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Abstract: This paper is mainly focusing on the problem of spacecraft close-range proximity with ob-

stacle avoidance in the presence of complex shape. A novel Gaussian Mixture Model based nonsingular
terminal sliding mode control (GMM-NTSMC) is proposed. This is achieved by developing
GMM-based potential function with a switching surface of NTSMC. It is theoretically proved that the
closed-loop system is global stable. The main contribution of this paper is that the GMM-based avoiding
strategies, which include the GMM-based terminal sliding mode control (GMM-TSMC) and
GMM-NTSMC, can solve the collision avoidance problem considering complex shape while the artifi-
cial potential function based terminal sliding model control (APF-TSMC) fails. Moreover, the
GMM-NTSMC and the GMM-TSMC require less energy with respect to the APF-TSMC. Furthermore,
the GMM-NTSMC retains the advantage of the NTSMC and can avoid singularity problem while
GMM-TSMC cannot. Finally, numerical simulations are performed to verify the effectiveness and supe-

riority of the proposed GMM-NTSMC.
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1 Introduction

In recent years, on-orbit failures have exceeded launch failures, the most common failures of space
missions in the past, and cumulatively account for losses of billions of dollars [1, 2]. Among them, many
fails are caused by parts and materials failure. Furthermore, most of these failure occur in telemetry,
tracking and command (TTC) subsystems [1]. For example, without any assistance from ground per-
sonnel, Demonstration of Autonomous Rendezvous Technology (DART) [3] rendezvoused with and
performed a variety of maneuvers in close-proximity to the Multi-Paths-Beyond-Line-of-Sight- Com-
munications (MUBLCOM). However, the GPS receiver of DART suffered from a factory error and
caused DART to resent its position and velocity continually. Hence, low-velocity collision between
DART and MUBLCOM happens. In addition, one of Intelsat New Dawn’s antennas failed to deploy, and
hence prevented the utilization of the C-band payload and limited the operational lifespan of the space-
craft. Thus, the spacecraft close-range proximity and the space maintenance should be executed. For
these examples, the space maintenance of TTC subsystem is in high demand in space missions that en-
hances the operational lifetime and capability of space assets [4, 5]. Moreover, spacecraft close-range
proximity maneuver is a key technology for space asset maintenance, and hence it has attracted a lot of
research.

During the spacecraft close-range proximity maneuvers, the stringent safety is among the most
critical requirements, and hence it is notable that such complex space missions have motivated the de-
velopment of collision avoidance technologies. Many researchers [6-10] transformed the collision

avoidance problem into a constrained optimization problem, and applied optimization algorithms [6-10]



to design safe trajectories. However, because of the high computational burden, applications of these
methods are limited. To decrease the computational burden, the artificial potential field (APF) method
[11-16] has been widely utilized for obstacle avoidance, which utilizes the negative gradient of the po-
tential function to generate the simple analytical control law. Nevertheless, the collision could still hap-
pen in the spacecraft close-range proximity scenarios confronted with complex shapes [17-19]. In par-
ticular, due to the existence of sizeable protruding (e.g. an antenna), the complexity of spacecraft’s shape
increases and the difficulty of the collision avoidance problem is enlarged. In terms of collision avoid-
ance problem with APF method, although some researchers [18-20] solve them in the presence of the
simple geometries, the collision avoidance problem in the presence of complex shape is urgent to be
solved.

To solve the abovementioned problem, a novel GMM-NTSMC is proposed for spacecraft
close-range proximity in the presence of complex shape. GMM has attracted much attention in some ar-
eas, such as model construction [21, 22], uncertainty propagation [23, 24], fault detection [25] and so on.
The core idea of GMM is to approximate arbitrary probability density functions with finite sum of
weighted Gaussian density functions. In addition, as the nonsingular terminal sliding mode control
(NTSMC) [26] has strong robustness performance and has some advantages, such as easy implementa-
tion, no singularity problem, and making the system states reach the control objective point in finite time,
this NTSMC has been widely applied. In this paper, based the K-means [27] and Expectation Maximiza-
tion (EM) [28] algorithm, the GMM-based potential function is developed. Besides, as the NFTSMC [26]
requires much fuel cost and the fuel cost is an important criterion to assess the superiority of the pro-
posed control laws in space mission, the NTSMC is utilized in this paper. Then, combined the developed
potential function with the TSMC and NTSMC, the GMM-TSMC and GMM-NTSMC are designed.
Moreover, a Lyapunov-based analysis verifies the stability of the overall closed-loop system. Compared

with the traditional APF, the available parameters of the complex shape obtained by the GMM method



are included in the GMM-based potential function. Thus, the GMM-based avoidance strategies can solve
the collision avoidance problem considering complex shape. Moreover, the GMM-NTSMC and the
GMM-TSMC require less energy with respect to the APF-TSMC [12, 29]. Though the GMM-NTSMC
requires more energy than the GMM-TSMC, the GMM-NTSMC retains the advantage of the NTSMC
and can avoid singularity problem while GMM-TSMC cannot.

The structure of this paper is as follows. The dynamics of spacecraft relative motion is introduced
and the novel GMM-based potential function is defined in Section 2. In Section 3, the GMM-NTSMC is
designed to generate the control law. Next, the simulation results and its discussion are shown in Section

4. The study’s conclusions are presented in Section 5.

2 Gaussian-Mixture-Model-based Potential Function

This section illustrates the spacecraft relative motion dynamics. The O-X1Y1Z1 frame is an inertial
frame located in the center of the Earth. The local-vertical-local-horizontal (LVLH) coordinate frame [30,
31] is used to depict the spacecraft relative motion. Furthermore, a state transition matrix [32, 33] for the

nonlinear problem of relative motion on an arbitrary elliptical orbit is described as
f=Ar+Br+u (1)
where r=[x y,z]" and r =[x, Y,2] represent the deputy spacecraft’s relative position and the relative

velocity with respect to the chief spacecraft in the LVLH coordinate, respectively. u=[u,,u,u,]" is the

control acceleration. The matrix A and B are given as [32, 33]
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where 4 is gravitational constant of the Earth and r, is the relative distance between the Earth and the

chief spacecraft. f represents the true anomaly of the chief spacecraft. a is the semi-major axis and e is
the eccentricity of the chief spacecraft. », @ represent the angular velocity and angular acceleration

of the chief spacecraft, which is computed as [32, 33]
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As the GMM method is the parametric form that conveys higher level statistical geometric entities,
the GMM is achieved based on the simulated feature points in the surface of the target object. Thus, the

parametric form provides a tractable statistical representation for 3D reconstruction. Given that a set of
N point samples Z ={Zi =[x,v,z ]T} of the complex shape chief spacecraft’s surface, the cluster pa-
rameter ® of an unknown world model is searched to describe Z . In this paper, a combination of K
Gaussian probability distribution functions or mixtures is chosen to parameterize ®. Then, using the
Gaussian Mixture Model [21, 22], the probability of each individual point in the point cloud Z. is de-

fined as

0(2,10)=X 2N (Z, | . Z,) (6)
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where 7, represents the mixing weights, and >z =1 , K is the number of Gaussian distribution func-

i
tions. Each Gaussian has nine free parameters representing its mean value u, (three) and covariance
matrix %, (six, due to symmetry). ©={©, =(7,,x,2,)}(i=12...,K)is the parameter sets of the
Gaussian Mixture Model.r. represents the relative position vector of the point samples. N () is the

multivariate (3D) Gaussian probability distribution, which is [21, 22]

1 Hz-n) 5 (zm,)
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Subsequently, the K-means clustering algorithm [21, 27] is applied to determine the raw centers of
clustering data and the Expectation-Maximization (EM) algorithm [28] is utilized to iteratively estimate
the cluster parameters ® in Eq.(6). With the estimated®, the Gaussian Mixture Model is obtained.
Furthermore, the deputy spacecraft is assumed to be a massless particle. Similarly to the Gaussian Mix-
ture Model, a novel GMM-based potential function that takes into account a complex shape is proposed

here and is given as
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When the deputy spacecraft arrives at the desired position vectorr, =(x,,y,,z,)", the value of the

GMM-based function in Eq.(8) is not close to zero and it will lead to the deviation of the desired posi-
tion and low control accuracy. Thus, to ensure that the value of the GMM-based function is zero, the

GMM-based potential function is revised into

1 . 1 T « D ) 5 ()
§D:¢a+¢r25(r_rf) P(r—rf)+z(r—rf) M(r_rf)'z ~ |1/2e2 (9)

j=1 27r|27j

where M and P are positive definite gain matrixes.



3 Gaussian Mixture Model based nonsingular terminal sliding mode control

To obtain a more efficient controller, the NTSMC is combined with GMM-based potential func-
tions. As the NTSMC offers a wide variety of design alternatives for the GMM with low energy cost, a
novel GMM-NSTMC scheme is proposed in details and the proof of stability is completed as the fol-

lowings.

3.1 Design of the switching surface

Using the gradient of GMM-based potential function and the NTSMC [26], the switching surface is

designed as

S=kVp+ie+se +§2é‘3/q (10)

where s=[s, s, s,] is the switching surface, k, is the positive definite gain matrix. v represents

the gradient. V ¢ is the gradient of the GMM-based potential function ¢ with respect to the position

vector of the deputy spacecraft, and detailed mathematical expressions are shown in Appendix Al.

re®™ is the derivative of r, . The error vector e=r-r, and ¢é=r-r, are defined.

E=diag([£, &, &.])e®w™ and ¢&=diag([&, &, &,])eR™are positive definite gain matrices, re-
spectively. &, <1 is a positive gain parameter. p and q are positive odd parameters satisfying the rela-

tion O<p/gq<land r>1 .

Based on Eq.(10), the derivation of the switching surface S is given as

or Jdt or dt

f
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where the mathematical expressions of v ¢ and v_¢ are derived in the Appendix. Al.

3.2 Design and analysis of GMM-NTSMC
In this paper, the asymptotic law of the switching surface is chosen as [12, 29]
S=-4S-4sig(S)” (12)

where 0<a <1, A=diag([4, 4, A,])e®*and A =diag([4, 4, 4,])eR*are the positive-definite

2 22

matrices, the function sig(S)”is defined as

sig (8)" =(|s.["san(s,) Is.[san(s,) [s."sn(s,))’ (13)
According to Eq.(1), Eq.(11) and Eq.(12), the control law of the GMM-NTSMC is given as

= ﬂi|é|1*p/q
P

u [k (V0 +V, ot )-2S-Asig(S) - &g -aE e "¢ |- Ar—BE+F, (14)

where f, =[x, Y,>2,]" is the relative velocity of the terminal point,

e = (o)™ (5-3,) " (22 ) ") (15)

|e|rl = ((X_ X, )ri1 '(y_ Yi )ri1 ’(Z_ Z )H)T (16)

From Eq.(14), the control force of GMM-NTSMC does not contain any negative fractional power
since 0<p/q<1 and r>1, and thus it is concluded that from any initial origin states, the closed-loop

control system has no singularity.

To analyze the stability of the GMM-NTSMC, a Lyapunov function is defined as

vlzisTszo (17)



Based on Eq.(17),

S a+l (18)

1 1min 2min
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where 4 =min(4,)(i=123)and 4, =min(4,)(i=123) .

Subsequently, it is concluded that
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Therefore, by the Lyapunov stability theorem, the system with GMM-NTSMC is stable in finite

time [12, 29] and it ensures that the system with any random initial states can reach to the surface S(t)
in the finite time T,. Moreover, based on Eq.(10), the control error e and € will converge to zero
within the finite time in the terminal switching surface, and then to solve the differential Eq.(10).

In addition, the APF-TSMC (Appendix A2) and the GMM-TSMC (Appendix A3) is also designed

for comparison to show the superiority of the GMM-NTSMC.

4 Numerical simulation

4.1 Simulation Description

To verify the effectiveness of the proposed method for spacecraft close-range proximity with obsta-
cle avoidance in presence of complex shape, the numerical simulations are conducted with APF-TSMC
and the designed GMM-TSMC and the proposed GMM-NTSMC. Fig.1 depicts the geometry of the
chief and relative motion of the deputy in LVLH frame. In this numerical simulation, the deputy space-
craft need to arrive at the desire point near the antenna of the chief spacecraft. The movement of the
deputy begins at asterisk 1, and then flying around asterisk 2, finally arrives at the target asterisk 3.

Moreover, the physical parameters of the chief spacecraft and the deputy spacecraft and the initial rela-



tive position and relative velocity of the deputy spacecraft in LVLH frame are given in Table 1 and Table

2, respectively.

Table 1 Physical parameters of the chief spacecraft and the deputy spacecraft

Chief Spacecraft Deputy Spacecraft
Parameter Value Parameter Value
Slide length (m) 10 Mass (kg) 50
Solar panel (m) 10 (Long) Max pro- 30
X2 x 5 (Wide) pulsion (N)
Antenna (m) x2 5

Table 2 Initial relative position and relative velocity of the deputy spacecraft in LVLH frame

xm) vy z(m) v v v
(m/s) (m/s) (m/s)
1 -16 0 0 0 0

21-

(m)
[—]

21

The boundary of the chief spacecraft's size

Solar pcm{fA Antepna
Antenna
~
1
5t
Solar panel
~. " n
() 0 _—
! ~ 0 xm)
-21 21

Fig. 1 Geometry of the chief and relative motion of the deputy in LVLH frame.

Furthermore, the desired states X for the simulation system are determined as



X, =[-5 -0913043 -0.304348 0 0 0] (20)

Both the period of the control maneuvers and the integration step are 1 s, and the final time is
t =800s (21)

The semi-major axis and the eccentricity of the orbit of chief spacecraft are 6778.1336 km and 0.01,
respectively. The gravitational constant of Earth is 3.986x 10'*m?/s?>. The GMM is assumed to consist of

10 components. The initial value for K-means is given as

5 50 0 0 0 -75 75 0 0
L, ={0 0 5 50 0 0 0 10 -10 (22)
00005 -5 0 0 0 0

The control gain and parameters used in all simulation are shown in Eq.(23). It is noted that all the

common parameters for the APF-TSMC, GMM-TSMC and GMM-NTSMC are set to be the same.

w, =1x10", N, =diag ([ 5.5x10" 55x10" 55x10" ), 0, =1 2=0.9999

4, =diag([1.5x107 15x10° 15x10°]),

2, =diag ([1x10° 1x107 1x107 ),

k, =diag([10 6 8]),M =diag([0.8 06 0.4]), (23)
P =diag([1.2x107 1.2x107 1.2x107 )

£,=001,7=15,p=50q=7¢=diag ([1x107 1x10° 1x10°])

£,=diag([1 0.8 0.8])

4.2 Simulation results and analysis

Using the K-means with the initial mean in Eq.(22) and EM method, the parameters of the GMM
are obtained (Appendix A4) and the 3D reconstruction of the chief spacecraft with GMM method is
shown in Fig.2. Furthermore, Fig.2a and Fig.2b represent the 3D reconstruction of the chief spacecraft
from different angles. Comparing Fig.1 and Fig.2, it is noted that the GMM can provide the tractable

statistical representation for 3D reconstruction of the complex shape of the chief.



(22)

21-
Chief spacecraft
Solar panel l
W ~ Antenna
= 0- L ~~
> Antenna -~
S ‘\
Solar panel
=211
21 ]
ymo T S /_,,,,»-'-""0 X/m
21 21
21, (2b)
Chief spacecraft
Solar panel
-~ 0 "
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221, Solar panel
21\
Wm0\
21, m 0 21

Fig.2  The 3D reconstruction of the chief with two solar panels and two antennas

Subsequently, based on the Eq.(8) with the parameters shown in Appendix A4, the GMM-based
potential function in Eq. (8) is shown in Fig.3. The area marked with a green dotted line in Fig.3a is
magnified and shown in Fig.3b. Moreover, the colorbars on Fig.3a and Fig.3b represent the changing
values of GMM-based potential function in Eq.(8). As the antenna has important effects in this scenario,
the number of the adopted feature point on the antenna for 3D construction is higher than the other parts
of the chief spacecraft. Furthermore, the weights of the Gaussian model corresponding to antennas are
larger than other parts, which is explicit in Eq.(36)-(38) where the values of the 7" and 8" weights
are larger than others. Thus, the values of GMM-based potential function in antenna much exceeds
other parts’ values. In addition, Fig.3 further verifies that the GMM-based potential function can consid-

er the influence of the antenna.
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Fig.3 The GMM-based potential field: the area marked with a green dotted line in Fig.3a is mag-

nified and shown in Fig.3b.

The proposed GMM-NTSMC approach is applied for spacecraft close-range proximity with obsta-
cle avoidance in presence of a complex shape. In addition, the APF-TSMC and the GMM-TSMC are
utilized for comparison. Fig. 4 shows the actual trajectory of the deputy spacecraft with APF-TSMC,
GMM-TSMC and GMM-NTSMC. Moreover, Fig.4b and Fig.4c are magnifications of the region around
the solar panel and the antenna, respectively. From Fig.4a and Fig.4b, the APF-TSMC, the GMM-TSMC
and the GMM-NTSMC successfully avoid collision in presence of the solar panel. Based on Fig.4a and
Fig.4c, the GMM-based avoidance maneuvers, which includes the GMM-TSMC and GMM-NTSMC,
successfully avoid collision in the presence of the antenna while the APF-TSMC fails. It is because that
the GMM-based potential function includes the available parameters of the complex shape obtained by

the GMM method. Although the performance improvement of GMM-NTSMC cannot been fully shown



in the Fig. 4, it will be analyzed in Fig.5 with respect to the velocity change.

21, (4a) — APF-TSMC
— GMM-TSMC
The boundary of the GMM-NTSMC
chief spacecraft's size
T 0 Sol, !
% 0 Solar panel - ¢ ar};me
\l ] Antenn i
&=~
21,
21
x(m) 0 I
N N ;
21 4, 0 y(m -21
—APF-TSMC
(4b) | —GMM-TSMC
] / GMM-NTSMC

¥ A

0.3 (40)

—APF-TSMC |

(m)
(—]

-0.34
3 _85\/__;; —— -03

x(m) i -12 0.3 0 y(m)

Fig.4 The actual trajectory of the deputy spacecraft: the areas marked with the purple dotted
line and yellow dotted line in Fig.4a are magnified, Fig.4b and Fig.4c are magnifications of the re-

gion around the solar panel and the antenna, respectively.

Next, in order to assess the efficiency of the proposed control laws, the fuel cost can be utilized. It

is generally known that the lifecycle of the spacecraft depends on the residual fuel. Thus, the control law



based on the less fuel cost will show the advantage of the proposed GMM-NTSMC. In this paper, the
following mathematical model to compute the total velocity change and evaluate the control laws is

given as

1

Y —J: (5VT5V); dt (24)

totoal

Fig.5 shows the comparison of the total velocity change over 800s for the APF-TSMC,
GMM-TSMC and GMM-NTSMC avoidance strategies. Though the APF-TSMC cannot solve the space-
craft close-range proximity problem in presence of the antenna, it still has the highest total velocity
change. Compared with APF-TSMC, the GMM based control not only guarantees the safety perfor-
mance of this space mission, but also has lower total velocity change. This is because that the
GMM-based potential function considers the influence of the chief spacecraft’s complex shape, and
hence the control forces generated by GMM-TSMC and GMM-NTSMC can avoid collision with the
antenna and require less total velocity change. Furthermore, the GMM-TSMC and the GMM-NTSMC
can further reduce to 56% and 54.47% the total velocity change with respect to the APF-TSMC, respec-
tively. Though the GMM-TSMC and the GMM-NTSMC have the same control algorithm structure, the
difference is that the switching surface of GMM-NTSMC is developed from the NTSMC [26]. However,
the GMM-NTSMC requires a little more velocity change than the GMM-TSMC. The reason for this is
that the GMM-NTSMC avoids the antenna and the solar panel at a greater distance compared with
GMM-TSMC (as shown in Fig.4). In addition, as aforementioned analysis in Section III, the
GMM-NTSMC can avoid a singularity problem while the GMM-TSMC cannot. Thus, the

GMM-NTSMC would be a good choice to design an avoidance maneuver.
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Fig.5 Total velocity change comparison between APF-TSMC, GMM-TSMC and GMM-NTSMC.

5 Conclusions

A Gaussian Mixture Model (GMM) based nonsingular terminal sliding mode control (NTSMC)
(GMM-NTSMC) was proposed for safe spacecraft close-range proximity considering complex shape.
Based on GMM, GMM-based potential function is designed for a complex geometry chief spacecraft.
Compared with the artificial potential function (APF), the available parameters of the complex shape
obtained by the GMM are included in the GMM-based potential function. Thus, the GMM based avoid-
ance strategies, which are Gaussian Mixture Model based terminal sliding mode control (GMM-TSMC)
and GMM-NTSMC, can solve the collision avoidance problem considering complex shape while
APF-based control fails. Moreover, the GMM-based control requires the less total velocity change with
respect to the APF-based control. Though the GMM-NTSMC requires more total velocity change than
the GMM-TSMC, the proposed control retains the advantage of the NTSMC and can avoid singularity
problem while GMM-TSMC cannot. To extend the application of the developed GMM-NTSMC, the
determination of the number of Gaussian probability distribution functions and the designing control

parameters should be researched.
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Appendix Al

Based on the definition of the final GMM-based potential function ¢ , the gradient V ¢ can be

deduced from Eq.(9) with respect to the relative position vector r of the deputy spacecraft, which is

given as

om ew) 5 (em)
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= 27|
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To obtain the derivation of the switching surface, any components of S should be derived in Eq.(11).

The detailed mathematical expressions of the symbol Vv ¢ and v, ¢ aregivenas
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Appendix A2

The APF is a defined scalar function and is consist of attractive potential and repulsive potential.
According to the Lyapunov stability theorem, the derivation of APF can guarantee the system speed and
position converge to the desired and does not violate the obstacle constraint. Based on the Ref. [12, 29],

the APF is given as

0= () P (=)o (o) m (o) Sy, op| e Uy

i=1 O,

where m is the number of the obstacle. r_. is the position center of the obstacle i" . The parameters v,

obs,i

and o, determine the overall height and width of the repulsive potential. The matrix N, is a positive

definite matrix and determines the oblateness and orientation of the Gaussian function. The magnitude

of the matrix N,determines how sharply the repulsive potential decays with distance from the obstacle

center.

Based on Eq.(28), the switching surface of the APF-TSMC [12, 29], is given as

S, =k V. o +é, (29)



where V ¢ is the gradient of APF ¢, with respect to the position vector of the deputy spacecraft and

the detailed mathematical expressions is shown in Ref. [29].
Moreover, the asymptotic law of the APF-TSMC is chosen as Eq.(12). Thus, the control law of the

APF-TSMC is obtained as
u =k (V,0F+V, of )~ Ar—Bi 45, - Asig(s,)" +F, (30)

1

where the mathematical expressions of V_¢ and V_¢ are derived in Ref. [29].

In addition, based on Ref. [12], the finite convergence time is obtained.

Appendix A3

According to the gradient of GMM-based potential function and the TSMC, the switching surface

of GMM-TSMC is designed as
S,=kV.p+é (31)

Subsequently, the asymptotic law of the GMM-TSMC is chosen as Eq.(12). Thus, the control law

of the GMM-TSMC is obtained as
u, = —k (vn(pr +V, of, )— Ar—Bf —AS, - 4sig(S,) +F,. (32)
To analyze the stability of the GMM-TSMC, a Lyapunov function is defined as

V. ==S’S >0. (33)

Based on Eq.(33),
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According to Lemma 1,
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Therefore, by the Lyapunov stability theorem, the system with GMM-TSMC is stable in finite time

[12].
Appendix A4

The parameters of the GMM shown in Eq.(8) are given as

r=[x, =] (36)
7rn:|:7.7216><10'2 7.7216x10°  7.7456x10° 7.7456x10” 7.7217><10‘2:|, (37)
ﬂ12=[7.7217><10'2 1.9113x10" 1.9113x10"  7.6980x10° 7.6980><10'2:|, (38)
u=[u, u,], (39)

u=(0 0 5 -5 0], (40)

0 -75 75 0 0
u,={0 0 0 1002 -10.02], (41)
5 0 0 0 0
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L 2( 0 10) =

1x10° 0 0
0 84169 0 |,
0 8.4169
8.3907
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|0 8.3971
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|0 1x10°°
[2.0834
0 1x10° ]
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1x10°

0 8.3653
0 2.1044

(42)
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