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Abstract: Using the Baum—Connes conjecture with coefficients, we develop a K-theory
formula for reduced C*-algebras of strongly 0- E-unitary inverse semigroups, or equiv-
alently, for a class of reduced partial crossed products. This generalizes and gives a new
proof of previous K-theory results of Cuntz, Echterhoff and the author. Our K-theory
formula applies to a rich class of C*-algebras which are generated by partial isometries.
For instance, as new applications which could not be treated using previous results, we
discuss semigroup C*-algebras of Artin monoids, Baumslag-Solitar monoids and one-
relator monoids, as well as C*-algebras generated by right regular representations of
semigroups of number-theoretic origin, and C*-algebras attached to tilings.

1. Introduction

Many prominent classes of C*-algebras, which played an important role in the devel-
opment of the subject, are generated by partial isometries, for example AF algebras
[5,20], Cuntz-Krieger algebras [16], graph algebras [47], tiling C*-algebras [26] or
semigroup C*-algebras [15], to mention just a few. The notions of inverse semigroups
and inverse semigroup C*-algebras [21,46] provide a natural and powerful framework
to study these C*-algebras and their properties. Another very general and powerful con-
cept is given by partial dynamical systems and the corresponding partial crossed product
construction (see [22]), which highlights the underlying dynamics at the heart of many
C*-algebra constructions, including the ones mentioned above. A connection between
inverse semigroups and partial dynamical systems, in particular in view of the corre-
sponding C*-algebra constructions, is provided by the notion of strongly 0-E-unitary
inverse semigroups, also called strongly E*-unitary inverse semigroups (see [9,31,40]).

The goal of this paper is to compute K-theory for reduced C*-algebras of strongly 0-
E-unitary inverse semigroups, i.e., C*-algebras generated by left regular representations
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of these inverse semigroups. This is a very natural task, given the important role K-
theory playsin classification of C*-algebras [48] and in extracting interesting information
from C*-algebra constructions. In many cases, this task is challenging, but at the same
time also rewarding as computing K-theory often reveals much of the inner structure
of the C*-algebras in question. Our main theorem generalizes the K-theory result in
[43], which applied to inverse semigroups which are not only strongly 0- E-unitary but
satisfy the stronger property that they are 0- F-inverse semigroups and admit a partial
homomorphism to a group which is injective on maximal elements. As mentioned above,
the class of C*-algebras arising from strongly O-E-unitary inverse semigroups is very
rich, and therefore, our generalization allows us to treat many new classes of examples.
For instance, our K-theory formula applies to C*-algebras of tilings and their inverse
semigroups (see for instance [27-30]), which are interesting from the point of view of
dynamics as well as physics. While the main K-theoretic result in [43] did not apply to
all inverse semigroups attached to tilings, we can now compute K-theory for the reduced
C*-algebras of all tiling inverse semigroups.

The main result of this paper can also be reformulated in terms of partial dynamical
systems. In this context, it provides a K-theory formula for reduced crossed products of
partial dynamical systems which admit an invariant regular basis of compact open sets, in
the sense of Definition 2.12. This is the analogue of the corresponding notion for global
dynamical systems, as introduced in [13, § 6] and [14, § 2]. Thus the K-theory formula
derived in this paper generalizes the results in [13, 14] from global dynamical systems to
partial dynamical systems. The original result in [13,14] leads for instance to a K-theory
formula for crossed products attached to topological full shifts, the topological version
of Bernoulli shifts (see [14,36]), while our generalization applies to partial dynamical
systems arising for instance from tilings where the original result was not applicable.

The main motivation for the work in [13,14] was to compute K-theory for semi-
group C*-algebras, i.e., C*-algebras generated by left regular representations of left-
cancellative semigroups. This class of C*-algebras also provides the main motivation
for this work. The K-theory formula developed in this paper applies to all semigroups
which satisfy the independence condition from [32] (see Definition 2.7) and embed into
a group which satisfies the Baum—Connes conjecture with coefficients [2,52]. In other
words, the reversibiliby condition (which is part of the Ore condition) in [13] and—
even better—the Toeplitz condition in [14] are no longer needed. As mentioned in [15,
§ 5.11], such a more general formula would be interesting as it opens the way for new
applications. For example, we can now compute K-theory for the semigroup C*-algebras
of all Baumslag-Solitar monoids, while the Baumslag-Solitar monoids given by presen-
tations of the form (a, bla= blabk)+ with k > 1 were not accessible previously as
they do not satisfy the Toeplitz condition, no matter which group embedding we choose.
Other examples where the Toeplitz condition has not been verified but where we can
now nevertheless compute K-theory include semigroup C*-algebras of Artin monoids
and certain one-relator monoids as well as C*-algebras generated by right regular rep-
resentations of ax + b-type semigroups of number-theoretic origin. As an application,
we present a complete classification result for semigroup C*-algebras of a class of one-
relator monoids. The novelty here is that this new classification result for the first time
covers a class of semigroups which can be characterized by abstract properties.

Let us now present the main results of this paper.

Theorem 1.1. Let S be a countable inverse semigroup with semilattice of idempotents
E. Assume that S admits an idempotent pure partial homomorphism to a group which
satisfies the Baum—Connes conjecture with coefficients. Then the K-theory of the reduced
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C*-algebra of S is given by
K CrSNZE @B Ka(Ch(Sa).

[d]eS\E*

Here S\ E™ denotes the set of orbits under the natural action of S on the non-zero
elements E* of E, and Sy = {s € S:s7!s = ss7! = d}. Note that Sy is a group with
identity d. It is worth mentioning that we are free to choose an idempotent pure partial
homomorphism, in particular the target group; it does not have to be the universal one.
This degree of flexibility turns out to be very useful in order to check the hypothesis of
Theorem 1.1, as we will see in concrete examples.

An alternative reformulation of Theorem 1.1 in terms of partial dynamical systems
reads as follows: Let G be a countable discrete group, X a second countable totally
disconnected locally compact Hausdorff space, and G ~ X a partial dynamical system,
given by Uy,—1 — U, x > g.x. A family V of compact open subsets of X is called a
G-invariant regular basis for the compact open subsets of X if forall g € G, V,-1 :=

{V eV:VcC qu} is a regular basis for the compact open subsets of U,-1, and we
have g.V,-1 = V, for all g € G. For instance, as mentioned above, topological full
shifts always admit such a basis (see [14, Example 3.1]). Furthermore, partial dynamical
systems arising from tilings (as in Sect. 4.5) or left regular representations of semigroups
(as in Sects. 4.1-4.4) also admit such bases.

Theorem 1.2. Assume that G ~ X admits a G-invariant regular basis ) for the compact
open subsets of X and that G satisfies the Baum—Connes conjecture with coefficients.
Then the K-theory of the reduced partial crossed product of G ~ X is given by

K (Co(X) %, G = P Ku(CH(Gv)).
[V1eG\V*

Here G\V* denotes the set of orbits under the G-action on the non-empty elements
V*of V,and Gy = {g € G: g.V =V}.

Applied to the case of semigroup C*-algebras, we obtain the following corollary of
Theorem 1.1:

Corollary 1.3. Let P be a countable subsemigroup of a group which satisfies the Baum—
Connes conjecture with coefficients. Assume that P satisfies the independence condition.
Then the K-theory of the semigroup C*-algebra of P is given by

KA(CrPYZE @ K(Ci(Px)).
[X1eP\Tp

Here 7, is the set of non-empty constructible right ideals of P, as introduced in
[32], P\TJ PX is basically the set of orbits for the natural P-action on 7, PX and more
precisely the set of equivalence classes of the equivalence relation on 7, generated by
X ~pX ={px:x € X}forall X € 7, and p € P, and Py is the group of bijections
X — X which can be expressed as compositions of finitely many maps, each of which
given by left multiplication by a fixed semigroup element or the (set-theoretical) inverse
of such a left multiplication map.

Note that for every countable subsemigroup of a group which satisfies the Baum—
Connes conjecture with coefficients, Theorem 1.1 always gives us—no matter whether
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P satisfies the independence condition or not—a K-theory formula for the reduced C*-
algebra of the left inverse hull 7;(P) of P, i.e., the inverse semigroup of partial bijections
of P generated by the left multiplication maps P — pP, x — px,for p € P.

In the particular case of right LCM monoids (monoids for which all constructible
right ideals are principal), the K-theory formula in Corollary 3.21 specializes as follows:

Corollary 1.4. Let P be a countable right LCM monoid, and assume that P embeds
into a group which satisfies the Baum—Connes conjecture with coefficients. Then the
K-theory of the semigroup C*-algebra of P is given by

K.(C;(P)) = K.(C;(PY).

Here P* is the group of invertible elements in P.

In all the above-mentioned results, the K-theory isomorphisms are implemented by
concrete homomorphisms. If the groups in question satisfy the strong Baum—Connes
conjecture in the sense of [15, Definition 3.4.17], then we can actually replace K-theory
isomorphism by KK-equivalence. Moreover, it is worth pointing out that the Baum—
Connes conjecture is not really needed for all coefficients, but only for particular coef-
ficients, as we will see. In addition, it is possible to add a coefficient algebra together
with an automorphic action as in [14].

As for the proofs of the main results, the main innovation is to utilize the Morita
enveloping action [1,22], which allows us to identify up to Morita equivalence—and
hence in K-theory—a partial crossed product with an associated global crossed product.
However, even if we start with a partial dynamical system on a locally compact Hausdorff
space, i.e., on a commutative C*-algebra, the Morita enveloping action will not be on a
commutative C*-algebra anymore. This means that the K-theory results in [13, 14] do not
apply. Nevertheless, it turns out that using the Baum—Connes conjecture with coefficients
in the form of the Going-Down principle [10,17,18,39], it is possible to compute K-
theory for the crossed product of the Morita enveloping action by comparing it to a
discrete version. This part of the proof is in spirit very similar to the strategy in [13, 14].
However, even in the setting of [13,14], i.e., for global dynamical systems admitting an
invariant regular basis of compact open sets, the proof in the present paper differs from
the one in [13, 14] because the Morita enveloping action is always (except in trivial cases)
defined on a noncommutative C*-algebra. For global dynamical systems, the route in
[13,14] is more direct as it is not necessary to pass over to the Morita enveloping action.
But for partial dynamical systems which do not admit a globalization in the topological
setting, i.e., for which the underlying space of the (topological) enveloping action is not
Hausdorff (see [1, § 1] for examples), the passage to the Morita enveloping action is
absolutely crucial as it allows us to apply the Going-Down principle.

The paper is structured as follows: We start with a preliminary section (Sect. 2) on
strongly O- E -unitary inverse semigroups, partial dynamical systems, Morita enveloping
actions and the Going-Down principle. In the main section, Sect. 3, we introduce the
discrete version of the crossed product of the Morita enveloping action, construct a KK-
element (both in Sect. 3.1) and show that this element implements a KK-equivalence
between the crossed product of the Morita enveloping action and its discrete version.
This uses the Going-Down principle as well as inductive limit decompositions (Sect. 3.2)
and a careful analysis of the finite-dimensional case, where our KK-element can be de-
scribed by a finite-dimensional matrix, and showing invertibility boils down to decom-
posing this matrix into the sum of the identity matrix and a nilpotent matrix (Sect. 3.3).
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In Sect. 3.4, we construct explicit homomorphisms which induce the K-theory isomor-
phisms in Theorems 1.1, 1.2 and Corollaries 1.3, 1.4. We complete the proof of our
main theorems in Sect. 3.5. Finally, we present applications in Sect. 4. We compute
K-theory for semigroup C*-algebras of Artin monoids, Baumslag-Solitar monoids and
one-relator monoids. In the latter case, our K-theory formula leads to a classification
result for semigroup C*-algebras. Moreover, we compute K-theory for the C*-algebras
generated by right regular representations of ax +b-type semigroups of number-theoretic
origin. As a consequence, we deduce that for this class of semigroups, the C*-algebras
generated by their left and right regular representations are KK-equivalent. This is an
interesting phenomenon which already appeared in [14, § 6] and [34, § 4] (see also the
discussion in [15, § 5.11]). Finally, we compute K-theory for reduced C*-algebras of
tiling and point-set inverse semigroups as well as of another class of closely related
inverse semigroups.

I would like to thank C.F. Sehnem for pointing out that the classification result in
Corollary 4.1 covers the examples in [25, Corollaries 5.4 and 5.5].

2. Preliminaries

Let us first recall some basic structures and constructions which will play an important
role in this paper.

2.1. Inverse semigroups. The interested reader may consult [15,21,22,46] for more
details and references concerning the contents of this subsection.

Definition 2.1. An inverse semigroup is a semigroup S with the property that for every
s € S, there exists a unique element in S, denoted by 57! such that s = ss1s and
sl =g lss

An inverse semigroup with zero is an inverse semigroup S together with a distin-
guished element 0 € S suchthat0-s =0=s-0foralls € S.

One way to think about inverse semigroups is to view them as semigroups of partial
bijections on a given set. The multiplication is then given by composition of partial
bijections (where the domains and ranges have to be adjusted accordingly).

Note that, given an inverse semigroup S, we can always construct an inverse semi-
group with zero by adding 0: As the underlying set, consider S U {0}, keep the multi-
plication on S, and define 0 - s :=0ands -0 :=0foralls € Saswellas0-0 := 0.
Therefore, in this paper, we will only consider inverse semigroups with zero. For the
sake of brevity, we will simply write “inverse semigroup” instead of “inverse semigroup
with zero”.

For the study of semigroup C*-algebras, the following examples of inverse semi-
groups are important: Let P be a left cancellative semigroup. Let I;(P) be the smallest
inverse semigroup of partial bijections on P containing all partial bijections of the form
P — pP, x — px which are given by left multiplication by a semigroup element
p € P as well as the partial bijection # — . The later element is denoted by 0 and is
the zero element in I;(P). We call I;(P) the left inverse hull of P.

The following is an important piece of structure in inverse semigroups:

Definition 2.2. The semilattice of idempotents of an inverse semigroup S is given by
E = {s‘ls: s € S} = {ss‘lz s € S} = {e €eS:e= 62}.
Givend,e € E,wewrited <eifd =d - e.
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If we view inverse semigroups as sets of partial bijections, then the semilattice of
idempotents can be identified with the domains and ranges of the partial bijections.
For example, if our inverse semigroup is given by the left inverse hull I;(P) as above,
then its semilattice of idempotents can be identified with the semilattice of subsets of P
which can be obtained from P by finitely many operations, each of which is given by
left multiplication by a fixed semigroup element of P or by taking the pre-image under
left multiplication by a fixed semigroup element. These subsets are called constructible
right ideals of P, and we write Jp := E(I;(P)).

Let us now recall the notion of strongly 0- E-unitary inverse semigroups from [9,31].
Given an inverse semigroup S with zero 0, set $* := §\ {0} and E* := E \ {0}. Let G
be a group with identity 1.

Definition 2.3. A map 0 : S§* — G is called a partial homomorphism if o (st) =
o(s)o(t) forall s,t € S* with st € §*.

Amapo : ¥ — G is called idempotent pure if o 1 (1) = E*.

We call § strongly O- E-unitary if it admits an idempotent pure partial homomorphism
to a group.

We recall the following useful observation.

Lemma 2.4 (Lemma 5.5.7 in [15]). Let S be an inverse semigroup with an idempotent
pure partial homomorphism o : S* — G. Let s, t be elements of S*. If s~ 's =t~ 't
and o (s) = o(t), thens = t.

For example, suppose P is a subsemigroup of a group G. Then for every partial
bijection s € [;(P)*, there is a unique element o (s) € G such that s(x) = o(s) - x
for all x in the domain of s. This allows us to define a map o : [;(P)* — G by
sending s € [;(P)* to o (s), and it is easy to see that this is an idempotent pure partial
homomorphism.

Let us now construct reduced C*-algebras of inverse semigroups. We start with left
regular representations. Let S be an inverse semigroup. For s € S, define A, : £28* —
0257 by Ag(8y) = 8, if s~ls > xx~! and A;(8;) := O otherwise. Here &, is the
element of £25* given by 8,(y) = 1 if x = y and 8, (y) = 0if x # y. Now we consider
the C*-algebra generated by the left regular representation X.

Definition 2.5. The reduced C*-algebra of § is given by Cj(S) =C*({As:5 €8} C
L(£25%).

Note that C;(S) contains C*(E) := C*({A.: e € E}) as a commutative sub-C*-
algebra.

If we start with an inverse semigroup and adjoin a zero as we did above, then it is
easy to see that the reduced C*-algebra of the original inverse semigroup (as defined in
[46]) coincides with our reduced C*-algebra of the new inverse semigroup with zero.

Moreover, it is worth pointing out that there is a full version as well, i.e., the C*-
algebra which is universal for all representations of our inverse semigroup as partial
isometries. We will not need the full version in this paper. For semilattices, however, the
reduced and full versions always coincide, which is why we simply write C*(E). For
simplicity, given e € E, we write e for the element A, € C*(E). Furthermore, there are
tight versions of the reduced and full C*-algebras attached to inverse semigroups, which
are given by natural quotients.

Let us now recall the construction of reduced semigroup C*-algebras, i.e., C*-
algebras generated by left regular representations of left-cancellative semigroups. Given
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such a semigroup P, define for every p € P the isometry V,, : 0P — (*P by
Vp(8x) 1= 8px.

Definition 2.6. The reduced semigroup C*-algebra of P is given by C;(P) = C*
({Vp:p e P} € LU*P).

Let us now compare C} (P) with C (1;(P)). We denote by p the partial bijection P =
pP, x — px, which lies in I;(P). As explained in [42, § 3.2] or [15, Lemma 5.6.11],
there always exists a surjective homomorphism

Cy(I;(P)) — C5(P) sending A, to V). €))

To explain when this homomorphism is an isomorphism, we need the independence
condition from [32].

Definition 2.7. A left cancellative semigroup P is said to satisfy the independence con-
ditionif forevery X € Jpandall Xy, ..., X, € Jp, X = U?:1 X; implies that X = X;
forsome 1 <i <n.

The following result has been observed in [42] (see also [15, Proposition 5.6.37]):

Proposition 2.8. Let P be a subsemigroup of a group. Then the map in (1) is an isomor-
phism if and only if P satisfies the independence condition.

2.2. Partial dynamical systems. Let us now recall the notion of partial dynamical sys-
tems and explain the connection to inverse semigroups. We refer to [1,15,21,22,38] for
more details and references concerning the contents of this subsection.

All the groups in this paper are discrete (but see the beginning of Sect. 3 for a
discussion about this). Let G be a group with identity 1 and X a topological space
(which for us will always be locally compact and Hausdorff).

Definition 2.9. A partial dynamical system G ~ X is given by homeomorphisms o :

Ug—l — Ug, x > g.xforallg € G, where Uy are open subsets of X, such thato; = idy

(in particular, Uy = X) and for all g, & € G, we have h.(U(gh)—l NU,-1) =UxN Ug—l
and (gh).x = g.(h.x) forall x € U(gh)_1 NUp-1.

The dual partial action of « is given by ag : Co(Ug-1) = Co(Uy), [ — f(g~ L.
o™ is a partial action of G on Cy(X) in the sense of [38]. Now recall that the reduced
crossed product Co(X) Xg=, G (or just Co(X) %, G if o* is understood) is given

by the completion of Co(X) ¥ G := {Zg fodg € Co(G, Co(X)): f, € co(Ug)} or
Co(X) wt' G = {Zg febg € (G, Co(X)): fe € Co(Ug)} under a norm induced

by a concrete representation generalizing the construction of reduced crossed prod-
ucts for global dynamical systems. Here the *-algebra structure on Co(X) x¥¢ G :=

[ febs € €@, CoX): fi € Co) ) or Cox) 1
G = {Zg fodg € L1(G, Co(X)): fo € Co(Ug)}isgivenby (Zg fgag)-(z,, £160) =
5o 451 (fo) F1)3gn as multiplication and (Zg fgag)* = X @58 as in-

volution. We refer for more details to [38] or [15, § 5.5.2]. Again, there is also a notion
of full crossed products for partial dynamical systems, which we will not need.
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Example 2.10. Suppose that S is an inverse semigroup with an idempotent pure partial
homomorphism o : §* — G to a group G. Let E be the semilattice of idempotents of
§. Define E to be the space of non-zero homomorphisms £ — {0, 1} sending 0 € E to
0. We equip E with the topology of pointwise convergence. It is easy to see that Eis
canonically homeomorphic to Spec (C *(E)). Let us now construct a partial dynamical
system G ~ E as follows: The dual partial action a* of G on D := C*(E) = CO(E)
is glven by D span({ Is:s e 8%, O’(S) = g}) anda Dg—l — Dg, s —lg r—>
I To descrlbe the partial action o of G on E setU, = Spec (Dg) € Spec (D)
It is easy to check that U,—1 = {x € E:3s e S*, o(s) = g such that x (s 's) = 1}.
Given x € Ug_| ands € §* witho (s) = g and X(s_ls) = 1, we then have oz (x)(e) =
x(s~les) foralle € E.

Asobservedin [35] (see also [15, Corollary 5.5.23]), we have an explicitisomorphism
CH(S) = D %, G, hs > (55~ Dy (s) fors € §*. )

Note that the partial dynamical system G ~ D restricts to a partial dynamical system
G ~ E. To see this, we need the following observation:

Lemma 2.11. EX N D1 = {s~'s: s € §, o(s) = g}.

Proof. “D” is clear. To prove “C”, take ¢ € E™ with e € D,-1. Since Dyt =
span({s~!s:s € §, o(s) = g}), there must exist d,...,d, € {s7's:s€ 5%, }
o(s)=gand«q, ..., o, € Csuch that ||e — Y aid; || < %. Without loss of generality
we may assume that {dy, ..., d,} is multiplicatively closed. Then, by functional calcu-
lus, we deduce that e € C*({dy, ..., d,}) = span({dy, ..., d,}). Hence it follows that
e = \/; ed;. But then [42, Proposition 3.4] implies that e = ed; for some 1 <i <n(see
also [14, Definition 2.6 and Remark 2.7]). Thus e = ed; € {s's: 5 € $*, o' (s) = g}.
O

As a consequence, it follows that G ~ D restricts to the partial dynamical system
G ~ Egivenby E;-1 := EN D1 = {s7's:5€ 5%, o(s) =g} and g.(s71s) =
ss~le E,.

We have thus seen that given an inverse semigroup with an idempotent pure partial
homomorphism to a group, we can construct a partial dynamical system of that group
such that its reduced crossed product is canonically isomorphic to the reduced C*-algebra
of the original inverse semigroup. But which partial dynamical systems arise in this way
from inverse semigroups? This question leads to the following generalized notion of
invariant regular basis of compact open subsets. The corresponding notion for global
dynamical systems has been introduced in [13,14]. For the convenience of the reader,
we recall the notion of regular basis from [14, Definition 2.9]: A family V of non-empty
compact open subsets of a totally disconnected locally compact Hausdorff space U is
called a regular basis for the compact open subsets of U if V U {#} is closed under
finite intersections, V' generates the compact open subsets of U, and V is independent
in the sense that whenever V, Vq, ..., V; € Vsatisfy V = Ufle V;, then we must have
V =V, forsomel <i <k.

Definition 2.12. Let G ~ X be a partial dynamical system. A family } of compact
open subsets of X is called a G-invariant regular basis of compact open subsets of X
ifforallg € G, V,-1 := {V eV:V U, } is a regular basis for the compact open
subsets of Ug—l , in the sense of [14, Definition 2.9], and g.ngl =V, (i.e., g.V liesin
Vg forall V e Vy-1).
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Note that V = V1, so that V is a regular basis for the compact open subsets of X in
the sense of [14, Definition 2.9]. In particular, X must be locally compact Hausdorff and
totally disconnected.

Let us now explain why the partial dynamical systems appearing in Definition 2.12
are precisely those which arise from inverse semigroups as in Example 2.10. More
precisely, the following constructions are—up to isomorphism—inverse to each other:

() Given an inverse semigroup S with an idempotent pure partial homomorphism
o: 8§ —- Gtoagroup G,let G ~ X := E be as in Example 2.10. Define
V := {supp(e): e € E}, where we make use of the canonical isomorphism D :=
C*(E) = Cp(X) under which e is identified with the characteristic function lgyppe)
on supp(e).
(x*) Given a partial dynamical system G ~ X and a G-invariant regular basis V for
the compact open subsets of X, construct an inverse semigroup S by setting S :=
{(g, V):geG,0#V e Vg_1} U {0} and by defining multiplication as (k, W)
(g, V)= (hg, g7 'WnNg.V)if WNg.V # @Pand (h, W)(g, V) := 0 otherwise.
Moreover, defineo : $* — G, (g, V) — g.

It is easy to check that these constructions are well-defined. For instance, that V,-1 gen-
erates U,-1 in (%) follows from D,-1 = span(E,-1) and V,-1 = {supp(e): e€E, }
Moreover, it is easy to see that S as defined in () is a well-defined inverse semigroup
with (g, V)~™! = (¢!, g.V) and semilattice of idempotents given by {(1, V): § # V €}
VY U {0}, and that ¢ is an idempotent pure partial homomorphism.

Lemma 2.13. The constructions in (x) and (xx) are inverse to each other. More precisely,
the following are true:

(i) If we start with an inverse semigroup S and an idempotent pure partial homomor-
phismo : S* — G to a group G, construct G ~V and V as in (), and then the
inverse semigroup S with idempotent pure partial homomorphism & as in (), then
we have an isomorphism p : § = S, $% 55> (o (s), supp(s_ls)), 0 — 0 such
thatG o p = 0.

(ii) If we start with a partial dynamical system oo : G ~ X and a G-invariant regular
basisV for the compact open subsets of X, construct S with semilattice of idempotents
E as in (x*) and then construct a partial dynamical system & : G ~ X and a G-
invariant regular basis v for the compact open subsets of X as in (%), then there
is a homeomorphism ¢ : X = X sending x € X to the unique point x € X with
the property that for all V € V, x lies in V if and only if x(1, V) = 1, and this
homeomorphism ¢ gives rise to a conjugacy between & and a sending V to V.

Proof. (i) To see that p is a semigroup homomorphism, observe that (o (s), supp(s ™~ 1))
(o (t), supp(t~'1)) = (o (s)o (1), o (1)~ .(supp(s~'s) No (t).supp(t~'1))). So it suf-
fices to show that a(t)_l.(supp(s_ls) N o(t).supp(t_lt)) = supp((st)_l(st)). We
have x € supp((st)~'(st)) if and only if x(r~'¢) = 1 and (o (r).x)(s"'s) = 1 if
and only if x € cr(t)_l.(supp(s_ls) N o(t).supp(t_lt)). The inverse S — S of pis
given as follows: Given (g, V) € S*, write V = supp(e) for some e € E*. Then
V C U,-1 implies e € D,-1, which by Lemma 2.11 yields that there exists s € R
with o (s) = g and e = s~ 's. This element s is uniquely determined by Lemma 2.4.
Now define S — S by sending (g, V) to this element s and 0 to 0. By construction,
this is the inverse of p. Itis clear that6 o p = 0.
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(i) By construction, we have an isomorphism £ = ) sending (1, V) to V and 0 to @.
Thus we obtain X = E =V = X , where the first equality is by construction (see
(%)), the first homeomorphism is obtained by dualizing the isomorphism £ = V, and
the third homeomorphism is given by the composite V = Spec C*({1y: V € V}) =
Spec Co(X) = X, where we used that V is a regular basis for the compact open
subsets of X. Following the definitions, it is easy to check that we indeed get the
homeomorphism ¢ as defined in (ii). Clearly, ¢ (supp(e, V)) = V forall V € V, so
that ¢ sends YV to V. Moreover, if ¢(x) = x, then we have x € f]gq if and only if
there exists V € V,—1 with x(1, V) = 1 if and only if there exists V € V,-1 with
x € Vif and only if x € U,-1, where g € G is arbitrary. This shows that ¢ sends
l~]g71 to Uy. Finally, suppose we have ¢(x) = x for some x € 0g—1 , 1.e., there exists
V € V1 with (1, V) = 1. Then ag(x)(1, W) = x((g. V)" (1, W)(g. V) =
x (1, g1 (W)ynv)=1ifandonlyifx € g1 (W)ynVifand only if ag(x) € W.
This implies ¢ (&g (x)) = ag(x). So this shows that ¢ o @ = oy o @ forall g € G,
as desired.

O

Remark 2.14. Under the correspondence in Lemma 2.13, countability of S corresponds
to second countability of the base space X of the partial dynamical system G ~ X.

2.3. The Morita enveloping action. This subsection is based on [1]. We follow the
exposition in [22, § 26-§ 28]. Let G ~ D be a partial dynamical system on a C*-
algebra D given by isomorphisms Dy-1 = Dg, d — g.d. We start by defining A as a

sub-C*-algebra of (D X, G) ® K2G) by setting
A :=span({ds,-1, ® ec.y: ¢.n € G, d € Dp-1,}) S (D %, G) ® K(?G).

Here &, ; is the canonical partial isometry from C§,, to C§, . A is called the smash product
in [22, § 26]. Next, we define 2 as a sub-C*-algebra of (D X, G) ® K2G) by setting

A :=span({ds,-1d's, @ e¢.p: t.n € G, d € D1, d' € Dy}) S (D %, G) @ K(*G).

2A is called the restricted smash product in [22, § 26]. By construction, 2 is a sub-C*-
algebra of A. A comes with a G-action, where g € G acts via Ad (1 ® Ag). Here A
is the left regular representation of G on £2G. This G-action G ~ A is called the
Morita enveloping action of G ~ D. It restricts to a partial action G ~ 2. The natural
embedding 2l — A extends to an embedding 2 X, G — A X, G, and it is shown in
[22, Theorem 28.8] that we can identify 2 x, G with a full corner in A x, G via this
embedding. Hence we obtain a Morita equivalence 2 %, G ~y A X, G.
Furthermore, it is shown in [22, Theorem 28.5] that G ~ D is Morita equivalent
to G ~ %, in a G-equivariant way. Since we will need the particular form of the
imprimitivity bimodule constructed in [22, § 28], let us recall it now. Let M be the
subspace M := spﬁ({D,,S,, ey N € G}) of 2. Then upon identifying D = D;
with D181 ® 1,1, we obtain a D-valued inner product by setting p(x, y) = xy*.
We obtain an A-valued inner product by setting (x, y)o := x*y. In this way, together
with the canonical module structures, M becomes a D-2-imprimitivity bimodule. To
define a partial G-action on M, define M, := spﬁ({Dng_anB,7 ®e1 N € G})
and M,-1 — M, by setting g.(ddp ® €1,y) = (8.d)3gy ® €1,gy. It is shown in [22,
Theorem 28.7] that M gives rise to a Morita equivalence D X, G ~ 7 2 %, G. Following
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the proof of [22, Theorem 28.7], we obtain a concrete (D X, G)-(2 X, G)-imprimitivity

bimodule as follows: First form the linking algebra L = 1\?* AQ{ of M. The partial

G-actions on the components of L give rise to a partial dynamical system G ~ L. Then
(DO 00

M x, G = (O O>(L >4rG)<OQl) 3)

gives rise to the desired (D x, G)-(2A x, G)-imprimitivity bimodule. If we denote by
Ag, g € G, the canonical unitaries in (the multiplier algebra of) 2 x, G, A X, G and
L x, G implementing the G-actions, then M X, G can be alternatively described as
M %, G = span({xAg:x € M, g € G}) (where we identify x with (%)), with left
D %, G-module structure given by (ddg) - (xAp) = g.((g_l.d)x)Agh, D x, G-valued
inner product given by py,{xAg. yAs) = g.(p(g™ " x, h’l.y>)8gh71, right 2 x, G-
module structure given by (xAg) - (aAp) = g.((g’1 X)a)Agp, and A X, G-valued inner
product given by (xAg, yAh>er =g .((x, M)a) A g1y,

All in all, we obtain that D X, G ~y A X, G ~py A X, G, sothat K,(D %, G) =
K. (A %, G). Hence it suffices to compute the K-theory for A x, G.

2.4. The Going-Down principle. Let us recall the Going-Down principle from [10,17,
18,39] (see also [15, § 3.5]). It will play a crucial role in the proofs of our main results.

Let us focus on the version of the Going-Down principle for discrete groups. (There
is also a general version for locally compact groups.) Let G be a discrete group and A
and A be G-algebras. Let x € KK (A, A). Given a subgroup F of G, we denote by
resg (x) € KKF (A, A) the restriction of x. We write jg(x) € KK(A X, G, A X, G)
for the descent of x.

Proposition 2.15.(1) If G satisfies the Baum—Connes conjecture for A and A, and for
every finite subgroup F of G, the Kasparov product with jp (resg (x)) induces an
isomorphism U ® jr (resg x)) : Ki(A X, F) = Ky (A X, F), then the Kasparov
productwith jg(x) induces anisomorphism U® jg (x) : Ki(AX,G) = K (AX,G).

(2) If G satisfies the strong Baum—Connes conjecture in the sense of [ 15, Definition 3.4.17],
and for every finite subgroup F of G, jg (resg (x)) is a KK-equivalence between
A X, Fand A %, F, then jg(x) is a KK-equivalence between A X, G and A X, G.

3. K-Theory for Crossed Products of Morita Enveloping Actions

Let us now prove the main results of this paper. We first explain the setting. Let us keep
the convention that all our groups are discrete. Thinking about inverse semigroups, which
are often viewed as discrete objects, this is a natural assumption. And as we will see, in all
our examples, the groups will be discrete. However, the work in [1] on partial dynamical
systems and their Morita enveloping actions applies to all locally compact groups, and
from that point of view, it is reasonable to expect that our results should extend to the
setting of locally compact groups. Let S be a countable inverse semigroup, G a group,
ando : §* — G anidempotent pure partial homomorphism. By restricting to the group
generated by the image of ¢ if necessary, we may always assume that G is countable. Let
E be the semilattice of idempotents in S. As in Example 2.10, we construct the partial
dynamical system G ~ D = C*(E), denoted by D,-1 — Dg, d +— g.d, and its
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restriction G ~ E (introduced after Example 2.10), denoted by E,—1 — Eg, e > g.e.

The smash product A € (D X, G) ® K (£2G) and the Morita enveloping action G ~ A
are defined as in Sect. 2.3.

3.1. The discrete version. We first define discrete versions of A and G ~ A.
Definition 3.1. Let A C K(¢2(E x G)) be given by

A= Span({g(d,g),(n—lc.d,n)3 .,neG,de E;—lﬂ}).

To define a G-action G ~ A, we let an element g € G act on A by Ad (1 ® A,) under
the canonical identification £2(E x G) = (2E ® (2G.

Note that both G-actions G ~ A and G ~ A are given by conjugation with the
same unitaries.
To compare G ~ A to G ~ A, we construct the following homomorphism.

Definition 3.2. We define
®: A— KU*E)Q A, Ed.0), -edm T €d n-1cd ® (dép—-1) ® €¢.p).

It is easy to see that @ is a well-defined homomorphism. For instance, to see that
it is multiplicative, first note that €. ) (,-1c.4.n) * Ee.n), (0-1yy.c.0) = O if and only if

n~'¢.d # eorn # y'ifandonlyif (64 ,-17.4 ® (d8-1, @ £¢.1))-(€,. 61,76 ® (€3(y)-15)
®ey9) =0.1f n~1¢.d = e and n = 1/, then

(6,120 ® @1y @ 2c) - (81057100 ® (7' 5.8, 15 @ 20) )
= Sdﬁ"n.d ® (dag—]g ® 8{',9).

This shows that ® is multiplicative. Moreover, if we equip K (¢? E)® A with the G-action
given by the tensor product of the trivial G-action on /C(¢? E) and the Morita enveloping
action G n A, then it is easy to see that ® is G-equivariant. Hence & gives rise to the
element

x:=[®] € KK (A, K{*E) ® A).

3.2. Inductive limit decompositions. Our goal is to apply the Going-Down principle to
the element x we constructed. For that purpose, we have to show that for every finite
subgroup F of G, U ® jr(res$(x)) : Ki(A %, F) —> K ((KW?E) ® A) x, F) is an
isomorphism. In order to reduce to finite-dimensional subalgebras, we develop inductive
limit decompositions in this subsection.

Let us fix a finite subgroup F of G. Let us also fix a finite F-invariant subset ¥ of
G. We show the following three lemmas:

Suppose that we are given a family {€;,}, g of finite subsets € ; of E;-1,. Letus
construct a family {5;,,, } cex 8 follows: Divide ¥ x ¥ into pairwise disjoint subsets

of the form {(y ¢, yn): y € F}YU{(yn, y¢): y € F}. Start with a pair (¢, ) from one of
these subsets. If !¢ is of finite order, let &¢ n be the smallest sub-semilattice of E,-1,,
generated by (n™1¢).€, ,, and set £, ; := & . If n~'¢ is not of finite order, let & ,, be
tl}e smallest sub-semilattice of E,-1, generated by €, ;, and set 5,,35 = 77_{ &y In
either case, let £,¢ ,y := & 5y Eynyyc 1= &y forall y € F. Continue in this way for
all the finite subsets whose union is ¥ x X.
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Lemma 3.3. The procedure above gives rise to a well-defined family {5;,,7}
finite subsemilattices & n of E,-1, containing & ; which satisfies

{mex of

(a) Eyeyn =Erpforally € Fand,n e X;
(b) &) = n_lg.f};,,,for allt,n e X.

To explain the next construction, we introduce the following notation: Given «, 8 €
G,ecE,-1and f € Eﬁ_l,deﬁne eo(a_lf) = oz_l((a.e)f) € E(ﬁa)—].NOW suppose
that we are given a family {Sg,,, } Ces of finite subsemilattices &, of E, -1, satisfying

a) and b) from Lemma 3.3. Let E; ¢ be the smallest sub-semilattice of E.-1, generated
by

{600(C_lme1)°~..°(§_ln171€171) Mo =&, M1,..., -1 € X,
n =20, ex €&y VOSkﬁl—l}

Note that we should have written (... (eg ® ({‘1 nier))e...)e (;‘1 ni—1€1—1) to be more
precise, but we leave out the parentheses for the sake of readability.

Lemma 3.4. The construction above yields a family { E; y } Cex of finite subsemilattices
E¢ yy of Eq-1,, containing &, which satisfies a) and b) from Lemma 3.3 as well as

c)Erpe ({‘177E,,,9) C E;pforall,n,0cX.

Lemma 3.5. If { E;y }C nes is a family of finite subsemilattices E¢ y of E -1, satisfying
a), b) from Lemma 3.3 and c) from Lemma 3.4, then

span({d8;-1, ® e¢.y:d € E¢ . £ € ) )

is an F-invariant finite-dimensional sub-C*-algebra of A.

Proof of Lemma 3.3. If n~'¢ is of finite order, then all &y ¢,yn coincide and are nle-
invariant. This is clearly well-defined, and a) and b) are satisfied. If !¢ is not of finite
order, then we claim that we have (y¢, yn) # (y'n, y'¢) forall y, y’ € F withy # y’.
Indeed, suppose that y¢ = y'nandyn = y'¢. Thenz =y~ 'y'n =y~ 'y/y~1y’'g and
thus n~'¢ = n~ly~1y’n,and (y "'y")(y~'y’) = 1, in contradiction to our assumption
that n~'¢ is not of finite order. This shows that we can define Eveyn =Ecp Eynyr =
&y forally € F.Thus {€ ,}, 5 is well-defined. Properties a) and b) are satisfied
by construction. O

Proof of Lemma 3.4. We first show that for all {, n € X, the semilattice E; , we con-
structed is finite. For that purpose, we set

IM:= [eo-(;’lmel)-...-(i’lm—lez_l): no=2¢,
NyeoosM—1 € 2,1 =06, e Egnk,nkHVOSkSl— 1}.

In order to show that IT is finite, we need the following observation.
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Lemma 3.6. If in a product
eoe (C men)e.. o (¢ y_1e1-1)

two of the factors coincide, i.e., Ny = n; and ex = eg for k # k, then we can leave out
the kth factor without changing the product, i.e.,

eoe(C e e... o y_reimy)
=eoe (C e o o T mrjery) @ (¢ gy epi) @0 (T s re—).

Proof of Lemma 3.6. Suppose that k < k. Let us write & := ey e (" 'nje) e ... ®
(¢ "mr_1ex—1). We want to show that

co (¢ \mer)e. ..o (C i rer_y) o (¢ ngep)
=ce (g“flnkek) e...0 ({7117,;_1@;_1).
First, let us show that
Eo(C k) o o (T mp_yer_y) < &0 (¢ nrer)
by induction on k — k. The initial step k — k = 1 is obvious. Now we have
do (¢ 'mer) oo (¢ ei_y)
<ée('me)e... o @ np et ) <0 (¢ mer)
where we used the induction hypothesis in the second inequality. Hence we have
' c@eC e o 0 (T o)) <m0 (0T )
= (17 'COer < ex = ¢
and thus
Co (¢ mker) o o (T mp_yery) @ (¢ mep)
= 5_177/;(71,{1?(5 o (¢ mker) o o (¢ et )ep)
=¢ ' c @ e e o0 (0T e )

=ce (C_lnkek) o...0 (C_lr]lg_le];_l).

Therefore, #I1 < 2#X)*# (Ueex £20) g0 that T1 is finite, and hence also E¢p.

It remains to check a), b) and c). For a), take y € F.Givenno = ¢, 11, ..., -1 € X,
m =0 and ex € & 4, forall0 < k <1 — 1, we have ex € &,y ., for all
0 <k <1 — 1 because we have property a) for the family {Eg,,,}gynez, and
eoe (¢ e e. . o (¢ y_1e-1)

=epo (YO 'ynen o... o (yO) ' (ym—1)e—1)

which lies in E,; 9. Hence E; 9 € E ¢ 9, and by symmetry, a) follows.
Next, we prove c¢). We need another observation.
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Lemma 3.7. Forallé € Ey-1,, f € E,-1g and f' € E, we have

Go(cTO(fe @ ufN)) =o' 0 ¢ uf).
Proof of Lemma 3.7. We have

o ClO(fe (0 M =700 c.O(f 0 (0 1uf))
=¢'0.07 ') HO (w0 ) )
= ¢ w007 HO (0. ) )
=¢ o0 e HwWT. N
= ¢ luu 0@ cONH = nw e @O e H )
= uu e e cTION L)
= Ce (70N et 1f).
O
Now, to prove c), take eg o (¢ "'njer)e...e (C'n_1ei—1) € Ecgand foe (0~ iy f1)e
... (G_IM,,_lf,,_l) € Ep,,. Then we have
(coe (¢ e e ..o (¢ y_1e-1))
e (t7'0(foe 0 if) e 0 (0 ust fum1)
=epe (¢ e ... o m_1e—) o (CT'O(fo 0 (07 11 f1)
o 00 wuafu2) e € ust fus1)
= ...=¢o ne)e...0e ¢ y1e1)
o '0f) e (¢ i fi) e 0 (¢ nmt fu1)

which lies in E¢ ,, as desired. Here we used Lemma 3.7.

Finally, let us prove b). Take ¢p o (¢~ 'nje;) o ... o (¢7'p_1e1-1) € E¢p, and
proceeding inductively on / (the case / = 1 being covered by property b) for & g), we
have

07 ¢(eoo (C  prer) e... 0 (C  m1em1))
=07"c.¢ i1 (e—1 (S (eo o (¢ ier) @ L))
= 07 ni(e—1( ¢ (eo o (¢ mie) 0 .. )))
=0 1. 0.0 s rem (T E(eo 0 (CT e @ L))
=0 "mor.e—) o (0 m_1 (] C.(eo 0 (¢ rer) @ ))). (5)

By induction hypothesis, nl__llé.(eo ° (§_1n1e1) e ...) liesin E;,_, ¢, so that the term
in (5) lies in Ey ; by property c), which we have already established. Hence we have
shown 9_1§.E;,9 C Ey ¢, as desired. This completes the proof of Lemma 3.4. O

Proof of Lemma 3.5. Itis clear that a) implies that (4) defines an F-invariant subspace.
It is *-invariant because

(d8-1, ® e¢.p)* = (8,-1,d8,-1,)8,-1, @ €0 = (' ¢.d) 8,1, ® £
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and n~'¢.d lies in E; ¢ by b). To see that (4) defines a subalgebra, we compute

(d8p1,) ® e, (€8, 19 ® e.0) = (dS,-1,€8,19) ® £, = (dS,1,€8,1,5.-19) ® £¢,9
= (8;-1,(8,-1,d8,-1,)e8,1.)8,-15) ® c.0 = ((d ® (£~ '0e))8,-19) ® £¢.9.

Here we used properties (1), (2) and (3) of covariant representations of partial dynamical
systems from [38, Definition of covariant representations in § 2]. By c), we know that
de (¢ 'ne) liesin E ¢,0- This shows that (4) defines a multiplicatively closed subspace,
as desired. O

With these lemmas, we are now ready to construct inductive limit decompositions
of A and A. Recall that F is a fixed finite subgroup of G. Let ¥;,i = 1,2,3, ..., be
an increasing family of finite F-invariant subsets of G such that G = [_J; ;. For each

. D)
i, choose a family {esﬁn}{,n@:i

such that E,-1, = U; ei“i,)n for all £, n € G. First follow the procedure described right

e
before Lemma 3.3 to construct families {Em} res
(@)

E;-1, containing € e Then follow the procedure described right before Lemma 3.4 to

of finite subsets Gg)n of E,-1, which is increasing in i
of finite subsemilattices 5{(’3) of

. 0) . I 0 . )
09nstruct families {E C»n} ces of finite subsemilattices E o of E,-1, containing g(»n'
Finally, set

A; = span({d8§_|,’ Rery:de Eél)n, L, ne E,-}).

By Lemma 3.5, A; are finite-dimensional sub-C*-algebras of A. By construction, A;
form an increasing sequence such that A = li_r)nl, A;, or more precisely A = [ J; A;.
Moreover, define

. _ 0]
A = span({e o), -1c.an &1 € Ti, d € Egy ).

By construction, 4; are finite-dimensional sub-C*-algebras of A, which form an in-
creasing sequence such that A = li_r>nl, Aj;, or more precisely A = | J; A;.

What is more, these inductive limit decompositions are F-equivariant, so that we
obtain A x F =li_r)niAi X F and A % F=1i_r)ni.Ai X F.Since A; X F and A; x F are
finite-dimensional for all i, we obtain

Lemma 3.8. For every finite subgroup F of G, A X F and A x F are AF-algebras.
Next, we define
D1 A —> KWOCE)® A, ey, -1y > Edn-1e.a ® (8-1, ® &)

It is clear that ®; is F-equivariant, so that x; := [®;] defines an element in K K
(A;, IC(ZZE ) ® A;). By construction, we have a commutative diagram

A 2 K(2E) ® A;

[ {

A2y KWPE)® A
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where the vertical arrows are the canonical inclusions. Forming crossed products by F,
we obtain the commutative diagram

A F 225 K(2E) @ (A; % F)

OXF

AXF —5 K((2E)Q (A X F)

Here we used the observation that F acts trivially on the tensor factor IC(€2E), so that
we can pull it out. So we see that & x F = H_II)IZ_ ®; x F. By continuity of K-theory, this

means that if ®; x F induce isomorphisms in K-theory, then so does ® x F, i.e., taking
Kasparov product with jg (resg (x)) is an isomorphism. So in summary, we obtain

Proposition 3.9. If x; = [®;] is invertible in KK (A;, KU?E) ® A;) for all i, then
taking Kasparov product with jp (resg (x)) induces an isomorphism U ® jp (res(F; (x)) :
K.(AXF)Z K ((KW2E) Q@ A) x F).

3.3. KK-equivalences for finite subgroups. In the previous subsection, we have ex-
plained why it suffices to show that the KK F_elements x; = [®;] are invertible in
KKF (A, K(2E) ® A;). Our goal now is to show precisely this.

We start with the following observation, which is straightforward to check.

Lemma 3.10. We have an F-equivariant isomorphism
‘I’i . A[ — Ai, 8(d>§)>(77_1§~da77) and (d — \/ 6) 8;—])7 ®8§7,’.
eeEg)n, e<d
Its inverse is given by
A > Ay doy @ ey > YL B orien
eeE%,egd

Therefore, to show that x; = [®;] is invertible it suffices to show that the following
composite

idW;

A —— % k@B e A K(2E) ® A;

),V edy) T Caniga ® @01y @ e ) £y o100 @ ZeeEg)n,egd E(e.0),(n~1g.e.m)

yields a K K F-equivalence. Consider
. 2
It Ai = KWE)® Ai. ea.g),0r1edn 7 Ednicd ® o). edn)

. 2
piAi = KCE)® Aiy ey -tcdy = Sdn'cd ® D Eeo)m-icem
eeEg)n,egd

I and p are F-equivariant homomorphisms, and they are orthogonal because
€0y, e.d,m) Ee,0), (- 1¢.e,py = 0 forall e < d. Moreover, it is clear that (id ® ;) o
O, =1+0p.

Fix f € EX. Thenes s ®id: A — K(*E) ® A;, a — &7 ¢ ® ais an invertible
elementin K K ¥ (A;, K((?E)®.A;). This gives us a way toidentify K K ¥ (A;, K{*E)®
A;) with KKF(A,', A.
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Lemma 3.11. Upon identifying K K ¥ (A;, K((*E)® A;) with K KF (A;, A;) as above,
we have that [I11=1in KK¥.

Proof. Consider

Vi= Y err®egonro + Yo e ®sun @
ZEEi»fEEZ); {eE[,deE(’) d#f

+ > €d.f ® £d.0).0)-
teXi deE) d#f

V is a self-adjoint partial isometry. Set U := W + (1 — W?) € UM(K(L*E) ® A)).
Then U is a self-adjoint unitary. We claim that UIU = &4,y ® id 4,. Indeed, we have
Ul or15dn)VU = U y-10a ® ea.o).o1c.dm)V
= U104 ® o). c.dn) En-tea f B Eatedm.or'ed.n)
=Uled.f ® ew.c).1c.dm)
= (1.4 ®&w,0),@.0)(Ed,f ®Ewe),t.d,n)
=e1f ®ew).oricd = Efr @1D(Ew ). 615

Let L be the longest proper chaindy) > d > ... > dp—1 > di in U;,nezi Eél:]
Lemma 3.12. Upon identifying K K (A;, K((?E) ® A;) with KK ¥ (A;, A;) as above,
we have that [,o]L =0in KKF.

Proof. Tt suffices to show that
1d®L D @ p)o...0(1[d®? @ p)o (iR p)op =0

as a homomorphism A; — K(?E)®L ® A;. The reason is that, writing K := K(¢2E)
and ¢ := ¢y, y, we have the following commutative diagram

d d®id id®L-h
A L5 Ko A 928 ke Ko Alesr W00sL g 4,
8®idT 8®idT e®1dT
s id®p id@(L—Z)@ ®(L-1)
A —2 s koA —2 %% ® A;

! !

T T
A, % K® A;

e®idT
A;

It shows that [p]~ and the K K F-class given by (id® "D ®p)o. . .o(id®?®p)o(id®p)op
differ only by a K K F'-equivalence.



K-Theory for Semigroup C*-Algebras and Partial Crossed Products 19
We compute

Py o). cdrn) = Edyn~te.dy @ Z €(dr.0). (' ¢.dr )
d<d

((d ® p) 0 P)(Ey.0).(n~1¢.dv.m))

= Z Edin1e.dr © €y, o), c.dam) @ E(ds,0), (0~ t.d3,m)
d3<dr<d,

((d®ED @ p) o... 0 p)Ew, o). 1c.drm)

= Z Edyptedy ® Edr,0), (1 1cdam) @ -+ - €y ), ¢.dp )
dpy1<d <. <dr<d;

QE(dp11,0), (0~ ¢.dps1,m)
=0

because there are no proper chains of length greater than L. O
Corollary 3.13. Foralli, the element x; = [®;]isinvertible in KK¥(A;, KEPE)RA)).

Proof. As explained above, it suffices to show that [id ® W;] ® [®;] is invertible in
KKF(A;, K?E)® A;). We have [id ® ¥;] ® [®;] = [I]+ [p] which by Lemma 3.11
is given by 1 + [p] (upon identifying K K¥ (A;, K((?E) @ A;) with KK (A;, A)),
which then by Lemma 3.12 is invertible with inverse ZIL:_OI (=D'p]. |

3.4. Homomorphisms inducing KK-equivalence. Let us first analyse A X, G. We first
need some notation. Given d € E*, let G(d) := {y € G:d € E,~1} and G4 :=

{y € G(d): y.d = d}. Choose a set of representatives © for G\E*, i.e., a subset ® C
E* such that for every e € E*, there exists a unique d € © and some y € G with e =
y.d.Ford € D,defineasubalgebra Ay of Aby Ag :=5pan({e, ;) (y-1z.e.n): &1 € G. }
ee G(d).dn E{—ln). We view A, as a subalgebra of K(*(G(d).d x G)). Clearly, we
have A = @ ;.5 Aa. Moreover, recall that G acts on A by Ad (1 ® ). By construction,
Ag is G-invariant for all d € ©. Thus we will focus on one summand A, for a fixed
de®.

Let R € G be a set of representatives for G/Gg4, and let v : G/G4 — R be a split
for the canonical map R — G — G/Gy (i.e., we have [t[y]] = [y] for all y € G).
Now consider the map

G(d).d x G— G(d)/Gy x G/Gg x Gg, (y.d.0) > (¥ [¢y]. &ley D~ exlyD).
It is a bijection with inverse

G(d)/Ga x G/Gq x Gg — G(d).d x G, ([y], [t], ) — (t[yld, c[r]utly]™h.
This bijection induces a unitary

(G d x G) = (3(G(d)/ Gy x G/Gy x Gy)
= 2(Gd)/Ga) @ €H(G/Gy) ® £2Gy.
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Conjugation by this unitary yields an isomorphism
B A ZKE(GWA)/Ga) ® Co(G/Ga) ® K(*Ga)
with

Bad(Ee.0).1c.en) = Ep1intey] ® Eleyliey] @ Eeleyh~'eelyl. cley D~ neln~1¢y]

where e = y.d.
Now let [ denote the G-action on Co(G/Gy) given by left translation.

Lemma 3.14. The G-actions Ad(1 ® X)) : G ~ Ajandid®[1®id : G ~
KW2(G(d)/Gq)) @ Co(G/Gy) @ K(£2Gy) are cocycle conjugate.

Proof. For g € G, let w, be the unitary ¢2(G(d)/Gq) ® *(G/Ga) ® €*Gy
2(G(d)/Ga) ® £2(G/Gy) ® £*G4 induced by the bijection

12

G(d)/GyxG/Gax Gy — G(d)]Ga x G/Gy x Ga, (Iy],[], 1)
- (v, [e], (e[z) gele o).

Let us show that

Eq o Ad(1® k) 0 By' = wy(id ® [g ® id)w}.

BqoAd(1®Ag) 0 E;l is given by conjugation with the unitary which corresponds to
the following bijection:

Gd)/Gy xG/GgxGg ——— Gd)dxG —————— G(d).dx G ———— G(d)/Gyg x G/Gy x Gy
(Y1 [t ) ——— Gelyld. elelpGlyD ™) — @lyld, geltlnelyD ™) — (v (g, (elgr) ™' gelrlum)

we(id ® [ ® id)wy is given by conjugation with the unitary which corresponds to the
following bijection:

G(d))Gyg x G/Gyg x Gg —> G(d)/Gg x G/Gg x Gg — G(d)/ Gy x G/Gq x Gy

(Iy1.Ie], ) ——————— (Iy1 [g7], w) ——— (1. [g7], (clgrD) ™' grlrin)

This shows 84 0 Ad (1 ® &) 0 B = w,(id ® I, ® id)w}, as desired.
It remains to show that g — wy is an (id ® [ ® id)-cocycle. For that purpose, observe
that wg (id ® I, ® id)(wy,) is the unitary induced by the bijection

Gd))Gy x G)Gy x Gg ——— G(d)/Gg x G/Gg x Gg —————— G(d)/Gq x G/Gq x Gy

(LIl w) ———— (L IeL cle~ e el tglelw) — (vl (o ele) T ghelh = g o)

which is precisely the bijection corresponding to wg;. Hence wgp = we(id ® I; ®
id) (wy,), as desired. O

Let us denote the canonical unitaries in (the multiplier algebra of) A %, G im-
plementing the G-action by Ay, ¢ € G. For d € D, define the homomorphism
ka: Ci(Ga) = A, G, Ag = €34,1),(d,g) Dg-
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Proposition 3.15.

(Zxd):<@C§(Gd))—>A>4,G

de® de®
induces a Morita equivalence between @@ ;.5 C;(Gq) and A %, G.

Proof. Consider the composition

P C;(Ga) — P (K (G(@)/Ga)) ® Co(G/Ga)
de® de®

®K(Ga)) @idsigia.r G — @) Aa %, G = Ax, G, ©6)
de®

where the first map sends A € C;‘(Gd) to (gr11,11] ® € ® €1,1) Ag, the second
map is given by the isomorphism sending aA, € (IC(€2(G(d)/Gd)) QR Co(G/Gy) ®
IC(EZGd)) Xidglid, r G to E;] (a)w;lAg, and the third map is the canonical isomor-
phism. Now it is clear that the composition in (6) induces a Morita equivalence between
Dico C5(Gg) and A x, G (this is as in [14, § 3]). In addition, it is easy to check that
the composition in (6) coincides with ) ;.o Kka. O

If we now define the homomorphisms £; : C;(Gy) — K{2E) ® A %, G, Ag >
(ddg ® £1,4)Ag, then the following is easy to check:

Lemma 3.16. We have a commutative diagram

d E{
Byeo C;(Ga) 22 (2 By @ 2 %, G

D Kdl ~£

Ax, G —22C L KU2E)® A %, G

where the right vertical arrow is given by the canonical inclusion.

Given d € ®, define the homomorphism ¢ : C;':(Gd) — D %, G, Ag > d§,. Let
[M x, G]be the element in K K (D x, G, x, G) induced by the (D x, G)-( %, G)-
imprimitivity bimodule M x, G introduced in (3) in Sect. 2.3.

Proposition 3.17. Foreveryd € D, we have [1q]®[M x,G] = [£;]in KK (C;(G4), AX,
G).

Proof. The Kasparov product [t;]®[M x, G]is represented by the right Hilbert 2 x,. G-
module DX, G®px,cMx,G = Mx,G,withright Hilbert 2 %, G-module as described
in Sect. 2.3 and left CJ(Gy)-action given by A, ((ed; ® €1,,)Ap) = (g.(de)dgy ®
€1,gn) Agn. The KK-element [£,] is represented by 2 <, G, viewed as a right Hilbert
2 x, G in the obvious way, with left C(G4)-action given by

hg ((€8p-1,) ® ec.)Ap) = (d8g ® 1,¢) (€81, ® Egz.0n) Agh

_Jo if¢ £ 1,
T (8(de))Sgy @ 1. gn)Agn if L =1.
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Without changing the classes in KK (Cy(Gq), 2 %, G), we can replace the Hilbert
modules M x, G by C;(Gy) - (M x, G) and A x, G by C}(Gy) - (A %, G). Then it
is straightforward to check that

Ci(Ga) - (M %, G) — C3(Ga) - (A%, G), (edy @ e1,)Ag > (e8) ® 1,7 A

gives rise to an isomorphism of right Hilbert 2 %, G-modules which intertwines the left
C}(Gg)-actions. O

3.5. Proofs of main theorems. Let us now prove Theorems 1.1, 1.2 and Corollaries 1.3,
1.4. We actually prove more precise statements. Let us keep the same notations as
in previous subsections of Sect. 3. For d € ©, let iy : C;(Sg) — C;(S) be the
homomorphism induced by the canonical embedding S; — S.

Theorem 3.18. (1) If G satisfies the Baum—Connes conjecture for A and A, then
Y deo la induces a K-theory isomorphism @ o K«(C5(Sq)) = K« (C5(S5)).

(Il) If G satisfies the strong Baum—Connes conjecture in the sense of [15, Defini-
tion 3.4.17], then ) ;. iq induces a KK-equivalence between @ ;.o C;(Sq) and
C3(S).

Proof. For every d € ®, o induces an isomorphism S; = G, and hence a C*-

isomorphism C;‘(Sd) = C;‘k (Gg4). Moreover, it is easy to check that this C*-isomorphism
fits into the following commutative diagram:

CH(Sy) —4y C2(S)

l; l;

C¥Ga) —% D %, G

where the right vertical isomorphism is provided by (2). Hence it suffices to show that
Y 4em ta induces a K-theory isomorphism ;.o K«(C5(Ga)) = K4 (D X, G) in case
(I) and a KK-equivalence between ;.5 C;(Gg) and D x, G in case (II).

Let x = [®] € KKC(A, K(?E) ® A) be as in Sect. 3.1. Corollary 3.13 and
Proposition 3.9 imply that taking Kasparov product with jg (resg (x)) induces an iso-
morphism U ® jr(res?(x)) 1 Ki(A x F) = K,(K(?E) ® A) x F). Since A x F
and (K((?E) @ A) x F = K({?E) ® (A x F) are AF-algebras by Lemma 3.8, they
satisfy the UCT, so that we actually obtain that jr (resg (x)) is a KK-equivalence be-
tween A x F and ((2E) ® A) x F. Therefore, by the Going-Down principle as in
Proposition 2.15, we obtain that taking Kasparov product with jg(x) induces an iso-
morphism U ® jg(x) : Ky(A X, G) = K.((K({*E) ® A) %, G) in case (I) and that
jc (x) is a KK-equivalence between A x, G and (K(£2E) ® A) x, G in case (II). Now
Lemma 3.16 and Proposition 3.17 imply that the following diagram in KK commutes:

KW*E)® D %, G

Y dEdd®td
[ ]/) UEERG
Bueco Ci(Ga) —— KU*E) @A, G
[Z ]l [Zd £d,d® tq l
K,
" [®x,G]

Ax, G ORI C 40y @ A X, G
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where the lower right vertical arrow is given by the canonical inclusion. Since [ Yo Kd]
is a KK-equivalence by Proposition 3.15, and because the two right vertical arrows are
KK-equivalences by the discussion in Sect. 2.3, we deduce that Zd &d.d ® tg must
induce a K-theory isomorphism in case (I) and a KK-equivalence in case (II). Since for
every d € ®, the KK-elements [i¢4] and [g4,4 ® Ld] coincide upon identifying—up to
KK-equivalence—D X, G with IC(EZE ) ® D x, G, we obtain the desired statement for
Y 4o ta and hence for ) ;. iq. O

Clearly, Theorem 3.18 implies Theorem 1.1, once we observe that G\E* = S\ E*.
Now let us come to partial dynamical systems and their reduced crossed products.
Let G be a countable discrete group, X a second countable totally disconnected locally
compact Hausdorff space, and G ~ X a partial dynamical system, given by U,-1 —
Ug, x > g.x. Suppose that V is a G-invariant regular basis for the compact open
subsets of X. For V e V, setiy : C;(Gy) — Co(X) %, G, Ay +— 1y,. Here
Gy = {g € G: g.V =V} and 1y denotes the characteristic function on V. Moreover,
let G\V* denote the set of orbits under the G-action on the non-empty elements V> of
V. Apply construction (sx) from Sect. 2.2 to construct the inverse semigroup S, together
with an idempotent pure partial homomorphism o : $* — G, attached to G ~ X and
V), and let A and A be the C*-algebras constructed in § 2.3 and Sect. 3.1, respectively.

Theorem 3.19. (1) If G satisfies the Baum—Connes conjecture for A and A, then
Z[V]EG\VX iy induces a K-theory isomorphism @[v]eG\Vx K*(Cf(Gv))
= K (Co(X) %, G).

(1l) If G satisfies the strong Baum—Connes conjecture in the sense of [15, Defini-
tion3.4.17], then ZIVIE(;\VX iy induces a KK-equivalence between EB[V]E(;\VX Cy
(Gy) and Co(X) %, G.

Proof. Itis easy to check that for S (with its semilattice E), o obtained by construction
(x¥)from G ~ X and V, we get a semilattice isomorphism E = ) respecting the partial
G-actions. Now the theorem follows from the isomorphism in (2) and Theorem 3.18. O

Before we turn to semigroup C*-algebras, let us record a K-theory formula for reduced
C*-algebras of left inverse hulls. Let P be a subsemigroup of a countable group G. Let
I;(P) be the left inverse hull of P, as introduced in Sect. 2.1. Let A and A be the C*-
algebras constructed for S = [;(P) in Sects. 2.3 and 3.1. For X € jﬁ = E(I;(P))*,
letiy : C{(([;(P))x) — C;(I;(P)) be the homomorphism induced by the canonical
embedding ([;(P))x < [;(P).

Corollary 3.20. (1) If G satisfies the Baum—Connes conjecture for A and A, then
Z[X]ell(P)\j; ix induces a K-theory isomorphism @[X]GIZ(P)\j; K.(C;

((L1(P)x)) = K« (C5 (L1 (P))).
(I) If G satisfies the strong Baum—Connes conjecture in the sense of [15, Defini-
tion 3.4.17], then Z[X]EII(P)\ij ix induces a KK-equivalence between Py,

(P)\Tp C3((L(P))x) and C3(I;(P)).
Proof. Just apply Theorem 3.18 to S = I;(P). O

el

The case of semigroup C*-algebras can now be treated as a special case. Let P be
a left-cancellative semigroup, 7, the set of non-empty constructible right ideals of

P, as introduced in Sect. 2.1, P\J ; the set of equivalence classes of the equivalence
relation on 7, generated by X ~ pX = {px:x € X} forall X € J, and p € P,
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and, for X € 75, let Px be the group of bijections X — X which can be expressed
as compositions of finitely many maps, each of which given by left multiplication by a
fixed semigroup element or the set-theoretical inverse of such a left multiplication map.
For X € ._7;, setix : C;(Px) — C;(P), Ag = V. Asin Sects. 2.3 and 3.1, construct
C*-algebras A and A for the left inverse hull S := [;(P) of P (see Sect. 2.1).

Corollary 3.21. Suppose that P satisfies the independence condition from Definition 2.7.

(I) If P embeds into a countable group which satisfies the Baum—Connes conjecture
for A and A, then Z[X]GP\ij ix induces a K-theory isomorphism ®[X]eP\j;
K. (C5(Px)) = K (C5(P)).

(11) If P embeds into a countable group which satisfies the strong Baum—Connes con-
Jecture in the sense of [15, Definition 3.4.17], then Z[X]eP\JPX ix induces a KK-

equivalence between @y p\ 7x C;(Px) and C}(P).

Proof. This follows from Proposition 2.8 and Corollary 3.20, once we observe that
P\Jp = S\E* and Px = ([;(P))x = Sx forall X € J;". |

Let us further specialize to the case of right LCM monoids, i.e., monoids P for which
J PX = {pP: p € P}. Let us keep the same notations as in Corollary 3.21, and denote
by P* the group of invertible elements in P.

Corollary 3.22. Let P be a right LCM monoid.

(I) If P embeds into a countable group which satisfies the Baum—Connes conjecture
for Aand A, then i p induces a K-theory isomorphism K(C5(P*)) = K4(C}(P)).

(Il) If P embeds into a countable group which satisfies the strong Baum—Connes con-
Jjecture in the sense of [15, Definition 3.4.17], then ip induces a KK-equivalence
between C3 (P*) and C;(P).

Proof. Left-cancellative right LCM monoids satisfy the independence condition by [15,
Lemma 5.6.31]. Hence Corollary 3.21 applies and we obtain the desired statement once
we identify Pp in the notation of Corollary 3.21 with P*. If we identify elements u € P*
with the left multiplication maps P — P, x — ux, then it is clear that P* C Pp. To
prove the reverse inclusion, take s € Pp. Let 1 denote the identity element of P, and let
u := s(1). Then, by [15, Equation (5.11)], we must have that s(x) = ux forall x € P.
Thus u must lie in P*, and we obtain Pp € P*, as desired. O

4. Applications

We start with applications of Corollary 3.22 to semigroup C*-algebras of Artin monoids,
Baumslag-Solitar monoids and one-relator monoids. We then discuss C*-algebras gen-
erated by right regular representations of ax + b-type semigroups of number-theoretic
origin. Finally, we compute K-theory for reduced C*-algebras of inverse semigroups
arising in the context of tilings.

4.1. Semigroup C*-algebras of Artin monoids. First of all, let us discuss Artin monoids
(sometimes also called Artin-Tits monoids). Let S be a countable set. Foreverya, b € S,
let myp € {2,3,...} U {oo} such that m,, = myp . The Artin group Ay of M =
(Mma,p)a pes 1s the group given by the presentation

Ay = (S| (ab)"b = (ba)™ Y a,b € S).
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Here (ab)™* denotes the alternating word abab - - - of length m, 5 in a and b, starting
with a. If m, p = mp 4 = 00, then the relation (ab)™*? = (ba)™»* means that there is
no relation involving a and b. The Artin monoid A}, of M is the monoid given by the
same presentation

Al = (S| (ab)"t = (ba)"a Ya,b e S)".

The semigroup C*-algebras attached to Artin monoids have been studied in [11,12,37].
It is easy to see that (A},)* = {1}. Moreover, it is shown in [6] that A}, is right LCM.
The main result in [45] says that AX,I embeds into Ay via the canonical map. However,
it is not clear whether A}',I C Ay satisfies the Toeplitz condition in the sense of [33], or
in other words, whether A;[,I C Ay is quasi-lattice ordered in the sense of [41]. Hence
we cannot apply the K-theory formula from [14]. Nevertheless, Corollary 3.22 applies
and yields the following (with A and A as in Corollary 3.22):

(I) If Ay satisfies the Baum—Connes conjecture for A and A, then Ko(C}(A}))) =
Z[1]o and K1 (C;(A3,)) = {0}.
(I) If Ay satisfies the strong Baum—Connes conjecture in the sense of [15, Defini-

tion 3.4.17], then the unital embedding C — C} (A;[,I) induces a KK-equivalence
between C and C}(A7,).

4.2. Semigroup C*-algebras of Baumslag-Solitar monoids. Our second example con-
cerns Baumslag-Solitar monoids. Let k,/ € Z be non-zero integers. The Baumslag-
Solitar group BS(k, 1) (see [3]) is given by the presentation

BS(k, [) := <a,b | ab = b’a>.

Baumslag-Solitar monoids are defined in an analogous fashion, but we have to adjust
the defining relation in order to avoid inverses. We define the following monoids by
presentations:

a,blabt =bla)"  if k1> 0.
a,bla=>bab™" ifk<0,1>0.
a,b|blabk =a)" ifk>0,1<0.
(a,b1b7'a=ab™ " ifk,1<O0.

{
BS(k,1)* := E

The semigroup C*-algebras of BS(k,[)* have been studied in [50]. It is easy to see
that (BS(k,)*)* = {1}. Using normal forms (see for instance [49]), it follows that
BS(k,)* embeds into BS(k, [) via the canonical map. Since BS(k, [) has the Haagerup
property by [23], [24] yields that BS(k, [) satisfies the strong Baum—Connes conjecture.
Moreover, it is shown in [50] that BS(k, [)* is right LCM.

However, for k < —1,1 > 0 (or k > 1,1 < 0), BS(k,I)* does not embed into
a group G such that BS(k,)* C G satisfies the Toeplitz condition. To show this, it
suffices to show that BS(k,)* € BS(k, 1) does not satisfy the Toeplitz condition (see
[15, Corollary 5.8.9]). The latter claim follows essentially from computations in [50].
Indeed, suppose that BS(k, [)* C BS(k, ) satisfies the Toeplitz condition. Let us write
P := BS(k,1)* and G := BS(k,[). Consider the element g = aba™!' € G. Since P
is right LCM, and because we assume that P C G satisfies the Toeplitz condition, [33,
Lemma 4.2] implies that gP N P = p P for some p € P.Let#, count the number of as
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in elements of P. If #,(p) = 0, then p = b™ for some m > 0. So b = p € gP implies
that b = aba~'x for some x € P. Looking at normal forms, we conclude that x = ay
for some y € P. But then b = aby. Comparing #, leads to a contradiction. Now it is
easy to see that ab” € gP N P foralln € Zasab"~! € P.Inparticular,a € p P, which
implies that #,(p) < 1 and thus #,(p) = 1. So p = b'ab’ for some j € Z. We can
always arrange O < i < [. Hence, for every n € Z, there exists x, € P with px, = ab".
Comparing #,, we obtain that x,, = b*» for some k, > 0. So we have for all n € Z that
b'ab/*kn = gb", which implies i = 0 and j < j + k, = n for all n € Z. But this is a
contradiction.

Even worse, it turns out that BS(k, [)* € BS(k,[) does not even satisfy the weak
Toeplitz condition from [14, Definition 4.5]. This is because the argument above shows
that g P N P cannot be written as a finite union of the form | J!_, p; P for some p; € P.

This means that we cannot apply the K-theory formula from [14]. Nevertheless,
Corollary 3.22 allows us to compute K-theory, and we obtain that, for all k, [ € Z \ {0},
the unital embedding C — C;‘:(BS (k, )*) induces a KK-equivalence between C and
C{(BS(k,D)*).

4.3. Semigroup C*-algebras of one-relator monoids. Our third example is about more
classes of one-relator monoids, i.e., monoids of the form P = (S | u = v)*, where S is
a countable set and u, v are finite words in S. In the following, = stands for equality as
finite words, whereas = stands for equality as elements of P. We make the following
assumptions: First, we always assume that u % ¢ # v, where ¢ is the empty word. This
will imply that the identity is the only invertible element of P. Secondly, we assume
that no @ € S is redundant, i.e., that a # w for every a € S and every finite word w on
S\ {a}. Thirdly, we always assume that u # v, and even more, that the first letter of u
does not coincide with the first letter of v. In this case, if we define the corresponding
one-relator group by G = (S | u = v), then P embeds into G via the canonical map.
The semigroup C*-algebras of such one-relator monoids have been studied in [37]. As
observed in [37, § 2.1.4], P is right LCM if £*(u) = £€*(v) or if £*(u) < £*(v) and
there exists a € S with £,(u) > £,(v). Here £* stands for word-length and ¢, counts
how many times a appears. It has been shown in [4,44,51] that the one-relator group
G satisfies the strong Baum—Connes conjecture. Again, although it is not clear whether
P C G satisfies the Toeplitz condition (or equivalently in this case, whether P C G is
quasi-lattice ordered), Corollary 3.22 nevertheless applies and yields that if P is right
LCM, then the unital embedding C < Cj(P) induces a KK-equivalence between C
and C} (P).

Now assume that |S| > 3. Then by [37, Corollar 3.5], the boundary quotient dC; (P)
(see for instance [15, § 5.7] for an introduction) is purely infinite simple, and there
is an exact sequence 0 — K(¢?P) — Cy(P) — 3aCy(P) = 0if3 < [S] < o0
whereas C5(P) = dC;(P) if |S| = oo. As explained in [37, Remark 3.6], our K-theory
computation for C;(P) then yields the following K-theory formula for 9C} (P):

* * ~ J@Z/(S1=2)Z,1,{0}) if 3 < |S] < o0;
(Ko(3C5(P)), [1o, K1(aC5(P))) = Z. 1. (O if 18] = oo.

Moreover, [37, Corollary 3.5] implies that dC;(P) is nuclear if and only if C}(P) is
nuclear. If that is the case, then our K-theory computations, together with [48, Chapter 8],
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imply that

Os1-1 if 3 < |S] < o0;

ac(py = I - ’

) {om if |S| =

In addition, using the notation EX to denote extension algebras of the form 0 — K —

Eﬁ — O, — 0 as in [19, Definition 3.2], [19, Theorem 3.1] implies the following
result:

Corollary 4.1. If C5(P) is nuclear, then

—1 . .
CHP) = E|$\—1 if 3 <|S| < o0;
Oso if |S| =00
Inparticular, given two one-relator monoids Py = (Sy | uy = vi) and P, = (S> | up =)

v+ as above such that their semigroup C*-algebras C;(P1) and C5(P2) are nuclear,
we have C5(P1) = C;(P) if and only if |Si| = |S2].

Sufficient conditions for nuclearity of C} (P) are given in [37, § 3] (i.e., conditions (1),
(2) and (3) by [37, Theorem 3.9]). Concrete examples where Corollary 4.1 applies are
given in [37, Example 3.11] and look as follows: Let A and B be countable sets with
|A| +|B| > 3 and set S := A LI B. Choose an arbitrary finite word # on A and a finite
word v on B with the property that a finite word x on S for which there exist finite
words ¢ # w, y on § with v = xy = wx must be the empty word, i.e., x = ¢. Then
Corollary 4.1 applies to monoids of the form (A LI B |u = v)*. Other examples where
Corollary 4.1 applies include certain HNN extensions as in [25, Corollaries 5.4 and 5.5].
We thank C.F. Sehnem for pointing this out.

4.4. C*-algebras generated by right regular representations of ax + b-type semigroups
attached to congruence monoids. Our fourth example class is given by C*-algebras gen-
erated by right regular representations of ax +b-type semigroups attached to congruence
monoids. Let us first introduce the setting. Let K be a number field with ring of algebraic
integers R. Each fractional ideal a of K can be uniquely written as a = [ Py pUp (@),
where the product runs over the set Pg of non-zero prime ideals of R and vp(a) el
is zero for all but finitely many p. Let m = my,mg be a pair consisting of a non-zero
ideal mg of R and a collection my, of real places of K. For a real place w of K, we
write w | Moo for w € mee. Set Ry := {a € R*: vy(a) =0 forall p | mg}. More-
over, define (R/m)* := (lemm (:tl)) x (R/mg)*, and for a € Ry, let [alyn =
((sign(w(a)))wms» @ + Mp) € (R/m)*. Then Ry — (R/m)*, a +— [a]w, is a semi-
group homomorphism. If I" is a subgroup of (R/m)*,then Ry := {a € Rm: [alm € T’}
is called a congruence monoid. Let R % Ry, r be the semi-direct product with respect
to the action of Ry, r on R by multiplication. The semigroup C*-algebra of R X Ry 1,
more precisely the C*-algebra C;(R X Rm ) generated by the left regular represen-
tation of R X Ry, has been studied in [7] and [8]. In particular, in [8, § 4.1], the
K-theory of C;(R x Rm,r) has been computed. Let us now compute K-theory for the
C*-algebra C7(R X R ) generated by the right regular representation of R X R r.
Since we can identify C7(R X Ry, 1) with the C*-algebra Cy((R X Rm,r)°P) generated
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by the left regular representation of the opposite semigroup (R X Ry, 1)°P, we can apply
Corollary 3.21 to (R X Ry )P.

Let Kmr = {x € Km: [x]m € I'}. By [7, Proposition 3.3], the semigroup R X Ry 1
is left Ore with group of left quotients equal to G(R X Ry 1) = (Rr;1 R) X Km ., where
R];lR = {a/b:a € R,b € Ry} C K* is the localization of R at Ry,. Hence P :=
(R X Ry, 1r)°P also embeds into G := (R;lR) X K r. The group G is solvable, hence
amenable, so that it satisfies the strong Baum—Connes conjecture by [24]. For a non-zero
ideal a of R, set am,r := a N Ry r. Now it follows from [14, Proposition 6.1] and [7,
Proposition 3.9] that 7' = {R X am,r: (0) # a < R}. Furthermore, [7, Proposition 3.9]
implies that P satisfies the independence condition. While it is in general not clear
whether P C G satisfies the Toeplitz condition, we can nevertheless compute K-theory
of C;(R x Rm,r) = C5(P) by applying Corollary 3.21. Note that in general, P is

no longer right LCM. In order to present the K-theory formula, let C; = TIm/Kmr
be the quotient of the group Zy, of fractional ideals of K coprime to mgy under the
multiplication action of Ky, r, and given a fracti_onal ideal a of K, set (R : a) :=
{x € K: xa € R}. Moreover, given ¢ = [a¢] € c;, set ig : C;((R Dag) X R;’F) —
C;;(R X Rm.r), pg = 1Rx(ap)mr0(8), Where g > pg and p > p(p) are the right
regular (anti-)representations of (R : ag) X R:LF and R X Ry 1, respectively, and
1R x (ap)m o 18 the characteristic function on R x (ag)m,r (which lies in C;(R X Ry r)).
We now obtain the following K-theory formula:

Corollary 4.2. ZEEC[’* i¢ induces a KK-equivalence between @Eecf‘ CH((R : ap)
R% 1) and C3(R X Ry p).
We have C;(R X Ry 1) ~kKk C;(R X Rm.r).

Proof. For the first claim, it suffices to show that the stabilizer group G Rxamr =
{g €EG:(Rxanpr)-g=Rx am,r} is given by Grxanr = (R : @) X R} -, for all

non-zero ideals a of R coprime to mg. “2” is clear. To prove “C”, take (b, a) engx G-
Looking at the multiplicative component, we see that ay, -a = am r. As ay  generates
a as an ideal in R by [7, Lemma 3.8], it follows thata - @ = a. Thusa € R* N K r =
R;’F. Now looking at the additive component, (R X dm 1) - (b, a) = R X apy  implies
that R + a1 - b = R, which is equivalent to a1 - » € R, which in turn is equivalent
toa-b C R because ay,  generates a as an ideal in R by [7, Lemma 3.8]. Hence » must
liein (R : a), as desired. .

For the second claim, just observe that, since C\. is a group under multiplication of
ideals, the map [a] — [(R : a)] defines a bijection on Cll; because it coincides with the

map sending a group element of C}; to its inverse. Now our second claim follows from
the first claim and [8, Theorem 4.1]. O

In[14, § 6] and [34, § 4], classes of semigroups were found with the property that their
left and right semigroup C*-algebras have the same K-theory, or are even KK-equivalent
(see also the discussion in [15, § 5.11]). Corollary 4.2 identifies more examples with this
phenomenon.

4.5. C*-algebras of inverse semigroups from tilings and point-sets. As a last class of
examples, let us discuss tiling inverse semigroups, point-set inverse semigroups and
other related constructions. We refer the reader to [27-30] for more details. For our K-
theory computations for the reduced C*-algebras of the inverse semigroups, it turns out
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that it is very helpful to have flexibility in choosing the target group of the idempotent
pure partial homomorphism on our inverse semigroup. There is always a universal group
(see [30]), but this group can be difficult to determine, so that it is not so easy to check
that this group satisfies the Baum—Connes conjecture with the coefficients of interest.
However, all we need in order to apply Theorem 3.18 is to find some idempotent pure
partial homomorphism whose target group has the desired properties. This is much easier
to achieve, as we will see in the examples below.

Let us start with tiling inverse semigroups. A tile is a subset of R” which is home-
omorphic to a closed ball in R". A partial tiling is a collection of tiles with pairwise
disjoint interiors. The support of a partial tiling is the union of its tiles. A tiling is a partial
tiling whose support is all of R”. A patch is a finite partial tiling. Let 7 be a tiling. Let
P be the set of subpatches of 7. Define an equivalence relation on triples of the form
(a, P,b)with P € P,a, b € P by setting (a, P, b) ~ (c, Q, d) if and only if there exists
x € R"suchthata+x = ¢,b+x =d and P+x = Q. Let[-] denote equivalence classes
withrespectto ~. Then I'(7) := {[a, P, b]: P € P, a, b € P}U{0} becomes an inverse
semigroup under the multiplication [a, P, b]-[c, Q, d] := [a+x, (P+x)U(Q+Yy), d+Y]
if there exist x, y € R” such that P +x and Q +y are subpatches of 7 and b+x = c+y;
otherwise define [a, P, b] - [c, O, d] := 0. It is easy to see that [a, P, b1~ =1[b, P, al.
We call I'(7) the tiling inverse semigroup of 7. If we replace P by the set Peonn of
subpatches of 7" with connected support and perform the above construction, then we
obtain the connected tiling inverse semigroup S(7).

For each tile t € 7, let us choose a point p(t) in the interior of 7 (p(¢) is called the
puncture of 7) such thatif forx € R”,botht and r+x aretilesin 7, then p(t+x) = p(t)+x.
NowletG := <{p(t) — p(t): 1,1’ € T}) € R" be the additive subgroup of R” generated
by p(t) — p(t’) for t,t' € T. Since T is countable, G is a countable group. It is
straightforward to check that o : T'(7)* — G, [a, P,b] — p(a) — p(b) defines an
idempotent pure partial homomorphism. Similarly, the restriction of o to S(7°)* defines
an idempotent pure partial homomorphism on S(7)*. The group G is abelian, hence
satisfies the strong Baum—Connes conjecture by [24]. Thus we can apply Theorem 3.18
to compute K-theory for C;(I'(7)) and C} (S(7)). To present the K-theory formula, we
introduce the equivalence relation & on P and Pcony by setting P & Q if and only if
there exists x € R"” with Q = P +x. Given P € P, choose a € P and denote by i p the
homomorphism C — C;(I'(7)) (or C — C5(S(7))) sending 1 € Cto [a, P, a]. [43,
Lemmas 6.1 and 6.2] together with Theorem 3.18 now yield the following:

Corollary 4.3. 3 p1cp/~ i p induces a KK-equivalence between @ piep j~ C and C5(I'(T)).

Z[P]epcom/% i p induces a KK-equivalence between GB[P]EPconn/% Cand C5(S(7T)).

This generalizes [43, Proposition 6.3]. The reason we can now cover all tiling in-
verse semigroups is that we no longer need the (much) stronger condition in [43] that
our inverse semigroups have to be 0-F-inverse semigroups and must admit a partial
homomorphism to a group which is injective on maximal elements.

Let us now discuss point-set inverse semigroups. We start with a countable subset
D C R". Let P be the set of finite subsets of D. Define an equivalence relation on triples
of the form (a, P, b) with P € P, a, b € P by setting (a, P, b) ~ (c, Q, d) if and only
if there exists x € R" suchthata+x = c¢,b+x =d and P +x = Q. Let [-] denote
equivalence classes with respectto ~. Then I'(D) := {[a, P, b]: P € P, a,b € P}U{0}
becomes an inverse semigroup under the multiplication [a, P, b] - [c, O,d] = [a +
x,(P+x)U(Q+y),d+y]if there exist x, y € R" such that P + x and Q + y are finite
subsets of D and b+ x = ¢+ y; otherwise define [a, P, b]-[c, Q, d] := 0. We call I' (D)
the point-set inverse semigroup of D.
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Now let G := ({d — d': d,d" € D}) € R" be the additive subgroup of R" generated
by differences of elements of D. Since D is countable, G is a countable group. Moreover,
o:T'(D)* - G, la, P, b] — a—Dbdefines an idempotent pure partial homomorphism.
As G is abelian, it satisfies the strong Baum—Connes conjecture by [24]. Thus we can
apply Theorem 3.18 to compute K-theory for C}(I'(D)). As above, we introduce the
equivalence relation &~ on P by setting P ~ (Q if and only if there exists x € R”
with Q = P + x. Given P € P, choose a € P and denote by ip the homomorphism
C — C;(I'(D)) sending 1 € Cto [a, P, a]. The analogues of [43, Lemmas 6.1 and
6.2] together with Theorem 3.18 now yield the following:

Corollary 4.4. Z[P]EP/% ip induces a KK-equivalence between GB[P]EP/% C and C (L' (D)).

Finally, let us discuss inverse semigroups of the form I' (X, G, H) from [30, Exam-
ple 2.1.1 (iii)], which are constructed as follows: Let H be a group, G a subgroup of H
and X a subset of H with 1 € X. Let P be the set of finite intersections of subsets of H
of the form {gX: g € G, 1 € gX}. Define an equivalence relation on triples of the form
(a, P,b) with P € P, a,b € P by setting (a, P,b) ~ (c, Q,d) if and only if there
exists g € Gsuchthatg-a =c,g-b=dand g- P = Q. Let [-] denote equivalence
classes with respect to ~. Then I'(X, G, H) := {[a, P,b]: P € P, a,b € P} U {0} be-
comes an inverse semigroup under the multiplication [a, P, b] - [c, O, d] :==[g - a, (g -
PYNn(-Q),h-d]ifthereexistg,h € Gsuchthatg-P, h-QePandg-b=h-c;
otherwise define [a, P, b] - [c, O, d] := 0.

Itis straightforward to check thato : T'(X, G, H)* — G, [a, P,b] ab~! defines
an idempotent pure partial homomorphism. So we can apply Theorem 3.18 if G is a
countable group satisfying the Baum—Connes conjecture with the relevant coefficients
or in its strong form. As above, we introduce the equivalence relation & on P by setting
P ~ Q if and only if there exists g € G with Q = g-P.Given P € P,choosea € P and
denote by i p the homomorphism C — C;(I'(X, G, H)) sending 1 € Cto[a, P, a]. Let
A and A be the C*-algebras constructed in Sects. 2.3 and 3.1 for the inverse semigroup
I'(X, G, H). The analogues of [43, Lemmas 6.1 and 6.2] together with Theorem 3.18
now yield the following:

Corollary 4.5. (I) If G is countable and satisfies the Baum—Connes conjecture for A
and A, then ) | picp ~ ip induces a K-theory isomorphism @ picp/~ K«(C) =
K.(C3(T(X, G, H))).

(Il) If G is countable and satisfies the strong Baum—Connes conjecture in the sense
of [15, Definition 3.4.17], then Z[P]eP/~ ip induces a KK-equivalence between

Dp1ep/~ Cand C; (U (X, G, H)).
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