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Abstract: The calculation of the rheological parameters of fresh cement pastes plays a key role in 

understanding the rheology of cement-based mixes. Because cement paste is not a simple Bingham 

fluid, a suitable nonlinear model must be found for characterizing its flow. A test system in which 

the rotational speed or shear rate can be changed in multiple steps is regarded as a suitable 

rheological test protocol because the paste reaches a steady state. Furthermore, theoretical 

derivations show that the solution of the Couette inverse problem corresponding to the modified 

Bingham model and the Herschel–Bulkley (H-B) model is complex. However, a comparative 

analysis revealed that the yield stress of fresh paste could easily be obtained through a calculation 

process based on a Parabolic model. This study presents the complete calculation procedure for this 

model. The influence of the plug flow is considered, and test points with low minimum shear stress 

(τmin) are excluded. Finally, the accuracy of the proposed method is verified through comparisons 

with the results obtained using mini-cone slump tests. These results show that the dynamic yield 

stress calculated using the expression of the Couette inverse problem based on the Parabolic model 

in consideration of the plug flow is very close to the yield stress obtained using the mini-cone slump 



flow test. This proves that the proposed method could precisely characterize the dynamic yield stress 

of cement pastes. 

 

Keywords: cement paste; dynamic yield stress; Couette inverse problem; coaxial cylinders 

rheometer; plug flow 

 

1. Introduction 

 

Fresh cement mixes are multiscale, multiphase, solid–liquid dispersion systems [1]. The individual 

particles in these mixes undergo irregular Brownian motion, collisions, and friction, and they exhibit 

electrostatic repulsion and Van der Waals forces [2-4]. In terms of rheological properties, cement 

paste shows more plastic properties when it is fresh. With continuous hydration, the cement paste 

gradually loses its fluidity, sets, and hardens into a semisolid or solid-phase system dominated by 

viscoelasticity [5-6]. 

 

The rheological properties strongly influence the macroscopic working performance of fresh 

cement-based materials. This performance can be characterized by specific rheological models that 

represent a functional relationship (i.e., a constitutive equation) between the shear stress and the 

shear rate of the flowing material [7]. For example, in the commonly used Bingham model, the two 

basic rheological parameters are the yield stress and plastic viscosity [8-9]. Meanwhile, the 

rheological properties reflect the change in the viscosity of the cement paste with variations in the 

external shear force. When the first derivative value of the shear stress (i.e., the differential viscosity 

of the paste at a certain shear rate) increases with an increase in the shear rate, the paste exhibits 



shear thickening behavior; by contrast, when the differential viscosity decreases with an increase in 

the shear rate, the paste exhibits shear thinning behavior [10]. The addition of certain chemical and 

mineral admixtures as well as changes in the ambient temperature and resting time may also 

influence the shear thickening or shear thinning behavior of the paste [8,11,12]. 

 

The shear stress and shear rate may have a nonlinear relationship. The Herschel–Bulkley (H-B) 

model and the modified Bingham model have been proposed to describe such nonlinear flow 

behaviors [13]. To relate these two models, the H-B model equation is expanded using the Taylor 

expansion at a certain shear rate a [14]. Then, by dividing the shear rate terms γ̇ and γ̇2 of both the 

expanded equation and the modified Bingham model, a functional relationship between c/μ and n is 

obtained, and a relationship between the shear thickening coefficients of the two models is 

established. However, with the addition of different types of admixtures, the phase compositions of 

the composite pastes become increasingly complex. The rheological characteristics of the paste 

gradually change with an increase in the shear rate (i.e., shear thickening or shear thinning is not 

observed in the shear test), making it challenging to determine a specific and suitable rheological 

model for characterizing the rheological parameters [15-17]. 

 

Cement paste can resist an external shear force and not flow. This resistance, defined as the yield 

stress, arises from the microcosmic network structure formed by colloidal interactions [18-20], and 

it depends on the strength and structure of this network in the cement paste [21,22]. When cement 

paste is in a static state, colloidal flocculation and cement hydration bonding (e.g., C-S-H bridge) 

densify its microstructure, thus increasing the yield stress [18,23]. Under shear forces, this 



microstructure can break down and thereby reduce the yield stress. Therefore, from the perspective 

of two different initial states, the yield stress can be further divided into static and dynamic yield 

stress [24, 25]. The static yield stress is the minimum stress required to initiate the flow of the paste, 

and it corresponds to the state of the microstructure before it breaks down. The dynamic yield stress 

is the minimum stress required to maintain the flow behavior, during which the internal 

microstructure of the paste is modified. 

 

The difference in the yield stress of fresh cement pastes between the rest and the flow states is 

referred to as thixotropy [26-28]. In rheology, thixotropic behavior is defined as a time-dependent 

parameter that represents the decrease in structural strength under the action of a constant shear 

force followed by the recovery of the structure to its original state during a subsequent resting 

process [21,29,30]. The process of structural damage and recovery is a completely reversible cycle, 

and it is most commonly characterized by the thixotropic loop area and the three-interval thixotropy 

test (3ITT) methods [31-35]. A previous study [36] showed that a new equilibrium flow state can be 

established for a thixotropic fluid only after a constant shear rate is imposed for a certain duration. 

Therefore, the method of multiple step changes in shear rate was proposed to quantitatively evaluate 

the thixotropy. As shown in Fig. 1, this method involves measuring the tangential stress and 

viscosity at different times at a constant shear rate until the tangential stress gradually reaches 

equilibrium [36]. A function of the shear stress and viscosity with time can be obtained through 

repeated measurements under different shear rates to evaluate both the thixotropy and the time-

dependent rheology of cement pastes in a steady flow state. 

 



In a coaxial cylinder system, a rheometer can be used to reveal the relationship between the 

rotational velocity (N) and the torque (T). The conversion of the N–T relation obtained using the 

rheometer into the parameters of a specific rheological model, namely, the shear stress (τ) and shear 

rate (γ̇), has long remained a fundamental challenge in rheology calculations and has given rise to 

the famous Couette inverse problem [37, 38]. Rheometers can not only measure test points with 

different T and N but also automatically calculate their corresponding τ and γ̇. From the results 

obtained using the rheometer, the intercept of different rheological models (i.e., Bingham model, H-

B model, and modified Bingham model), namely, the dynamic yield stress, can be obtained. 

However, most rheometers use only semiempirical methods to solve the Couette inverse problem 

instead of complete mathematical and mechanical derivations. Therefore, several studies have 

aimed to develop solutions for the Couette inverse problem based on these rheological models [39-

41]. 

 

The solution of the Bingham model is calculated using the widely used and validated Reiner–Riwlin 

equation [42]. However, the solutions of the modified Bingham model and H-B model remain 

controversial. Feys et al. [39] studied the solution of the Couette inverse problem based on the 

modified Bingham model under the condition of a coaxial cylinder test system. By contrast, 

Heirman et al. [40] calculated the solution of the Couette inverse problem based on the H-B model. 

However, a subsequent theoretical analysis [41] indicated that the derivations in the above two 

studies contained major errors. Choosing a suitable rheological model to derive the solution of the 

Couette inverse problem and accurately calculating the rheological parameters remain important 

challenges that must be overcome for better understanding the rheology of cement mixes. 



 

Cement mixes have complex compositions, and therefore, the applicability of existing rheological 

models to reveal the rheological properties of fresh cement mixes having different compositions 

needs to be further investigated. In this light, the present study aims to identify and propose an 

accurate method for calculating the dynamic yield stress of fresh cement pastes under a coaxial 

cylinder system. In consideration of the effect of a plug flow, a Parabolic model is used instead of 

the H-B model and modified Bingham model for performing calculations. A coaxial cylinder 

rheometer is applied to test the steady-state rheological properties of cement mixes having different 

mixture proportions. The solution of the Couette inverse problem based on the parabolic model 

without a plug flow is verified through comparisons with the results of mini-cone slump experiments. 

Further, a procedure to characterize the dynamic yield stress of cement mixes is proposed to obtain 

a more accurate estimate of the rheology of the cement paste. 

 

2. Theoretical analysis 

2.1 Selection of rheological testing scheme 

 

The rheological behavior of fresh cement pastes is based on the original and ideal double plate 

model. As shown in Fig. 2, the simplest device designed for assessing the rheological properties 

consists of two parallel plates [43]. Assuming that these plates have a rectangular cross section, the 

contact area between each plate and the paste is A, distance between the plates is h, and relative 

velocity of the two plates under the action of force F is vmax. Accordingly, the shear stress τ and shear 

rate γ̇ can be respectively calculated as 



𝜏 =
𝐹

𝐴
                                                                        (1) 

�̇� =
𝑣𝑚𝑎𝑥

ℎ
=

𝑑𝛾

𝑑𝑡
                                                              (2) 

However, designing a rheometer with this ideal shape is impractical. Several common rheometer 

test systems, including the coaxial cylinder test [44], parallel plate test [45], and conical plate test 

[46], have been designed accordingly. Among these, the coaxial cylinder system involves rotational 

measurements whereas the parallel and conical plate systems involve oscillatory measurements. The 

small-amplitude oscillatory shear is commonly used to test the viscoelasticity of pastes, and the 

applied shear rate varies with time in the form of a sinusoidal function [47]. However, as the shear 

rate of cement pastes generally increases linearly or logarithmically in most tests (Fig. 3(a)), the 

rheological parameters are usually measured using a rotational coaxial cylinder. 

 

When using a coaxial cylinder system for rheological assessments, further details of the specific 

rheological scheme need to be determined. There are two common rheological schemes: (1) 

rotational velocity or shear rate increases or decreases continuously over time (Fig. 3(a)), and (2) 

rotational velocity or shear rate increases or decreases step-by-step over time (Fig. 3(b)). The first 

method is usually used for calculations of the thixotropic hysteresis loop area, and the second 

method is called the “multiple step method” because of its step-like appearance. Before analyzing 

the difference between these two rheological schemes, it must be ensured that the rheological model 

represents the rheological behavior of the fluid in a stable flowing state. Therefore, a proper 

rheological testing system should be established to ensure that the paste flows stably at different 

shear rates [22, 48]. 

 



Because cement pastes are thixotropic, their microstructure changes with an increase in the shear 

rate or rotational velocity. However, it takes time to destroy and rebuild this microstructure. 

Therefore, when the shear rate changes continuously, the paste cannot satisfy the basic conditions 

of a stable flow under a certain shear rate. If the shear rate cannot be kept constant for a period of 

time, the test shear stress may be higher or lower than the real shear stress, as shown in Fig. 1. 

Unfortunately, the steady-state approach provides information regarding only the asymptotic shear 

stress vs. shear rate or viscosity vs. shear rate relationships; it does not provide information about 

the dynamic thixotropic response. In this regard, the multiple step method can easily enable the 

paste to achieve a steady state in the broader context of time-dependent rheological behavior and 

thereby improve the accuracy of the test without considering the influence of thixotropic dynamics 

on the calculation of the rheological parameters. Fig. 4 shows the variation of the torque with time, 

where N of each step remains constant within 10 s. Fig. 4 shows that T fluctuates when N decreases 

from one step to the next. When T remains constant, the paste changes from an unsteady to a steady 

state, during which time the test data can be used to accurately calculate the rheological parameters 

of cement pastes. 

 

A more important reason for not using the continuous change in the shear rate or the rotational 

velocity to directly test the rheological parameters of cement pastes is the Couette inverse problem 

[49]. The Couette inverse problem involves the transformation of the relationship between τ and γ̇ 

based on different rheological models into the relationship between T and N measured using a 

rheometer. For a coaxial cylinder system, the relationship between τ and T and that between γ̇ and 

ω(r) (angular velocity at radius r) are respectively given as [39, 43] 



𝜏 =
𝑇

2𝜋ℎ𝑟2
                                                                      (3) 

�̇� = 𝑟
𝑑𝜔(𝑟)

𝑑𝑟
                                                                    (4) 

where h is the height of the inner cylinder submerged in cement paste (m), and r is the radial 

coordinate (m). 

Eqs. (3) and (4) show that although the conversion formulas of torque and shear stress are relatively 

simple, the shear rate and rotational velocity are linked with a differential relationship. The 

rheometer can only derive data pairs of rotational velocity and torque but not a continuous functional 

curve. Because continuity is a necessary condition for derivability, the shear rate and rotational 

velocity of the fresh cement paste cannot be directly transformed using Eq. (4). Therefore, the 

multiple step method was chosen to calculate the dynamic yield stress of fresh pastes in this study. 

 

2.2 Limitations of normal rheological models 

 

After determining the rheological scheme, the next step is to identify the rheological model to be 

used for characterizing the relationship between τ and �̇�  of fresh cement pastes. The Bingham 

model is used most commonly to characterize cement mixes, which involve a combination of an 

ideal Newtonian fluid and a Saint-Venant ideal plastic solid [50]. In fresh cement mixes, assuming 

that no network structure exists between noncolloidal particles, the yield behavior mostly depends 

on the interaction between colloidal particles that results in the formation of a dense continuous 

network structure between them [2, 28]. This process makes the mix viscous owing to the cohesion 

and dynamic friction between particles that hinder the flow behavior; here, the viscosity reflects the 

deformation speed of the paste after destruction [40, 51]. The Bingham model is given by Eq. (5), 



where τ0 is the dynamic yield stress fitted using this model (Pa) and μp, a parameter unique to this 

model, is the plastic viscosity (Pa·s). When the Bingham model is assumed to be the constitutive 

equation of cement paste, the corresponding solution to the Couette inverse problem is obtained 

using the Reiner–Riwlin equation (Eqs. (6) and (7)) [52], where R1 and R2 are the inner and outer 

cylinder radius of the rheometer, respectively. 

𝜏 = 𝜏0,𝐵 + 𝜇𝑝 · �̇� , 𝜏 ≥ 𝜏0 

�̇� = 0 , 𝜏＜𝜏0                                (5) 

𝜏0,𝐵 =
𝐺𝐵

4𝜋ℎ
(

1

𝑅1
2 −

1

𝑅2
2)

1

ln (𝑅2/𝑅1)
                                               (6) 

𝜇 =
𝐻𝐵

8𝜋2ℎ
(

1

𝑅1
2 −

1

𝑅2
2)                                                           (7) 

However, in the presence of different admixtures and environmental conditions, fresh cement pastes 

generally behave as a non-Newtonian fluid, thereby leading to errors in the calculation of 

rheological parameters when using the Bingham model as the constitutive equation. Therefore, the 

modified Bingham model (Eq. (8)) and H-B model (Eq. (9)) are frequently used to characterize the 

degree of deviation from the linear relationship between τ and γ̇, where μ and c are the linear and 

quadratic terms of the modified Bingham model and K is the consistency factor of the H-B model. 

𝜏 = 𝜏0,𝑀𝐵 + 𝜇�̇� + 𝑐�̇�2                                                       (8) 

𝜏 = 𝜏0,𝐻𝐵 + 𝐾�̇�𝑛                                                           (9) 

 

Many models can describe the degree of shear thickening and thinning. In particular, the Lu Gang 

model [53], Vom Berg model [54], and Carreau model [55] can be used to describe the rheological 

behavior of non-Newtonian fluids. Nonetheless, the modified Bingham model and H-B model are 

still used most commonly to characterize the rheological behavior of non-Newtonian fluids owing 



to their small number of unknown parameters and simple forms of equations. 

 

Feys et al. [39] and Heirman et al. [40] proposed solutions for the Couette inverse problem based 

on the modified Bingham model and H-B model, respectively. However, Li et al. [41] found errors 

in the derivations of these solutions. They claimed that Heirman et al. [40] used an incorrect 

hypothesis, stating that the solution of the Couette inverse problem based on the H-B model and the 

expression of the H-B model should have the same exponential form. However, according to the 

relationship between the shear rate and the rotational velocity, their relationship is a differential 

function rather than an ordinary one; therefore, this hypothesis remains unproven. Further, the 

separation of r and ω in Eq. (14) as described by Feys et al. [39] is incomplete. The left-hand side 

of the equation is in the form f(r)dr, whereas the right-hand side is in the form g(r, ω)dω; this leads 

to an error in the next equation. As an alternative, Li et al. [41] provided N-T equations based on 

different rheological models with the assumption that the functional relationship between τ and γ̇ of 

the measured fluid can be characterized by Eq. (10). Substituting Eqs. (10) and (4) into Eq. (3) and 

moving the torque T to the left-hand side gives 

𝜏 = 𝑓(�̇�)                                                                     (10) 

𝑇 = 2𝜋ℎ𝑟2𝑓(𝑟
𝑑𝜔

𝑑𝑟
)                                                         (11) 

For the fluid investigated, with an increase in τ, γ̇ will also increase, indicating that Eq. (10) is a 

monotonic increasing function with an inverse function f-1. Solving f-1 and separating the values of 

r and ω gives 

𝑑𝜔 =
1

𝑟
𝑓−1(

𝑇

2𝜋ℎ𝑟2
) 𝑑𝑟                                                   (12) 

Integrating Eq. (12) gives Eq. (13), where Ω is the relative angular velocity between the outer and 



the inner cylinders of the rheometer. 

∫ 𝑑𝜔
𝛺

0

= ∫
1

𝑟
𝑓−1(

𝑇

2𝜋ℎ𝑟2
) 𝑑𝑟

𝑅2

𝑅1

                                                   (13) 

Further solving the original function and rearranging the terms in Eq. (13) gives 

𝛺 = ∫
𝑟2

𝑟3
𝑓−1 (

𝑇

2𝜋ℎ𝑟2
) 𝑑𝑟

𝑅2

𝑅1

                                                                

= ∫ −
𝑟2

2
𝑓−1 (

𝑇

2𝜋ℎ𝑟2
) 𝑑

1

𝑟2

𝑅2

𝑅1

                                                         

= −
1

2
∫

2𝜋ℎ𝑟2

𝑀
𝑓−1 (

𝑇

2𝜋ℎ𝑟2
) 𝑑

𝑇

2𝜋ℎ𝑟2

𝑅2

𝑅1

                            (14) 

Substituting Eq. (3) into Eq. (14) and substituting the rotational velocity N for the angular velocity 

Ω gives 

𝑁 = −
1

2
∫

1

𝜏
𝑓−1(𝜏)𝑑𝜏

𝜏2

𝜏1

                                                             (15) 

Substituting Eq. (10) into Eq. (15) gives 

𝑁 = −
1

2
∫

�̇� · 𝑓′(�̇�)

𝑓(�̇�)
𝑑�̇�

�̇�2

�̇�1

                                                             (16) 

Eqs. (15) and (16) can both be used to solve the Couette inverse problem of a coaxial cylinder 

rheometer. Specifically, Eq. (15) can be used to calculate the N-T relation when f-1 can be easily 

solved, and Eq. (16) can be chosen when f ’ can be conveniently obtained. Substituting the 

expressions of a Newtonian fluid model and the Bingham model into Eq. (15) gives two function 

expressions that are the same as the Margule [56] and Reiner–Riwlin equations. This verifies the 

accuracy of the derivation process. 

 

Substituting Eqs. (15) and (16) with the expressions for the modified Bingham model and H-B 

model and simplifying the corresponding polynomials gives the N-T relations based on the modified 

Bingham model and H-B model as shown in Eqs. (17) and (18), respectively. 



𝑁 =
𝜇

2𝑐
ln (

𝑅1

𝑅2
) +

1

2𝑐
· (√𝜇2 − 4𝑐𝜏0 + 4𝑐

𝑇

2𝜋ℎ𝑅1
2 − √𝜇2 − 4𝑐𝜏0 + 4𝑐

𝑇

2𝜋ℎ𝑅2
2 + √4𝑐𝜏0 − 𝜇2

· 𝑎𝑟𝑐𝑡𝑎𝑛
√

𝜇2 − 4𝑐𝜏0 + 4𝑐
𝑇

2𝜋ℎ𝑅1
2

4𝑐𝜏0 − 𝜇2
− √4𝑐𝜏0 − 𝜇2

· 𝑎𝑟𝑐𝑡𝑎𝑛
√

𝜇2 − 4𝑐𝜏0 + 4𝑐
𝑇

2𝜋ℎ𝑅2
2

4𝑐𝜏0 − 𝜇2
                                                                           (17) 

𝑁 = −
𝑛

2
(�̇�2 − �̇�1) +

𝑛

2
∫

1

1 +
𝜅
𝜏0

�̇�𝑛

�̇�2

�̇�1

𝑑�̇�                                          (18) 

Eqs. (17) and (18) show that the N-T equation based on the H-B model does not have a solution for 

the latter part of the integral in the real number range. Although the form of the modified Bingham 

model itself is relatively simple, the solution of the Couette inverse problem as calculated using the 

modified Bingham model is very complex and cannot be used as a generalized formula. Therefore, 

a new rheological model whose form and expression for the solution of the Couette inverse problem 

solution are both relatively simple is needed. 

 

2.3 Solution based on the Parabolic model 

 

Although the rheological model and its solution for the Couette inverse problem should be as 

concise as possible, the model must be capable of characterizing at least the yield behavior and the 

nonlinear variation. Fresh cement paste can be regarded as a fluid that exhibits yield behavior. 

Before its internal structure is destroyed, an external force greater than its static yield stress is 

required to enable it to flow. At the same time, owing to the influence of admixtures, temperature, 

and time factors, τ-γ̇ of most cement pastes does not show a simple linear relationship. In this light, 



the rheological models and their solutions as presented by Li et al. [41, 57] were compared and 

screened. The Parabolic model and its N-T relationship function form were found to be relatively 

simple. Further, as with the modified Bingham model, the constant term of the Parabolic model 

could describe fluids with yield stress. A quadratic correction term was introduced to represent the 

degree of shear thickening or shear thinning. The expression of the Parabolic model and its solution 

for the dynamic yield stress are respectively given by 

�̇� = 𝑎 + 𝑏𝜏 + 𝑐𝜏2                                                                  (19) 

𝜏0,𝑃 =
−𝑏 + √𝑏2 − 4𝑎𝑐

2𝑐
                                                            (20) 

When γ̇ = 0, two solutions should exist for the one variable quadratic equation. However, because 

a rheological model has only one dynamic yield stress, when τ increases, γ̇ increases accordingly. 

Therefore, a larger solution is taken as the value of the dynamic yield stress (Eq. (20)). Unlike in 

the modified Bingham model, the Parabolic model is a rheological model with the shear stress as an 

independent variable and the shear rate as a dependent variable [58]. Eq. (5) shows that the 

expressions for different value ranges of the Bingham model are determined by τ (e.g., for τ < τ0, �̇� 

= 0, and for τ ≥ τ0, τ = f(γ̇)). Although the independent variable of the Bingham model is γ̇, the 

piecewise expression of this model fully proves that the flow deformation is caused by the force. 

 

Substituting Eq. (19) into Eq. (15) gives the following equation, where τ1 and τ2 are the shear stress 

of the measured fluid at the inner and the outer cylinders of the rheometer, respectively. 

𝑁 = −
1

2
∫

1

𝜏
(𝑎 + 𝑏𝜏 + 𝑐𝜏2)𝑑𝜏

𝜏2

𝜏1

                                                            

= −
1

2
[𝑎𝑙𝑛

𝜏2

𝜏1
+ 𝑏(𝜏2 − 𝜏1) +

1

2
𝑐(𝜏2

2 − 𝜏1
2)]                      (21) 

The cylinder radii corresponding to τ1 and τ2 are R1 and R2, respectively. According to Eq. (3), 



substituting the expressions of τ1 and τ2 into Eq. (21) gives the solution of the Couette inverse 

problem based on the Parabolic model. 

𝑁 = 𝑎 · ln (
𝑅2

𝑅1
) +

𝑏

4𝜋ℎ
(

1

𝑅1
2 −

1

𝑅2
2) · 𝑇 +

𝑐

16𝜋2ℎ2
(

1

𝑅1
4 −

1

𝑅2
4) · 𝑇2                (22) 

 

2.4 Influence of plug flow 

 

In a coaxial cylinder system, as the cylinder rotates, fresh cement pastes with different radii are 

subjected to different shear stress. Owing to the existence of the yield stress in cement pastes, when 

the shear stress at a certain radius is less than the dynamic yield stress, the shear rate at this radius 

is zero and no relative movement occurs between adjacent layers. This phenomenon is called plug 

flow (see Fig. 5) [39, 59, 60]. By moving τ of Eq. (3) to the right-hand side of the equation and Rp 

to the left-hand side of the equation, the radius of the plug flow can be calculated as [43] 

𝑅𝑝 = √
𝑇

2𝜋𝜏0ℎ
                                                                (23) 

Wallevik et al. [43] provided an equation for calculating the shear rate of fluids at the inner cylinder 

wall based on the Bingham model by using a coaxial cylinder rheometer. However, according to 

Wallevik’s equation, the shear rate depends on the plug radius, rheometer size, and rheological 

properties of the fluid. Because of its complex iterative calculation and the need to determine 

additional parameters, a more concise rheological test method is needed considering the influence 

of the plug flow. 

 

2.5 Verification of calculation results 

 



The accuracy of the dynamic yield stress calculated by the above process can be verified through 

numerical simulations (computational fluid dynamics) or macroscopic experimental results. A 

computer-based numerical simulation can be applied to cement-based materials to understand not 

only the computer technology but also the rheological characteristics of pastes. Considering that 

most cement pastes are non-Newtonian fluids, although a few numerical simulation studies on them 

have already been conducted, this approach still needs to be validated. 

 

The mini-cone slump flow method can be used to further verify the accuracy of the dynamic yield 

stress. The slump flow is commonly used to test the fluidity of pastes, mortars, and concrete mixes. 

Although several studies have proposed a relationship between the yield stress and the slump flow 

[61-64], most were usually used to convert the concrete slump flow into the yield stress. The slump 

flow for cement pastes has much smaller diameters, making the prediction of the yield stress 

challenging [65]. By comprehensively considering the influence of surface tension, Roussel et al. 

[66] proposed the following relationship between the mini-cone slump flow diameter L and the yield 

stress τ0,R: 

𝜏0,𝑅 =
225𝜌𝑝𝑎𝑠𝑡𝑒𝑔𝑉𝑐𝑜𝑛𝑒

2

128𝜋2(
𝐿
2)5

−
0.005 (

𝐿
2)

2

𝑉𝑐𝑜𝑛𝑒
                                            (24) 

Because the result of the mini-cone test indicates the final expansion diameter of the paste, when 

the combined stress of each microelement of the paste is lower than its own yield stress, the paste 

will no longer flow; this corresponds to the definition of dynamic yield stress. Although the mini-

cone slump test is based on a semiempirical deduction, Roussel’s equation remains widely used, 

thus somewhat verifying the effectiveness of this formula. Therefore, it is reasonable to consider 

τ0,R calculated using Eq. (24) as the dynamic yield stress of pastes from a macroscopic view. Notably, 



in this study, the mini-cone test is not only regarded as an accurate dynamic yield stress calculation 

method but also as the macroscopic reference result. By comparing these results with those obtained 

from different rheological tests and calculating their differences, the accuracy of the proposed 

method can be further verified. 

 

3. Calculation example 

3.1 Materials and methodology 

 

Portland Cement (PC) Type 1 42.5 (China United Cement Corporation) that conformed to the GB 

8076-2008 standard was used as the main binder. Class F fly ash (FA), ground granulated blast 

furnace slag (GGBS), limestone powder (LP), and viscosity modifying agent (VMA) obtained from 

Hunan Province were also incorporated in the prepared mixes. Table 1 lists the chemical 

compositions of PC, FA, GGBS, and LP and the corresponding densities of all cementitious 

materials. VMA (China Shandong Highway New Material Technology Co. Ltd.) consists of silica 

fume (SF), LP, and hydroxypropyl methylcellulose (HPMC); it is an important thickening 

component used in high-speed railway ballastless track self-compacting concrete. 

 

Fig. 6 shows the particle size distributions of PC, FA, GGBS, and LP as determined using an auto 

laser particle size analyzer (Jinan Runzhi Science and Technology Ltd.). To improve the fluidity of 

the prepared pastes and increase the dispersion of the cementitious particles, a polycarboxylate-

based superplasticizer (PCE; Shanxi Jiawei New Material Co. Ltd.) with a 27% water-reducing rate 

and 33.1% solid content was prepared. Table 2 lists the mixture proportions of the prepared mixes. 



Thirteen mixtures were prepared, including one containing only PC as the reference group and 12 

in which PC was partially replaced with FA, GGBS, LP, and VMA. 

 

An Anton Paar MCR 102 rheometer was used to assess the rheology of these mixes in line with the 

requirements of ISO 3219 [67]. A CC27-type rotator with an effective height of 40 mm was used. 

Its inner and outer diameters were 26.661 and 28.913 mm, respectively. The external cylinder 

remained stationary during the test. 

 

The mini-cone slump flow test of the fresh cement pastes was performed in line with their fluidity 

(Chinese Code GB/T8077-2012). The diameter of the upper and lower openings was respectively 

36 and 60 mm, and the height was 60 mm. The cementitious materials were placed into the mixing 

pot and mixed evenly, following which water and PCE were added into the mixing pot. Mixing was 

performed at 60 rpm for 90 s, followed by a pause for 15 s, after which further mixing was performed 

at 120 rpm for 90 s. After sufficient mixing, the paste was injected into the mini-cone, which was 

then lifted vertically. When the paste was no longer flowing, the maximum diameter in different 

directions was measured. The test was repeated three times for each mix proportion. Because the 

shape of the paste after flowing was usually different from that of the standard circle (Fig. 7), the 

center of the base plate was taken as the center of the circle, and the average value of diameters L1, 

L2, L3, and L4 in four directions was taken as the final fluidity L, as shown in Eq. (25). 

𝐿 =
𝐿1 + 𝐿2 + 𝐿3 + 𝐿4

4
                                                         (25) 

 



3.2 Calculation process 

 

The Reiner–Riwlin equation is currently used most often to calculate the yield stress of fresh 

cement-based materials. However, because the shear stress and shear rate of most cement-based 

materials do not have a simple linear relationship, the calculation method using the Bingham model 

as the constitutive equation will inevitably have errors. Simultaneously, the existence of the plug 

flow cannot be ignored. When the torque of the rheometer rotator is too small, the minimum shear 

stress (τmin) corresponding to the maximum radius (i.e., the inner wall of the outer cylinder) is lower 

than the yield stress calculated using the test points. At this time, a certain plug flow area will exist 

near the outer cylinder, and the fluid between the inner and the outer cylinders will not flow as 

shown for the parallel plate model in Fig. 2. Therefore, the solution of the Couette inverse problem 

based on the Parabolic model was used to calculate the dynamic yield stress under the condition of 

excluding the error points caused by the plug flow. The specific calculation steps were as follows: 

 

(1) The solution of the Couette inverse problem based on the Parabolic model was used to fit all N-

T data pairs of each paste, and three parameters a, b, and c in the Parabolic model were obtained. 

 

(2) The values of a, b, and c were substituted into Eq. (20), and the dynamic yield stress was 

calculated without considering the influence of the plug flow. 

 

(3) According to Eq. (3), τmin corresponding to the minimum torque in the coaxial cylinder was 

calculated to show its relationship with the dynamic yield stress. When τmin was lower than the 



dynamic yield stress, a plug flow occurred in the paste. The test points with minimum torque were 

deleted, and the remaining test points were fit and recalculated according to the above steps. The 

calculation cannot be stopped until the minimum shear stress is greater than the dynamic yield stress. 

Finally, the calculated value obtained after excluding the influence of plug flow gave the real 

dynamic yield stress. 

 

Fig. 8 shows all test points numbered according to the order of torque from small to large, where 

each test point corresponds to a N-T data pair. Fig. 9 shows the rheological scheme applied in this 

study. The scheme was divided into three phases. First, the rotator velocity was linearly increased 

to the maximum value and then kept constant for 60 s to create a steady-state shear test environment 

before the rheological test so as to ensure that the shear state of each paste was consistent; this was 

also referred to as the pre-shearing process. Then, the velocity was gradually decreased in steps 

lasting 10 s, followed by a drop to the next step within 5 s. The whole test process lasted for 360 s. 

 

3.3 Results 

 

Fig. 10 shows the N-T curves of the pastes after incorporating different admixtures, and Fig. 11 

shows the test results for fluidity. A comparison of the N-T curves of different pastes showed that 

the torque of pastes incorporating FA and GGBS at the same rotational velocity reduced when 

compared with that of pure cement paste, and VMA increased the torque at each test point. When 

GGBS and VMA were added, the N-T curve gradually deviated from linear growth, indicating the 

shear thickening of the paste. The larger the GGBS and VMA contents, the higher was the shear 



thickening degree. At this point, a large error could occur in the results if the Bingham model was 

used as the constitutive equation. The deviation of the N-T curve of cement paste from the linear 

relationship illustrates the importance of using other models as constitutive equations. The addition 

of FA and GGBS gradually increased the fluidity of the pastes, whereas LP did not affect the fluidity 

and VMA decreased the fluidity to a certain extent. 

 

The 16 test points of each paste, shown in Fig. 10, were fitted in the form of a quadratic function to 

obtain the constant term and the coefficients of the primary and quadratic terms, which correspond 

to a·ln(
R2

R1

), 
b

4πh
(

1

R1
2 -

1

R2
2), and 

c

16π2h
2 (

1

R1
4 -

1

R2
4) in Eq. (22), respectively. This was followed by the 

calculation of the parameters a, b, and c in the Parabolic model. The yield stress without considering 

the plug flow was obtained using Eq. (20). Then, the minimum shear stress was calculated using Eq. 

(3). If the minimum shear stress was lower than the calculated yield stress, it indicates the occurrence 

of a plug flow in the paste during the test. In this case, point 1 with the minimum torque was deleted 

and the above calculation process was repeated for the remaining 15 test points until the minimum 

shear stress was larger than the yield stress [57]. 

 

Table 3 shows the results of the assessment of the presence of a plug flow in the rheological test of 

13 groups. The differences in the number of test points removed by considering the influence of a 

plug flow for pastes under different mix proportions could be observed. For pure cement pastes and 

pastes incorporating only FA, no plug flow occurred in the whole test process, thereby eliminating 

the need to remove any test points. However, one test point for three groups of pastes mixed with 

GGBS; two test points for pastes with 5 wt% LP; and one test point for pastes incorporating 10 wt% 



LP, 5 wt% VMA, and 10 wt% VMA needed to be removed. Overall, composite pastes with high 

yield stresses usually involved the removal of 1–2 test points. Considering the size of the inner and 

outer coaxial cylinders, the limited gap distance was associated with the effort to avoid a plug flow 

during the test. Nonetheless, a plug flow still occurred in the pastes, indicating the necessity to 

eliminate the error points when the torque is too small during the test process. 

 

Fig. 12 illustrates a comparison between the calculation results obtained using the Reiner–Riwlin 

model, the Parabolic model without and with the consideration of the influence of a plug flow, and 

based on fluidity. To evaluate the results, the deviation D was defined as the sum of the squares of 

the difference of the yield stress obtained using the two calculation methods for the abscissa and 

ordinate in Fig. 12. A comparison of Fig. 12(a)–(c) revealed that the yield stress calculated using 

the Reiner–Riwlin equation was quite different from that calculated based on the fluidity, and the 

test points were too discrete to use an appropriate function to characterize their relationship. 

Compared with the calculation results based on the Reiner–Riwlin equation, those based on the 

Parabolic model without considering the plug flow were very close to the results obtained based on 

fluidity. After removing the erroneous N-T test points, the D value reached a minimum, indicating 

that the two yield stress values became closer than they did in the absence of the plug flow. Although 

the calculation results of the dynamic yield stress based on fluidity were not extremely accurate, the 

above results showed that the proposed calculation method based on the Parabolic model in 

consideration of the plug flow was reasonable and provided adequate precision. 

 



4. Conclusion 

 

This study aimed to identify and propose an accurate method for calculating the dynamic yield stress 

of fresh cement pastes, during which the influence of the plug flow and shear thickening or shear 

thinning were eliminated. Owing to the existence of thixotropy, it takes time to destroy and rebuild 

the microstructure in cement pastes. Therefore, compared with the method of continuously 

increasing or decreasing the rotational velocity, the multiple step method was found to be more 

suitable for assessing the rheological properties of cement pastes in the steady state. In a coaxial 

cylinder test system, the Couette inverse problem presents unavoidable challenges. Generally, the 

simple Bingham model is not used as the constitutive equation of fresh cement paste. However, the 

solution of the Couette inverse problem based on the modified Bingham model and the H-B model 

is too complex or has no real number solution. An assessment of various rheological models 

suggested that the Parabolic model could serve as a convenient method for calculating the dynamic 

yield stress of cement pastes. When the rheometer rotator velocity was low, a plug flow could occur 

on the inner wall of the outer cylinder, necessitating the exclusion of several test points when the 

minimum shear stress was less than the calculated dynamic yield stress. This method of calculating 

the dynamic yield stress was also verified through comparisons with the results obtained using mini-

cone slump flow tests, and it indicated the accuracy of this theoretical analysis. 
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Fig. 1 Variation of shear stress with time for thixotropic fluid at different shear rates [36] 

 

 

Fig. 2 Double parallel plate model for calculating rheological parameters of cement pastes 
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(b) 

Fig. 3 Two different rheological schemes without pre-shear, showing (a) thixotropic hysteresis 



loop method and (b) multiple step method 

 

 

Fig. 4 Torque vs. time 

 



 

Fig. 5 Plug flow in coaxial cylinder system (R1 = inner cylinder radius, R2 = outer cylinder radius, 

Rp = plug flow radius) 

 



 

Fig. 6 Particle size distribution of cementitious materials 

 



 

Fig. 7 Mini-cone slump flow test 

 



 

Fig. 8 Data points and number of paste used to calculate dynamic yield stress 

 

 



Fig. 9 Rheological test regime for measuring rheological parameters of pastes (Phase I: increased 

velocity stage. Phase II: constant velocity stage, i.e., pre-shearing stage. Phase III: testing stage) 
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(b) 

Fig. 10 N-T points of fresh pastes under different mix proportions 

 



 

Fig. 11 Effect of admixtures on fluidity of fresh pastes 

 

 



(a) 

 

(b) 



 

(c) 

Fig. 12 Comparison of yield stress obtained by different theoretical calculation methods and yield 

stress obtained by mini-cone slump test, showing (a) τ0 calculated by fluidity vs. τ0 calculated by 

Reiner–Riwlin equation, (b) τ0 calculated by fluidity vs. τ0 calculated by the Parabolic model 

without considering the effect of plug flow, and (c) τ0 calculated by fluidity vs. τ0 calculated by the 

Parabolic model considering the effect of plug flow 

 

 

  



 

Table 1 Chemical compositions and physical properties of cementitious materials 

Raw materials 
Content (%)  

Loss on ignition (%) 
Specific surface 

area (m2 /kg) 

Density of cementitious 

materials (g/cm3) SiO2 Al2O3 Fe2O3 CaO MgO SO3 f-CaO 

PC 20.8  7.3  3.3  62.3  2.9  2.8  0.7  2.1 367 3.15 

FA 52.7  25.8  9.7  3.7  1.2  0.2  - 4.2 484 2.45 

GGBS 26.1  13.8  14.2  33.6  8.1  - - 3.6 450 2.87 

LP 1.2 0.6 0.2 56.3 0.4 - - - 573 2.63 

 

Table 2 Mix proportions of pastes prepared in this study (g) 

No. Sample PC FA GGBS LP VMA Water PCE 

1 PC 500 0 0 0 0 150 1.5 

2 FA10 450 50 0 0 0 150 1.5 

3 FA20 400 100 0 0 0 150 1.5 

4 FA30 350 150 0 0 0 150 1.5 

5 FA40 300 200 0 0 0 150 1.5 

6 GGBS10 450 0 50 0 0 150 1.5 

7 GGBS20 400 0 100 0 0 150 1.5 

8 GGBS30 350 0 150 0 0 150 1.5 

9 GGBS40 300 0 200 0 0 150 1.5 

10 LP05 475 0 0 25 0 150 1.5 

11 LP10 450 0 0 50 0 150 1.5 

12 VMA05 475 0 0 0 25 150 1.5 

13 VMA10 450 0 0 0 50 150 1.5 

 

Table 3 Determination of plug flow in process of calculating the yield stress of pastes under 

different mix proportions (√: plug flow exists, i.e., τmin < τ0. ×: plug flow does not exist, i.e., τmin > 

τ0.) 

Sample 1 2 3 4 5 6 7 8 9 10 11 12 13 

Point 1~Point 16 × × × × × √ √ √ × √ √ √ √ 

Point 2~Point 16 × × × × × × × × × √ × × × 

Point 3~Point 16 × × × × × × × × × × × × × 

 

 


