣∣ −; a3

a4, a5;−

]
, x ≥ 0, (4)

where G.,..,.[.|.] denotes the Meijer G-function defined in [61,
Eq. (8.2.1.1)] and

a1 =
Γ(a3 + 1)

a2Γ(a4 + 1)Γ(a5 + 1)
, (5)

a3 =
4ϕ4 − 9ϕ3 + 6ϕ2 − µ1

−ϕ4 + 3ϕ3 − 3ϕ2 + µ1
, (6)

a2 =
a3

2
(ϕ4 − 2ϕ3 + ϕ2) + 2ϕ4 − 3ϕ3 + ϕ2, (7)

a4 =
a6 + a7

2
, (8)

a5 =
a6 − a7

2
, (9)

with
a6 =

a3 (ϕ2 − µ1) + 2ϕ2 − µ1

a2
− 3, (10)

a7 =

√(
a3 (ϕ2 − µ1) + 2ϕ2 − µ1

a2
− 1

)2

− 4
µ1(a3 + 1)

a2
,

(11)
and

ϕi =
µj
µj−1

, j > 1. (12)

Also, µj is the j-th moment of B and Γ(.) is the Gamma
function defined in [62, Eq. (6.1.1)].

Proof: The RV B, given in (3), is written as a sum
of the RVs |hi||gi|. Therefore, its PDF can be formulated
in a closed-form in an approximated expression by using
the moment-based density approximants method presented in
[63]. The evaluation of the first four moments, ensuring an
accurate approximation for the PDF of B, are obtained in
[64] and are presented here for clarity and completeness of the
work. Specifically, the first, second, third, and fourth moments
are expressed as (13), (14), (15), and (16), respectively. This
completes the proof.

µ1 =
Nπ

2
, (13)

µ2 =

(
4 + (N − 1)

π2

4

)
N, (14)
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µ4 =



(
64N + 48N(N − 1) + 9N(N − 1)π2 + 6N(N − 1)(N − 2)π2 + N(N−1)(N−2)(N−3)π4

16

)
, N ≥ 4(

480 + 90π2
)
, N = 3(

224 + 18π2
)
, N = 2

64, N = 1.

(16)

µ3 =


Nπ

(
9
2 + 6(N − 1) + (N − 1)(N − 2)π

2

8

)
, N ≥ 3

9π + 3× 2× π
2 × 4 = 21π,N = 2

9π
2 , N = 1.

(15)

Based on the PDF obtained in (4), an accurate approxima-
tion for the CDF of B can be analytically computed as [63]

FB(x) ≈ a1a2G
2,1
2,3

[
x

a2

∣∣∣∣∣ 1; a3 + 1

a4 + 1, a5 + 1; 0

]
, x ≥ 0. (17)

The result obtained in Proposition 1 and the expression given
in (17) enable us to derive the statistical characterization
of the received power at the ER, and hence, the statistical
distributions of the BRT. It can be observed from Proposition
1 and (17) that the E2E channel gains depend on the number
of RIS elements N . Accordingly, we expect that the received
power as well as the BRT will depend on N , as will be
demonstrated next.

B. Statistical Characterization of the Received Power
Capitalizing on the statistical model of the E2E channel gain
presented in the previous section, we derive the distribution
of the instantaneous total received power at the ER in the
following proposition.

Proposition 2: For an RIS-assisted WPT system, the CDF
of the instantaneous power received at the ER node can be
expressed as

FPr
(x) ≈ a1a2G

2,1
2,3

[
1

a2

√
x

P̄r

∣∣∣∣∣ 1; a3 + 1

a4 + 1, a5 + 1; 0

]
, x ≥ 0.

(18)

Proof: The CDF of Pr is given as

FPr
(x) = Pr(Pr ≤ x). (19)

Substituting (2) in (19) yields

FPr
(x) = Pr

(
B ≤

√
x

P̄r

)
(20)

or equivalently

FPr (x) = FB

(√
x

P̄r

)
, (21)

where
P̄r =

Pr
dδ1d

δ
2

(22)

denotes the average power received at the ER. By invoking
the expression given in (17), (18) can be obtained, which

concludes the proof.

Accordingly, the PDF of Pr can be obtained by applying [65,
Eq. (07.34.20.0001.01)] to differentiate (18), i.e.,

fPr
(x) =

dFPr
(x)

dx
, (23)

yielding

fPr (x) ≈ a1a2

2x
G2,0

1,2

[
1

a2

√
x

P̄r

∣∣∣∣∣ −; a3 + 1

a5 + 1, a4 + 1;−

]
, x ≥ 0.

(24)

The result obtained in Proposition 2 and the expression
given in (24) enable us to derive the statistical characterization
of the BRT. It can be observed from Proposition 2 and (24) that
the received power depends on the number of RIS elements
N , the transmission power, and the propagation distance.
Accordingly, we expect that the BRT will also depend directly
on those parameters, as will be discussed next.

III. BATTERY RECHARGING TIME STATISTICAL MODELS

In this section, the statistical models developed in Section II
are employed to derive analytical expressions for the statistical
characterization of the instantaneous BRT, Tr, at the ER node.

In this paper, we adopt the BRT model presented in [49] and
verified through experimental results in [50]. Specifically, the
power harvested by the ER can be calculated as Ph = Prη,
where Pr is given in (2) and η is the RF to direct current
conversion efficiency. The recharging current, Ib, of a battery
can be calculated from Ph as Ib = Ph

Vb
, where Vb is the constant

operating voltage of the battery. Denoting Cb and Dd as the
capacity of the battery and the discharge depth, respectively,
the BRT can be expressed as

Tr =
CbDd

Ib
=
CbDdVb
Ph

=
CbDdVb
ηPr

=
α

Pr
, (25)

where α > 0 denotes the conversion coefficient, which is a
function of the battery and the RFEH circuit parameters and
can be expressed as follows

α =
CbDdVb

η
. (26)

It can be noticed that the BRT is inversely proportional to
the conversion efficiency, η. Furthermore, when the battery
capacity or the charging depth increases, the conversion coef-
ficient, α, increases and the time required to charge the battery
increases and vice versa. It is worth noting that the conversion
efficiency, η, is different from the conversion coefficient, α.
In this sense, η does not depend on the battery characteristic,
i.e., capacity and discharge depth, but rather depends on the
characteristics of the RF-to-DC conversion circuitry.
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In this section, we exploit the PDF and CDF of the instant-
aneous received power, derived in (24) and (18), respectively,
to obtain the statistical distribution of the BRT of a RIS-
assisted WPT system.

A. Probability Density Function (PDF) of the BRT

The following proposition offers a closed-form expression for
the PDF of the BRT in an RIS-aided WPT system.

Proposition 3: For RIS-assisted WPT systems, the PDF of
the BRT at the ER node is given as

fTr (τ) ≈ a1a2

2τ
G2,0

1,2

[
1

a2

√
α

P̄rτ

∣∣∣∣∣ −; a3 + 1

a5 + 1, a4 + 1;−

]
, τ > 0.

(27)

Proof: Using (25) and with the help of the Jacobian
transformation method [66], the PDF of Tr is given as

fTr
(τ) =

α

τ2
fPr

(α
τ

)
, (28)

which, with the aid of (24), can be expressed in a closed-form
expression as in (27). This completes the proof.

It is worth noting that (27) is simple and incorporates the
Meijer G-function, which is a standard built-in function in
most of the well-known mathematical software packages,
such as MATLAB, MAPLE, and MATHEMATICA, and can,
therefore, be efficiently evaluated.

B. Cumulative Distribution Function (CDF) of the BRT

The CDF of the BRT is defined as the probability that the
instantaneous BRT falls below a predetermined threshold, τth,
i.e., FTr

(τth) = P (τ ≤ τth). Taking into account (25), it is
straightforward to note that the relation between the CDFs of
the received power and the BRT is

FTr
(τth) ≈ 1− FPr

(
α

τth

)
. (29)

Therefore, by substituting (18) into (29), we obtain the CDF
of the BRT in a closed-form expression as

FTr
(τth) = 1− a1a2G

2,1
2,3

[
1

a2

√
α

P̄rτth

∣∣∣∣∣ 1; a3 + 1

a4 + 1, a5 + 1; 0

]
,

τth > 0.
(30)

C. BRT Mean Value, Variance, Skewness, Kurtosis, and AoF

The n-th order moment of the BRT, denoted by µTr(n), is a
very useful statistical tool, as it enables the characterization
of the mean value of the BRT, in addition to other underlying
useful properties such as its skewness and kurtosis. Moreover,
it can be employed to quantify the AoF, as is elaborated next.

Having (27) in hand, we can derive the n-th moment of the
BRT through the n-th order statistical expectation, as presented
in the following proposition.

Proposition 4: The n-th moment of the BRT of an RIS-
assisted WPT system can be expressed in a simple closed-form

expression as

µTr
(n) ≈ a1a

(1−2n)
2

(
α

P̄r

)n
Γ(a4 + 1− 2n)Γ(a5 + 1− 2n)

Γ(a3 + 1− 2n)
.

(31)

Proof: The n-th moment of Tr can be evaluated by taking
the statistical expectation

µTr
(n) =

∫ ∞
0

τnfTr
(τ)dτ. (32)

Then, by substituting (27) in (32), we obtain

µTr
(n) =

a1a2

2
J (33)

where

J =

∫ ∞
0

τn−1G2,0
1,2

[
1

a2

√
α

P̄rτ

∣∣∣∣∣ −; a3 + 1

a5 + 1, a4 + 1;−

]
dτ.

(34)
By applying [65, Eq. (07.34.21.0009.01)] to solve the integral
J , (31) is obtained. This completes the proof.

The expression in (31) can be used to obtain the mean value
of the BRT, T̄r, by setting n = 1, i.e., T̄r = µTr

(1). Also, the
variance, σ2

τr , can be computed as

σ2
τr = µTr

(2)− T̄ 2
r . (35)

The AoF parameter is viewed as a unified statistical measure
of the severity of fading. Therefore, it is useful in quantifying
the robustness of RIS-assisted WPT links against the channel
fading. The AoF is defined in [67, Eq.(1.27)] as the ratio of
the variance to the square mean of the instantaneous received
power. Therefore, by employing (31), AoF = σ2

τr/T̄
2
r .

Remark: By examining (31), when n is set to 1, we note
that the scaling law of the mean value of the BRT as a
function of the RIS distances from the source and the ER nodes,
denoted as d1 and d2, and implicitly defined through P̄r in
(22), dictates that T̄r increases with the square of the product
of the distances d1 and d2. This suggests that the minimum
value of T̄r is achieved when the RIS is located either closer
to the source or the ER node.

In addition to the mean and variance of the BRT, statistical
properties such as the skewness, denoted by ε, and the kurtosis,
denoted by Ψ, can be evaluated from (31) to provide deeper
insights on the distribution of the BRT. More specifically, the
skewness measures the asymmetry of the PDF of the BRT
about its mean value, while the kurtosis is an indicator of
its peakedness or flatness and the heaviness of its tail. The
skewness is defined as [66]

ε =
µTr (3)

µ
3/2
Tr

(2)
, (36)

while the kurtosis is defined as

Ψ =
µTr

(4)

µ2
Tr

(2)
− 3. (37)

Special Case: In the special case when the RIS consists of an
asymptotically large number of RIS elements (N � 1), the
following lemma returns a closed-form expression for the PDF
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fτr (τ) =
2α

τ2N (16− π2) P̄r

(
τN2π2P̄r

4α

) 1
4

exp
(
− (4α/τ) +N2π2P̄r

2N (16− π2) P̄r

)
I− 1

2

(
2π

(16− π2) P̄r

√
P̄rα

τ

)
, τ > 0. (38)

fPr
(x) =

2

N (16− π2) P̄r

(
N2π2P̄r

4x

) 1
4

exp
(
− 4x+N2π2P̄r

2N (16− π2) P̄r

)
I− 1

2

(
2π

(16− π2) P̄r

√
P̄rx

)
, x ≥ 0 (43)

of the BRT for WPT systems.

Lemma 1: For a sufficiently large number of RIS elements
N � 1, the PDF of the BRT for an RIS-assisted WPT system
can be expressed in a closed-form expression as in (38), which
is shown at the top of this page.

Proof: Recalling that |hi| and |gi| are independently
distributed Rayleigh RVs, the mean and variance of Bi are,
respectively, given as

E[Bi] = E[|hi||gi|] =
π

2
(39)

and
VAR[Bi] =

(
16− π2

4

)
. (40)

As the number of RIS elements becomes sufficiently large,
according to the CLT, B converges to a Gaussian distribution
with mean

µN = E[B] =
Nπ

2
(41)

and variance
σ2
N = N

(
16− π2

4

)
, (42)

where µN and σ2
N can be deduced by using (13) and (14).

As a result, the instantaneous received power at the ER, Ps,
defined in (2), has a non-central chi-square distribution with
one degree of freedom [68], and its PDF is given in (43),
shown at the top of this page, where Iv(.) is the modified
Bessel function of order v defined in [62, Eq. (9.6.20)]. Finally,
The expression in (38) can be obtained by inserting (43) into
(28). This completes the proof.

Based on Lemma 1 and using (38), the mean value of the
BRT when N � 1 converges to

T̄r = E[τr] =
4α

(N2π2 +N (16− π2)) P̄r
. (44)

By a direct inspection of (44), we note that the mean value of
the BRT in RIS-assisted WPT systems is shown to be inversely
proportional to the square of the total number of RIS elements
N , i.e., E[τr] ∝ 1

N2P̄r
. This result is in agreement with the

BRT definition given in (25).

IV. NUMERICAL AND SIMULATION RESULTS

In this section, numerical and Monte Carlo simulation
results are presented to validate the accuracy of the proposed
theoretical framework. This section also focuses on character-
izing the properties of the BRT in RIS-assisted WPT systems.
The term Monte Carlo simulations refers to the use of the

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Figure 2: The PDF of the BRT of an RIS-assisted WPT system, for
different values of N , where the transmit power, Ps = 15 dBm. The
PDFs obtained through the CLT are also plotted for N = 10 and 50.

actual fading channels with a number of realizations of 106

trials.
Unless otherwise stated, the RFEH efficiency factor is equal

to η = 0.5, and it represents a worst case scenario, capturing
the effects of low-cost hardware, and the total distance, dtot,
between the source node, S, and the ER node is set to 5 m. In
order to ensure far-field conditions, we assume that the size
of the RIS is relatively smaller than the transmission distance.
It is assumed that the RIS is located mid-way between S and
the ER, i.e., d1 = d2 = dtot/2, and the path loss exponent,
δ = 2.7 [11]. All simulation parameters, including the ER
battery parameters, are summarized in Table 1.

Table I: Simulation Parameters.

Name Symbol Value
RFEH efficiency of the ER circuit η 0.5
Normalized S →RIS distance d1/dtot 0.5
Normalized RIS→ER distance d2/dtot 0.5
Path loss exponent δ 2.7
Battery capacity Cb 10 mAh
Discharge depth Dd 0.4
Battery charging voltage Vb 1.2 V

In Fig. 2, the PDF of the BRT for RIS-assisted WPT systems
is illustrated for different values of the RIS elements N , by
using the analytical expression given in (27), where N =
4, 6, 8, 10, 50. Additionally, the PDF of the BRT obtained
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through the CLT, as given in (38), is also shown for N = 10
and 50. It is observed that the simulation results are in good
agreement with the analytical PDF curves, which substantiates
the accuracy of the proposed mathematical model and its
effectiveness in capturing the statistical properties of the BRT.
Additionally, we note that the BRT of the ER node decreases
as N increases. In more details, the highest probable value of
the BRT drops from 0.64 to 0.2 hr (38.4 to 12 mins) when the
number of RIS elements increases from 4 to 8. Finally, it is
evident that, as the number of RIS elements increases, the PDF
converges to an impulse function, indicating that increasing
N causes a significant reduction of the BRT of WPT systems,
due to the enhanced passive beamforming gain of RIS-assisted
systems, which make them particularly attractive for large-
scale RFEH applications. It is worth mentioning that the effect
of increasing the number of RF sources on the BRT was
studied in [50]. Although the results in [50] demonstrated that
the BRT decreases notably by increasing the number of RF
sources, this comes at the cost of extra transmission power
that is needed for each additional RF source.

In Fig. 3, we investigate the effect of varying the value
of the transmit power, Ps, on the BRT performance of RIS-
assisted WPT systems. We plot the PDF of the BRT when
N = 4, 6, and 8, by using the analytical expression in (27).
Figs. (3a), (3b), and (3c) present, respectively, low, moderate,
and high transmit power regimes, i.e., Ps =7, 15, and 40 dBm.
By closely inspecting these figures, it is clearly observed
that, when the transmit power is high, the variance of the
distribution of the BRT decreases while its kurtosis increases
(i.e., sharper PDF peak), indicating the improvement in the
BRT predictability. Interestingly, it can be noted that, even in
the low transmit power scenario, depicted in Fig. 3a, the mean
value of the BRT exhibits high predictability when N = 8
compared to the cases when N = 4 and 6. This indicates
that the deployment of an RIS is promising in enhancing
the reliability of WPT, and may be attained by adding low-
cost passive RIS elements (featuring no transmit power con-
sumption) instead of increasing the source transmission power.
Further details about this aspect are given next.

To gain more insights about the effect of varying the
transmit power on the statistical distribution of the BRT in
RIS-assisted WPT systems, we illustrate in Fig. 4 the CDF as
a function of the BRT threshold, τth, of an RIS-assisted system
by using (29). The analysis is carried out for different values
of N and assuming two transmit power scenarios, namely low-
(Ps = 7 dBm) and high- (Ps = 20 dBm) transmit power. The
excellent fit between the simulation and the analytical results
verify the accuracy of the developed theoretical framework.
As expected, for a fixed N , as τth increases, the CDF value
increases. For example, the CDF value approximately doubles
for N = 4 and Ps = 7 dBm, as τth changes from 5 to
10 hrs. Additionally, for a given τth value, as N increases,
the CDF value improves. This indicates that the efficiency of
the RFEH process is improved in an RIS-assisted WPT system
by increasing the number of RIS elements N . For instance, at
Ps= 7 dBm, τth can be reduced by about 4 hrs by employing
an RIS with 8 elements instead of 6 in order to achieve
a targeted probability of charging equal to 0.9. Fig. 4 also
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(a) Ps = 7 dBm
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(b) Ps = 15 dBm
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Figure 3: The PDF of the BRT in RIS-assisted WPT systems, in
(a) low transmit power, Ps = 7 dBm, (b) moderate transmit power,
Ps = 15 dBm, and (c) high transmit power, Ps = 40 dBm, regimes,
and for different values of N .

demonstrates that the steepness of the CDF curve increases as
the value of the transmit power shifts from low to high. This
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Figure 4: The CDF as a function of BRT threshold for RIS-assisted
for low- and high- transmit power scenarios and for different values
of N .

indicates that adding more RIS elements is more rewarding in
the low transmit power than the high transmit power regime,
where the reduction in the BRT value is more significant.

Fig. 5 depicts the mean value of the BRT, T̄r, as a function
of the total transmit power, Ps, for different values of N . We
also examine the convergence of the mean value, obtained
analytically in (31), towards that obtained through the CLT,
given in (44). It can be deduced from Fig. 5 that T̄r converges
to the mean value computed via the CLT even for relatively
small values of N , e.g., when N > 8. This suggests that
the mean value of the BRT in RIS-assisted WPT systems
can be mathematically evaluated using the simpler expressions
in (44) instead of (31), which is computationally more de-
manding, since it involves the evaluation of the parameters
a1 through a5. We further notice that, as N and Ps increase,
the mean value of the BRT linearly decreases. This finding
is in agreement with the theoretical result obtained in (44).
In more detail, for a given value of Ps, doubling the number
of deployed RIS elements N yields a reduction of the mean
value of the BRT by about 4 times. In summary, the choice
of N depends on whether the application scenario operates in
the low or high transmit power scenarios.

Remark: We emphasize that the analytical expressions de-
rived in (31) and (44) constitute effective tools in determ-
ining the minimum number of RIS elements that should be
deployed in order to achieve a feasible BRT for a targeted
energy efficiency in WPT systems, while avoiding the need of
unnecessary phase adjustments to account for extra deployed
RIS elements.

To examine the BRT performance under NLoS propagation
in comparison to scenarios in which LoS propagation is
established, Fig. 6 compares the mean value of the BRT,
T̄r, as a function of the transmit power for the two cases of
Rayleigh fading (i.e., NLoS only) and Rician fading [67] (i.e.,
LoS + NLoS). For the latter case, we assume that each of
|hi| and |gi| in (3) follows a Rician distribution with shaping
parameters K1 and K2, respectively. We further assume that
K1 = K2 = K = v2

2σ2 , where v2 and 2σ2 represent the power
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Figure 5: Mean value of the BRT as a function of the transmit power
in RIS-assisted WPT systems, for different values of N .
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Figure 6: Mean value of the BRT as a function of the transmit power
in RIS-assisted WPT systems over Rayleigh fading in comparison
with Rician Fading.

of the LoS component and NLoS components, respectively. It
can be observed from Fig. 6 that, as the value of K increases
(i.e., the LoS component is stronger), the mean time required
to charge the battery reduces. Moreover, Fig. 6 demonstrates
that increasing the number of elements, N , compensates for
worse fading conditions. This is more noticeable for higher
values of N , e.g., N = 10 compared to N = 2.

To quantify the impact of the RIS location on the BRT
performance, in Fig. 7, we inspect the behavior of the mean
value of the BRT, T̄r, as a function of the normalized
S →RIS distance, d1/dtot, for different values of N and
for Ps=20 dBm. We set the normalized RIS→ER distance to
d2/dtot = 1−d1/dtot. It is noted that, for a given RIS location,
the energy efficiency of a WPT system can be enhanced
by equipping the RIS with more elements. This key BRT
performance insight is beneficial when there is no flexibility
in choosing the location of the RIS due to the layout or
geometry of the environment. Additionally, it is observed that
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Figure 7: Mean value of the BRT as a function of the normalized
S →RIS distance, d1/dtot, for RIS-assisted WPT systems, for
different values of N and Ps = 20 dBm.
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Figure 8: Mean value of the BRT as a function of the battery capacity
of the ER node in RIS-assisted WPT systems, for different values of
N and when Ps = 20 dBm.

the minimum mean value of the BRT is attained when the RIS
is located either closer to S or closer to the ER node. This
verifies the findings in Sec. III-C based on (31).

To address the effect of varying the battery parameters, in
Fig. 8 we plot the mean value of the BRT, T̄r, with respect
to the battery capacity, Cb, of the ER node when the transmit
power is fixed to 20 dBm. As expected, for a given N , it is
observed that, as Cb increases, the mean value of the BRT
increases. In addition, the figure reveals that, independently of
Cb, as N doubles, T̄r decreases by about 5 times. For example,
for Cb = 10 mAh, as N is varied from 5 to 10 to 20, the
mean value of the BRT is reduced from 1 hr to 12.65 mins
to 2.86 mins. This finding can be of considerable advantage
for applications where the battery capacity is determined by
constraints on the shape and size of the RFEH nodes, such as
wearables or implantables.

Finally, in Fig. 9, we examine the AoF for RIS-assisted
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Figure 9: AoF as a function of N when Ps = 20 dBm.

WPT systems as a function of the number of RIS elements N .
We also plot the AoF for a single-input single-output (SISO)
WPT system as a benchmark. Fig. 9 shows that the proposed
analytical framework is useful in quantifying the robustness
of RIS-assisted WPT to fading channels. Particularly, Fig. 9
reveals that increasing N reduces the AoF of the E2E channel,
thereby improving the efficiency of WPT in fading channels.

V. CONCLUSION

In this paper, we developed a theoretical framework to
investigate the energy sustainability of RIS-assisted WPT
systems, from the BRT perspective of an RFEH node. In
particular, over Rayleigh fading channels, we provided the
statistical characterization of the instantaneous received power
of the system, including its PDF and CDF. Based on that, we
derived novel low-complexity tight closed-form approxima-
tions for the PDF, CDF, and moments of the BRT as a function
of the received power, battery parameters, and number of RIS
elements. Additionally, using the CLT, we derived closed-
form expressions for the PDF and mean value of the BRT
considering that the RIS is equipped with a large number of
elements. Besides being accurate and mathematically tractable,
our results reveal that the proposed statistical tools constitute
an efficient means to evaluate the performance of RIS-assisted
WPT systems and extract useful design insights. For example,
our results show that doubling the number of RIS elements
improves the predictability of the BRT of the RFEH nodes
and offers a 4-fold reduction in its mean value. Moreover, it
is reported that the characteristics of the BRT are impacted
not only by the system parameters, such as the distance
between the nodes, but also by the battery parameters of the
RFEH node, such as the battery capacity. Finally, our results
illustrated that significant performance gains in the BRT can
be obtained by deploying the RIS closer to the source or closer
to the RFEH node [69].
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