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We initiate a detailed analysis of C*-diagonals in classifiable C*-algebras, answering
natural questions concerning topological properties of their spectra and uniqueness
questions. Firstly, we construct C*-diagonals with connected spectra in all classifiable
stably finite C*-algebras, which are unital or stably projectionless with continuous
scale. Secondly, for classifiable stably finite C*-algebras with torsion-free K, and trivial
K,, we further determine the spectra of the C*-diagonals up to homeomorphism. In
the unital case, the underlying space turns out to be the Menger curve. In the stably
projectionless case, the space is obtained by removing a non-locally-separating copy
of the Cantor space from the Menger curve. Thirdly, we show that each of our classi-
fiable C*-algebras has continuum many pairwise non-conjugate such Menger manifold

C*-diagonals.

1 Introduction

Classification of C*-algebras is a research program initiated by the work of Glimm,
Dixmier, Bratteli, and Elliott. After some recent major breakthroughs, the combination
of work of many mathematicians over several decades has culminated in the complete
classification of unital separable simple nuclear Z-stable C*-algebras satisfying the

Universal Coefficient Theorem as introduced by Rosenberg and Schochet in (see [16,
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32-34, 40, 59, 64 67] and the references therein). Further classification results cover
the stably projectionless case as well (see for instance [17-19, 29-31]). All in all, the
final result classifies all separable simple nuclear Z-stable C*-algebras satisfying the
UCT (which we refer to as “classifiable C*-algebras” in this paper) by their Elliott
invariants. The ideas and methods developed along the way not only transformed our
understanding of C*-algebras but also initiated new developments in related areas,
leading to a fruitful interplay. For instance, the classification program for C*-algebras
has served as an inspiration for the classification of Cantor minimal systems up to orbit
equivalence [26-28], and recent developments in C*-algebra classification have triggered
interest in approximation properties [38, 39], which are also interesting from the point
of view of dynamical systems due to their link to important dynamical notions such as
mean dimension [20, 51, 52, 57, 58].

Further connections between classification of C*-algebras and generalized
topological dynamics (in the form of topological groupoids and their induced orbit
structures) have been established in [47], where it was shown that every classifiable
C*-algebra has a Cartan subalgebra. The interest here stems from the observation in
[41, 62] that once a Cartan subalgebra has been found, it automatically produces an
underlying topological groupoid such that the ambient C*-algebra can be written as
the corresponding groupoid C*-algebra. In a broader context, the notion of Cartan sub-
algebras in C*-algebras has attracted attention recently due to its close connection to
continuous orbit equivalence for topological dynamical systems, leading to interactions
with geometric group theory [44-46], as well as links to the UCT question [4, 5].

The goal of this paper is to start a more detailed analysis of the Cartan subal-
gebras and the corresponding groupoids constructed in [47]. This can be viewed as the
1st step of the long-term program of generalizing the work in [26-28] on Cantor minimal
systems to dynamical systems on bigger classes of topological spaces, based on the new
insights gained in recent breakthroughs in C*-algebra classification. In this context, it
is interesting that, as explained below, the Menger curve appears naturally in our study
of Cartan subalgebras in classifiable C*-algebras. This makes sense from a topological
perspective because just as the Cantor space is universal among zero-dimensional
spaces, the Menger curve is universal among one-dimensional spaces. As explained
below, the constructions in the present paper produce groupoids acting minimally on
the Menger curve. These groupoids arise in our study of Cartan subalgebras in inductive
limit C*-algebras just as AF equivalence relations arise naturally as groupoid models for
AF algebras. Given the importance of AF equivalence relations in the classification of

Cantor minimal systems up to orbit equivalence [26-28], and because AF equivalence
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relations and Bratteli diagrams lead to a systematic way to construct Cantor minimal
systems through Bratteli-Vershik models [36], it is an intriguing question whether the
groupoids models constructed in this paper help to shed light on the open question
whether the Menger curve admits minimal homeomorphisms [35, 65].

Let us now present the main results of this paper and explain the context in
more detail. The construction in [47] produces Cartan subalgebras in all the C*-algebra
models from [15, 22, 32, 33, 66], which exhaust all possible Elliott invariants of classi-
fiable stably finite C*-algebras. Actually, we obtain C*-diagonals in this case (i.e., the
underlying topological groupoid has no non-trivial stabilizers). Together with groupoid
models that have already been constructed in the purely infinite case (see [65] and also
[48, Section 5]), this produces Cartan subalgebras in all classifiable C*-algebras. An
alternative approach to constructing groupoid models, based on topological dynamics,
has been developed in [10-13, 61] and covers large classes of classifiable C*-algebras.
In special cases, groupoid models have also been constructed in [3]. The advantage of
the construction in [47] is that it is very concrete, allowing us to extract information
about the C*-diagonals and their spectra. For instance, this produced C*-diagonals of
the Jiang-Su algebra Z [37] of cove ring dimension one, which is optimal in the sense
that this is the smallest possible value. A motivating question for the present paper is
whether the construction in [47] produces a one-dimensional C*-diagonal of Z, which is

distinguished in some sense or put differently (see [7,Problem 3]):

Question 1.1. Does the Jiang-Su algebra Z have any distinguished (one-dimensional)

Cartan subalgebras?

Note that such uniqueness questions cannot have an affirmative answer without
restrictions such as bounds on the dimension because every classifiable C*-algebra is
Z-stable, so that taking tensor products produces Cartan subalgebras whose spectra
have arbitrarily large covering dimension (see [48, Proposition 5.1]). Instead of fixing the
covering dimension, an even stronger restriction would be to fix the homeomorphism
type of the spectrum and to look for a unique or distinguished Cartan subalgebra whose
spectrum coincides with a given topological space. This leads to the question what we
can say about the spectra of Cartan subalgebras of classifiable C*-algebras. In general,
not much is known. Before the work in [47], it was for instance not even known whether
Z has any Cartan subalgebra with one-dimensional spectrum. Another example is the

following question (see [7, Problem 11]):
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Question 1.2. Does the CAR algebra have a Cartan subalgebra with connected

spectrum?

This question is motivated by a construction, due to Phillips and Wassermann
[60], of uncountably many pairwise non-conjugate MASAs (which are not Cartan
subalgebras) in the CAR algebra whose spectra are all homeomorphic to the unit
interval. In this context, we would like to mention that Kumjian [42] had constructed
a Cartan subalgebra in an AF algebra with spectrum homeomorphic to the unit circle.
The following are the main results of this paper, which shed some light on the above-

mentioned questions.

Theorem 1.3. Every classifiable stably finite C*-algebra, which is unital or stably
projectionless with continuous scale (in the sense of [29, 30, 49, 50]) has a C*-diagonal

with connected spectrum.

Theorem 1.4. Every classifiable stably finite unital C*-algebra with torsion-free K
and trivial K; has continuum many pairwise non-conjugate C*-diagonals whose spectra

are all homeomorphic to the Menger curve.

The Menger curve is also known as Menger universal curve, Menger cube,
Menger sponge, Sierpinski cube or Sierpinski sponge. It was constructed by Menger [54]
as a universal one-dimensional space, in the sense that every separable metrizable space
of dimension at most one embeds into it. Anderson [1, 2] characterized the Menger curve
by abstract topological properties. The reader may consult [53] for more information
about the Menger curve, including a concrete construction.

In order to obtain a version of Theorem 1.4 in the stably projectionless setting,
we need to replace the Menger curve M by another Menger manifold (a topological
space locally homeomorphic to M) of the form M \ «(C), where ¢ is an embedding of
the Cantor space C into M such that ((C) is a non-locally-separating subset of M, in the
sense that for every connected open subset U of M, U \ «(C) is still connected. Up to
homoemorphism, the space M \ ((C) does not depend on the choice of ¢ (see [53]), and we
denote this space by M, := M \ ((C).

Theorem 1.5. Every classifiable stably projectionless C*-algebra with continuous
scale, torsion-free K, and trivial K; has continuum many pairwise non-conjugate

C*-diagonals whose spectra are all homeomorphic to M.
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Note that in Theorems 1.4 and 1.5, we not only obtain C*-diagonals but also
actually construct principal groupoid models, that is, unlike in the general setting of
[41, 62], we do not need twists (see Theorems 6.13 and 6.14).

Theorem 1.3 answers Question 1.2. Note that in the stably projectionless case,
the absence of projections only guarantees the absence of compact open subsets in
the spectrum, but it does not automatically lead to a single connected component (see
[47, Section 8]). Theorems 1.4 and 1.5 show that the uniqueness question for Cartan
subalgebras in classifiable C*-algebras has a negative answer even if we fix the
homeomorphism type of the spectrum and thus answers Question 1.1 in this sense. At
the same time, the results in this paper pose the very interesting challenge of identifying
a suitable framework to develop classification results for Cartan subalgebras (in the
spirit of [7, Problem 4]). Interestingly, as far as Cartan subalgebras are concerned, the
situation for classifiable C*-algebras is very different from the corresponding one for
von Neumann algebras. Theorems 1.4 and 1.5 also tell us that in general, it seems that
there is not much we can say about the map on XK-theory induced by the natural inclusion
of a Cartan subalgebra (see Remark 5.14, which sheds some light on [7, Problem 8]).

In particular, Theorem 1.4 applies to all infinite-dimensional unital separable
simple AF algebras, for instance all UHF algebras, and to Z. Theorem 1.5 applies in
particular to the Razak-Jacelon algebra W/ and the stably projectionless version Z;
of the Jiang-Su algebra of [30, Definition 7.1]. Even restricted to these special cases,
Theorems 1.4 and 1.5 yield new results (and we do not need the full strength of the
classification theorem for all classifiable C*-algebras; the results in for instance [63]
suffice).

The constructions we develop in order to prove our main theorems work in
general but only produce C*-diagonals with the desired properties under the conditions
we impose in our main theorems. There are several reasons: in [47], C*-diagonals are
constructed in all classifiable C*-algebras using the method of cutting down by suitable
elements. This procedure, however, might not preserve connectedness. This is why
Theorem 1.3 only covers unital C*-algebras and stably projectionless C*-algebras with
continuous scale. Note that, however, this class of C*-algebras covers all classifiable
C*-algebras up to stable isomorphism. The reason we further restrict to the case of
torsion-free K, and trivial K; in Theorems 1.4 and 1.5 is two-fold: it is shown in [47]
that the spectra of the C*-diagonals constructed in [47] will have dimension at least two
as soon as torsion appears in K-theory. This rules out M or M, as the spectrum in
general. Even more serious is the obstruction that the path-lifting property established

in Proposition 4.2 for the connecting maps at the groupoid level, which plays a crucial
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role in establishing Theorems 1.4 and 1.5, does not hold anymore in the case where K
contains torsion or K, is non-trivial.

In order to prove our main results, the strategy is to adjust the constructions
of C*-algebra models in [15, 22, 32, 33, 66], which arise as inductive limits of simpler
building blocks and which exhaust all possible Elliott invariants, in such a way that
the new, modified constructions produce C*-algebra models with C*-diagonals having
various desired properties. The reader may find the corresponding versions of our main
results in Theorems 3.7, 6.13, and 6.14, which do not depend on general classification
results for all classifiable C*-algebras. These versions in combination with general
classification results then yield our main theorems as stated above. To construct Cartan
subalgebras in inductive limit C*-algebras, an important tool has been developed in
[47]. However, in [47], we were merely interested in existence results for C*-diagonals,
whereas the present work requires several further modifications as well as a finer
analysis of the construction of C*-diagonals in [47] in order to ensure topological
properties of the spectrum such as connectedness as well as abstract topological
properties characterizing M or further properties characterizing M. At the technical
level, a crucial role is played by a new path-lifting property (see Proposition 4.2) of the
connecting maps at the groupoid level. This is particularly powerful in combination
with inverse limit descriptions of the spectra of the C*-diagonals we construct. Further
fine-tuning of the construction is required to produce C*-diagonals for which we can
completely determine the spectra up to homeomorphism. In order to show that the
construction yields continuum many pairwise non-conjugate C*-diagonals, the key idea
is to exploit connectedness not only of the spectra but also of (parts of) the groupoid
models themselves. This aspect of the construction seems to be interesting on its own
right because many important groupoid models that have been previously studied (for
instance for AF algebras, Kirchberg algebras, or coming from Cantor minimal systems)
have totally disconnected unit spaces.

Important building blocks leading to the C*-algebra models in [15, 22, 32,
33, 66] are given by one-dimensional non-commutative CW complexes and their gen-
eralizations. Therefore, as a starting point, we develop a complete classification of
C*-diagonals in one-dimensional non-commutative CW complexes. Roughly speaking,
the conjugacy class of C*-diagonals in these building blocks encodes a particular set
of data that can be used to construct the ambient non-commutative CW complex and
that we can view as a one-dimensional CW complex in the classical sense (i.e., a graph).
We refer to Theorem 2.15 for more details. Our classification theorem generalizes the

corresponding results for C*-diagonals in dimension drop algebras in [6]. It also puts
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into context the observation in [6] that in special cases, these C*-diagonals are classified
up to conjugacy by the homeomorphism type of their spectra (see Theorem 2.17 for a
generalization and Remark 2.18 and Example 2.19 for a clarification).

Several of the ideas and techniques leading to our main theorems already feature
in the discussion of C*-diagonals in one-dimensional non-commutative CW complexes.
However, even though a good understanding of these C*-diagonals played an important
role in developing our main results, the actual classification results for this class of

C*-diagonals are not needed in the proofs of Theorems 1.3, 1.4, and 1.5.

2 C(Classification of C*-Diagonals in One-Dimensional NCCW Complexes

We set out to classify C*-diagonals in one-dimensional non-commutative CW (NCCW)
complexes up to conjugacy. The reader may find more about NCCW complexes in [9,
14, 15, 21, 63]. Let us start by introducing notations and some standing assumptions.
Throughout this section, g,, 8; : F — E denote *-homomorphisms between finite-
dimensional C*-algebras F and E. Let F = @, ;F' and E = @®,cpEP denote the
decompositions of F and E into matrix algebras and DF?, DEP the canonical C*-diagonals
of diagonal matrices. The one-dimensional NCCW complex A = A(E, F, By, B;) is given
by A = {(f,a) € C(0,1],E) ® F: f(x) = B.(a) for t = 0,1}. For v = 0, 1, we write ¢ for the
composition F LN E — EP where the 2nd map is the canonical projection. We also write

p - BE| gi for the restriction of BF to F' C F. Throughout this section, we make the

following assumptions:

(A1) Foralli,pandt=0,1, ,Bf’i is given by the composition

; 1®idFi i i
Fo 1y o0 ®F S My, ) @ F s EP. (1)

(A2) (By.B;): F — E@E is injective.

In (1), an arrow — denotes a *-homomorphism of multiplicity 1, that is, which preserves
ranks of projections and which sends diagonal matrices to diagonal matrices (in our
case DM, o, ;) ® DF' to DEP). Note that (A1) implies that 8, sends DF to DE.
There is no loss of generality assuming (Al) and (A2): up to unitary equivalence,
every *-homomorphism F — E is of the form as in (1), so that we can always replace
{"i by a map of the form (1) without changing the isomorphism class of A. And if (A2)
does not hold, then A decomposes as A = A’ ® F' where A’ is a one-dimensional NCCW
complex for which (A2) holds and F' = ker (8;, 8;). Then the study of C*-diagonals in
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A’ ® F' reduces to the study of C*-diagonals in A’ and F/, and C*-diagonals in F’ are well
understood.

(A2) allows us to identify A with the sub-C*-algebra {f € C([0, 11, E): (f(0),f(1)) €
im (B, B;)} of C([0, 1], E). We will do so frequently without explicitly mentioning it.

Before we start to develop our classification results, we give an overview. If
we let X! = SpecDFi, X := SpecDF and )P := SpecDEP, ) := SpecDE, then for
v = 0,1, B, corresponds to a collection (blf)p of maps bf : yﬁ’ — X for some y{’ C )P,
Viewing )P as edges, X as vertices and b, bll’ as source and target maps, these data
give rise to a collection of directed graphs I'P, or one-dimensional CW complexes in the
classical sense. (Strictly speaking, this is only correct when A is unital; in the non-unital
case, we obtain non-compact one-dimensional CW complexes obtained by removing
finitely many points from compact one-dimensional CW complexes.) Moreover, given a
permutation ¢ = [[oP of Y = [[ )P, we obtain twisted graphs I'} with the same edge set
VP, the same vertex set X, the same source map bf)’, and twisted target map bf ooP. Now
it turns out that every C*-diagonal of a one-dimensional NCCW complex corresponds to
a permutation o as above, and for two such permutations o and z, the corresponding
C*-diagonals are conjugate if and only if the collections of oriented graphs (Ff)p and
T’ )p are isomorphic in the sense that there exist isomorphisms of the individual graphs
which are either orientation-preserving or orientation-reversing for each p. We refer to
Theorem 2.15 for more details.

As a 1st step, we provide models for C*-diagonals in A up to conjugacy. Given a

permutation matrix o in E, set

A, :=A(E,F, By, Ad (0) o B;) = {(f.a) € C(0,1],E) & F: f(0) = By(a), f(1) = o, (@) *}.

Moreover, define

B, :={(f,a) € A,: f(t) e DEVt € [0,1]}.

Note that given (f,a) € A,, the condition f(t) € DE for all t € [0,1] implies a € DF
by (A1) and (A2). The following observation is a straightforward generalization of

[6, Proposition 5.1].

Lemma 2.1. B, is a C*-diagonal of 4.

Conversely, it turns out that up to conjugacy, every C*-diagonal of A is of this

form.
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Proposition 2.2. For every C*-diagonal B of A, there exists a permutation matrix o € E
such that (4,B) = (4,,B,), that is, there exists an isomorphism A:AU sending B

onto B,.

Proof. ForasubsetS C[0,1],letAg:= {fl|s: f € A} € C(S,E) and Bg := {f|s: f € B} € Ag.
It is easy to see (compare [6, Proposition 4.1]) that for every ¢t € (0,1), By, is a
C*-diagonal of A(;) = E, and that By, ;, is a C*-diagonal of A, ;. By (A2), (B, B;) defines
an isomorphism F:)A{O,l}' Hence, (ﬂOr.Bl)_l(B{o,l}) is a C*-diagonal of F. Thus, there is a
unitary uz € U(F) such that uz(8,, :31)_1(]3{0,1})”;* = DF. Applying (B,, #;) on both sides,

we get

(Bo(ug), By (uF))(B{oyl})(ﬂo(uF)r B (up))* = (By, B;)(DF) C DE ® DE.

Here we used that (Al) implies B, (DF) < DE for v = 0,1. Therefore, for + = 0,1,
U, = B.(up) + (1 — B.(1p)) is a unitary in E such that u. B, uy = B, (up)B, B, (up)* < DE.
Using [6, Corollary 2.5 and Lemma 3.4], it is straightforward to find u : [0,1] — U(E)
with u(0) = uy and Ul/21 € C((0,1], U(E)) such that Ad (u) induces an isomor-
phism A[o,l/zle[o,uz] sending By ; ) to {f € Ap,12: f(t) e DEVL [0, %]} Similarly, find
v : [3,1] - U(E) satisfying v(1) = u; and vl 5, € C(3,1), UE)) such that Ad (v)
induces A[l/Z,I]zA[l/Z,l] sending By /5 1) to {f €Ay 1 f(t) eDEVt e l3, 1]}.

Now consider o = u(%)v(%)* € U(E). We have c DEc* = u(%)v(%)*DEv(%)u(%)* =
u(%)B{l/z}u(%)* = DE. Thus, o normalizes DE. This implies that o is the product of a
unitary in DE and a permutation matrix in E. By multiplying u by a suitable unitary in
c(o, %], U(DE)), we can arrange that o is given by a permutation matrix in E. Define
w : [0,1] - U(E) by w(®) = u(@) for ¢ € [0,3] and w(t) = ov(¢) for ¢t € [},1].
Then w(t)Byw(t)* € DE for all ¢t € [0,1]. Hence, Ad (w) induces an isomorphism

AzAJ, (f, @) » (wfw*, ugau}) sending Bto B, = {f € A,: f(t) e DEVt € [0, 1]}. [ |

By Proposition 2.2, the classification problem for C*-diagonals in A reduces to
the classification problem for Cartan pairs of the form (A,,B,). Our next goal is to
further reduce to the situation where no index in P is redundant. Let A = A(E, F, By, B;)
be a one-dimensional NCCW complex and B = {f € A: f(t) e DEVt € [0, 1]}.

Definition 2.3. An index g € P is called redundant if there exists g € P with g # g and
jel, t,s e {01} such that BZY and B2’ are isomorphisms and Y’ = 0 for all p ¢ {q, g}
and e =0, 1.
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Note that we must have ﬁ?’i =0 and ﬁg’i =0foralli#j.

Given a redundant index g as above, assume first that t = 5, say vt = s = 0
(the case t = s = 1 is treated analogously). Set gF := Y forall p # ¢, and e = 0,1,
,ég = ,3?, write y = ,Bg'j(ﬂg'j)_l, and set 5? = y,Bf. Set E := @pep\{q}Ep and let
,5. . F — E be given by ﬁ. = (ﬁf)pep\{q} for ¢ = 0,1. Let A = A(E’,F,BO,BI) and
B:= {f € A:f(t) e DEVtel0, 1]}. The following is straightforward to check.

Lemma 2.4. We have an isomorphism AzA, (fp)p — (fp)p, where for fP € C([0, 1], EP),
fP=fPifp # q,q, fi(t) = fA(1 — 2¢) for t € [0, 1], and fa(t) = y (f9(2t — 1)) for t € (3, 11.
This isomorphism sends B to B.

If v #5,say vt = 0 and s = 1 (the other case is analogous), define ,é? = ,Bf’ for all
p#q.gande=0,1,fj = ff, and ff = yp], where y = 1 (53") !, set E := @pep (q) EV,
B, = (ﬂ?)pep\{q} fore = 0,1, A :== A(E,F, B, B;) and B := {f € A: f(t) e DEVt €0, 1]}.

Then the following analogue of Lemma 2.4 is straightforward:

Lemma 2.5. We have an isomorphism Azﬁ, (fp)p — (fp)p, where for fP € C([0, 1], EP),
fPi=fPifp # q,q fi(t) = f4(2t) for t € [0, 1], and f(¢) = y(f9(2t — 1)) for t € (},1]. This

isomorphism sends B to B.

Definition 2.6. We say that A is in reduced form if no index in P is redundant.

Lemmas 2.4 and 2.5 allow us to assume that A is in reduced form from now on.
In the following, let us develop direct sum decompositions so that we can reduce our
discussion to individual summands, that is, to the case where A is indecomposable. Let
~p be the equivalence relation on P generated by g ~p g if there arei € I, v,s € {0, 1} such
that ,Bg’i # 0 and ﬂg'i # 0. Let P = [[;.; P; be the decomposition of P into equivalence
classes with respect to ~p. For each | € L, let E; := P,cpEP, I; ;== {i € I : AP £ 0
for some ¢ = 0,1 and p € P} and F; := P, F'. Define B, := (ﬁf"l)pepl,idl : Diery Fi —
@Dpep, EP for e =0, 1. Set A; := A(E}, F}, By, B1;)- The following is straightforward.

Lemma 2.7. We have A = @,.; A;, and for eachl € L, A; cannot be further decomposed
into (non-trivial) direct summands. Moreover, the decomposition A = @, 4; is the

unique direct sum decomposition of A into indecomposable direct summands.
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Remark 2.8. The direct sum decomposition in Lemma 2.7 is compatible with
C*-diagonals in the sense that if B = {f € A:f(t) e DEVt e [0,1]}, then under the
direct sum decomposition A = @, .; A; from Lemma 2.7, we have B = @, B;, where
B, ={feA;f(t) e DE;Vtel0,11}.

Corollary 2.9. Every isomorphism A, ~A_ restricts to isomorphisms Aa;lem(l) for all
l € L, where A, and A_,, ;) are the direct summands of A, and A, provided by Lemma
2.7, and X : L~Lis a permutation of L.

If the isomorphism A(,Z)At above sends B, onto B, then for all I € L, the
isomorphism AJ,.FA,;W) above must send B, onto B, ;, where B, and B, ; are as in

Remark 2.8.

Here, we are implicitly using that the equivalence relations ~, does not depend
on o, 7, that is, they coincide for A, A_, and A,. This is because ¢ and r decompose as
o = (oP), T = (zP) for permutation matrices oP, 7P in EP.

Lemma 2.7 and Corollary 2.9 allow us to reduce our discussion to the case where 4 is
indecomposable. So let us assume that we have p; ~p p, forall p;,p, € P.

Let us now describe the center Z(A) and its spectrum SpecZ(A). Let ~, be the
equivalence relation on [0, 1] x P generated by (v,q) ~;, (s,q) if v,5 € {0,1} and there
exists i € I with ,33"' # 0 and ,Bgi # 0. Note that on (0,1) x P, ~, is trivial. We
write []; for the canonical projection map [0,1] x P — ([0, 1] x P)/_,. Let [0,1] x, P :=
{(t,p) €10,1] x P: B is unital for all (v, q) € [t, pl, if t € {0, 1}}.

Lemma 2.10. The center of A is given by

Z(4) = {(f?) = (&P - 1) € C(10, 1], Z(E)) = P ([0, 11, Z(EP)) : (2)
p

gP € Cl0,1], g(x) = g%(s) if (v.@) ~z (5,9), g7(¥) = Oif (v, @) ¢ [0,1] x, P}.

We have a homeomorphism ([0, 1] x, P)/szspecZ(A) sending [t,q] to the character
ZA) — C, (fP) = (gP - 1) +— g%(t). Here [0, 1] is given the usual topology and P the
discrete topology.

Proof. If f = (fP) lies in Z(A), then fP lies in Z(C([O, 1], EP)) = C([0, 1], Z(EP)) for all
p, hence fP = gP - 1, for some gP € C[0, 1. Moreover, if a € F satisfies (f(0),f(1)) =
Bo(@), B;(@)), then a € Z(F), that is, a = (¢} 1) with ' € C. Now gi(r)- 150 = fI(x) = B (a)
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and ,Bg’i(ozi lp) = aiﬁg'i(lFi) imply that g9(x) = ot if ﬁg’i # 0. Hence, g4(v) = o' = gi(s)
if both ,35“' # 0 and ﬁg’i # 0. In addition, we see that g?(r) = 0 and («?) = 0 if B¢ is not
unital. This shows “C” in (2). For “2", let f = (gP - 1) satisfy gP € Cl0, 1], g9(x) = gi(s)
if (v,q) ~; (s,q) and g9(v) = 0if (v,q) ¢ [0,1] x, P. For i € I take any (r,q) € {0,1} x P
with ,33'i # 0 and set ! := g4(v). This is well defined by our assumption on (gP). Let
a = (a- 1z) € F. Then it is straightforward to see that (f(0),f(1)) = (By(a), B;(a)).
Hence, f € A, and thus f € Z(A).

The 2nd part describing Spec Z(A) is an immediate consequence. |

In the following, we will always identify Spec Z(A) with ([0, 1] x, P)/.., using the
explicit homeomorphism from Lemma 2.10.
Let us show that the points in 8 := {[v, pl, € SpecZ(A): (x,p) € {0,1} x P} are special.
Suppose that A is in reduced form, that is, no index in P is redundant. Further
assume that A is indecomposable, so that for all p,,p, € P, we have p; ~p p,.
Let ¢ and t be permutation matrices in E. Let ¢ : A,~A, be an isomorphism.
We denote its restriction to Z(A4,) also by ¢, and let ¢; be the induced homeo-
morphism SpecZ(AT):)«SpecZ(A(,). Let 9, := {[r,pl, € SpecZ(A,): (v,p) € {0,1} x P} and
3, == {Ir, pl; € SpecZ(A,): (v,p) € {0,1} x P}.

Lemma 2.11. We have ¢;(9,) = 9, unless #P = 1 = #I and f,, B, are isomorphisms.

Proof. Assume that ¢;[v, pl, = [t, gl, for some (v,p) € {0,1} x P, (t,q) € (0,1) x P. Let

Iyp, = {iel: ﬂg’i # 0 for some (s, q) ~; (v, p)}.

¢ induces the following commutative diagram with exact rows:

0 —— (ker ([1, g12)) Ao E4 0
‘Z’L ¢L =
0 —— (ke (v plz)) —— Ar ——= Doy F'—0

Here the map 4, — D¢y, Fi sends f € A, to the uniquely determined a € Die Fi
t,ply ! . t,ply
with f9(s) = pd(a) for all (s,q) € [v,pl,. E? = @id[ o F' implies that #I;, ,;, = 1, say
v,ply P
I[t,p]z = {i}.
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Moreover, for every sufficiently small open neighborhood U of [t, gl, in SpecZ(A,), U \
{lt, gl;} is homeomorphic to (0, 1)LI(0, 1), while for every sufficiently small neighborhood
V of [, pl in Spec Z(A,), V\ {Ir, pl;} is homeomorphic to [L(s,g)<le p1, (0. 1. Hence, we must
have #[t, pl, = 2.

Furthermore, if U and V are as above, then for all u € U, A_/ (ker (u)) has the
same dimension as AG/(ker([t, Q]Z)), whereas A,/ (ker (v)) has the same dimension as
A,/ (ker (It, ply)) for all v € V only if p%" is an isomorphism Fi~E4 for all (s,q) € [, pl,.
Now if there exists (s,q) € [t,pl, with g # p, then g (and equivalently p) would be a
redundant index in P, which is impossible because A is in reduced form. Hence, we
must have [t, pl; = {(0,p), (1, p)}. However, this implies that {p} is an equivalence class
with respect to ~p. Since A is indecomposable, we must have P = {p}, and thus I =

I[t,p]z'
Thus, indeed, #P = 1 = #I, and B, p; are isomorphisms. [ |

It is straightforward to deal with the remaining case where #P = 1 = #I and ),

B, are isomorphisms:

Lemma 2.12. If #P = 1 = #I and B, B, are isomorphisms, then for all t € (0,1),
A, — A, f > fowith £(t) := Bopy ' f(t+(1—1)) for t € [0, and f(¢) := f(¢t—1) for t € [E,1],
is an isomorphism sending B, onto B, such that the induced map SpecZ(A,)zSpecZ(Ar)
sends [t], to [0], = [1],.

Here we identify [0, 1] x P with [0, 1], so that there is no need to carry around the

P-coordinate.

Corollary 2.13. If (A,,B,) = (A,,B,), then there exists an isomorphism A, ~A_ sending
B, onto B, such that the induced map SpecZ(Ar):iSpecZ(Aa) sends 9, to 9.

Let A = A(E,F,By,8,) and B = {f € A: f(t) e DEVt € [0, 1]}. To describe SpecB,
let Y := SpecDE, VP := Spec DEP, X .= SpecDF, Xl = SpeCDFi, and for v = 0,1, let
Y. = Spec (DE - B.(1p) - DE) = {y € Y: y(B.(1)) = 1}. Let b be the map V, — X dual
to B.lpr : DF — DE, that is, b (y) = y o B,. We have Y = [[,JP, X = [[; X, and with
VP .=)yPn Y., the restriction b? .= .bt|y€z is dual to 55|DF : DF — DEP.

Define an equivalence relation ~5 on [0,1] x Y by setting (v,y) ~p (s,y) if
v,s € {0,1}, y € Y., ¥V € Y, and b, .(y) = b, (y). Note that on (0,1) x ), ~p is trivial.
We write [-]; for the canonical projection map [0, 1] x Y — ([0, 1] x y)/NB. Set[0,1]1x, )V :=
{t.y) €0, 1l x Yy e Y, if t €{0,1}}. Let [T : ([0,11x )/, — ([0,11 x P)/_, [t, y] > [t, p]
for y € VP be the canonical projection. The following is straightforward:
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Lemma 2.14. We have a homeomorphism ([0, 1] x, y)/NstpecB sending [¢, y] to the

character

y(f @) ift € (0,1);
b,()((By. B (F(0), (1)) ifte(0,1}.

B—>C, f—

Here [0, 1] is given the usual topology and ) the discrete topology.

Moreover, with respect to this description of SpecB and the description of
SpecZ(A) from Lemma 2.10, the map I1 : SpecB — SpecZ(A) induced by the canonical
inclusion Z(A) — B is given by the restriction of IT to dom IT := [T~} (Spec Z(A)).

We are now ready for our main classification theorem. Let A = A(E,F, By, B;)
be in reduced form. Let 0 = (6P) and t = () be permutation matrices in E. Write
,B1:=Ad(0)op, and ,B, := Ad (r) o By, and let (b} : V¥ — X, bY: VI — X be the
maps dual to , g%, .} : DF — DEP.

Theorem 2.15. We have (4,,B,) = (4,,B,) if and only if there exist

e a permutation p of P and for each p € P a bijection @P : YP)r®),

e apermutation « of I and for each i € I a bijection &' : X2y giving rise to
the bijection & = [[, E': X =[], XI~[[; 2*? = x,

e amapo: P— {£1}

such that for every p € P, we have commutative diagrams

p _OF o) p _OF o(p)
yo ﬁ yo Ty] ﬁ (Ty]
v| Lege o] Lo
X —=s X X —= s x (3)
ifo(p) = +1,
p _OF o) p _OF o(p)
yo ﬁ O’yl Tyl ﬁ yo
b(l)’l J/ bf(p) ‘rbf\l/ J/bg(p)
X —% sy X —=x @)

if o(p) = —1.
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Proof. “<":the commutative diagrams (3) and (4) induce commutative diagrams

P xOP

YO x V¥ -

|

(BY x B (L; X7 x X7) &2

)23 r
b0 XbO\L

[1]
X
11

N y(/))(p) x yg(p)

)

(bg(P) X bg(P))—l(Hi XK(i) X XK([))

p(P)y,pP(P)
lbo ><b0

[, Xix &t

if o(p) = +1,

OF xeP

s Hi XK([) X XK([)

YO VP -

|

N yg(p) > yg(p)

)

- i iy OPxep (p) (P)y-1 k(i k(i
(B x BN X x X1 === (b7 x b)) O x x)

)2 r
b, xbol

[, Xix ¢

[1]
X
[1]

p(p) o(p)
J/(rbl ><o—bl

s> 11, x5 k()

if o(p) = —1.

Applying the groupoid C*-algebra construction, and using [47, Proposition 5.4]

(see also [5, Lemmas 3.2 and 3.4]), we obtain the commutative diagram

EP <% Ep(p)

/sg’T

-

Fet F (5)

where 6P = (OP x ®P)* is the map induced by ®F x OF, &§ = (E x E)* is the map induced

by E x E, and the right vertical map is given by 8

P if o(p) = +1 and , 8,7 if o(p) = —1.

Similarly, we obtain a commutative diagram

EP 9 Ep()

AT

.

F <t F )

where the right vertical map is given by G,Bf(p) if o(p) = +1 and ,Bg(p) if o(p) = —1.
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Now denote by 6 the isomorphism E~E given by D,0P E=0D, EFPX @, EP =E.
For f = (fP) € C(I0,1],E), fP € C([0, 1], EP), define f € C([0, 1],E by f := (fP), fP = fP if
o(p) = +1 and fP := fPo(1—id) if o(p) = —1. We claim that A, — A_, (f,a) — (0(f), £(a))
is an isomorphism sending B, to B,. All we have to show is that this map is well defined
because we can construct an inverse by replacing # by #~! and £ by £~!, and the map

clearly sends B, to B,. To see that it is well defined, we compute

. . 5 .
OF) ()P = 0P (F*P(0)) = 0P (f*P(0)) = 9p(ﬁ§(p)(a)) © BY (E()) ifo(p) = +1,

OF) ()P = 6P (F*P (0)) = 6P (F*P (1)) = 6P (, B2P (@) ® B5(E@)  ifo(p) = 1.

Similarly, O(f)(l) = _.B,(&(a)). This shows that (f,é(a)) € A,, as desired.

“=": by Lemmas 2.4 and 2.5, we may assume that A is in reduced form, that is, no index
in P is redundant. By Corollary 2.9, we may assume that A is indecomposable, that is,
we have p; ~p p,forallp e P.Let ¢ : AngT be an isomorphism with ¢(B,) = B, . Let ¢}
be the induced homeomorphism SpechzSpecBa and ¢; the induced homeomorphism
SpeCZ(Ar)zSpecZ(Ag). By Corollary 2.13, we may assume that ¢3(d,) = d,. We have a

commutative diagram

py
domIl, —=—% domTII,,

n| |,

Spec Z(A;) % Spec Z(Ay)

where the maps IT, and I, are the ones from Lemma 2.14. ¢; restricts to a homeomor-
phism SpecZ(A )\ BrzspeCZ(AU) \d,.As SpecZ(A,)\9, = (0,1) x Pand SpecZ(A,)\ 9, =
(0,1) x P, there must exist a permutation p of P and for each p € P a homeomorphism AP
of (0, 1) such that ¢;([¢, pl,) = [AP(?), p(p)];. Set o(p) := +1 if AP is orientation preserving
and o(p) := —1 if AP is orientation reversing. For fixed p, 1'[;1((0, 1) x {p})) = (0,1) x YP
and I1;1((0,1) x {p(p)}) = (0,1) x Y*P), so that we obtain the commutative diagram

(0,1) x VP ¢_f> (0, 1) x Yrp)

o

0.1) X {p} —Z5 (0. 1)x {p(p)}

It follows that there exists a bijection ©F : ypiyﬂ@ such that ¢5([t, ylz) = [\P (1), P (y)lp
for all y € )P.
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Now consider 9B, := {[t,y]B: te{0,1},y € yt}, and define 0B, analogously.
¢y Testricts to a bijection 8Br2830 because dB, = SpecB, \ I1;}(SpecZ(A,) \ 3,) and
similarly for 9B . In addition, we have a bijection 831326 sending [0, ylz to by(y) and
[1,ylz to .b;(y), and an analogous bijection BB(,zX. Thus, we obtain a bijection XzX,

which fits into the commutative diagram

9B, 223 B,

;l l;

X — X (7)

As this bijection X~X corresponds to an isomorphism F~F, which fits into the

commutative diagram

@
Aa’ ﬁ A‘r
(Boaﬁﬁl)_lo(evo,ew)l \L(ﬁoafﬁl)_lo(evo,ew)
F—>3%F

there must exist a permutation « of I and bijections ¢ : X iZ x<® guch that the bijection
X=X in (7) is given by & :=[[; B : [[; XI=[]; A*D.

Now take p € P with o(p) = +1. For y € )P, [0, ©P(y)]; is mapped under the right
vertical map in (7) to b@“”(@P(y)). At the same time [0, P (y)lp = lim,. o [AP (1), OP(p)]p =
lim, o ¢5([2, ylp) = ¢3([0, ylp). By commutativity of (7), the right vertical map in (7) sends
¢5(10,ylp) to E(bg(y)). Hence, E o b? = bg(p) o ®P, Similarly, E o tblf = bel)(p) o OP, If
o(p) = —1, then an analogous argument shows that Z o b? = Ubf(p) o®P and Eo rbf =
bg(p) oGP, |

In [6], the authors identify particular one-dimensional NCCW complexes A
(certain dimension drop algebras) with the property that given any two C*-diagonals B,
and B, of A, we have (4,B;) = (4, B,) if and only if Spec B; = Spec B, (i.e., B; = B,). As the
latter is obviously a necessary condition, this can be viewed as a rigidity result. Moving

toward a rigidity result in our general setting, let us first prove a weaker statement.

Theorem 2.16. Suppose that A is a one-dimensional NCCW complex such that for all
(,p) €{0,1}) x P, #{i e I: BP" # 0} < 1. Given two C*-diagonals B, and B, of A, we have
(A,B;) = (A,B,) if and only if there exists an isomorphism Blsz sending Z(A) onto
Z(A).
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Proof. “="1is clear. Let us prove “<". By Proposition 2.2, it suffices to show that given
permutation matrices o and v in E, (B,,Z(4,)) = (B,,Z(A,)) implies that (4,,B,) =
(A,,B,). As in the proof of Theorem 2.15, we may assume that A is in reduced form
and that A is indecomposable. Suppose that we have an isomorphism ¢ : BG:«)BT with
$(Z(A,)) =Z(A,). Let 9o* : SpeCBrzspecBa be the homeomorphism induced by ¢. Define
0B, and 9B, as in the proof of Theorem 2.15. Using Lemma 2.12 as for Theorem 2.15,
we can without loss of generality assume that ¢*(0B,) = dB,,.

As in the proof of Theorem 2.15 we get a bijection E : X=X, which fits into a

commutative diagram

0B, 22 B,

;l l;

X%}X

It remains to show that there exists a permutation « of I and bijections 8¢ : Xi<x«®
such that & = [[; &. This follows from the observation—which is a consequence of our
assumption—that [v, ylp, [s, ¥l in 8B, are mapped to elements in X' for the same index
i € I if and only if we have for all open neighborhoods U and V of [v, yl; and [s, yl; that
M, (UNdom M) NI (VNdomTl,) # 0.

Now the rest of the proof proceeds in exactly the same way as the proof of
Theorem 2.15. n

Now let us present a strong rigidity result in our general context.

Theorem 2.17. Suppose that A is a one-dimensional NCCW complex such that

e f,and B, are unital,

e foralli eI, there exists exactly one (t,p) € {0, 1} x P such that ,Bf'i £0,
e forall (t,p) € {0,1} x P, there exists exactly one i € I such that ,Bf’i £0,
e for all these triples (v, p, i), we have m (p, i) # 2,

e the map defined on such triples sending (¢, p, i) to m (p, i) must be injective.

Then given any two C*-diagonals B, and B, of A, we have (4, B;) = (4, B,) if and only if
Spec B, = SpecB,.

7] "

Proof. =" is clear. To prove “<", by Proposition 2.2, it suffices to show that for
any two permutation matrices ¢ and t in E, B, = B, implies that (4,,B,) = (4,,B,).

Let ¢ : BGzBT be an isomorphism and ¢* : SpecBrzSpecBg its dual map. Our
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condition m.(p,i) = 1 or m (p,i) > 3 implies that ¢*(dB,) = 0B
{lc, ylg: (t,y) € {0,1} x Y} and similarly for 9B,. Thus, ¢* induces a permutation E :

-+ Where 0B, =
X~ X, which must be of the desired form as in the proof of Theorem 2.15 by our
assumptions on AY’. Similarly, ¢* induces homeomorphisms (0,1) x V = SpecB, \
aBrzSpecB<7 \ B, = (0,1) x Y as in the proof of Theorem 2.15, again using our

assumptions on AY". Now proceed in exactly the same way as the proof of Theorem
2.15. |

Remark 2.18. The hypotheses of Theorem 2.17 are for instance satisfied in the case of
stabilized dimension drop algebras in the sense of [6], that is, where P = {p}, I = {io, il},
E=EP =M, ®M, ®M, Fo = M, ® M,, F' = M, ®M,, B, = gL : M, ® M, —
M, ®1,®M, C EP is given by id ® 1,, ® id, B, = p*" : M, ® M, — 1,, ® M,, ® M, C EP
isgivenby 1,, ®id ® id, and m,n > 3, m # n.

The conclusion of Theorem 2.17 is also shown to be true in [6] using ad hoc
methods in the case where exactly one of m or n is equal to 2 or when (m, n,0) = (2,2, 1).
However, contrary to what is claimed in [6, Theorem 7.8], the conclusion of Theorem 2.17
is not true in case m = n and m, n > 3. The problem is that [6, Remark 7.7] is not true in

this case, as the following example shows.

Example 2.19. Letv > 6 be an integer and suppose that v is not prime, so that v has a
divisor § € {3,...,v — 3}. Let M be a v x v-matrix with two identical rows and pairwise
distinct columns such that each row and each column has exactly § ones, and zeros
everywhere else. Such a matrix has been constructed for example in [56]. Now consider

the matrices

2v 2v
Zvar 0 =M 0
M =" M. ="
o ( o 2Mm)’ T 0 (2mt

Then each row and each column of M, and M, has sum equal to 2v. The columns
of M, are pairwise distinct, whereas M, has two identical rows and two identical
columns. Hence, we cannot find permutation matrices P and Q such that M, = PM_Q
or M, = PM!Q. Thus, M, and M, are not congruent in the language of [6]. However, it
is straightforward to see that the bipartite graphs I', and I', attached to M, and M,
are isomorphic (though not in a way which either consistently preserves orientation
or consistently reverses orientation), where the bipartite graphs I', = (V,E,,E, —
V x V), for ¢« = 0,7, are defined as follows: let V := {1,...,2v} x {0,1}, E, :=
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{(vo, vi vy, vy €{1,...,2v}, n € {1,...,(M.)V0'V1}} for ¢ = 0,7, and define E, — V x
V, vy, vy, ) = ((vg, 0), (vq, 1)). This shows that [6, Remark 7.7] is not true.

This leads to an example of a one-dimensional NCCW complex in the same form
as in Remark 2.18 with m = n = 2v, 0 = 1, and permutation matrices o,t € EP such
that B, = B, but (4,,B,) # (4,,B,): For ) = Spec DE, X = Spec DF, we have canonical
identifications Y = {1,...,2v} x{1,...,2v}, ¥ = X0 LLX" with X = {1,...,2v} and X1 =
{1,...,2v} such that the maps b, dual to g, are givenby by : YV — X c x, Vo, V1) — Yo
and b; : Y — X oc x, (Yo, Y1) — ¥;. Let o be the permutation of Y such that for
all xo,x; € X, we have #{y € V: (by(y), b1 (6(y)) = (x0, %)} = (M,), 4, and let 7 be
a permutation of ) with the analogous property for M, instead of M. The proof of [6,
Proposition 6.9] gives a precise recipe to find such ¢ and r. Now let o be the permutation
matrix in E given by o, = 1 if and only if y = o0~ !(y), and define t similarly. Then
I', =T, implies that Spec B, = SpecB,, hence B, = B,, while we cannot have (4,,B,) =
(A,,B,) since otherwise Theorem 2.15 would imply that M, and M, would have to be

congruent in the sense of [6].

3 Construction of C*-Diagonals with Connected Spectra

We set out to construct C*-diagonals with connected spectra in classifiable stably finite

C*-algebras.

3.1 Construction of C*-diagonals in classifiable stably finite C*-algebras

We recall the construction in [47, Section 4], which is a modified version of the
constructions in [15, 22, 32] (see [47, Section 2]). The construction provides a model
for every classifiable stably finite C*-algebra, which is unital or stably projectionless
with continuous scale, with prescribed Elliott invariant £ = (GO,Gar,u,T, r,G,) as in
[47, Theorem 1.2] or £ = (G, {0},T,p,Gy) as in [47, Theorem 1.3], in the form of
an inductive limit h_r)nn {A,.¢,}. In addition, the crucial point in [47] is to identify
C*-diagonals B,, of A
satisfy the hypothesis of [47, Theorem 1.10] so that 1£>nn {Bn,gpn} becomes a C*-diagonal
of lim {A,, ¢,}. Here A, = {(f,@) € C(0,1], E,) ® F,;: f(v) = B, (@) for t = 0,1} where
E, =@, EL, Eh = My, py Fr = @, F., Fi = PLM_ (C(Z,))P. for a distinguished index

i, Z, is a path-connected space with base point 9,‘;, Pfl is a projection corresponding to

o+ Which are preserved under the connecting maps and which

a vector bundle over Z,, of dimension [n, i], P} (A1) is up to conjugation by a permutation

my, + Fy — Fy, is given by 7, = ev,; & Diziidpi, and B, , = B, , o m,, where B, , : F,, > E,
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is of the same form as in (1). In the stably projectionless case, we can (and will) always
arrange that for all n, there exists exactly one index p such that ﬂﬁ,o is unital and 55,1 is
non-unital, while /Sfl’,, is unital for all other p # p.

The connecting maps ¢ := ¢, : A, — A, are determined by ¢, : A, £,
A, — C(O,11,E, ;) and ¢ : A, N A, 1 = Fu . ¢c(f,a) is of block diagonal form,

with block diagonal entries of the form
fp oA, (8)

for a continuous map A : [0, 1] — [0, 1] with 2~1({0,1}) {0, 1}, where fP is the image of
f under the canonical projection C([0, 1], E,,) — C([O, 1],E£) (see [47, Equation (16)]), or of

the form

[0,1] -» E¢

ni1r L T(Max(@)), (9)

where x : [0,1] — Z,, is continuous and t(¢) : P, (x(t))MP,(x(t)) = Pn(Q,"L)MOOPn(Q,il) isan
isomorphism depending continuously on ¢, with 6, in the same connected component as
x(t), and t(t) = id if x(t) = «9,"1 (see [47, Equation (17)]). Moreover, we can always arrange
the following conditions:

V p, g 3 a block diagonal entry in C([0, 1], E., ) of the form fP o A? as in (8)

+1
with 2P(0) = 0, AP(1) = 1. (10)
Viasin (8) andt e {0,1}, A(x) ¢ {0,1} = A(t") €{0,1}, wheret* =1 —r. (11)
V x as in (9), if im (x) € Zi, then x(0) = 61 or x(1) =61, (12)

Note that a crucial (though basic) modification of the constructions in [15, 22, 32] is to
push unitary conjugation all into 8, ,, ,, so that ¢, can be arranged to be always of this
block diagonal form (see [47, Remark 4.1] for details).

¢r(f,a) is up to permutation given by

. o . .
orfr0) = ("7, 0w), where gpp(@ = (@), for F, = @ Fh, Foyy = D Fy,-
i J

(13)
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Moreover, with 7 := 7, ;, m o ¢/** is given by the composition

. . 1®idy . . s
Fi=Fl "1, 00 @FL C My, @ FL — L ifi#1, (14)
7 o ¢/ is given by
nowé’i 0 B (15)
0 7'[0(/)%1
where 7 o gag’j is given by the composition
. Vi . 1®idﬁ',-1 i i o

Fp— Fp —" 160 ®F, S My, ;) ®@F, — F ., (16)

and 7 o gagl consists of block diagonals of a similar form as 7 o (pg’l, but starting with ev,

instead of evyi, forze Z C Z,, \ {9,’1} As in (1), the arrow ~— denotes a *-homomorphism

i
6n

of multiplicity 1 sending diagonal matrices to diagonal matrices. It is convenient to

collect 7 o ¢/ for all j into a single map w o ¢~ : Fh — 13'n+1 given by

Fi = B — (Lyygp ® FL); € (@Mmqli)) @FL — F . ifi#i, (17)
j

and in a similar way, we obtain 7 o (p;'i : F}l — ﬁ'n+1 given by
o BVpi s ns R
Fy —3 By — (1,55 ®F)); C (@me)) @FL — F, ... (18)
J

3.2 Modification (conn)

We modify the construction described in Section 3.1 to obtain C*-diagonals with
connected spectra. We start with the inductive limit decomposition as in [47, Section 2]
and construct C*-algebras F, as in [47, Section 3,4]. Now the original construction
recalled in Section 3.1 produces An and ¢,,_; inductively on n. Suppose that the original
construction starts with the C*-algebra Al of the form as in Section 3.1. Let us explain
how to modify it. We will use the same notation as in Section 2. Let [1,1] := > ;[1,1].
Choose an index p and define E} := My py401,n- View ]:j'iJ and F, as embedded into EY via
E @k =My, ®@;M;) S M, ®M,, < E}. Define E{ := E? for all p # p and
E =@, EP.Letd;, 1 <1< 1,1], be the rank-one projections in DM, j and w € M, ; the

permutation matrix such that wd,w* = d;,, if 1 <1 <[1,11-1 and wd|, yw* = d,. Define
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ﬂ{],t = léf,r fort=0,1,p #p, ﬂf,o = (:éf,O'”) and ﬂf,l = Ad(léf,w) o (ﬂfl,nl) as maps
F, > EP @F, C E?. Now define A, := {(f,a) € C(0,1],E;) ® F;: f(t) = f; (@) for v = 0,1}.

Now suppose that our new construction produced

Let An«H and ¢, : 4, — An+1 be given by the original construction as recalled in

Section 3.1. In order to modify A, , and ¢,, we use the same notation for ¢ := ¢, as in
Section 3.1. Let [n+1 J1:= 2 i[n+1,jl. Choose an index q Define E +1 = Mn11,q)+in+1,01-
View EY 41 and F, 41 as embedded into EqJrl via EnJr1 ©Fp1 =My q @ (D M[n+1ﬂ) -
M i1,q) © M1, S Ey - Define Egz+1 = B, forall g # 9 and Eni1 = Dy Enii-
B = ,3? fort=0,1,g#q and,B0 = (,Bo,n) asamap F,,; — E +1 ®F, , C En+1 Let us
now define ;. Consider the descriptions of 7 o ¢/t fori # i in (7) and (10) and of 7 o Jfé'i
in (9) and (11). Let d}, 1 <1 < 2,m(j, 1), be the rank-one projections in ; DM, ;, and
w WG € M, ;s permutation matrices such that, if we identify d‘ ® f with its image
in E | under the compositions of the embeddings (; My, ;) ® F}, — F,,, from (10),
(11) and Fp,; = =@ Myi1 S Mypi1g from above, we have w'(d} ® f)(w)* = di, | ® f if
1<l< ij(],L) -1, Wl(d% R fHH(wh* = di\fifl= ij(],l), Wg(d; ® f)(wg)* = ;+1 ® f
ifl<l< ij(]',i) —land wy(d; @ H(wy)* =d] @fifl = ij(]',i), for all § € DF},.
Let ¢’ be the unit of (EBij(j,i)) ® Fi, viewed as a projection in M, 1 5 Via the above
embedding into My, , ;;, and let ¢} be the unit of (€, My, ;) ®F1, viewed as a projection
in My, s via the above embedding into M, ,, 5. Let ¢x o and ¢z be the projections in
F, ., corresponding to the decomposition of ¢ (or rather 7 o ¢z) in (6) so that lp o =
¢pctepp andset ey i=epp— (24 ¢') — ¢y Now define wp p 1= (3, ; e'w'e") +egwyey +ey
and

w::(eF'C 0 ) (19)

0 wpr

with respect to the decomposition of ¢ in (6). Set
= Ad “Yo(F0): F B ek, cE
By = ’6“ w) S0 2] fntl — By ®Fn S By

Finally, define A4,., := {(f.a)€C(0,1,E, ) ®F, ,:f(x) =B.(a) fort=0,1} and
¢ =¢n: Ay — Apyy bY ¢p = §p, ¢} = ¢ for g # q, and

9t = (‘/;C nf(;F) A, — €([0,1], E"+1 ®F,,,) CCd0,11,E, ). (20)
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By construction, ¢, is well defined, that is, ¢, (f,a) satisfies the defining boundary

conditions for A, for all (f,a) € A,. Proceeding in this way, we obtain an inductive

system {A,,, ¢,},.

Lemma 3.1. A := lim {A, ¢,} is a classifiable C*-algebra with Ell(4) = &, where
& = (Gy, GS“, u,T,r,G,) as in [47, Theorem 1.2] or £ = (G, {0}, T, p, G;) as in [47, Theorem
1.3]. In the latter case, A has continuous scale.

If we set B, = {(f,a)€A,:f(t) eDE,Vtel0,1], aecDF,}, then B :=

lim {B, ¢,}is a C*-diagonal of A.
Here DF,, is the C*-diagonal of F,, defined in [47, Section 6.1].

Proof. A is classifiable and unital or stably projectionless with continuous scale
for the same reasons why the original construction recalled in Section 3.1 yields
C*-algebras with these properties (see [15, 22, 32, 47] for details). We also have Ell(4) = &
for the same reasons as for the original construction. This is straightforward for K-
theory, as A, ,, and An+1 have the same K-theory and ¢, induces the same map on
K-theory as ¢,,. It is also straightforward to see that modification (conn) yields the
desired trace simplex and pairing between K, and traces. Indeed, we can think of our
modification taking place already at the 1st stage of the construction summarized in
[47, Section 2], where a non-simple C*-algebra with the prescribed Elliott invariant is
constructed. And that this non-simple C*-algebra has the desired trace simplex and
pairing is enforced in the construction summarized in [47, Section 2] by making sure
that for the analogues of ¢, and ¢y, the block diagonal entries of the form ¢ > t(t)a(x(t))
as in (2) and €5F,F as in (6) take up larger and larger portions of C([O, 1],]:5,'n+1). But our
modification only increases these portions.

Finally, the connecting maps ¢,, are of the same form as in [47, Section 4], and
hence admit groupoid models as in [47, Section 6]. Hence, B is indeed a C*-diagonal of A

by the same argument as in [47, Section 5-7]. |

3.3 Building block C*-diagonals with path-connected spectra

Let us now show that modification (conn) yields C*-diagonals with connected spectra.
We need the following notations: let ), := Spec DE,,, J.Jﬁ = SpecD].Z'ﬁ, y,'i = SpeCDEE S0
that J, = yhu ]_[p?ép y,‘; X, = Spechv'n, X, = Spech:"n, X,il = SpecDﬁ',"l, and ]—',(10) =
Spec DF,,. We have Fy,” = (Z, x X)) LI( [;; {61} x X}). 7 : F, — F, restricts to DF,, — DF,,

which induces X, <> F’ given by X% < {61} x X%, x > (0},x) with respect to the
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identification of ]-",(LO) we just mentioned. We identify A, with a subset of ]-",(,0) in this
way. Let bf’m : yﬁ,t — X, where yﬁyt :=dom bfm C V%, be the map inducing ﬂﬁ,t, define
b,.: Y, — X, correspondingly, and let i)fm : ji,ﬂ,r — X, with j),’iyr := dom 13?1,t c
be the map inducing /éﬁyt. Let ~ be the equivalence relation on ([0, 1]x yn)u;f,2°> generated
by (v,y) ~ b, (y) € &), € FY forv e {0,1} and y € V.o We write [] for the canonical
projection map ([0,1] x V,) U FY — (([0,1] x V) U F’)/. and identify F” with its
image under ['1. Set [0, 1] x, Y, := {(t,y) € [0,1] x V,: y € V,, , if t € {0, 1}}. The following

generalization of Lemma 2.14 is straightforward:

Lemma 3.2. We have a homeomorphism (([0, 1] x, V,,) I f,(LO))/,szpeCBn sending [t, y]
(for (t,y) € [0,1] x ),,) to the character B, — C, (f,a) — y(f(?)) and x € ]—',(lo) to the

character B,, — C, (f,a) — x(a).

Moreover, we always have V5 = V5 1 X, Vi . = V% . 11 X, and

b= b’ Uidy, . (21)

n0~— “n

For n = 1, b, is given by b§,1|y{a1 = 13'13’1, and if {x;} , = &, according to the

1<I<[1,I
enumeration of rank-one projections in DM, ; in Section 3.2, we have

b (x)=x_,if2<1<[1,11  and b}, (x)) =xp . (22)
Now we need to describe the groupoid model p := p,, for ¢,. Let us drop the index
n + 1 and write ) := V,,,, & := &), ; and so on. By construction of EY9, we have a

decomposition Y9 = 5)q LI X. Moreover, according to the decomposition of 7 o (;'JF in
Section 3.1 (see (6)—(9) in combination with the definition of ¢, ef;, ¢z, Crc in Section 3.1),
we have a decomposition of X € Y% as X = ([ [;; Xleil) I (X[eé] U X[e,]) U Xeg I, where
X[e] = {x € X: x(¢) = 1}. Define Vgonn := ([1; Xl DU X[el] and Yy, := Xlez]LUX[ep ol. We
have Ygonn € V¢ for v = 0, 1. According to the construction of g := :32+1,0 in Section 3.2,
by :=b, o sends x € Vony to x € X. To describe b; := b, | on Vo, note that we

have an identification

(LT xte) uatedl = (T (T M4, x xi)) u (HM(]',J') x &)

i#i i ]

_ (]_[Mi x X:;) I (M x x) (23)
i£i
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corresponding to the decomposition of 7 o ¢ in Section 3.1 (see (6)-(11) in combination
with the definition of e, eé, ¢z, ¢pc In Section 3.1), where M! = ]_[J-M(]', i) and
M= [I; M(j, ). With respect to (16), if M = {“li""'“izjmg,i)} corresponding to the
enumeration of rank-one projections in p; DM, ;) in Section 3.2, we have

by(uj,x) = (u_, 0 if 2<1< D> m(,i)  andby(uf,®) = (uk ,600% Vxe X,
7

(24)

according to the construction of B := /32+1 | in Section 3.2. We also have V.., € ) for
t=0,1,and b, sends x € Y., to x € X for t = 0,1 according to the construction of 8¢
in Section 3.2.

On (Hi# X[ei]) A X[eé], using the identification (16), we have
pux)=xecXl VueM, xeX} (25)

according to the descriptions of the components of 7 o ¢p in (7), (9), (10), and (11).

Furthermore, note that condition (3) implies that we have embeddings

Vo=Viu [ M=, =01, (26)
p#p

sending ), . into b! (M X[e]) L1X[e}]) such that the following diagram commutes for
t=0,1:

Ve = by (U X[e'D) L X[ef])

b,,,,.l lbr

Xy L (I XLe']) L X[ ] (27)

Proposition 3.3. The C*-diagonals B,, as in Lemma 3.1 have path-connected spectra
foralln=1,2,3,....

Proof. In the following, for two points x; and x,, we write x; x, if there exists a

Nconn
continuous path from x, to x,, in a space that will be clear from the context or specified

otherwise. We start with the observation that given x € }-7(10) \ &, thatis, x € (Z,,\ {9,’;}) X

X1, since Z,, is path connected, we have x ~,,,, X € {9,’1} x X1 € X,. Hence, to show that

Spec B, is path connected, it suffices to show that [[0, 1] x, ), ] is path connected. Let us
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prove inductively on n that [[0, 1] x, Y, ] € SpecB,, is path connected. Note that we can
always make the following reduction: for all (¢,y) € [0,1] x J,,, we have y € Yno because

Bn,o is always unital, and [t, y] ~ [0, y]. Moreover, given t € {0,1} and y € Y. since

conn
bm0 X, C yf;,o — X, is surjective by (14), there exists y € &, C y};yo such that
bnyo(f/) = bn,t(y) and thus [0, y] = [, y]. Hence, it is enough to show fory,y € X, C yjjyo
that [0, y1 ~copnp [0, 71

Forn = 1, this follows from the observation that we have [0, x;, ;] ~ oy, [1, %11 =
[0,x;] for all 1 <1 < [1,I] — 1 because of (15). Now let us assume that [[0, 1] x, V,] is
path connected, and let us show that [[0, 1] x, ), ] is path connected. We use the same
notation as in the description of p above (we also drop the index n + 1). It suffices to
show that for all y,y € X € ) that [0, y] ~,,, [0, 7]. We further reduce to y, 7 € Vonn:
If y € Xleyz], then there exists v € {0,1} and y € Y, with b.(y) = by(y) (= y), and by
(5), we must have b.(y) € p~1(X,) N X = (i Xlel]) U Xlel] = Vionn, where v* = 1 —t.
Hence, [0,y] = [t, 7] ~conn %, 7] = [0,y'] for some y' € Vo If ¥ € Xleg cl, then there
must exist vt € {0,1} and y € Y, with b, (y) = by(y) (= y), and by (4), we must have
b € p7H(X)NX = (Ui X[el]) I X[el] = Vgoun (here X is viewed as a subset of

SpecB, ), where t* = 1 — . Hence, [0,y] = [t, 7] ~;opn, [t¥, 71 = [0, y’] for some y’ € Veonn.

Moreover, given y € Ygonn (for which we have by(y) = y € X), there exists by (20)
V' € Ypo S Yy such that p(by(y)) = p(by(y)). Viewing by(y') as an element in Y ns

let us now show that
[0,by(y)]=10,by(y)]: (28)

Under the bijection (16), we have y = (u,x) and by(y') = (¢, x), where x = p(by(¥)) =
p(by(y)). Hence, (21) follows from the following claim:

Under the bijection (23), we have [0, (1, )] ~copn [0, (1, x)] forall u, 1’ € ./\/li, b= X,’;.
(29)

This in turn follows from the observation that for all I € {1,...,(Zj m(j, 1)) — 1} and
x € Ay}, we have [0, (4,1, %] ~conn [1, (11,01 = [0, (n;, x)1. The last equation follows
from (17). So we have [0, y] ~¢,,p, [0, bo(y)] = [0, y']. Hence, it suffices to show [0, y] ~¢,,p,
[0,y]in [[0,1] x, V,, ;1] € SpecB, ,, forally,y € ), ;.

By induction hypothesis, we have [0,y] ~,,,, [0,¥] in [[0,1] x, V,,] € SpecB,,.
Hence, there exist (v, y;) € {0,1} x V,, 0 < k < K, such that (vg,yy) = (0,y), (g, Vg) =

(0,y) and for all 0 < k < K — 1, we have [vg, yi] = [vg, 1, V5,1l in SpecB,, or y, = yr, 1,
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ty1 = v, (where tj = 1 — ;). Clearly, in the latter case, we have [t, yi| ~conn [th, Vil =
[tgy1, Y1l in [0, 1] x, V4] € SpecB,, . To treat the former case, we need to show
that [vy, yil = [vg41, V41l in SpecB,, (i.e., by, ., (vi) = bnltk+1 (Yko1)) implies [tg, vl ~conn
[tgs1 Virq] in [0, 1] x, ¥, 1] € SpecB, . ;, where we view y; and y;_; as elements of V¢

and Y, using (19). We have

)
P 7)) D by ) =bp. Vi) = Plbe,, Tipn)-

Thus, viewing btk(yk), brk+1(Yk+1) as elements of Vann, We have btk(yk) = (u,x) and
btk+1(Yk+1) = (i, x) for some pu,u’ € M! and x € X,l; with respect to (16). Hence, (22)

implies that, in [[0, 1] x, V,,, ;] € SpecB,, ,;, we have

[tk' Yk] = [O'btk(yk)] =0, ('U“'X)] ~conn [0, (M/'X)] = [O'btk+1 (Yk+1)] = [tk+1'yk+1]' |

Remark 3.4. The proof of (22) yields that for all y,y € Y&nn with pl0,y]l = pl0, 7],
there exists a continuous path & in [[0, 1] x, Y, ] with £(0) = [0,y], £(1) = [0, y] and
p & =plo,yl = plo,yl.

Corollary 3.5. In the unital case, modification (conn) yields C*-diagonals with con-

nected spectra.

Proof. The C*-diagonal is given by B = lg)nn {Bn, (pn}, so that its spectrum is SpecB =
lim {SpecB,,, p,}. In the unital case, B, is unital for all n, so that SpecB,, is compact
for all n. By Proposition 3.3, SpecB,, is path connected, in particular connected. Now
our claim follows from the general fact that inverse limits of compact connected spaces

are again connected (see for instance [23, Theorem 6.1.20]). [ |

In the stably projectionless case, we cannot argue as for Corollary 3.5 because
it is no longer true in general that inverse limits of locally compact, non-compact,
connected spaces are again connected. Instead, by conjugating B,,,, by suitable
permutation matrices and adjusting ¢ accordingly, we can always arrange that the As in

(1) are monotonous and that, in addition to (3)—(5), we have the following:

V A, corresponding block diagonal entry fP o A in ¢.(f,a) as in (8), v as in (11) with

Ar) ¢ {0, 1} (11%)
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3 a block diagonal entry f o A* in ¢ (f, @) as in (8) with A*(t*) = A(r), A*(r) = A(t")",

unless p = p, in which case A(t*) = 0;

V A,vasin (11) with t := A(v) ¢ {0, 1} and the corresponding block diagonal entry
fPoxin (8), (11%)

we have that fP(t) appears as exactly one block diagonal entry in ¢ -(f) in (13).

Proposition 3.6. In the stably projectionless case, modification (conn) with the above-

mentioned adjustments yields C*-diagonals with connected spectra.

Proof. The C*-diagonal is given by B = li)nn {Bn, (pn}, so that its spectrum is SpecB =
lim {SpecB,.p,}. Let p,, ., : SpecB — SpecB,, be the canonical map from the inverse
limit structure of SpecB, and denote by p, ; : SpecBj;,,; — SpecB, the composition
P;7o...op,. Now define for each N > 1 the intervals Iy :=1[0,1] for y € Vi1, Iy =
[0,1— le] fory ¢ V, |, and the subset Ky, | := [(Uyey1 I, x )] I_I]-"{O)] C SpecB,. Now it is
straightforward to check by induction on n that Pf,;(KN,l) = (Uyez) [Jyx VIDU(UxexlZ, x
{x}]) where ) is a subset of V,, Jy is of the form [0, 1], [0, t] or [¢, 1] for some t € [0, 1],
X is a subset of &7, for all y € ) with J; # [0, 1] there exists y € 9 with 3, = [0,1]
and [J; x {F}1N[J, x {y}] # ¢, and for all x € X there exists y € 2 with J, = [0,1] and
[z, x{x}IN [ﬁy x {y}] # ¥. Now we proceed inductively on n to show that pf}l(KN'l) is path
connected for all n. The case n = 1 is checked as in Proposition 3.3. For the induction
step, first reduce as in Proposition 3.3 to showing that Uy[JY x {y}] is path connected,
where the union is taken over all y € 2) with J, = [0, 1]. Further reduce as in Proposition
3.3 to the statement that for all y,y € 9 with jy = [0, 1], 3)—, =1[0,1] and y,y € ygonn
that [0, y] ~¢5,, [0,¥] in pl_}l(KN,l). Here the case y € X[e,] is treated as in Proposition
3.3, while the case y € Xler o] uses (11*) and (11*). Now use the induction hypothesis
as in Proposition 3.3 to show that we indeed have [0, y] ~,,,,,, [0, 7] in pf}L(KN’l) for all
v,y € Y withJ, =1[0,1], 3; = [0,1] and y,y € Vaonn. As Py is proper, PI}L(KNJ) is
compact. Hence, it follows that K, := pl_'éo(KNyl) = Linn {pl_}L(KN,l)'pn} is connected
(see for instance [23, Theorem 6.1.20]). Therefore, SpecB = |J Kjy is connected as it is

the increasing union of connected subsets. |
All in all, we obtain the following

Theorem 3.7. For every prescribed Elliott invariant (GO,Gar,u,T, r,Gy) as in [47,

Theorem 1.2], our construction produces a twisted groupoid (G,X) with the same
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properties as in [47, Theorem 1.2] (in particular, C;(G, X¥) is a classifiable unital C*-
algebra with Ell(C}(G, X)) = (G, Ga’, u, T,r, G;)) such that G has connected unit space.

For every prescribed Elliott invariant (G, T, p, G;) as in [47, Theorem 1.3], our
construction produces a twisted groupoid (G, ¥) with the same properties as in [47,
Theorem 1.3] (in particular, C; (G, ¥) is classifiable stably projectionless with continuous
scale, and EIll(C} (G, X)) = (Gy, {0}, T, p, G;)) such that G has connected unit space.

This theorem, in combination with classification results for all classifiable C*-

algebras, implies Theorem 1.3.

4 Further Modification of the Construction Leading to the Path-Lifting Property

Let us now present a further modification of the construction recalled in Section 3.1,
which will allow us to produce C*-diagonals with Menger manifold spectra. We focus
on constructing classifiable C*-algebras (unital or stably projectionless with continuous
scale) with torsion-free K, and trivial K;. In that case, the construction recalled in
Section 3.1 simplifies because F,, = F,, for all n, so that we can (and will) think of A,, as
a sub-C*-algebra of C([0, 1], E,).

4.1 Modification (path)

Suppose that we are given a tuple £ = (GO,Ga’,u, T,r,Gy) as in [47, Theorem 1.2] or
& = (Gy, {0}, T, p,G;) as in [47, Theorem 1.3], which we want to realize as the Elliott
invariant of a classifiable C*-algebra, with G, torsion-free and G; = {0}. As explained
in [47, Section 2], the construction recalled in Section 3.1 proceeds in two steps. First,
an inductive system {An,én} is constructed so that li_I)nn{An,an} has the desired Elliott
invariant, but is not simple, and then a further modification yields an inductive system
{An, ¢,,} such that lim {An, ¢, } has the same Elliott invariant and in addition is simple.
The 1st step in our modification (path) is as in the previous modification (conn) (see

Section 3.2) and produces the 1st building block A;. Now suppose that we have produced

®1 ¥2 ¥n-1
Ay —>A2—>...L>

A
and that the 1st step of the original construction as in [47, Section 2] yields ¢, : A, —
Anﬂ. We modify ¢, in two steps, first to ¢, : A, — AnH, thentog,: A, > A, ;. Let

us start with the 1st step. We use the same notation as in Section 3.1 and Section 3.2.

2202 Jaquieoa( |z uo Jasn Aselqi Ajsiaaiun mobsels) Aq 86£99€9/26681L/€2/2202 /101 ulwl/woo dnooliwepese//:sdiy woly papeojumod



19022 X.Li

Recall the description of ,Bn ¢ in (1); it is a composition of the form

. 1®1d R
F! " lm(pl)@)F CM mr(pli)®F,ll>—>E£.

Here and in the sequel, an arrow — denotes a *-homomorphism of multiplicity 1
sending diagonal matrices to diagonal matrices as before. Let v, : F,, — F,,; be asin
[47, Section 2]. The map

Wl' “’F ﬂ’F _”Fr]zﬂ

is given by the following composition:

: 1®id,; ) j
F}, " 1m01)®F € My ® Fy = Fp iy

By choosing G’ in [47, Section 2] suitably and because of [47, Inequality (2)], we can
always arrange that there exist pairwise distinct indices {j}} oY i »-p Such that we
have m(]' i) >m.(p,i) forall p,i,t=0,1 (p # p if v = 1). Then for suitable embeddings

EP — F ., sending DE?, into DF]H, W is of the form F, — E%, @FJ' — FJ

n+l mi1s for

some finite-dimensional algebra F]

op-1- Where the 1st map is given by (ﬁg" (jp) for some

map P+ : F, — . Let gfg = (ﬂﬁ,.glm 0) viewed as a projection in F]Jrl via the 2nd

n+l:
P
embedding E}, ® F:Hl FLH

We start discussing the connecting map and will drop indices whenever conve-
nient =g, A, > An+1 is given by ¢p : A, —> A1 — Fyyp, $p(f, @) = ¥(a), and ¢ :
A, RN An+1 — C(0,1LE, . ), ¢c(f.a) = ((Déf) q)FO(a)). Let ¢4 be the smallest projection
in DE such that ®(f)(t) = eg - P(f)(t) - eq forall ¢t € [0,1], and let e¢ r € DE be such that
®p(1p,) = ec - We have a decomposition g4, = qu sip, 8g,p = 8+ + aip +egpt ¢?? into

pairwise orthogonal projections in DE such that, for all q,p,

o () el =el @7, efP . o(f) - TP =P g fP,

p @M egp=ep,®fPol—id), 2. 0(f) 2P =e?P@fPo(1-id),
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for some finite-rank projections e} eq’p e??

q.p’ q.p’
diagonal entries in ®. In the unital case, we can always arrange

e encoding multiplicities of block

rkel rke , Tk rke?? >1 vgq,p. (30)

€q.p’ €qp' T

In the stably projectionless case, we can always arrange that

rkel ,rk e P rk

q.p > > -+
€qp’ eqp'T rke’™ >1 Vq#4q,p#Dp, andrkeq,pzl, (31)

as well as rke‘q*p,rke Tkeg,, tk e’ = 0forallq =qp #porq # qp = p, and

rke+' ,rkei,rke;p =0.
q.p

. . 1id
B is a composition as in (1) of the form F/ i Lingi ® F c M, me(q) @ o Ea.
By replacing E4 by M,, \G+N-In+1,] containing E9 @ F®V in the canonical way, and by

replacing ¢ by g & idgenr as in modification (conn), we can arrange that, for all g, p,
my(q,j5) > rke;p, my(q.j}) > tke??, my(q /) > rkeg, Mmg(q, ) > rket?.

By further enlarging E9 as above, and by conjugating A by suitable permutation matri-
ces if necessary, we can arrange that there exist a decomposition ¢, = (Zq,p 4Py +
(Zq'p €q,p) T €const INto pairwise orthogonal projections in DE such that for all q,p and
t=0,1,

ﬂgo(gf;s’,wjg 8{5) :g;p.(ﬁgo(&f,wﬂ '5{35))'8;13—}-83'[)-(/3?0(5-;?.wfls) 8535)) -gi’p
+eg, (Blo (é‘f VA -8{;;)) cegp e (Blo (gg; e '6'25)) 0P
WP Bl e W i) gy (o ) gy
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and pairwise orthogonal finite-rank projections e, el?, el?, Cqpr ey eqp encoding
multiplicities of block diagonal entries in @, such that we have, for all g, p,
-D P na -D
J P J P
gj]r’p . (ﬂg ° (8/30 o . 8}30)) . 8; qp ® ﬁn o £dP . ('3(‘)1 ° (Sﬁo VA '8/30)) . gdp
_ .4 2
=P ® B+ <\> ®/3n 0
D D D D
- J P - J P
tqp (BLo(ef - ylo-e0)) eg, =eg, @B, &P (Blo(ef - ylo-gf)) - eIP
=P ph +ell @Bl
D D P
. J i ] , - J P J _
Egp.(ﬁgo(gﬂl VU 1)) e p®,3n1, 8q,p'(ﬂg°(8ﬁ1 Syl ~8ﬁ1))~8q,p

=&, @B+, B,

™1

. 5P R . i B -
elP (Blo(ep -yl ey ) e =P @BL |, &,y (Blo(ey Yl -60)) By

— 5 p N
_eq,p®'3n,l e ®ﬂnl’

™

q P .p D .. .
and ¢ - (B¢ o (s’s - ds . a{;)) - ¢ = 0 for all remaining choices of v,s € {0,1} and
€ € {ej{p,si’p,eqp,sqp éq'p,gq'p}. In the stably projectionless case, we have eq = 0 for
all g by arrangement. Moreover, we can always arrange that

a.p
rkel? +rke(/) > 1. (32)
3 . .o . . .. gz °
Now deflne ¢ =¢,: A, > A, by setting ¢, : A, — A, — — F’ 41 and

‘Pc A, LN A — C([0, 1],]:3n+1) as follows:

. 1 . .
Ffa) = (fpff)v_/;()), and ¢ (f,a) = ¢h(f, ) forj ¢ (5.5);  (33)

. _ e+ . ap s . ap
$c = Z(‘Sq,p"pc'gq,p""s Go- el tegy b egpt+ed? g el
ap

+ gq,p : ¢C ’ gq,p + éq,p ’ 950 : éq,p) + €const * ¢C " Econstr (34)

2202 Jaquieoa( |z uo Jasn Aselqi Ajsiaaiun mobsels) Aq 86£99€9/26681L/€2/2202 /101 ulwl/woo dnooliwepese//:sdiy woly papeojumod



Constructing Menger Manifold C*-Diagonals 19025

s;p~¢c(f,a)~8;p = e;p®fpo(% % id), &% .¢c(f,a)- TP ei’p®fpo(%~id),
tqp Pcfr @) 65, = e, ®fP o —%-id), &P ¢c(f,a) P =€l @fPo (G4 -idy

tqp 9cf1a) gqp = P OfP(H) +ell®fPo(; - % -id) + el ® fP o (3 -id),

Egp Pcf @) Ep = 8, @fP (3 +eyp®fFo(5+35-id) +epy ®fFo(l -3 -id);
Econst * 9 “ Econst ‘= Econst " PC * Econst-

Let us now continue with the 2nd step and modify ¢, to ¢, : A, — A, ;. This 2nd
step in our modification proceeds exactly in the same way as modification (conn), with

the following difference: the embeddings E, < FLH lead to the embedding (EBp Eb) @

(Bpsp B0 < (D, F:LOH) ® (Dpxp FQH) C F,y; € E)_,, where E] | and the embedding
F,., C ESH are constructed as in modification (conn). Let egp € En+1 be the image of
the unit of (@p Do (@p#«, EP) under the above embedding. Let wgg be a permutation
matrix in EJ »+1 inducing the flip automorphism on EY @ Ef (i.e., the automorphism
EP eaEﬁNEﬁ@EfL, (e,€) — (€,e)) forall p # p. Using the same notation as in modification
(conn), note that ey < ¢p ¢, and define wg ¢ := egg - Wgg - ¢gg + (¢p ¢ — ¢gg). Define wy
as in modification (conn). Now replace w defined by (12) in modification (conn) by

woi= (WF'C 0 ) Furthermore, define

0 wep A,., and ¢, in the same way as in

n+1’
modification (conn).

Now it is straightforward to check that ¢, is well defined, that is, ¢, (f, a)
satisfies the defining boundary conditions for A, , for all (f,a) € A,. Proceeding

recursively in this way, we obtain an inductive system {An, <pn}n.

Lemma 4.1. A = lim {A,,¢,} is a classifiable C*-algebra with Ell(4) = ¢&.
In the stably projectionless case A has continuous scale. If we define B, :=
{(f,a) € A,:f(t) e DE, V¥t €0,1], a € DF,}, then B := h_r)nn {B,.¢,} is a C*-diagonal
of A.

Proof. A is classifiable and unital or stably projectionless with continuous scale for
the same reasons why the original construction recalled in Section 3.1 yields classifiable
C*-algebras with these properties (see [15, 22, 32, 47] for details). Indeed, to see for

instance that A is simple, note that with ¢, , denoting the composition

¥n ¢N-1
A, — A~ ...> Ay — Ay,
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we have for f € A, € C([0,1],E,) and t € [0,1] that (¢y,(f))9(t) = O for some g

only if fP(t) = 0 for all t € { k.0 <k<2N-7m_ } for all p in the unital case and

N—n
for all p # p in the stably prozjectlonless case, and similarly for p = p in the stably
projectionless case. Hence, we see that for all p, t runs through subsets of [0, 1], which
become arbitrarily dense in [0, 1]. This shows simplicity of A.

Itis clear that A, has the same K-theory as An and that ¢,, induces the same map
on K-theory as ¢,,. To see that ¢,, induces the same K-theoretic map as <,?)n, we construct
a homotopy between ¢,, and ¢,, as follows: for s € [0, 1], define ¢, : A,, — An+1 by setting
(ﬂj DA, > Apy = B and gt A, — Ay, — C(0,11,E,, ) as

1 o1
gb.]GOF(fla) = (fp( 2) .1? ), ol e(fia) = (fp(lo 2) ‘;? )' W;F(f a) —‘ﬂfp(f a) forj ¢ {j5. 77}

0 o V1 (a)

. _ + o + qp o q.p — * — qp o q.p
Ps,c = Z (8q,p “OscEqp TEY Wsc ey T Eqp PscEqptTED Psc €l
q.p

qp . 2 q.p o ” c % .
T e s tegpbsc Eq,p) + €const * Ps,c " Econst

eap Pscfra)-ef, =el , @fPo(s- 5+ (1—s-3)- id),
e g c(fia) el =€l @ fPo((1—5s-})-id),

eqp Pscfra) e, =€, ®fPo(l—(1—s-3)-id),
sq_'p~¢slc(f,a) eI =P @fPo(l—s- % —(1-s- %) -id);

éq'p . ¢S,C(f,a) 'gqlp = eqp ®fp(s 2) +e(\) ®fp © (S % —S- % . ld) + e(/) ®fp o (S ld),

Eqp Pscfra) 8., =8,,8fP(1—5s- 2) +e</> ®fPo(l—s-5+s-%-id)
+egy®fPo(l—s-5-id);
Econst * (/.)S,C “Econst = €const §ZC * €const:

Then s — ¢ is a continuous path connecting ¢, with ¢,. Hence, ¢,, and ¢,, induce the
same map on K-theory.

The same argument as for modification (conn) (see Lemma 3.1) shows that our
modification (path) yields a C*-algebra A with the desired trace simplex and prescribed
pairing between K, and traces.

Finally, the connecting maps ¢,, are of the same form as in [47, Section 4], and
hence admit groupoid models as in [47, Section 6]. Hence, B is indeed a C*-diagonal of A

by the same argument as in [47, Section 5-7]. [ |
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4.2 Groupoid models for building blocks and connecting maps

Before we establish the path-lifting property for our connecting maps, let us first
develop a groupoid model for them. Suppose that modification (path) gives us the

inductive system
2 3
A a4, B a5,

with 4, = {(f,a) € C([0,1],E,) ® F,,: f(t) = B, .(a) for t = 0,1} for finite-dimensional
algebras E, and F, as in Section 4.1 (we use the same notation as in Section 3.1). To

describe the connecting map ¢ := ¢,,, we describe

g‘ : An i> An+1 — C([O' 1],En+1)—»C([0, 1]’E7L’1L+1) and ‘dﬂ' An _(p) An—H — F - Fl]’H-l

Forq #q, gog is given by the following composition:

(@) > (Lt g ®FF 027 L gy ®FP 0 dp L () @ ST 027 Lin_(gpy ®FF 02
Lnigp @ TP Uimiap ® L3 pr (Lipai ® ;)

EC([O'”'(@( mt(@p) O M, (qp) ® M- (g.p) ® My_(g ) ® En)
p

@( m(gp) DM (qp))®E @ ””®F )

— C(0,11E] ). (35)

Here AT = %—i—%-id Ay = %-id, AT =1 —l~id and A_ = %—l-id The last arrow is induced
by an embedding (@, M+ qp) ® M, ) ® Min-(qp) ® Mim_(gp) ® En) @ (D Mg p) @
Moz p) ® ER) @ (D; Mypei ® F}) — E; of multiplicity 1 sending diagonal matrices to
diagonal matrices as in (1). Note that m*(g,p) = rke p Tk eﬁl/g, m_(q,p) =1k eJr

rkel?, m~(q,p) =rkeg, + rkegy and m_(q, p)_rkeqp+rke By (1)-(3), we have

N

m+(q,p), m,(q,p),m (q,p),m_(q,p)>1 Vq,p in the unital case; (36)

m*(q,p),m,(qp),m (qp),m_(qp) >1 ¥Yq+#qp#Dp

m*(q,p)>1 andm_(q,p)orm_(q,p) >1 in the stably projectionless case.
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<pg is of a similar form, but has an additional component given by ¢z(f,a) going into
c([o, 1]an+1) C c(lo, 1],E2+1) (see the 2nd step of modification (path)).

%]; is given by the following composition:

(P gy ® @) € B @ @ My ® Fyy = Frpyy i =12,

(f,a) — , ) p - (37)
(lm(j,i) ® al)i € @iMm(j,i) ®Frlz — Fn+1 ifj ¢ {Jo:]] .
Recall that 8, . = (,Bﬁji)p,i and that ﬁﬁ:ﬁ is a composition of the form
) l®idFi . i
Fy, —" Ly iy ®F S My, ) @ Fy — Ej. (38)

The groupoid morphism b,, . inducing g, , is given on 55,t, the intersection of the domain
&, of by, . with &}, by

bhe: & =] [ M) x Fy— [ [ Fn = Fu (39)
i i

where &,, 8, F,,, and F} are groupoid models for E,, E%, F,, and F.. Now a groupoid
model for (4,,B,) is given by G, := ((0,1] x, &,) U F,)/., where [0,1] x, &, =
{(t, y)el0, 1l x &1y € 5n,t ift=0, 1}, and ~ is the equivalence relation on ([0, 1] x, &,,) I
F, generated by (t,y) ~ b, (y) forall v = 0,1, y € &, .. For details, we refer to
[47, Section 6.1]. Note that we have G, = [[0, 1] x, £,] just as in Section 2, that is, the
extra copy of F,, is not needed; it is just convenient to describe the groupoid model p,,
for ¢,.

Let us now describe a groupoid model p := p,, for the connecting map ¢,, (see
[47, Section 6.2] for details). Let H,, be the subgroupoid of G, ,; given by H,, := (([O, 1] %,
En1pD U F, 1 [pl)/., where, with Ay = AHif e MY(q,p), A=Ay if pe Mo (q,p),
by =27 i pe MT(q,p), by, = A_if p e M_(qp), A, = 3 if p € M(q,p) U M(q,p),
Enilpl =114 S:{H[p], and we have identifications

gl p1 = ([ [M*(g.p) UM, (g, p) LM (q,p) UM _(q,p)) x EF) (40)
p

I (] Mg p) UMgp)) x ER) LI (] [MI* x F)  ifq#q,
E .

1
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and similarly for Egﬂ[p], but with an additional copy of 7, ,,[pl, and for v = 0, 1, we

have with respect to (11):

Enirepl={G.y) e &l Ip): v € gs,ku(t) if o € M7(q,p) LM, (q,p)
UM~ (q,p) UM_(q,p)},

EnirePl =] &L [P) 10,11 x, £, [Pl = {(t, (1, )) €10, 1]
q

X Ep Pl (w,y) € &y yq 4P i E € {0, 1}).

Now p is given by pl¢, (1, )] =[x, (?), yl for y € EP and p(u,y) =y fory e ]-',il. Moreover,

there are identifications

f{lﬂ[plsggu(]_[/\/t(j,i)xf:‘l) if j =%, ]-'ZlH[p]%HM(j,i)x]-",il ifje {574,
i i

(41)
such that p(u,y) = y for (u,y) € M(,1) x ]-',il, and

p(y)=l3.v] Vye& c fif’lllpl and plt,yl = p(y) Yy e F,4plC&r  Ipl telo,1l.
(42)

We will often work with the identifications (11) and (12) without explicitly mentioning
them.

That ¢, (f, a) satisfies the defining boundary condition for 4, forall (f,a) € A,
translates to the following compatibility conditions for b, and p: we have a commuta-

tive diagram

Furilp] —= Funi (43)
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For every u € M*(q,p) I M, (q,p) UM~ (q,p) UM_(q,p), t,5 € {0, 1} with A, () =5, the

restriction of (14) to {u} x 555 celd

nt1,0LP] fits into the following commutative diagram

{s} X Ehy ———— (i} x{u} x &, ———— {1} x &Y,

~ ) y(—q(ﬂ,'y) N c . h
EP, 4 {1} x €N > Eer
bn,s e . M i bf
[1; Ms(p,i) x FL. b ; Mg, /) x F, |
[1; Fi ¢—2— [L;(L; M i) x Fly —=— 11, 7/ (a4)

where we identify {u} x 555 and ]_[](]_LM(] ) X .7-"‘) with subsets of é'nHt

L; nH[p] via (11) and (12), and the lower vertical arrows on the left and right are given

[p] and

by the canonical projection maps.

Moreover, for all g, p, we have b (u,y) =y € &P c ]-"‘ 1[pl forall u e MT(g,p) I
M_ (g,p)and b (n,y) =y € &P c f‘]‘*l[p] forall u e M~ (q, p)LIM (q,p), where t € {0, 1}
satisfies 4, (v) = 2, andt* =1 -1, b, (u,y) =y €& C ]-'JO

n+1
t=0,1,and b, (u,y) =y € &P c ]-',J;H[p] for all u € M(q,p) andt =0, 1. On F, ; C £l

n+1’
b, is given by id and b, is of a similar form as in Section 3.3 and in addition sends

D
&P c ]-"JO ., identically onto &P c }"]1 1 and &P c ]-'J1 1 identically onto &P c ]-'iloﬂ for all

p #p.

Finally, the restriction of (14) to [, ML x }" C 5Z+1 .

[p] for all © € M(q,p) and

[pl] fits into the following

commutative diagram

[ MPx Fi ——=— &7

n+l,v

L Fi 45— (L MG i) x Fl) — 11; F,

n+1

4.3 The path-lifting property for connecting maps

We now establish a path-lifting property for p = p,,.

2202 Jaquieoa( |z uo Jasn Aselqi Ajsiaaiun mobsels) Aq 86£99€9/26681L/€2/2202 /101 ulwl/woo dnooliwepese//:sdiy woly papeojumod



Constructing Menger Manifold C*-Diagonals 19031

Proposition 4.2. Suppose that &, : [0,1] — G,, is a continuous path with the following

properties:

(P1) There exist 0 = t5 < t; < ... < tp < tp,; = 1, D > 0O, such that for all
0 <d<DandI = [td,td+1], there exist Yn1 € &, and a continuous,
monotonous function w,, ; : I — [0, 1] with stop values at o, /(DN Z[%], that
is, such that, for all t € I, &, (?) = [w, (1), vy, 1]-
(P2) There exist d and t € I = [ty, t4,,] such that w, ;(t) € {0, 3,1} is a stop value
of w, 1.
Let &, ,,&5., € H,, satisfy p(§, ) = &,(v) for t = 0, 1. Then there exists a continuous
path &, ., : [0,1] — H, with properties (P1) and (P2) such that £, ,(x) =&}, , fort =0,1

and poé, ; =§,.

T
n+1

Variation: suppose that £, has properties (P1) and (P2), with the following exception:

(P3a) @y, [4,.¢,1(0) € {0, 1} is not a stop value for oy, ¢, (-
(P3b) there exist W?H_l e {0,1} ,,u?LH,y,? such that E,?H = [W2+1'(M91+1'Vr9)] and

Op [ty tg,1 (D € Im O‘u‘,{“) for all t € [0,t] N [ty ty,,] if t; < t, where

t := min {t >0:te [td’td-l—l]’ a)n'[td,thrl](t) S {O, %, 1}}.
Then we can arrange that &, ; has (P3a). We allow for a similar variation for w, ;¢ . (1)

instead of w,, [, ¢,1(0)

Here w is called a stop value of w,, ; if , ; takes the constant value w on some

closed subinterval of I with positive length (see for instance [24]).

Proof. By assumption, thereare0=ry <ty <r; <t; <...<r,<t,<Tq <t =1,
¢ > 0, such that for every interval I of the form [t;, r, ], we have &, (1) = o, ;(?), v, ;] for
all t € I for some y, ; € G, and w, ; = O,% or 1, and every interval of the form [ry, t;] of
positive length splits into finitely many subintervals I for which there are y,, ; € £, and
continuous maps @, ; : I — [0,1] as in (P1) and (P2) such that &,(t) = o, ;(?), v, ;] for all
t € I. Moreover, for 1 <b < cand I C [ry, t,] as above, w,, ; does not take the values 0, 3 or
1 on (ry, t). Set &, 1101 := &0, |, &, [c+ 11 := &} |, and write &, (0] = [wl0], ([0], y[OD)],
& 1lc+ 11 = [wlc + 11, (ule + 11, yle + 1D]. If wl0] € (0, 1), we arrange t, > 0 by replacing
ty by % - ry if necessary. If wlc + 1] € (0,1), we arrange r.,; < 1 by replacing r.,; by

% - (t, + 1) if necessary. As a result, if w(0] € (0, 1), we must have t; > 0, and either o
1

’ i/

constant with value O, % or 1. If w([0] € {0, 1}, then we must have ¢, = 0. For the variation,

n,I

does not take the values 0, 3, or 1 on I'N[ry, ty) for each I C [ry, ty] as above, or w,, [, ¢ 18
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we must have ¢, > 0, and for each I C [r, ;] as above, wn 1 does not take the values 0, %
or 1 on IN(ry, ty), @, ;(0) € {0, 1} is not a stop value, and w[0] € {0, 1}. A similar statement
holds for wic + 11.

For 1 < b < ¢, take s;, € (1}, t},) and choose &, ,[b]l = [wIb], (ulb], y[b])] € H, such
that p(§,,[bl) = &,(sp). Such &, ,[b] exist because of (7). Define s, := 0 and s, := 1.
Now let 0 < b < ¢ + 1. Suppose that §,(sp) is of the form [w, y] with w ¢ {0, 1}, which is
always the case if 1 <b < c. LetI C [ry,, t,] be as above. Define y,,,; ; := y[bl. If & ;) = A7,
define w, ;= 142w, 1, if A, = A;, define w, ;1 := 2w, 1, if A ) = A7, define
Wpi1g=2—2-0,,andif A = A_, definew, ; ;1= 1-2-0, ;. Ifb=0,I = [ry, tpl, t; > 0,
that is, w[0] € (0,1), and if w,; = O,% or 1, set y, ., := (u[0],y[0]) and let w, ., ; be a
continuous path as in (P1) with w, ., ;(0) = wl0], v, ;(0) = 1 ((P2) is then automatic).
Such a path exists by [24, Lemma 2.10]. Define y,,,; ; and o, ; similarly for b = ¢+ 1,
I=1Ireiq,teq] 7oy < land w,; =0, %, or 1. For the variation, note that (P3b) implies
that we can define y,,,,; and w,,,; for I C [ry,¢p] and I C [r,,,,t.,,] as above in the
same way as for I C [ry, t,], where &,,(sp,) is of the form [w, y] with w ¢ {0, 1}. Now set
Eni1() = lop 1 1),V forallt el

Next, consider I = [tb,rb+1] for 0 < b < c. First assume that o, = % Let
Yng = V- SELW = iy 0 (tp), W i= Oy [, g1 Sb11) @DA 18 ¥y g, 01 (8p) = (10 7),
YatLirpton)Sp41) = (i, 7). Note that w,w € {0, 1}. If [w, (i, )l = [w, (i, )], then set

. P
Wi =wand y, g 7= (w,y). I w, (u, )] # [w, (i, )], then b, (1, y) = yh e €8 ¢ Fo

. P
and by (1, 7) = v € €} € 7!

1 forp #p (or Withjg andjll7 swapped), where yjf denotes

P
o e
the copy of y in Fy/ ;.

wn411(Sp41) = 1 (such a path exists by [24, Lemma 2.10], and (P2) is automatic), and

Let w,,, ; be a continuous path as in (P1) such that w,  ;(t;) =0,

define y,, 1 := yfg. Set §,,1(®) = lwy1 1 1(®), Y41 ] for all ¢ € I. Then by (13), we have
P, () = [5,y] = &, for all ¢ € I, as well as &,,,(t,) = [0,0] = [w, (1, )]
since bo(y0) = % and &,,,(ry,1) = 1,701 = [0, = [w, (71, )] as b, (y0) = /i =
b, (7).

Now assume that w,; = 0. Set W := @ 1y 4,1Ep) W = ©Opi1 600 Tos1)
and let ¥y 1, 618 = (W V)0 Vag1me 5001 Tb1) = (7). We have &,(@) = [0,y,,] =
plw, (u, )] = plw, (i, y)] for all t € I. Note that w,w € {0,1}. Now [w, (u,y)] =
[0,b,(u, )] and [w, (&, y)] = [0,by (i, ¥)], where we view b, (u,y) and b (i, y) as
elements of &g,y (the analogue of Vg, in Section 3.3). We have pl0, b, (1, )] =
plw, (u, v)I = plw, (i, 7)1 = pl0, b; (i, 7). so that by the analogue of Remark 3.4 for
Eqnn instead of Vay,n, after possibly splitting I into finitely many subintervals, we can

find y,,,, ; and w,,, ; as in (P1) and (P2) such that, if we define &, (¢) := [0, 1 1(1), V11 1]
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for all ¢ € I, then we have p(§,,,(?)) = pl0, b, (u, y)] = plw, (u, )] = §,(¥) for all t € I,

and §n+1 (tb) = [O,bw(ﬂ, 7/)] = [W, (/L, V)]r gn+1(rb+1) = [O,bw(ﬂ, 77)] = [V_V, (/11 ]7)]
The case w,, ; = 1 is similar. u

5 Constructing C*-Diagonals with Menger Manifold Spectra

Suppose that modification (path) produces the C*-algebra A = h_II)ln {An,wn} with
prescribed Elliott invariant £ as in Section 4.1 and the C*-diagonal B = h_I)nn {Bn, 0,}
of A as in Lemma 4.1. In the following, we write X,, := SpecB,, X := SpecB. Note
that X is metrizable, Hausdorff and compact (in the unital case) or locally compact
(in the stably projectionless case), X = 1(£1n {Xn,pn}, and dimX < 1 (see [47]). Our
goal now is to determine X further. Let p, ,, : X — X, be the map given by the
inverse limit structure of X and p, 5 : Xy,; — X, the composition p, y = p, o

. o py. Moreover, the groupoid model G, for A, in Section 4.2 yields descriptions
X, = (0,11 x, ¥,) U X,)/., where Y, = &, &, = FY’, and with Y, := Y, N &
[0,11x,Y, :={(t,y) €[0,11 x V,: y € Y, ; if t = 0,1}, and ~ is the equivalence relation on
([0,11 x, V,,) I X,, generated by (t,y) ~ b, (y) forallt=0,1,y €}, .

n,c’

Proposition 5.1. The C*-diagonal B has path-connected spectrum X.

Proof. Letn = (n,), ¢ = ({,), be two points in X. The induction start in the proof of
Proposition 3.3 shows that there exists a continuous path &, : [0, 1] — X; with &, (0) = n,,
£,(1) = ¢;. Using [24, Lemma 2.10], it is straightforward to see that £; can be chosen with
property (P1) and (P2). Applying Proposition 4.2 recursively, we obtain continuous paths
&, : [0,11 — X, with £,(0) = n,, §,(1) = ¢, and p,, 0 &, = &,. Hence, (1) := (§,(1),
defines a continuous path [0, 1] - X = 1(£1n {Xn,pn} with £(0) =nand £(1) = ¢. |

Proposition 5.2. The spectrum X of B is locally path connected.

Proof. Consider a point ¢ = (lw,, y,]),, € X with w,, € [0,1], y,, € ),,, and an open set

V of X with ¢ € V. First suppose that there is n such that w,, ¢ {0,1} for all n > n. Then

a+1
2e ’
(&, %1 € I, and p;, L [T, x {y,}] € V. It is straightforward to see that if there exists an

open interval I,, ., < (0, 1) of length at least ze+m with w

there exists n > n, an open interval I, € (0,1), @, e € Zg such that %z < w,, <

nam € Inym and 3 ¢ I, such
that [, 1, X {Vnsm}] € Prmimll, x{vy}], then there exists an open intervalI,,, ,, . ; < (0, 1)
of length at least m—— with wy ) € I ., and such that [\, x {Vyimi}] S

p;,lrz+m+l[1n x {y, }]. Thus, there exists m < e — 1 and an open interval I, < (0, 1) with
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Wyim: 3 € Lyym such that [, x {VyimH S Prnsmlly X {vn 1. Hence, U := Pyt sollyn X
{Vnsm])] satisfies ¢ € U C V. Set 72 := n + m, so that U = p; . [I; x {y;;}]. Now assume
that for all n there is n > n such that w,, € {0,1}. Then, since V is open, there exists
n > n and, for every (v,y) ~ (w;,y5), half-open intervals I(r, y) containing v such that
U= U(r,y)~(Wﬁ,yﬁ)Pf_z,loo[I (v,y) x{y}l € V.

We claim that in both cases above, U is path connected. Let n = (1,,),{ = (¢,) € U.
We construct a path &; : [0, 1] — X with (P1) and (P2) such that §;(0) = n; and &;(1) = ¢j;.
Let us treat the 1st case (w; ¢ {0, 1}). We have n; = [W?L,yﬁ], {h = [W}l,yﬁ]. Define &; as

in (P1), with D =1, ¢, = 3, for I = [ty, ;] = [0, 3], ¥4 == Vi, ;s : [0, 51 — [0, 1] as in (P1)
with w; /(0) = w2, w; ;(3) = 3, and for I = [t;, t,] = [3, 11, y;; := ys, 0 ¢ 13,11 > [0,1]
as in (P1) with a)nI( ) = l wj (1) = w}l (such paths exist by [24, Lemma 2.10] and have
(P2)). In the 2nd case (W,—1 € {0,1})), let n; = [w? ,yn] {h = [Wn,yn] There must exist
0, el € 0,1} with (% y9) ~ (wj,y5) ~ (!, y}). Define &; as in (P1), withD = 1, t, = 3,
for I = [ty 4] = [O,%], Vil = yg, wpp [O,%] — [0,1] as in (P1) with w7 1(0) = W%,
w;1(3) =10, and for I = [t;, t,] = [3,1], yi; := vi, ;7 ¢ [3,1] — [0,1] as in (P1) with

wm(%) = t!, w; (1) = w} (such paths exist by [24, Lemma 2.10] and have (P2)). Now
apply Proposition 4.2 to obtain paths £, and thus a path & connecting n and ¢ as for
Proposition 5.1. |

Corollary 5.3. X is a Peano continuum in the unital case and a generalized Peano
continuum in the stably projectionless case (see for instance [8, Chapter I, Section 9] for

the definition of a generalized Peano continuum).

Our next goal is to show that we can always arrange X to have no local cut points.
In the following, we keep the same notations as in Section 4.2. First, we observe that in
modification (path) because multiplicities in the original C*-algebra models in [15, 22,
32] can be chosen bigger than a fixed constant, by conjugating by suitable permutation

matrices, we can always arrange the following conditions for all n:

(nlc;) For all p and m = m+,m+,m*, or m_, we either have Zq m(q,p) =
or Zq m(q,p) > 2, and Zq(m(q,p) + m(q,p)) > 2; and for all i, we have
2qmit =2

(nlc,) For all p, m = m*,m,_,m~, or m_, » = A%,A,, 1™, or A_ correspondingly,
t,s5 € {0,1} with A(r) = s, rank-one projections d € DM, i) and § the image
ofd®1 A under — in the description (9) of B} ;, and rank-one projections

0 € DM, p) there exists a rank-one projection ? € DM

m(q,p) Orthogonal to
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9, and orthogonal projections f,{ € DF,,, such that, if A is the image of 0®3

under — in the description (6) of ¢, then
0@ (B-Brs(@) - 5)=08 (8- fP(5)-8) — A-@i(f,a)x) - A=A-B.(F- 9p(f, @) - )-A

for all (f,a) € A,, with respect to the description (6) of ¢, and similarly for
o and §.

On the groupoid level, with the same notation as in Section 4.2, (nlc), means that for
all y € M(p,i) x ]:11‘1 — Eﬁls, n € M(q,p), where M = M+, M_, M~ or M_, Ay () =5,
there exists v € M(q', p) such that b.(u,y) # b.(v,y), that is, [t, (i, y)] # [t, (v, »)], and
Ay =y

Proposition 5.4. If we arrange (nlc,), (nlc,) in modification (path), then we obtain a
C*-diagonal B whose spectrum X has no local cut points (i.e., for all ¢ € X and open

connected sets V C X containing ¢, V \ {c} is still connected).

Proof. Let ¢, V, and U be as in Proposition 5.2. It suffices to show that U \ {c} is path
connected. Let n,¢ € U\ {c¢} and & a path in U connecting n and ¢ as in the proof of
Proposition 5.2. If & hits ¢, our goal is to modify & to obtain a path in U from 7 to ¢,
which avoids c¢. First of all, we may assume that & hits ¢ only once, that is, there exists
t € [0,1] such that () = ¢ and &(¢) # ¢ for all ¢ € [0,1]\ {Z}. Otherwise, we could
define t™® := min {t € [0, 1]: £(t) = ¢}, t™% := max{t € [0, 1]: £(¢) = ¢}, and concatenate
&[g,¢min] With &|max 1} (and re-parametrize to get a map defined on [0, 1]). Let &, be as in
the proof of Proposition 5.2, obtained from Proposition 4.2, and let y,, ; and w,, ; be as in
(P1) for &,,. Choose n such that, with ¢,, = [w,, y,], we have [w,,, y,] # n,, = [w?,y%] and
Wy, ¥yl # & = Wy, 73l

If w9 ¢ {0, 1}, then either y,, # y9, in which case w, ([0, il) := |J; @, ;INIO, {]) must
contain either [0, w9] or [w9, 1], or w,, # w9, in which case w, ([0, f]) must contain the
interval between w,, and w9. If w0 € {0,1} and w,, ¢ {0, 1}, then w, ([0, {]) must contain
the interval between w, and w9 (or 1 — w?). If w9, w,, € {0, 1}, then since [w,,y,] #
w9, y21, we must have w,, ([0, {]) = [0, 1]. We conclude that in any case, w,, ([0, f]) ﬂZ[%] £
and , (0, i) N(ZI3])° # @. Similarly, with w, ([Z, 1]) := J; 0, ;I N[E, 11), w0, (E, IDNZIF] # ¢
and wn([i, 1hn (Z[%])C # (). By increasing n, we can arrange that 0, %, orl € w, (0, tl) and
0, ([0,8) N (ZIFD® # ¥, as well as 0, 3, or 1 € w,(If, 1]) and w,([Z, 1]) N (ZIF]))€ # @. If we
nowlet0 =rqg <ty <ry <ty <..<r,<t,<r,y <t =1Dbeasin the proof of

Proposition 4.2, then we must have ¢ € (1, t,).
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First assume that w,, # 0,%,1 and w,,,; # 0,1. Then f € I C [, t], and ¢
must lie in the interior of I. Let s, and &, [b] = [wlb], (u[b], y[b])] be as in the proof of
Proposition 4.2. By condition (nlc,), we can find a[b] # wlb] with A ;) = A1), SO that we
can replace &, [b] by [w(b], (u[b], y[b])] since we still have p,, [wlb], (i[b], y[bD)] = &, (sp).
Now let y,, . ; := (u[d], ylb]) and follow the recipe in the proof of Proposition 4.2 to get
w,1 ;- Recursive application of Proposition 4.2 gives us the desired path, which will not
hit ¢ in (ry, t,) by construction, on [t,_;, 1] and [t}, 7y, ], we have v, ; = 0, 3 or 1, so that
we will not hit ¢ there, either, and on the rest of [0, 1], we keep our path £ and hence will
not hit ¢ there, either.

Secondly, assume that w,, =0 L or1and Wy, 1 # 0,1. Then tel= [ry, t,], and

1o
¢ must lie in the interior of I. Let y, ., ; = (1, ). We must have A, = w,. By condition
(nlc;), there exists ft # p with Ay = A,. Now replace y,,,, ; by (&, y) and follow the recipe
in the proof of Proposition 4.2 to get w,,; ;. Recursive application of Proposition 4.2
gives us the desired path, which will not hit ¢ in I by construction, and on [0, 1]\ I, we

keep our path & and hence will not hit ¢ there, either.
1

1o

we may assume w, € {0,1}. We have { € I := [t,ry,,]. If t € (t},1,,), then choose a

Thirdly, assume w,, € {0, 3,1} and w,_, € {0, 1}. By increasing n if necessary,
different path between [w, (4, y)] and [w, (i1, y)] (here we are using the same notation
as in the proof of Proposition 4.2). There are always two such paths only overlapping
at their end points (see Remark 3.4 and the proof of Proposition 3.3 it refers to).
Complete the construction of & on [ty, rp, ] using Proposition 4.2 repeatedly. Keep &
on [0, 1]\ (tp Tpy1)- This yields the desired path which does not hit ¢ anymore. Now
assume that ¢ = t, < r,,;. By condition (nlc,), there exists v with A, = %, such that
[w, (v, )] # [w, (u, y)]. Construct a path as in the proof of Proposition 4.2 connecting
[w, (v, )] and [w, (i, )] not hitting ¢, , = [w,,¥,,,]. This is possible because there
are always two paths connecting these points and only overlapping at their end points
(see Remark 3.4 and the proof of Proposition 3.3 it refers to). On the interval I before
tp, redefine &, ., by setting y,,,; = (v,y) and following the recipe in the proof of
Proposition 4.2 for w,,, ; ;. On the interval I before I, either Wy i = %, in which case simply
following the recipe in the proof of Proposition 4.2 for w, , j will make sure that we do
not hit ¢, or w,, ; = w, in which case we construct &, ,, on I avoiding ¢, using as before
that Remark 3.4 (and the proof of Proposition 3.3 it refers to) always provides two paths
we can choose from to connect end points as required. Complete the construction of & on
I,1,and I using Proposition 4.2 repeatedly, and keep & on the remaining part of [0, 1]. This
yields the desired path not hitting c. Finally, suppose that t = tp = 'y, (this can happen
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due to our re-parametrization). By condition (nlc,), there exist v, v with A, = )‘u' Ay = Aﬁ
and [w, (v, )] # [w, (u, Y1, w,®, )] # [w, (& ). As in the previous cases, we can
construct a path connecting [w, (v,y)] and [w, (¥, y)] not hitting [w,,,;,y,,;]. Complete
the construction of & on I using Proposition 4.2 repeatedly. On the two intervals before
and after t, = r,,,, construct £ as in the previous case so that we do not hit ¢ there. On
the remaining part of [0, 1], keep the path &, which does not hit ¢ by assumption. This
yields the desired path not hitting c. |

Next, we show that we can always arrange X so that no non-empty open subset
of X is planar. For this purpose, we observe that in modification (path), with the same
notations as in Section 4.2, for the same reasons why we can always arrange (nlc,) and

(nlc,), we can always arrange the following conditions for all n:

(nop,) For all p, >, m*(q,p) = 1 and >, m,(q,p) = 1, and >, m(q,p) = 9 or
2.4m@q,p) =9

(nop,) The analogue of (nlc,), implying on the groupoid level that for all y € 55,0'

there exist vi € /\/l+(qi,p), i = 1,2,3, such that bo(vi,y) are pairwise

distinct, that is, [0, (vi, y)] are pairwise distinct, and for all y € EP . there

n,l1’

exist v;© € M™(q;,p), i = 1,2,3, with b,(v/",y) pairwise distinct, that is,

[1, (v, )] pairwise distinct.

Proposition 5.5. If we arrange (nop,) and (nop,) in modification (path), then we obtain
a C*-diagonal B whose spectrum X has the property that no non-empty open subset of

X is planar.

Proof. Let ¥ # V C X be open. A similar argument as in the beginning of the proof
of Proposition 5.2 shows that there exists n and an open subset U, of X,, such that
[%,y] € U, for some y € &, and p,;yloo(Un) C V. By condition (nop,), there exist
i, 1 < ij < 3 with A5 = 3 and [0,(u¥, )] = [1,(u¥, y)] for all i,j kI Let
éﬁ{H(t) i= lwyy1 (@), (1Y, )], where w,,; : [0,1] — [0,1] is as in (P1), with w,,;(0) = 0,
w,,.1(1) =1 and w,,;(0), w, (1) are not stop values (v, exists by [24, Lemma 2.10]
and automatically has (P2)). Set y,,,; := (u!!,y). By condition (nop,), we can find vfr,
i=1,2,3, such that )\Ui = % -id and, with y2+2,i = (vi,ynﬂ), we have that [0,y2+2’i] are
pairwise distinct for i = 1, 2, 3. Similarly, by condition (nop,), we can find v;r,j =1,2,3,
such that )\,v;r = % + % - id and, with y}HzJ. = (vj+,yn+1), we have that [l,yTleJ.] are

pairwise distinct for j = 1,2, 3. By the variation of Proposition 4.2, we can find a path
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§n+2 sat1sfy1ng (P1), (P2) and (P3a) such that $n+2(0) [0, yn+2 P $n+2(1) = [l'yrlz+2,j] and
Pn+1 o §n+2 = §n+1 Now define recurswely le and yN] for all N > n + 2 by setting
YN+1,i = (u+,yN,i) for some p\ witha, = 1d and yN+1] =(ut ,yN ) for some u+ with
Ayt = % + % -id. We can find such p, and /,L+ by t}'1'e 1st part of condition (nop,). By the
variation of Proposition 4.2, we can find paths f;‘” satisfying (P1), (P2), and (P3a) such
that £7(0) = [0,y5 1, &n(1) = 1,y ] and py_; o &y 7 forall N > n + 2. This gives
rise to paths £¥, 1 < i,j < 3, with £¥(¢) := (é (t))N As pnoo(élf(t)) = pn(§n+1(t)) e U, for
all t € [0, 1], we must have im (%) C p,‘l (U,) € Vforalli,j. Now define V = ([0, y]?lz])N
and V]. = ([1’YN,j])N' By construction, we have im (¢//) N im (g*) = {VLQ} if i = k and
j# 1 imEW) nim &R = {v}} ifi # kandj =1, and im (%) Nnim (¥ = pif i # k and
j # 1. As im (¢%) is a compact, connected, locally connected metric space, it is arcwise
connected (see for instance [68, Section 31]). Hence, we can find arcs £@~7 such that
£=00) = v, €20 (1) = le, and im (£¢9) C im (&%) for i,j € {1,2,3}. Then we still
have that im () Nim ¢E*>0) = (v9} if i = k and j # I, im D) nim %D = vh
ifi # kandj =1 and im ")) nim (*>D) = gif i # k and j # I. Now let K; 5 be the
bipartite graph consisting of vertices ei(O), ej(l), 1 <1i,j <3,and edges e 1 < i,j <3,
connecting €'(0) to /(1) for all i, j, such that we have e~/ nek>D = {¢i(0)} if i = k and
j#L e ne®k>b = lei(1)}ifi # kand j = I, and e ne*=) = ¢ if i # k and j # L. By
construction, we obtain a continuous map K3 3 — V, which is a homeomorphism onto
its image by sending €(0) to v, /(1) to V , and e to £0~). Since Kj 5 is not planar
by [43], this shows that V is not planar. |

Corollary 5.6. Suppose that we are in the unital case and that we arrange (nlc,),
(nlc,), (nop,), and (nop,) in modification (path). Then we obtain a C*-diagonal B whose

spectrum X is homeomorphic to the Menger curve.

Proof. Anderson characterized the Menger curve as the (up to homeomorphism) unique
one-dimensional Peano continuum with no local cut points and for which no non-empty
open subset is planar (see [1, 2]). Our result thus follows from Corollary 5.3 combined
with Propositions 5.4 and 5.5. |

Our next goal is to identify X = SpecB in the stably projectionless case. We
show that X = M \ ((C), where ¢ is an embedding of the Cantor space C into the
Menger curve M such that ((C) is a non-locally-separating subset of M. By [53], the
homeomorphism type of M \ «(C) does not depend on the choice of (, and hence we

denote the space by M, := M \ «(C). More precisely, we will show that the Freudenthal
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compactification X of X is homeomorphic to M, that the space of Freudenthal ends
Endgp(X) is homeomorphic to C, and that Endy(X) is a non-locally-separating subset
of X' . It follows that X is homeomorphic to M,;. We refer the reader to [25] and [8,
Chapter I, Section 9] for details about the Freudenthal compactification. We follow the
exposition in [8, Chapter I, Section 9].

First of all, in the stably projectionless case, we define X,, := (([0, 11xY,)1X,))/.,
where we extend the equivalence relation describing X,, (see the beginning of Section 5)
trivially from ([0, 1] x, V) I X, to ([0, 1] x V,)) I X,,. By our arrangement, for all n, there
exists exactly one index p such that ﬂg,o is unital and ,331 is non-unital, while /35,. is
unital for all other p # p. This means that Voo = and Y, \ Vo1 = yf’ \ yﬁl Hence,
X 2\X, = {[1 voliy, € yp\yﬁ 1} Letp, : X, — X be the unique continuous extension
of p,. Every y,, . € ynﬂ \))n+1 , is of the form y,,,; = (u,y,) for some y,, € yn \yn 17
p € MT(q,p), and we have p,[1,y,,,] = [1,y,]. Define X := lim {X,.p,}

Lemma 5.7. idy extends to a homeomorphism X=X .

Proof. Fory ¢ yn 1, define I = [0, l] and for y € yn 1. set I := [0, 1]. Define K,,
Pnoo[Uyey x {y}]. Then K,, is compact because K, = hm {pnN[Uyean X {y}],p

Ilhv—all

and p, y is proper (see [47, Section 7]). Every y, ., ¢ ynH,l is of the form y,
(w,yy) for some y, ¢ V,, with 1, = 3 + 7 -id, so that p,lt,y, 1] = [5 + 5, v,]
[0, 31 x {y,}] for all t e [0,1]1. Hence, p,'[Uy,cy, Ly, * {¥a}l S Uyey,.,,[0/1]
{y}l] C lnt([UYEyn+l x {y}]). Thus, K,, C int(K, ) for all n. Moreover, X \ K,, =
pnoo[Uy¢yn1( 1) x {y}] = Uy¢yn1pn [(3, 1) x {y}] Using Proposition 4.2, the same
argument as for Proposition 5.1 shows that pn [(%, 1) x {y}l is path connected, and
we obtain {[1,y]:y¢yn'1}zH0(X \ K,), [1,y] — pnoo[(é,l) x {y}]. This induces a
homeomorphism X \ X = lim | {{[131] Y & Y1} Pn)~ lim T1,(X \ K,) = Endy(X) and
hence a (set-theoretic) bijection X=X extending idy. For this description of Endz(X),

X A

we are using that X is a generalized Peano continuum (see Corollary 5.3). It is now

straightforward to see that this bijection is a homeomorphism. |
To study properties of X, we need the following observation.
Remark 5.8. In X, the analogue of Proposition 4.2 holds for a path &, with £,(0) €

X\ X, 6,(1) € X, and &), € X, 1\ X, 1, & € X, with p(EL, ) =&,() fort=0,1.
We also have the analogue of the variation, but we only need (P3a) because (P3b) is
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automatic in the present situation since we must have A W, = % + % -id, and we get the
n+

additional statement that if ,,(t) € X,, Vt € (0, 1], then &, () € X,, ., YVt € (0, 1].

Proposition 5.9. X is compact, path connected, and locally path connected. If we
arrange (nlc;) and (nlc,) in modification (path), then X has no local cut points. If we
arrange (nop;) and (nop,) in modification (path), then no non-empty subset of X is

planar.

Proof. Clearly, X is compact. To see that X is path connected, consider 5,¢{ € X. If
both » and ¢ lie in X, then Proposition 5.1 provides a path connecting them. If n €
X \ X and ¢ € X, we produce a path connecting them as in the proof of Proposition
5.1 using the analogue of Proposition 4.2 from Remark 5.8. If both 5 and ¢ lie in X \ X,
just connect them to some point in X and concatenate the two paths. To see that X is
locally path connected, we follow the same strategy as for Proposition 5.2. We only need
to consider ¢ = ([1,y,]),, € X \ X. Choose U in the proof of Proposition 5.2 of the form

U = p, LI x {y,}], where I is a half-open interval containing } and 1. Then the same
proof as for Proposition 5.2, using the analogue of Proposition 4.2 from Remark 5.8,
shows that U is path connected. To show that X has no local cut points if (nlc,) and
(nlc,) hold, we again only need to consider ¢ = ([1,y,]),, € X \ X. Choose U as before and
take n,¢ € U\ {c}. If both 5 and ¢ lie in X, then Proposition 5.4 yields a path in U \ {c}
connecting n and ¢ because U N X is of the form as in Proposition 5.4. If € X \ X and
¢ € X, then we can construct a path & in U with £(0) = », £(1) = ¢, and &(t) € X for all
t € (0, 1], using the analogue of the variation in Proposition 4.2 from Remark 5.8. Then
£(t) # c for all t € (0,1], and we also have £(0) = n # c. If both  and ¢ lie in X \ X,
then pick a point u € UN X, connect n and ¢ to v in U \ {c¢} as in the previous case, and
concatenate the two paths. Finally, to see that no non-empty open subset of X is planar
if (nlc,) and (nlc,) hold, just observe that every non-empty open subset V of X gives rise

to a non-empty open subset V N X of X, and apply Proposition 5.5 to ¥ N X. |
The same reasoning as for Corollary 5.6 yields

Corollary 5.10. If we arrange (nlc,), (nlc,), (nop,), and (nop,) in modification (path),

then X is homeomorphic to the Menger curve.

Lemma 5.11. If (nlc,) holds, then X \ X is homeomorphic to the Cantor space.
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Proof. (nlc,) implies that we always have m*(q,p) > 2, so that for all y,, ¢ Y, ,
#p,!1,y,] > 2. Now it is straightforward to see that X\X = lim {{[L,y,): ¥y ¢ Yo} Pn}

is homeomorphic to the Cantor space. |

Proposition 5.12. X \ X is a non-locally-separating subset of X, that is, for every
connected open subset V C X, V\ (X \ X) = VN X is connected.

Proof. V is open and connected, hence locally path connected by Proposition 5.9 and
thus path connected. Take 7,¢ € VNX and a continuous path £ : [0, 1] — X with £(0) = 5
and £(1) = ¢. It is straightforward to see that we can find0 =ty < t; < ... <f; <t} =1
and for each 0 < k <[ an open subset U, € V as in the proof that X and X are locally
path connected (see Propositions 5.2 and 5.9) such that £([z;, tk+1]) C U, forallo<k <l
Set £[0] := £(0), £[1] := &(1), and for 1 < k <, set &[t;] := &(t;) if £(¢;) € X and pick some
&lt,] € U,_; N U, N X otherwise. Since Uy N X is an open set of the form as in the proof
of Proposition 5.2, it is path connected, so that we can find paths connecting £[¢;] and
&lt;,,]in U, NX for all 0 < k < I. Now concatenate these paths to obtain a pathin VNX

connecting n and ¢. |
All in all, we obtain the following consequence.

Corollary 5.13. Suppose that we are in the stably projectionless case and that we
arrange (nlc,), (nlc,), (nop,), and (nop,) in modification (path). Then we obtain a C*-

diagonal B whose spectrum X is homeomorphic to M.

Remark 5.14. The K-groups of C(M) and Co(M,() are given as follows: we have
Ko (C(M)) = ZI1], K, (C(M)) = ;2 Z (see for instance [47, Equation (32)]), and it follows
that K, (Co (M) = {0}, K, (Co(M, ) = @B, Z.

6 Constructing Continuum Many Non-conjugate C*-Diagonals with Menger Mani-
fold Spectra

Let us present two further modifications of our constructions of C*-diagonals in
classifiable C*-algebras, which will allow us to produce continuum many pairwise non-
conjugate C*-diagonals in all our classifiable C*-algebras. First of all, we recall the
construction of the groupoid model G for the pair (4,B), where A is our classifiable
C*-algebra with prescribed Elliot invariant £ as in Section 4.1 and B the C*-diagonal of

A produced by modification (path). Let G,,, H,,, and p,, be as in Section 4.2. Following
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[47, Section 5], we define Gpo = Gy, G

m=0,1,..., G, = lIim_{G, ,, Ppim} for all n. Moreover, the 1nclus1ons H, — GnJrl

nmal = Prtm(Gy m) € Hy,y, for all n and
induce embeddings with open image i, : G, < G,,,, allowing us to define G :

lim {G,,i,}. We will identify G, with its image in G. As explained in [47, Section 5], G is
a groupoid model for (4, B) in the sense that we have a canonical isomorphism Azcﬁ(é)
sending B to Cy(G?). In the following, we let p,, ., : G, — G, be the canonical

projection from the inverse limit structure of G,,, and p,, i, : G G,, n, denotes

nm+1

the composition p,, ., 0...0 Py -

6.1 Constructing closed subgroupoids

Recall the description of ,Bn +in (9). We observe that in modification (path), with the same
notations as in Section 4.2, we can always arrange the following condition for all n by
ni1. DY suitable
permutation matrices as in modification (conn) without changing the properties or

adding idF','l to ,3n+1 ., enlarging E! ws1 accordingly, and conjugation pa

Elliott invariant of the classifiable C*-algebra we construct:

(clsg) Forallg,p,m=m*, m,_ ,m orm_andi=A",1,,A" ori_ correspondingly,
t,s € {0,1} with A(tv) =5, 0 € DM,, ma.p) if we denote by D(p, i) the set of rank-
one projections in DM, ., ; and by ©(q,j) the set of rank-one projections in

DM,, (4, then there is an injective map [[;D(p,i) — [[;D(q.)), d(p,i)

d(q,)) and d € DM,,; ; attached to each pair d(p,i) and d(q,j) such that, if

we denote by §(p, i) the image of d(p,i) ® g under — in the description of

,85,5 in (9), by A the image of ? ® 6(p, 1) under — in the description (6) of ¢,

and by § the image of d ® lpi under — in the description of (ﬂll;-lFril as in (8),

we have that for all (f,a) € 4,

d(pri) ® ar— 5(pri) 'fp(ﬁ) : 8(p! i)
under — in the description of ,35,5 in (9),
0@ (B, ) -fP(s) - 8(p, 1) — A-@A(f,a)®) - A =A-B(pp(f, @) - A

under — in the description (6) of ¢, and

d(q.)) ® 8- Fa(@) -8 — A - Bulep(f, @) - A

under — in the description of g2 in (9).

n+1,c
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On the groupoid level, with the same notation as in Section 4.2, (clsg) means that in
(15), if we start at [[; M, (p, i) x .7—',1'1, go up to Sﬁls, follow the horizontal arrows to 5Z+1,t
and go down to [[; M.(q,)) x f£+1, we get a map of the form (u(p, i), ¥l) — (u(q,)), 7i)
such that the assignment u(p,i) — u(q,j) is injective (and y}, + p} corresponds to the

composition a — d(j,i) @ a — 8(j, 1) - ga{,(a) -38(j, 1) as in the description of WQF}} in (8)).

Lemma 6.1. If we arrange (clsg) in modification (path), then H,, is a closed subgroupoid

of Gpyq-

Proof. @~We make use of the descriptions of H, and G,,; in Section 4.2. Suppose
[tg, ux, i)l € H, converges in G, to [t,y,,,] € G, . Our goal is to show that [z,y, ;]
lies in H,,. As there are only finitely many possibilities for (1, y;), we may assume that
(g, ¥x) = (i, y) is constant (independent of k), and thus y,, ., = (4, ). If t € (0, 1), then
we have [t, y,,,,] € H,. Now suppose that t € {0,1}. If u € M(g,p) UM(q,p), v € EE, or
1 e Mq,i), y € Fi, then (u,y) € £,
pne Mt (gp) UM, (qgp) UM (g p) UM_(q,p) and y € ;. Let A = A+,A,, A7, or A_
accordingly. Since [t, (u,¥)] € G, 1, S(u,y) and r(u, y) must be mapped to elements in

. and hence [t,y, ] € H,. Finally, assume that

]_[j M (q,]) x X£+1 with the same M, (q, j)-component in (15), which then implies by (clsg)
that s(y) and r(y) are mapped to elements in [ [; M; 4 (P, 7) x X,il with the same M, 4 (p, 1)-

component in (15), which in turn implies that y € £” . .. and thus [, («, y)] € H,. |

n,A(t)

Corollary 6.2. If we arrange (clsg) in modification (path), then G,, is a clopen subset of
Gforalln=1,2,....

G

is open in Gyt by construction (see [47, Section 6.2]), and for the induction step, use the

H

Proof. An easy induction on m shows that G,, ,, is an open subset of G n

n+m* bn1 =

recursive definition of G, ,, together with continuity of p,,,,, and the observation that
H,,n isopenin G, . Hence, for all n, G, = Ppimo0(Gy ) is an open subset of G, ,
for allm = 0,1,.... By definition of the inductive limit topology, this shows that G,, is
open in G.

To see that G, is closed in G, let (g;); be a sequence in G, converging to

n
g € G. Suppose g ¢ (_}n. Then let m > 1 be minimal with g € C_;n+m. We have
by

Lemma 6.1, we must have g € p;}rmloo(Hner_l) = p;—}-m,oo(Gn+m—1,1) = G, m_1- But this

8, €G, = p,‘L}Fm'OO(Gn,m) - p,_lim'oo(Hner_l) for all k. Since H,,,,,_; is closed in G, ,,,

contradicts minimality of m. Hence, g € G,,, and thus G,, is closed in G. [
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6.2 Modification (sccb)

We now present a further modification (path), which works in a similar way as
modification (conn) or the 2nd step in modification (path) and for the same reasons
will not change the properties or Elliott invariant of the classifiable C*-algebra we
construct. Let us use the same notations as in Section 4.2. Suppose that the 1st step
in modification (path) produces the 1st building block A,. For all d € DF{ choose a
permutation matrix w; 4 € Fi such that w; ;adw; ;= d and w; dflw*d ;é dforalld e DF!
with d # d. Let w := (W; 4); q- Choose an index g and replace ET by My gy+3, gl

/31 0 0 q 51,1 0

,31 o by id , and B;; by | ¢ adwyeid . ). Now suppose that we have
(®1a7}) ' (@ia71)

2 92 Pn—

produced 4, — A, — ... A o and that the next step of modification (path)
yields ¢, : A, — A,.,. We use the description of <p;|Fi in (8). Let ®(j,1) be the set
of one- dimensional projections in DM, ;. For each d € ©(j,i), define a permutation
Wjid € F 41 such that, identifying d'®f (for d’ € D(j, i) andf € DF‘ with its image under
— in the description of <p1’, ¢ in (8), we have w; d(d@f) i q=d®fand, forall deD|,i)

Wlthd;éd d(d®f) d_d®fforsomede©(]l)Wlthd;édforallfeDFl

Set w = (w; d)J id- Choose an index g and replace E? ni1 DY My Q)+ aln 1407 ,BZH 0
/B:IHLO 0 'BZ+1,1 0 .
by 0 id , , and ,3 n+1,1 by 0 Ad(w)oid ; . Modify 4,,,, and ¢,
(®iarhir) (®iarhi)

accordingly as in modification (conn) or the 2nd step of modification (path). Recursive

application of this procedure completes modification (scch).

Lemma 6.3. After modification (path) combined with modification (sccb), we have the
following: for all n € ]~"{, there exists a continuous path &£ : [0,1] — G; of the form
£(t) = lo(?), yl with (P1) and (P2) such that (0) =0, w(1) =1, £(0) = n, and ¢ := &(1) lies
in }'{ and satisfies s(g) =s(n) but r(¢) #r(n) orr(¢) = r(n) but s(¢) # s(n). Foralln > 1,
Jand n € Fy  \ F l[p] there exists a continuous path £ : [0,1] — G, of the form
£(t) =lw (), y] Wlth (P1) and (P2) such that w(0) =0, w(1) =1, £(0) = n, and ¢ := £(1) lies
in 7 w1 and satisfies s(¢) = s(n) but r(¢) # r(n) or r(¢) = r(n) but s(¢) # s(n).

Proof. Let us start with the 1st part (n = 1). Suppose that s(n) = x and r(n) = y
with x,y € Xli. We think of x corresponding to d, y corresponding to d and take v
corresponding to (i,d) in the notation of modification (scch). Let y := (v,n) € Sf, let
o be as in (P1) and (P2) with w(0) = 0 and w(1) = 1, and define &(t) := [w(t), y]. Then
we have £(0) = [0, (v, )] = n as by o(v,n) = n, s(§(1)) = sl1,(v,M] =1, (v, x)] = x = s(n)
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as by ;(v,x) = x, but r(¢(1)) = rl1,(v,M] = [1,v,Y] # y = r(n) as by 1(v,y) # y by
construction.

Now we treat the 2nd part. First suppose that s(n) = (u,x) and r(n) = (4,y)
with u € M, 1), o € M(, f), X € X,il, y € X,EL We think of u corresponding to d,
corresponding to d and take v corresponding to (j,i,d) in the notation of modification
(scch). Let y := (v,n) € 5Z+1, let w be as in (P1) and (P2) with w(0) = 0 and w(1) = 1,
and define £(f) := [w(?),y]. Then we have £(0) = [0,(v,n)] = n as b, ,o(v,n) = 7,
sE@) = s, (v,ml = [1, v, (w,x)] = (v, x) = s(n) as by, (v, (1, %)) = (u,x), but
r¢) =i, w,nl =01, (@ y)] = (y) # (,y) =r(m) as b,y v, (4, y) = (L,y)
for some gt € M(j, 1) with # [ by construction. Now suppose that s(y) = (ii,x) and
r(n) = y with i € M(j,1), x € X,’; and y € Eﬁ - .7-"{l+1
and r swapped). We think of i corresponding to d and take v corresponding to (j,i,d)

(or the other way round, with s

for some d # d in the notation of modification (sccb). Let y = (v,n) € EZH, let w be
as in (P1) and (P2) with w(0) = 0 and (1) = 1, and define £(t) := [w(t), y]. Then we
have £(0) = [0, (v,m)] = n as by, (v, n) = n, 1) =L, (v, Pl =[1,(v, ] =y = r(n)
as b, ,(v,y) =y, but s¢¢(1)) = slL, (v,n)] = [1, v, (&L, x)] = (&,x) # (i,x) = s(n) as

by 11, (2,%)) = (i, x) for some i € M(j, 2) with & # 1 by construction. [ |

Proposition 6.4. If we combine modification (path) with modification (sccb) and
arrange condition (clsg), then the following holds: let # € G, and let n > 0 be such
that € @HH \ @n. Suppose that p,,,; () is not of the form [¢, y] for some ¢t € (0,1)
and y € &, with y ¢ &,,,0 and y ¢ &, ;. Then there exist ,¢{ € G such that
7 ~conn 1 ~conn & in G, and s(¢) = s(n) but r(£) # r(n) or r(¢) = r(n) but s(¢) # s).

Proof. Write % = (7j,). We have 7,, ., = [t, y] for some y in &, , forv = 0 or 1. Construct
a path in G, ; connecting [t, y] with [r, y], and, using Proposition 4.2, lift it to a path in
G, connecting 3 to an element 5 = () € G,,,; with n,,,; = [r, y]. Corollary 6.2 implies
that G,,; \ G, is clopen. Since § lies in G, \ G, and § ~¢,y,, 7, it follows that 7 lies
in G,,1 \ G,, too. Therefore, if n = 0, we must have n; = 5, € 7, and if n > 1, we
must have n,,; € F,,; \ F,,1[pl. In both cases, Lemma 6.3 provides an element ¢,
such that ¢, € ]-'{Hl if n,., € ]-'ZLH, and s(¢,,1) = s(n,,1) but r(¢, 1) # r(n,, ;) or
r(¢py1) = r(ny4p) but (¢, 1) # s(n,,), together with a path &, , in G,,,; with (P1) and
(P2) connecting 7, ; and ¢, ;. Since g lies in G,,,;, we must have iy, = (uy, ny) for all
N > n + 1. Define ¢ € G by setting ¢y ; := (uy, ¢y) forall N > n+1and ¢ := Cn)nsnt1-
Then ¢ inherits the property from ¢, ; that s(§) = s(y) but r(¢) # r(y) or r(¢) = r(n)

but s(¢) # s(y). Now apply Proposition 4.2 recursively to construct paths &y, N > n +1,
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which connect 1y and ¢y and satisfy py o &y, = &y. It follows that &(2) := (Ey (D) y>ni1
defines the desired path connecting 5 and ¢. |

We now start to study connected components of G.

Lemma 6.5. After modification (path), G,, has only finitely many connected compo-

nents for all n.

Proof. Giveny € &, letl, :=[0,1]ify € & pandy €&,y 1, :=1[0,1)if y € £, 5 and
vy ¢ &1L, = O 1ify ¢ Egandy € &y, and I, := O, D ify ¢ E,gand y ¢ &, ;.
Using Proposition 4.2 as in the proof of Proposition 5.1, it is straightforward to see

that p,, % [T, x {y}] is path connected in G,,. Moreover, it is clear that G, = |, ¢, Py o[l %
{r}l |

The following is an immediate consequence of Lemma 6.5 and Corollary 6.2.

Corollary 6.6. If we arrange condition (clsg) in modification (path), then the connected

components in G are open.

Proposition 6.7. If we combine modification (path) with modification (sccb) and
arrange condition (clsg), then the only connected components of G that are also
bisections (i.e., source and range maps restrict to bijections) are precisely of the form

Prsl(0,1) x {y}1 € G, for some nand y € £, withy ¢ £, qandy ¢ &, ;.

Proof. Let us first show that sets of the form p;lloo[(O, 1) x {y}] for y as in the
proposition are indeed connected components and bisections. First of all, an application
of Proposition 4.2 as in the proof of Proposition 5.1shows that p;l,}w[(o, 1) x {y}l is path
connected, hence connected. If C is a connected subset of G containing p,‘L}X}[(O, 1) x {y}],
then we must have C C (_}n because Gn is clopen by Corollary 6.2. Moreover, [(0, 1) x{y}] C
Pr,00(0). As [(0, 1) x{y}]is a connected component in G,,, it follows that p,, ,(C) € [(0, 1) x
{y}l and thus C € p;;L (P, +(C)) € P, ~.[(0,1) x {y}]. This shows that p, 1 [(0,1) x {y}]is
a connected component. It is also a bisection: let ,¢ € p;}oo[(o, 1) x {y}] with s() = s(¢).
(The case of equal range is analogous.) Write n = (ny)y, ¢ = ({y)y- It follows that n, = ¢,,.
So we have for all N > n that s(ny) = s(¢y) and p, y(ny) = P, n(y)- Since p, y is a
fibrewise bijection (see [47, Sections 6.2 and 7]), it follows that ny = ¢y for all N > n and

hence n =¢.

2202 Jaquieoa( |z uo Jasn Aselqi Ajsiaaiun mobsels) Aq 86£99€9/26681L/€2/2202 /101 ulwl/woo dnooliwepese//:sdiy woly papeojumod



Constructing Menger Manifold C*-Diagonals 19047

Now let C be a connected component in G. As G,, is clopen for each n by Corollary
6.2, there exists n such that C C én+1 and C  G,, so that we must have C € G, \ G,,.
Suppose that C is not of the form anrl [(0,1) x {y}] for some y as in the proposition. It
follows that C must contain some element # as in Proposition 6.4, and hence it follows
that there exist 5,¢ € G such that § ~¢y,n, 1 ~conn ¢ in G, and s(¢) = s(y) but r(¢) # r(y)
or r(¢) = r(n) but s(¢) # s(y). As C is a connected component, we must have 5,¢ € C.

Thus, C cannot be a bisection. [ |

Let €;; be the set of connected components of G, which are bisections. For two
bisections U and V in G, we define the product U - V only if s(U) = r(V), and in this
case U-V :={uv: u € U, v € V} is another bisection. Let (Qbi) be the smallest collection
of bisections in G closed under products and containing ¢, ;, that is, the set of all finite

products of elements in ¢;;.

Lemma 6.8. If we combine modification (path) with modification (sccb) and arrange

condition (clsg) as well as

{n,p} > 4In,il VYn,p,i, (45)

then (€)= {p, [0, 1) x (¥}l n € Z.y, ¥ € &,}.

Proof. Clearly, {p,L.[(0,1) x {y}l:ne€Z.,, y €&,} is a collection of bisections in G
closed under products and containing ¢;;. This shows “C". To prove “2", we show that
for all n,p and y € &F with s(y) = y° and r(y) = y that p,; L [(0,1) x {y}] € (¢};). Recall
that bﬁy. is given by a composition of the form Sﬁ o~ ;M (p,7) x }'l) - 11; ]-'l J, (see
(9)). Let us denote the induced bijections yf;,.i [1;(M,(p, i) x XL) by y — (y),. Suppose
that (y*), = (ui x¥), with x} € X,ilf, for x = r,s and ¢ = 0,1. We claim that there
exists y € V5 such that (y) ¢ {ui } X X,ilf for all + = r,s and e = 0, 1. Indeed, since
#{y € W (y), € {ui} x X } = #X' [n,if] for all * = r,s and e = 0, 1, we have that
#ly € VP (p), € {ni} x X for some * =r,s,0 =0,1} = [n, ] + [n, i1 + [n, 5] + [n,i]] <
4max{[n,i}l: x=rs,e=0,1} < {n,p} = #)P by condition (1). Now take y with these
properties, and let y;,y, € € EP be such that s(yl) =y, r(y) =V, s(yp) =Y. r(yy) =¥
Then y,y, ¢ €, and y;, ¥, ¢ £, 1, so that p;; L [(0,1) x {y;}] € €, for i = 1, 2. It follows
that p;;L,[(0,1) x {y}] = P[0, 1) x {1}]- PR tcl(0, 1) x {1 }] € (€y). u
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Definition 6.9 (Compare [55, Definition 3.1]). Let ) be a finite set. We call a multisec-
tion in (¢;) the image of an injective map Y x Y — (€y;), (x,y) = Uy, such that U, .-U, ,

is only defined if y = y’, and in that case U, ,-U, , = U, ,. We call #) the degree of {UX,Y}.

Corollary 6.10. In the situation of Lemma 6.8, multisections in (¢;) are precisely of

the form p; 1 [(0,1) x {y}] for some n,p and y € &.

As it is clear that the degree can be read off from a multisection, Lemma 6.8

implies the following.

Corollary 6.11. Suppose that we combine modification (path) with modification (sccb)
and arrange (clsg), (1) to obtain classifiable C*-algebras A and A’ with the same
prescribed Elliott invariant together with C*-diagonals B and B'. Let G and G’ be the
groupoid models for (4,B) and (4’,B’) and YP(G), VP (G) the analogues of VP above for
G, G'. If G = G’ as topological groupoids (i.e., if (4,B) = (A’,B)), then we must have
BN}, , = {#nEH),,

Let us now construct, for every sequence m = (m,) of non-negative integers a
groupoid model G(m) for our classifiable C*-algebra such that for any two sequences m
and n, we have G(m) % G(n) if m # n. First combine modification (path) with modification
(scch) and arrange (clsg), (1) to obtain a classifiable C*-algebra A with prescribed Elliott
invariant £ as in Section 4.1 and C*-diagonal B. Now we modify the construction. For all
n > 1, choose a direct summand FJ of F,, such that, for all n > 1, we have FnJrl # Ffl‘ﬂ
for all p and v = 0, 1. Given a sequence m = (m,), we modify (4, B) by adding 1d(ﬁln)®mn
to g4, for all p and enlarging E%, correspondingly. In this way, we obtain for each m a
classifiable C*-algebra A(m) with the same prescribed Elliott invariant £ and the same
properties as A, together with a C*-diagonal B(m) of A(m). Let G(m) be the groupoid
model of (A(m), B(m)).

Proposition 6.12. If m # n, then G(m) % G(n), that is, (A(m), B(m)) Z (A(n), B(n)).

Proof. Let G := G(m) and G’ := G(n). Suppose that m,, = n,, for all n < N — 1 and that
my # ny, say my < ny. As the 1st N — 1 steps of the construction coincide, we have
{#Vh(G):n<N-1,p} = {#yp(G/) n <N —1,p}. Now we have #Y5(G') = #V5(G) + (nN

my) - #XJN for all p. Hence, #yp (G) > min, #yp(G) for all p’. As #ng(G’) > #yp (G)
for all 77, ¢/, and p’, it follows that min, #y}\’,(c-’) does not appear in {#y,’i(c’)}nlp, while it
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appears in {#yﬁ(é)}n'p. Hence, Corollary 6.11 implies that G 2 G/, that is, (A(m), B(m)) %
(A(n), B(n)). u

All in all, in combination with Corollaries 5.6 and 5.13, we obtain

Theorem 6.13. For every sequence m in Z., and every prescribed Elliott invariant
(GO,Ga“,u, T,r,Gy) as in [47, Theorem 1.2] with torsion-free G, and trivial G, our
construction produces a topological groupoid G(m) with the same properties as in
[47, Theorem 1.2] (in particular, C:(G(m)) is a classifiable unital C*-algebra satisfying
EI(C}(G(m))) = (Gy, G§, u, T, 1, Gy)), such that G(m)@ = M, and G(m) % G(n) if m # n.
For every sequence m in Z., and every prescribed Elliott invariant (Gq, T, p,G,) as
in [47, Theorem 1.3] with torsion-free G, and trivial G;, our construction produces
a topological groupoid G(m) with the same properties as in [47, Theorem 1.3] (in
particular, C}(G(m)) is a classifiable stably projectionless C*-algebra with continuous
scale satisfying Ell(C;(G(m))) = (Gy, {0}, T, p, G,)), such that G(m)® = M., and G(m) %
G(m) if m #n.

In combination with the classification result in [63], this yields the following

Theorem 6.14. For every prescribed Elliott invariant (G, GE{, u,T,r,G;) as in
[47, Theorem 1.2] with torsion-free G, and trivial G;, our construction produces a
classifiable unital C*-algebra A with Ell(4) = (G, Ga’, u,T,r,G,) and continuum many
pairwise non-conjugate C*-diagonals of A whose spectra are all homeomorphic to M.

For every Elliott invariant (G, T, p, G;) as in [47, Theorem 1.3] with torsion-free G, and
G, = {0}, our construction produces a classifiable stably projectionless C*-algebra A
having continuous scale with Ell(4) = (G,, {0}, T, p, G;) and continuum many pairwise

non-conjugate C*-diagonals of A whose spectra are all homeomorphic to M.

This theorem, combined with classification results for all classifiable

C*-algebras, implies Theorems 1.4 and 1.5.
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