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Abstract

Transient process of water flow changes the equilibrium conditions of an unsaturated soil, resulting in volume change of a soil. The
volume change alters the hydraulic properties of the soil and thus influences the transient process of water flow through the soil. There-
fore, the interactive processes between stress-strain behavior and pore-water pressure are the primary processes affecting the mechanical
behavior of unsaturated soils. This paper presents coupled elasto-plastic constitutive equations for unsaturated compacted kaolin under
consolidated drained and shearing-infiltration conditions. The study focused on the development of the suction increase (SI) yield curve
that incorporates changes in matric suction during transient processes. In addition, the relationship of change in specific water volume
with respect to net mean stress and matric suction was also proposed by incorporating the hysteresis of soil-water characteristic curve.
The simulated results by the proposed constitutive model were compared with those obtained from isotropically consolidated drained
tests and shearing infiltration tests of compacted kaolin to verify the proposed model. The simulated results are in close agreement with
the experimental results.
� 2018 Production and hosting by Elsevier B.V. on behalf of The Japanese Geotechnical Society.
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1. Introduction

A large number of geotechnical problems involve unsat-
urated soil zones where the voids between soil particles are
filled with air and water. There are many practical situa-
tions associated with unsaturated soils that are challenging
to geotechnical engineers in the field. When fill materials
are compacted or loaded, excess pore-air pressure during
compaction or loading will dissipate immediately, mean-
while the excess pore-water pressure will dissipate with
time. During and after rainstorms the change in pore-
water pressure caused by rain water infiltration may result
in deformation and instability (Kim et al., 2016)
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In the last few decades, a number of theoretical frame-
works and constitutive relations based on elasto-plastic
theory have been proposed to describe the mechanical
behavior of unsaturated soils. These models are capable
of reproducing important behavior of unsaturated soils.
Alonso et al. (1987, 1990) proposed a general constitutive
framework for unsaturated soils. This model was further
refined by Toll (1990), Thomas and He (1994), Cui and
Delage (1996), Wheeler (1996), Bolzon et al. (1996),
Rampino et al. (1999), Simoni and Schrefler (2001), Tang
and Graham (2002), Chiu and Ng, 2003, and Thu et al.
(2007a). These models were developed based on the inde-
pendent stress state variables, net normal stress (r� ua)
and matric suction (ua � uw) where r is the total stress, ua
is the pore-air pressure and uw is the pore-water pressure.
On the other hand, there are different assumptions and dif-
ferent constitutive relationships used in these models.
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commons.org/licenses/by-nc-nd/4.0/)

https://doi.org/10.1016/j.sandf.2018.02.019
mailto:chrahardjo@ntu.edu.sg
https://doi.org/10.1016/j.sandf.2018.02.019
http://crossmark.crossref.org/dialog/?doi=10.1016/j.sandf.2018.02.019&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/


H. Rahardjo et al. / Soils and Foundations 58 (2018) 534–546 535
Wheeler and Sivakumar (1995) proposed an elastoplastic
model that is similar to the model of Alonso et al. (1990)
but proposed specific water volume as one of the stress
state variables for unsaturated soil. Tang and Graham
(2002) pointed out that these models are generally devel-
oped based on tests on silts, silty clays, or low-plasticity
clays such as kaolinite at relatively low and/or constant
matric suction. Therefore, it may be termed as a
‘‘constant-suction model” and may not provide a complete
description of the behavior of compacted, highly plastic
soils (Tang and Graham, 2002). Therefore, it would be
appropriate to develop elasto-plastic constitutive relations
for unsaturated soils that are applicable to a wider range
of soil types and boundary conditions.

It has been highlighted that matric suction is an impor-
tant stress state variable that has a significant influence on
yield behavior of unsaturated soils (Fredlund et al., 1996;
Vanapalli et al., 1996). Changes in matric suction affect
the stress-strain behavior, volume change, and unsaturated
shear strength by changing the hydraulic properties of the
soil. Thus, many researchers suggested yield loci to define
the relation between net mean stress and matric suction.
It was noticed that collapse of the soil was closely related
to both drying and wetting processes due to the reasons
mostly associated with climatic conditions (i.e., rainwater
infiltration or evaporation) (Alonso et al., 1990; Wheeler
and Sivakumar, 1995).

The main objective of this paper is to present coupled
elasto-plastic constitutive equations for unsaturated soil
under consolidated drained and shearing-infiltration condi-
tions. The study focused on the development of the suction
increase (SI) yield curve that incorporates changes in
matric suction during transient processes. In addition, the
relationship of change in specific water volume with respect
to net mean stress and matric suction was also proposed by
incorporating the hysteresis of soil-water characteristic
curve. The simulated results by the proposed constitutive
model were compared with the experimental results
obtained in this study to verify the proposed model.

Statically compacted kaolin specimens were used in this
study to carry out the isotropic consolidation tests under
different matric suctions, tests for obtaining soil-water
characteristic curves under different net mean stresses, con-
solidated drained triaxial tests, and shearing-infiltration
tests for verification of the proposed model.

2. Background for elasto-plastic constitutive relations

An unsaturated soil consists of four phases. When stress
gradients are applied, two phases will flow (i.e., air phase
and water phase), and the other two phases will come to
equilibrium (i.e., soil structure and contractile skin). Vol-
ume changes associated with the contractile skin can be
assumed to be negligible. Hence, the constitutive relation-
ships for the three phases can be formulated by relating
volume changes to changes in stress state variables. In most
cases, two constitutive relationships are presented to
describe the volume changes associated with an unsatu-
rated soil, one relationship for soil structure (in terms of
void ratio or volumetric strain) and another relationship
for the water phase (in terms of degree of saturation or
water content) (Fredlund and Rahardjo, 1993).

The critical state model is an elasto-plastic constitutive
model with elastic behavior when the soil state lies inside
the yield surface and plastic strains when the soil state
reached the yield surface. The yield surface in saturated
soils is represented by a yield envelope in p � q space and
a corresponding coupled trace in p � m space. For yielding
of unsaturated soils, yield surface should be defined in p � s
space for isotropic loading. Thus, many researchers suggest
their yield loci to define the relation between net mean
stress and matric suction. It was noticed that collapse of
the soil occurred during both drying and wetting processes
(Gens and Alonso, 1992; Wheeler and Sivakumar, 1995).
The yield boundary for unsaturated soils proposed by
Alonso et al. (1990) is not continuous and it comes from
tests under constant matric suction. Therefore, Tang and
Graham (2002) suggested a new yield curve called the
Loading-collapse and Suction increase Yield (LSY) curves
to consider possible coupling of matric suction-induced
hardening. Delage and Graham (1995) argued that the
Loading Collapse (LC) and Suction Increase (SI) yield
curves should perhaps be coupled.

Alonso et al. (1990) proposed an elasto-plastic model
with four state variables: net mean stress (p), deviator stress
(q), matric suction (s), and specific volume (m). On the other
hand, Wheeler (1996), Rampino et al. (2000), Wang et al.
(2002) and Chiu and Ng (2003) indicated that specific water
volume (mw) should be taken into account in the elasto-
plastic constitutive framework model. The behavior of
unsaturated soil can then be described using five state vari-
ables under axisymmetric stress conditions as follows:

p ¼ r1 þ r2 þ r3

3
� ua ð1Þ

q ¼ r1 � r3 ð2Þ
s ¼ ua � uw ð3Þ
v ¼ 1þ e ð4Þ
vw ¼ 1þ S � e ð5Þ
where r1, r2, r3 = total principal normal stresses; e = void
ratio; mw = specific water volume; and S = degree of
saturation.

The total strain increment (de) is composed of the elastic
strain increment (dee) and the plastic strain increment (dep).
Volumetric strain increment (dev) and shear strain incre-
ment (deq) can be calculated as follows (Alonso et al.,
1990):

dev ¼ deevðpÞ þ deevðsÞ þ depvðpÞ þ depvðsÞ ð6Þ
deq ¼ deeq þ depq ð7Þ
where deevðpÞ is the elastic volumetric strain increment

induced by changes in mean net stress, deevðsÞ is the elastic



Fig. 1. Derivation of loading-collapse (LC) yield curve equation.
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volumetric strain increment induced by changes in matric
suction, depvðpÞ is the plastic volumetric strain increment

induced by changes in net mean stress, depvðsÞ is the plastic

volumetric strain increment induced by changes in matric
suction, deeq is the elastic shear strain increment, and depq
is the plastic shear strain increment.The elastic volumetric
strain increment due to the change in net mean stress can
be calculated using Eq. (8):

deevðpÞ ¼
j
v
dp
p

ð8Þ

where j is the elastic stiffness parameter for changes in net
mean stress, dp is the increment of net mean stress. The
elastic volumetric strain increment due to changes in matric
suction can be calculated using Eq. (9):

deevðsÞ ¼
js

v
ds

sþ pat
ð9Þ

where js is the elastic stiffness parameter for changes in
matric suction, pat is the atmospheric pressure. The plastic
volumetric strain caused by the changes in net mean stress
can be calculated using Eq. (10):

depvðpÞ ¼
kðsÞ � j

v
dp
p

ð10Þ

where kðsÞ is the plastic stiffness parameter for changes in
net mean stress for a virgin state of soil under a given
matric suction. The plastic strain caused by the increment
of matric suction can be calculated using Eq. (11):

depvðsÞ ¼
ks � js

v
ds

sþ pat
ð11Þ

where ks is the plastic stiffness parameter for changes in
matric suction for a virgin state of the soil.

3. Proposed elasto-plastic constitutive equations for

unsaturated soils

3.1. Yielding curves in the p � s space

3.1.1. Loading-collapse (LC) yield curve

The loading-collapse (LC) yield curve was derived by
considering the response to isotropic loading of two speci-
mens subjected to different matric suctions (s). The stress
path and corresponding change in specific volume (Dm)
can be related to the changes in net mean stress and matric
suction. The relationship of specific volume with respect to
net mean stress is shown in Fig. 1(a). The specific volume
(m) can be calculated using Eq. (12) (Wheeler and
Sivakumar, 1995):

v ¼ NðsÞ � kðsÞ ln p
pat

� �
ð12Þ

where NðsÞ is the specific volume of the normal consolida-
tion line under a given matric suction.
The equation of the LC yield curve can be derived based
on the elastic behavior inside the yield surface. Fig. 1(b)
shows the stress path and yield curve in p � s plane. When
a stress state moves from point A at zero suction and net
mean stress (p0ð0Þ) to a new point C at matric suction (s)
and net mean stress (p0) along the yield curve under an iso-
tropic stress state, the stress path from A to C follows the
elastic stress path ABC and the change in specific volume
(Dm) can be calculated based on two elastic stiffness param-
eters j and js as follows (Alonso et al. 1990):

Dv ¼ �js ln
sþ pat
pat

� �
� j ln

po
poð0Þ

� �
ð13Þ

where po is the mean net yield stress of unsaturated soil,
poð0Þ is the mean net yield stress at the saturated condition.

Points A and C not only lie on the yield curve, but they
also lie on the corresponding line that relates the specific
volume to matric suction for an appropriate value of net
mean stress. Therefore, based on Eq. (12) an alternative
expression for the change in specific volume between point
A and point C can also be calculated as follows (Wheeler
and Sivakumar, 1995):

Dv ¼ NðsÞ � kðsÞ ln po
pat

� �
� Nð0Þ þ kð0Þ ln po

pat

� �
ð14Þ

where Nð0Þ is the specific volume of the normal consolida-
tion line under zero matric suction at atmospheric pressure,
kð0Þ is the plastic stiffness parameter from the normally
consolidated curve under zero matric suction.
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The LC yield curve equation can be obtained by elimi-
nation of Dm from Eqs. (13) and (14) as follows:

½kðsÞ � j� ln po
pat

� �
¼ ½kð0Þ � j� ln poð0Þ

pat

� �
þ NðsÞ

� Nð0Þ þ js ln
sþ pat
pat

� �
ð15Þ
3.1.2. Suction increase (SI) yield curve

The equation of the SI yield curve can be derived by
considering a variation between specific volume (m) and
matric suction (s) at a particular net mean stress (p). When
soil matric suction reaches yield suction (s0), irreversible
strain will start to develop. The relationship between speci-
fic volume and matric suction as shown in Fig. 2(a) can be
expressed as follows:

m ¼ NsðpÞ � ksðpÞ ln s
pat

� �
ð16Þ

where NsðpÞ is the specific volume under a given net mean
stress at matric suction equal to atmospheric pressure.

The equation of the SI yield curve can be derived based
on the elastic behavior inside the yield surface. Fig. 2(b)
shows the stress path and yield curve in p � s plane. When
a stress state moves from point A at net mean stress (p) and
matric suction (soðpÞ) to a new point C at suction (soð0Þ)
and zero net mean stress (p ¼ 0) along the yield curve
under an isotropic stress state, the stress path from A to
Fig. 2. Derivation of suction increase (SI) yield curve equation.
C follows the elastic stress path ABC and the change in
specific volume (Dm) can be calculated based on two elastic
stiffness parameters j and js as follows:

Dm ¼ �js ln
soðpÞ
soð0Þ

� �
� j ln

p þ pat
pat

� �
ð17Þ

Here, pat has been added to p to avoid infinite values when
p approaches zero.

Point A and point C not only lie on the yield curve, but
they also lie on the corresponding line that relates the speci-
fic volume to matric suction for an appropriate value of net
mean stress. Therefore, based on Eq. (16) an alternative
expression for the change in specific volume between point
A and point C can also be calculated as follows:

Dm ¼ NsðpÞ � ksðpÞ ln soðpÞ
pat

� �
� Nsð0Þ þ ksð0Þ ln soð0Þ

pat

� �

ð18Þ
The SI yield curve equation that is capable of consider-

ing the change of matric suction can be obtained by equat-
ing Eqs. (17) and (18) as follows:

½ksðpÞ � js� ln soðpÞ
pat

� �
¼ ½ksð0Þ � js� ln soð0Þ

pat

� �

þ NsðpÞ � Nsð0Þ þ j ln
p þ pat
pat

� �

ð19Þ
The yield curve on p � s plane is a combination of LC

yield curve and SI yield curve. Fig. 3 shows the sketch of
the yield curve on p � s plane.

3.2. Yield surface in the p � q� s space

The yield surface in the p � q� s plane would be ellipti-
cal as shown in Fig. 4. When the stress path in radial direc-
tion of p � s plane reaches the SI yield curve at point D
(path OCD) or reaches the LC yield curve at point B (path
OAB), the yield curve in q-OAB and q-OCD plane can be
expressed as follows, respectively:
Fig. 3. Combination of loading-collapse (LC) and suction increase (SI)
yield curve in p � s plane.



Fig. 4. Loading-collapse (LC) and suction increase (SI) curves, and
triaxial stress state in q� p � s space.
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q2 ¼ M2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½poðsxÞ�2 þ s2x

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ s2

p� �
ð20Þ

q2 ¼ M2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2x þ ½soðpxÞ�2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ s2

p� �
ð21Þ

where M� is the ratio between minor and major diameters
of the elliptical yield curve, (poðsxÞ; sx) is the stress state
location on the LC yield curve (i.e., point B), (px; soðpxÞ)
is the stress state location on the SI yield curve (i.e., point
D). The ratioM� is a function of net mean stress and matric
suction.

The evolution of yield surface is controlled by the hard-
ening parameters, po and so (Alonso et al., 1990). The hard-
ening parameters can be calculated based on the total
plastic volumetric strain as follows:

dpo
po

¼ vdepv
kð0Þ � jð0Þ ð22Þ

dso
so

¼ vdepv
ksð0Þ � jsð0Þ ð23Þ

where po is the yield stress of saturated soil, depv is the incre-
ment of plastic volumetric strain, so is the matric suction at
yield point.

Gens and Potts (1982) pointed out that the conventional
critical state models often overestimated Ko. In order to
avoid the overestimation of Ko, the associated flow rule
was modified by introducing an a parameter (Ohmaki,
1982). The LC and SI plastic potential functions under
non-associated flow rule can be expressed as follows:

GLC ¼ aq2 �M2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½poðsxÞ�2 þ s2x

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ s2

p� �
¼ 0

ð24Þ

GSI ¼ aq2 �M2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2x þ ½soðpxÞ�2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ s2

p� �
¼ 0

ð25Þ
where a is the soil parameter which can be calculated as
follows:
a ¼ MðM � 9ÞðM � 3Þ
9ð6�MÞ

1

1� jð0Þ
kð0Þ

ð26Þ

The LC and SI yield surfaces that are presented in Eqs.
(20) and (21) can be rewritten as follows:

F LC ¼ q2 �M2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½poðsxÞ�2 þ s2x

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ s2

p� �
¼ 0

ð27Þ

F SI ¼ q2 �M2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2x þ ½soðpxÞ�2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ s2

p� �
¼ 0

ð28Þ
The plastic potential functions are presented in Eqs. (24)

and (25). The hardening laws are presented in Eqs. (22) and
(23). Plastic strain increment can be calculated based on
flow rules as follows:

dep ¼ @GLC

@r
þ @GLC

@s

� �
dkLC þ @GSI

@r
þ @GSI

@s

� �
dkSI ð29Þ

where kLC and kSI are the non-negative plastic multipliers.
In order to ensure that the stress state remains on the yield
surface, the consistency condition can be written as
follows:

@F LC

@r
drþ @F LC

@s
dsþ @F LC

@po

@po
@poð0Þ

dpoð0Þ þ
@F LC

@po

@po
@s

ds

þ @F LC

@po

@po
@epv

depv ¼ 0 ð30Þ

@F SI

@r
drþ @F SI

@s
dsþ @F SI

@so

@so
@soð0Þ dsoð0Þ þ

@F SI

@so

@so
@p

dp

þ @F SI

@so

@so
@epv

depv ¼ 0 ð31Þ

The total strain increment (de) is the sum of the elastic
strain increment (dee) and the plastic increment (dep). Elas-
tic strain increment can be calculated based on Eq. (29) as
follows:

dee ¼ de� @GLC

@r
þ @GLC

@s

� �
dkLC � @GSI

@r
þ @GSI

@s

� �
dkSI

ð32Þ
Incremental stress-strain relation can be calculated as

follows:

dr ¼ Dedee � heds ð33Þ
where De is the elasticity tensor and he is the hardening
parameter related to the elastic hardening modulus. Substi-
tuting Eq. (32) into Eq. (33) gives,

dr¼De de� @GLC

@r
þ@GLC

@s

� �
dkLC � @GSI

@r
þ@GSI

@s

� �
dkSI

� �
�heds

ð34Þ
Substituting Eq. (34) into Eqs. (30) and (31) yields the

following equations:
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@F LC

@r
De de� @GLC

@r
þ @GLC

@s

� �
dkLC � @GSI

@r
þ @GSI

@s

� �
dkSI

� �
� heds

� �

þ @F LC

@s
dsþ @F LC

@po

@po
@poð0Þ

dpoð0Þ þ
@F LC

@po

@po
@s

dsþ @F LC

@po

@po
@epv

depv ¼ 0 ð35Þ

@F SI

@r
De de� @GLC

@r
þ @GLC

@s

� �
dkLC � @GSI

@r
þ @GSI

@s

� �
dkSI

� �
� heds

� �

þ @F SI

@s
dsþ @F SI

@so

@so
@soð0Þ dsoð0Þ þ

@F SI

@so

@so
@p

dp þ @F SI

@so

@so
@epv

depv ¼ 0 ð36Þ

For the case when the stress state is located on both LC
and SI yield surfaces, Eqs. (35) and (36) can be solved to

obtain the plastic multiplier (dkLC and dkSI ). For the case
when the stress state is located on LC yield surface

(dkSI ¼ 0), Eq. (35) can be solved to obtain dkLC. For the
case when the stress state is located on SI yield surface

(dkLC ¼ 0), Eq. (36) can be solved to obtain dkSI .
Substituting dkLC and dkSI into Eq. (34) yields the incre-

mental stress-strain relations.

dr ¼ Depde� hepds ð37Þ
where Dep is the elasto-plasticity tensor and hep is the hard-
ening parameter related to the elasto-plastic hardening
modulus.

3.3. Water phase constitutive equations

The relationship between specific water volume (mw) and
net mean stress (p) at a certain matric suction proposed by
Wheeler (1996) and modified by Thu et al. (2007b) was
adopted. The idealized relationship is presented in Fig. 5.
By taking into account the effect of unloading path
(i.e. stress state located in the elastic region), the change
in specific water volume with respect to the change in net
mean stress can be calculated as follows:

dvw ¼ �½kwðsÞ � jwðsÞ� dpopo
� jwðsÞ dpp ð38Þ

where kwðsÞ is the plastic compressibility index with respect
to water phase and jwðsÞ is the elastic compressibility index
with respect to water phase.
Fig. 5. The idealized relationship between specific water volume and net
mean stress at a constant matric suction (modified after Wheeler, 1996;
Thu et al., 2007b).
The relationship between volumetric water content (hw)
or degree of saturation (S) and matric suction (s) is com-
monly referred to as the soil-water characteristic curve
(SWCC) as shown in Fig. 6(a). The relationship between
volumetric water content and logarithmic matric suction
can be assumed as a piecewise linear function.

dS ¼ kSWCC
ds
s

ð39Þ

where kswcc is the slope of the SWCC.
When matric suction is increased from zero until satura-

tion suction (ssa), degree of saturation remains constant
(Fig. 6b). The degree of saturation decreases rapidly when
matric suction is increased from the air-entry value (sae)
until it reaches the residual suction (sre). The slope of the
SWCC is assumed to be constant between the air-entry
value and the residual suction. When matric suction is
increased from the residual suction to 1 GPa, degree of sat-
uration decreases from the residual degree of saturation to
zero (Fredlund and Rahardjo, 1993). To account for hys-
teresis, drying and wetting of soil-water characteristic
curves were considered in this study. For matric suctions
greater than the residual soil suction (sre) and lower than
the saturation suction (ssa), wetting and drying curves coin-
cide with each other (paths AB and EF in Fig. 6b). Slope of
the wetting curve (kws) for matric suction from the water-
entry value to the saturation suction is assumed to be the
same as the slope of the drying curve from the air-entry
value to the residual suction. Slopes (jws) for the change
Fig. 6. Relationship between degree of saturation and matric suction.
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from wetting curve to drying curve and vice versa are rep-
resented by scanning curves.

In this study, a typical SWCC (Fig. 6a) is simplified as
an idealized SWCC (Fig. 6b). Slope of the scanning curves,
slope of the drying curve from the saturation suction to the
air-entry value and slope of the wetting curve for matric
suctions higher than the water-entry value are considered
equal. This simplified SWCC is similar to the model pre-
sented by Wheeler et al. (2003) and Sheng et al. (2008).

An unsaturated state always lies within the main drying
and wetting curves. Drying or wetting within the hysteresis
loop follows the scanning curve until matric suction
reaches the main drying or wetting curve. Once matric suc-
tion reaches the main drying at SD or wetting curve at SW ,
further drying or wetting will follow the main drying or
wetting curve, respectively. The main wetting curve is for
matric suction from zero to SW ; the scanning curve is for
matric suction from SW to SD; and the main drying curve
for matric suction is from SD to 1 GPa. In this study, it
can be called ‘‘current SWCC” (i.e. path ABCDEF in
Fig. 6b). Slope of the current SWCC is determined as
follows:

kSWCC ¼

0

kws
jws

kws
jws

8>>>>>><
>>>>>>:

s < ssa
ssa < s < sW
sW < s < sD
sD < s < sre

s P sre

ð40Þ

The variation of specific water volume with respect to
matric suction can be obtained based on Eqs. (5) and
(39) as follows:

dvw ¼ ðkSWCCeþ jsSÞ dss þ ksS
dso
so

ð41Þ

where js is the elastic stiffness parameter for changes in
matric suction, e is the void ratio and S is the degree of sat-
uration. Based on Eqs. (38) and (41), the change in specific
water volume with respect to net mean stress and matric
suction can be expressed as follows:

dvw ¼ �½kwðsÞ � jwðsÞ� dpopo
� jwðsÞ dpp

þ ðkSWCCeþ jsSÞ dss þ ksS
dso
so

ð42Þ
Table 1
Index properties of compacted kaolin.

Soil properties Value

Specific gravity, Gs 2.68
Liquid limit, LL (%) 56
Plastic limit, PL (%) 38
Plastic index, PI (%) 18
Clay (%) 16.3
Silt (%) 83.7
Unified Soil Classification System (USCS) MH
Maximum dry density, qdrymax (Mg/m3) 1.37
Optimum water content, wopt (%) 26.5
4. Model prediction and comparison with experimental

results

The proposed model was used to simulate the response
of unsaturated soil specimen during shearing under consol-
idated drained and shearing-infiltration conditions (i.e., the
two stress paths that commonly occur in the field). The soil
parameters for the model prediction were obtained from
SWCC tests under different net mean stresses and isotropic
consolidation tests under different matric suctions. The
agreements between the results of simulations and experi-
ments provide the verifications for the proposed model.
4.1. Specimen preparation and testing programme

The soil used in the experimental program was kaolin
from Kaolin Malaysia SDN BHD. The index properties
of the kaolin are presented in Table 1. Compacted speci-
mens at a dry density of 1.35 Mg/m3 and a water content
of 21.7% were used in the experiments. The dimensions
of the specimen were 100 mm in height and 50 mm in diam-
eter. The static compaction method was used in order to
obtain identical specimens with a uniform density along
the specimen (Reddy and Jagadish, 1993).

The test procedures for triaxial tests given by Head
(1986) and the procedures for controlling pore-air pressure
in unsaturated soil testing given by Fredlund and Rahardjo
(1993) were adopted in the experiments. The axis transla-
tion technique (Hilf, 1956) was used for establishing the ini-
tial matric suction of the specimen. The testing procedures
for isotropic consolidation tests and SWCC tests given by
Thu et al. (2007b) were adopted in this study. In addition,
the testing procedures for shearing tests under consolidated
drained conditions given by Thu et al. (2007c) and for
shearing tests under shearing-infiltration conditions given
by Meilani et al. (2005) were also adopted in this study.

SWCC tests at net mean stresses of 10, 50, 100 and 250
kPa (i.e., SWCC-10, SWCC-50, SWCC 100, and SWCC-
250) were conducted to obtain air-entry value, yield suction
(so), and stiffness parameters (NsðpÞ, ksðpÞ,jsðpÞ). The vari-
ations of specific volume, specific water volume, and volu-
metric water content with respect to matric suction of
specimen SWCC-10 are illustrated in Fig. 7. The specific
volume (m ¼ 1þ e) decreases as matric suction increases.
Matric suction at the point where specific volume starts
to decrease drastically (i.e. inflection point) is called yield
suction (so) of soil specimen (Alonso et al., 1990). The vol-
umetric water content (i.e., the ratio between volume of
water and total volume of soil, hw ¼ V w=V ) also decreases
as matric suction increases. The value of matric suction
at which air first enters the pore of soil is called air-entry
value (AEV). The AEV and yield suction increase as net
mean stress increases. The specific volume on the virgin
curve of the isotropic suction consolidation curve at refer-
ence matric suction of 100 kPa (i.e., NsðpÞ) also varies with



Fig. 7. Variations of volumetric water content, specific volume and
specific water volume with respect to matric suction of specimen
SWCC-10.

Table 2
Summary of parameters obtained from SWCC tests on compacted kaolin.

Net mean stress, p (kPa) AEV (kPa) NsðpÞ ksðpÞ jsðpÞ so (kPa)

10 55 2.075 0.044 0.009 18.0
50 60 2.056 0.026 0.007 18.5
100 71 2.031 0.020 0.004 21.8
250 91 1.976 0.020 0.004 32.5

Fig. 9. Specific water volume versus net mean stresses at different matric
suctions.
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net mean stress. At net mean stress of 10 kPa, the Nsð10Þ
has a value of 2.075, which decreases with the increase in
net mean stress. Similarly, the slope of the virgin curve
(ksðpÞ) and unloading/reloading curves (jsðpÞ) of the iso-
tropic suction consolidation curve decreases with the
increase in net mean stress. The soil parameters obtained
from the SWCC tests are summarized in Table 2.

Isotropic consolidation tests at matric suctions of 0, 30,
150 and 300 kPa (i.e., IC-0, IC-30, IC-150, and IC-300)
were conducted to obtain yield stress (po) and stiffness
parameters such as NðsÞ, NwðsÞ, kðsÞ, jðsÞ. The variation
of specific volume (m ¼ 1þ e) and specific water volume
(mw ¼ 1þ Se) with respect to net mean stress at various
matric suctions are shown in Figs. 8 and 9, respectively.
Fig. 8. Specific volume versus net mean stresses at different matric
suctions.
Fig. 8 shows specific volume decreases rapidly when the
net mean stress reaches yield stress. The yield stress
increases as the matric suction increases. The specific vol-
ume on normal consolidation curve at reference net mean
stress of 100 kPa (i.e., NðsÞ) varies with matric suction.
At saturated condition, the NðsÞ has a value of 2.052,
which decreases with the increase in matric suction. The
specific water volume at reference net mean stress of 100
kPa (i.e., NwðsÞ) has a value of 2.052, which also decreases
with the increase in matric suction. Similarly, the slope of
the normal consolidation curve (kðsÞ) and unloading/
reloading curves (jðsÞ) of the isotropic consolidation curve
decreases with the increase in matric suction. The soil
parameters obtained from the isotropic consolidation tests
are summarized in Table 3.

Consolidated drained (CD) triaxial tests at matric suc-
tions of 0, 100, and 200 kPa under net confining stresses
of 100 and 300 kPa were conducted to obtain shear
strength parameters. Fig. 10 shows the variation of devia-
tor stress with respect to axial strain during the shearing
stage under the same matric suction of 0, 100, and 200
kPa but different net confining stresses (i.e., 100 kPa or
300 kPa). The peak deviator stress was used as failure cri-
terion. The results indicate that the stiffness of the com-
pacted kaolin specimen increases with the increase in net
confining stress and matric suction as expected. The shear
strength parameters (/0 and c0) obtained from the extended
Mohr-Coulomb failure envelope of the compacted kaolin
from the CD triaxial tests at zero matric suction are sum-

marized in Table 4. The angle (/b), indicating the rate of
change in shear strength relative to a change matric suction
on the net normal stress of zero-plane, that was obtained
from the CD triaxial tests at different matric suction is also
presented in Table 4.

Shearing-infiltration triaxial tests at matric suctions of
200 and 300 kPa under net confining stresses of 100, 200,



Table 3
Summary of parameters obtained from isotropic consolidation tests on compacted kaolin.

Matric suction, s (kPa) NðsÞ NwðsÞ kðsÞ kwðsÞ jðsÞ jwðsÞ po (kPa)

0 2.052 2.052 0.071 0.071 0.025 0.025 25.0
30 2.045 2.045 0.068 0.068 0.018 0.018 39.0
150 2.041 1.685 0.046 0.036 0.009 0.006 91.5
300 2.034 1.507 0.044 0.033 0.007 0.004 120.0

Fig. 10. Peak deviator stresses of the consolidation drained triaxial tests
under various matric suctions and net confining stresses.

Table 4
Summary of shear strength parameters obtained from consolidated
drained triaxial tests on compacted kaolin.

Parameter Value

Angle of internal friction associated with net normal stress, /0 (�) 25.6
Effective cohesion, c0 (kPa) 33.3
Angle indicating rate of change in shear strength relative

to matric suction, /b (�)
21.1
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and 300 kPa at the beginning of the shearing stage were
conducted. The specimen was sheared up to approximately
80% of the peak shear stress at failure (Han, 1997). In the
infiltration stage, a constant deviator stress was maintained
by a force actuator while water was injected from the base
of the specimen. One set of the test results are presented in
Figs. 16–18 to verify the simulated results by the proposed
constitutive model.
4.2. Prediction from the proposed model

The initial point for all of the prediction process was at
the end of the saturation stage. At this point, the predicted
soil specimen has net mean stress (p) of 10 kPa, matric suc-
tion (s) of 0 kPa, specific volume (mi), yield stress (po) at
matric suction of 0 kPa, and initial yield matric suction
(so) at net mean stress of 10 kPa.

For the prediction of SWCC test, the elastic strain and
plastic strain at the end of the consolidation stage were cal-
culated based on the initial yield stress at matric suction of
0 kPa (poið0Þ), Eqs. (8) and (10). The corresponding yield
suction at net mean stress of 10 kPa at the end of consolida-
tion stage was calculated based on Eq. (23). Initial loading-
collapse (LC) and suction increase (SI) yield curves of the
SWCC tests were predicted using Eqs. (15) and (19),
respectively.

For the prediction of isotropic consolidation test, the
elastic strain and plastic strain at the end of the matric suc-
tion equalization stage were calculated based on the initial
yield suction at net mean stress of 10 kPa (soið10Þ), Eqs. (9)
and (11). The corresponding yield stress at the end of
matric suction equalization stage was calculated based on
Eq. (22). Initial LC and SI yield curves of the isotropic con-
solidation tests were predicted using Eqs. (15) and (19),
respectively.

For the prediction of CD triaxial test, the prediction of
consolidation stage was similar to the prediction of SWCC
tests and the prediction of matric suction equalization stage
was similar to the prediction of isotropic consolidation
tests. During the shearing stage, an incremental deviator
stress (Dq) of 1 kPa was applied while the confining stress
and matric suction were maintained constant. As a result,
the increment in net mean stress was 1/3 kPa. For each
loading step, the corresponding yield stress and the yield
suction at isotropic stage were calculated based on the con-
sistency condition (i.e., Eqs. (30) and (31)). The prediction
stopped when the axial strain increased rapidly, indicating
failure condition. The LC and SI yield curves at the begin-
ning of the shearing stage (i.e., at the end of matric suction
equalization stage) and at the end of shearing stage can be
predicted using Eqs. (15) and (19), respectively.

For the prediction of shearing-infiltration test, the predic-
tion of consolidation stage, matric suction equalization
stage, and shearing stage of the shearing-infiltration tests
were similar to the prediction of CD triaxial tests. For the
infiltration stage, an increment in matric suction (Ds) of
0.5 kPa was applied while the net mean stress and deviator
stress were maintained constant. For each infiltrating step,
the corresponding yield stress, yield suction at isotropic
stage were calculated based on the consistency condition
(i.e., Eqs. (30) and (31)). The LC and SI yield curves at the
beginning of the shearing stage and at the end of infiltration
stage can be predicted using Eqs. (15) and (19), respectively.
4.3. Comparison with experimental results

4.3.1. Comparison of predicted yield curve with measured

yield stress on the p � s plane
The yield suctions obtained from SWCC tests and the

yield stresses obtained from isotropic consolidation tests
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were compared with the corresponding yield curve on the
p � s plane at the end of the consolidation stage for the
SWCC tests and at the end of matric suction equalization
stage for the isotropic consolidation tests predicted by the
proposed equations in this study and the equations pro-
posed by Alonso et al. (1990).

Fig. 11 shows the corresponding yield curves at the end
of consolidation stage of the SWCC tests and the corre-
sponding yield curves at the end of matric suction stage
of the isotropic consolidation tests that were obtained from
prediction using the equations proposed in this study,
together with the yield suction obtained from SWCC tests
and the yield stress obtained from isotropic consolidation
tests. Fig. 12 shows the corresponding yield curves at the
end of consolidation stage of the SWCC tests and the cor-
responding yield curves at the end of matric suction stage
of the isotropic consolidation tests that were obtained from
prediction using the equations proposed by Alonso et al.
(1990), together with the yield suction obtained from
SWCC tests and the yield stress obtained from isotropic
consolidation tests. This figure indicated that plastic strain
developed during the matric suction equalization stage of
Fig. 11. Yield stresses and yield matric suctions obtained from laboratory
test (measured 1: SWCC tests; measured 2: isotropic consolidation tests),
and predicted yield curves based on the equations proposed in this study.

Fig. 12. Yield stresses and yield matric suctions obtained from laboratory
test (measured 1: SWCC tests; measured 2: isotropic consolidation tests),
and predicted yield curves based on the equations proposed by Alonso
et al. (1990).
the IC-30, IC-50, and IC-300 tests since the SWCC test
at net mean stress of 10 kPa gave the yield suction of 18
kPa. As a result, the yield stress obtained from the isotropic
consolidation tests do not belong to the same LC yield
curve. Similarly, plastic strain developed during the consol-
idation stage of the SWCC-50, SWCC-100, and SWCC-250
tests since the isotropic consolidation test at matric suction
of 0 kPa showed that the yield stress was 25 kPa. As a
result, the yield stress obtained from SWCC tests do not
belong to the same SI yield curve. In addition, the predic-
tions based on the equations proposed in this study
(Fig. 11) are in closer agreement with the experimental data
as compared to the predictions based on the Alonso et al.
(1990) equations (Fig. 12). This could be attributed to the
fact that the change in matric suction and hysteresis of
SWCCs were incorporated in the proposed equations to
provide better prediction of yield conditions under a
certain matric suction and net mean stress in unsaturated
soils.
4.3.2. Comparison of predictions with the results from CD

triaxial tests

The comparison between the predicted and measured
results for consolidated drained tests at matric suctions of
100 kPa and 200 kPa under net confining stress of 300
kPa are presented in Fig. 13. The figure shows that at
Fig. 13. Comparison between predicted and measured results of the
deviator stress versus axial strain during shearing stage for consolidated
drained tests.
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low axial strains, the deviator stress obtained from the
model prediction is higher than the measured values. As
axial strain increases, the difference between the predicted
and the measured values decreases and both reach the same
value at high axial strains. Fig. 14 shows the comparison
between the predicted and measured results of volumetric
strain during the shearing stage for consolidated drained
tests at matric suctions of 100 kPa and 200 kPa under net
Fig. 14. Comparison between predicted and measured results of the
volumetric strain versus axial strain during shearing stage for consolidated
drained tests.

Fig. 15. Yield curve at the beginning of the shearing stage and at the end
of shearing stage together with the projection of yield path during the
shearing stage for consolidated drained test under net confining stress of
300 kPa at matric suction of 100 kPa.
confining stress of 300 kPa. Although the predicted results
show stiffer behavior than the measured results, a reason-
ably good agreement of stress–strain relationships (espe-
cially yield deviator stresses) and volumetric strain during
the shearing stage of consolidated drained tests is obtained
between the predicted and measured results. The final value
of M� from shearing tests under consolidated drained con-
ditions at matric suctions of 100 kPa and 200 kPa and
under net confining stress of 300 kPa are 1.272 and 1.346,
respectively. Fig. 15 shows the LC and SI yield curves at
the beginning of the shearing stage and at the end of shear-
ing stage together with the projection of yield path on the
p � s plane during shearing stage for consolidated drained
test under net confining stress of 300 kPa at matric suction
of 100 kPa.

4.3.3. Comparison of predictions with the results from

shearing-infiltration tests
The results obtained from the model prediction and the

experiments for shearing infiltration tests are presented in
Figs. 16–18. Similar to the case of consolidated drained
tests (Fig. 13) at low axial strains, the deviator stress
Fig. 16. Comparison between predicted and measured results of the
deviator stress versus axial strain during shearing and infiltration stage for
shearing infiltration test at initial matric suction of 200 kPa and net
confining stress of 200 kPa.

Fig. 17. Comparison between predicted and measured results of the
matric suction versus axial strain during shearing and infiltration stage for
shearing infiltration test at initial matric suction of 200 kPa and net
confining stress of 200 kPa.



Fig. 18. Comparison between predicted and measured results of the
volumetric strain versus axial strain during shearing and infiltration stage
for shearing infiltration test at initial matric suction of 200 kPa and net
confining stress of 200 kPa.
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obtained from the model prediction is higher than the
measured values (Fig. 16). Therefore, at the same deviator
stress at the end of the shearing stage, the axial strain
obtained from the prediction is lower than the one
observed from the experiment. The relationship between
matric suction and axial strain in Fig. 17 shows that the
axial strain starts to increase gradually at the same matric
suction (i.e., 75 kPa) as observed in the experiment and pre-
dicted by the proposed model. In other words, failure
occurred at the same matric suction (i.e., 75 kPa) during
the experiment and as predicted by the proposed model.
Fig. 18 shows the relationship between volumetric strain
and axial strain obtained from the prediction and
shearing-infiltration tests. The predicted volumetric strain
shows a good agreement with the experimental results
when the axial strain is smaller than 5%. There are discrep-
ancies between the predicted and measured results of volu-
metric strain when the axial strain is higher than 5%. These
discrepancies could be attributed to the injected water from
the base of the soil specimen. The injected water con-
tributed to dilative behavior of the soil that cannot be sim-
ply predicted through the proposed model in an idealized
condition. Although the proposed model has such limita-
Fig. 19. Yield curve at the beginning of the shearing stage, at the end of
the shearing stage and at the end of infiltration stage together with the
projection of yield paths during the shearing stage and infiltration stage
for shearing-infiltration test under net confining stress of 200 kPa at matric
suction of 200 kPa.
tion, the general trend of the measured stress–strain rela-
tionship, matric suction variation, volumetric strain of
the soil specimen is fairly well predicted. The final value
of Mast from shearing tests under shearing-infiltration con-
ditions at matric suction of 200 kPa and net confining
stress of 200 kPa is 1.258. Fig. 19 shows the LC and SI
yield curves at the beginning of the shearing stage, at the
end of the shearing stage, and at the end of the infiltration
stage together with the projection of yield paths on the
p � s plane during shearing stage and infiltration stage
for shearing-infiltration test under net confining stress of
200 kPa at matric suction of 200 kPa.

5. Conclusions

The conclusions from this study are summarized as
follows:

(1) The elasto-plastic constitutive relations were success-
fully developed by introducing the suction increase
(SI) yield curve. In addition, the yield surface in
p � q� s space and the relationships between specific
water volume, matric suction and net mean stress
were proposed. The change in specific water volume
can be caused by the change in net normal stress,
deviator stress or matric suction. The influence of
hysteresis is taken into account in the proposed
model.

(2) The prediction of yield curves on p � s plane (i.e., LC
and SI yield curves) based on the proposed model
showed a closer agreement with the experimental
data obtained from SWCC tests and isotropic consol-
idation tests of compacted kaolin as compared to the
predictions based on Alonso et al. (1990) model.

(3) In addition, the predicted and the measured shear
strengths are in good agreement while the predicted
volume change was partly in agreement with the mea-
sured volume change.

(4) The proposed model can be used to solve the hydro-
mechanical behavior of unsaturated soils (e.g.,
kaolin) under steady-state and transient conditions.
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