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The transfer of quantum information through a noisy environment is a central challenge in the
fields of quantum communication, imaging, and nanophotonics. In particular, high-dimensional
quantum states of light enable quantum networks with significantly higher information capacities and
noise-robustness as compared with qubits. However, while qubit-entanglement has been distributed
over large distances through free-space and fibre, the transport of high-dimensional entanglement is
hindered by the complexity of the channel, which encompasses effects such as free-space turbulence
or mode-mixing in multi-mode waveguides. Here we demonstrate the transport of six-dimensional
spatial-mode entanglement through a two-metre long, commercial multi-mode fibre with 84.4%
fidelity. We show how the entanglement can itself be used to measure the transmission matrix of
the complex medium, allowing the recovery of quantum correlations that were initially lost. Using
a unique property of entangled states, the medium is rendered transparent to entanglement by
carefully “scrambling” the photon that did not enter it, rather than unscrambling the photon that
did. Our work overcomes a primary challenge in the fields of quantum communication and imaging,
and opens a new pathway towards the control of complex scattering processes in the quantum

regime.

In recent years, the precise control of light propagation
through disordered media has unlocked a range of new
possibilities for biomedical imaging and optical telecom-
munications [1]. The ability to turn a strongly scattering
sample into a lens or send an image down an optical fi-
bre no thicker than a human hair promises exciting new
technologies such as non-invasive endoscopes and ultra-
dense communication systems [2-4]. Key to achieving
such control over light is the ability to measure the trans-
mission matrix of a complex medium—a matrix of com-
plex numbers that describes how the medium maps a set
of input modes to a set of output modes [5]. Enabled
by the availability of highly tunable digital arrays, the
transmission matrix is routinely measured today via the
response of the medium to a set of probe states sent one
at a time (Fig. la). Bringing this powerful technique
to the domain of quantum information promises signif-
icant advances in quantum state transport and control.
Recent experiments have demonstrated this potential by
harnessing disorder for the manipulation of photon pairs
[6-8] and transporting quantum correlations in a weak
scattering regime [9].

Quantum entanglement plays a central role in the
rapidly advancing field of quantum technologies [10], en-
abling techniques such as quantum error correction and
device-independent quantum communication [11, 12].
High-dimensional entangled states of light [13-16] of-
fer vastly improved information capacities [17, 18] and
greater resistance to noise [19, 20] over qubit-based quan-
tum communication systems, and serve as a resource in
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quantum imaging protocols that allow one to image be-
low the shot-noise level [21] or in an interaction-free man-
ner [22]. High-dimensional entanglement can also toler-
ate large amounts of loss in loophole-free tests of non-
locality, holding immense potential for the realisation of
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Figure 1. Basic Principle. a) Classical methods for recon-
structing a d>-dimensional transmission matrix T of a com-
plex medium involve the measurement of a response function
to a set of d input probe states {|i)}. b) Alternatively, the
entire transmission matrix can be mapped onto a single max-
imally entangled state |®") of equal dimension. c¢) Informa-
tion about T can be used to reverse the effects of scattering
by finding a set of propagation-invariant states {|i)}, allowing
one to send information through the medium. In the classical
case, this involves applying an inverse operator such as 71
before or after the medium. To reverse the effects of scattering
on entanglement, a suitable inverse operator can be applied
on the photon that did not enter the medium at all.
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device-independent quantum communication [23, 24].

A primary problem to be overcome in all of these appli-
cations is the preservation of the delicate quantum corre-
lations found in entanglement after transmission through
a channel. State-of-the-art demonstrations of entangle-
ment transport include the distribution of qubit entan-
glement over 1200km of free-space and 300km of single-
mode fibre [25, 26], and dispersion-compensated qutrit
entanglement over lkm of few-mode fibre [27]. How-
ever, the transport of entanglement through a complex
scattering channel such as a multi-mode fibre or biolog-
ical tissue remains a challenge. Such media involve the
complex interplay of hundreds to millions of modes, and
the effects of scattering must be overcome in a manner
that preserves higher-order quantum coherence between
all modes of interest.

Here we demonstrate the transport of high-dimensional
entanglement through a complex medium consisting of a
short length of commercial multi-mode fibre. In our ex-
periment, the effects of scattering on entanglement are
reversed by only manipulating the photon that did not
enter the medium. To achieve this, we develop a new
technique for measuring the transmission matrix of the
fibre using the entangled state itself. In contrast to the
classical technique of measuring a response function one
state at a time, our method exploits the parallelism of
entanglement by mapping the entire transmission matrix
onto a single, high-dimensionally entangled state. This is
known as the Choi-Jamiotkowski isomorphism in quan-
tum mechanics, which says that statements about a chan-
nel can be mapped onto statements about a state [28—
30]. Previous experiments have used this isomorphism
to characterise qubit processes [31] and quantum chan-
nels through classically non-separable states [32]. Here
we apply it to complex, multi-mode scattering channels
using high-dimensional entangled states, which are nat-
ural candidates for it.

One particle of a maximally entangled two-particle
state |®1) = % >, 1) is sent through the complex

medium with transmission matrix 7' = >t 1) (il
(Fig. 1b). As a result, the two-particle entangled state
undergoes a transformation into the pure state

)= Mo ) |9%) = = Sty ()

which captures the entire knowledge of the medium’s
transmission matrix. Upon measuring |® )., one obtains
the complex coefficients corresponding to 1. The trans-
mission matrix is thus obtained by characterising only
one entangled state after it passes through the medium.
As a result, this method requires d-times fewer settings
for characterising a complex medium as compared with
classical techniques, which require the preparation of d
separate probe states before the medium (Fig. 1a). In-
terestingly, entanglement is not strictly necessary for this
method to work, however it does provide optimal results

[31].

Once a complex medium’s transmission matrix is
known, one can use it to reverse the effects of light scat-
tering through the medium. This is done by either con-
structing a set of propagation-invariant states or eigen-
modes [3, 33] obtained by diagonalising T (Fig. 1c), or
using the knowledge of T' to directly invert the scram-
bled light measured after the medium [34]. Extending
this methodology to the problem of unscrambling entan-
glement through a complex medium leads to an interest-
ing revelation—one can invert the action of the complex
medium by either unscrambling the photon that went
through it, or by carefully “scrambling” the photon that
did not (Fig. 1b). This results from a unique property
of maximally entangled states where operations on the
state can be equivalently expressed as being applied on
either of its two parts [35]:

[T [@)r =T 'T)|F) =|F)
=((THTeT)|e*)=2T). (2)

Thus, two-particle correlations lost due to one particle
scattering through the medium are recovered by only ma-
nipulating the particle that did not enter the medium at
all. This can also be understood as a consequence of
the invariance of the state |®*) under transformations
(U ® U*) for any unitary operator U, which has been
implicit in previous work on two-photon speckle [36] and
used for the nonlocal cancellation of dispersion and weak
scattering [37, 38].

While inverting the transmission matrix in this man-
ner allows us to regain correlations in one basis, it does
not guarantee that the state is entangled. To certify en-
tanglement, one must be able to measure correlations in
at least two complementary observables, or mutually un-
biased bases (MUBs) of the state Hilbert space [39, 40].
Our measurement of T relies on the assumption that the
entangled state after the medium is pure (| ® ), in Eq. (1).
Once T is estimated, we must drop this assumption and
use the measured T to check how close to pure the trans-
mitted state (pr) actually is. In order to do so, we ro-
tate our measured transmission matrix to any MUB, i.e.
Ty = M*TMT, where M is a complex matrix that per-
forms the specified MUB transformation. Next, we use
Ty to construct a second “scrambling” operator on Alice,
that should in principle allow us to recover correlations
in the basis M after transmission through the complex
medium:

(Th)TM @ M*) [ @)y = [@F). 3)

Measurements in two or more mutually unbiased bases al-
low the use of a recently developed entanglement witness
for certifying high-dimensional entanglement [14]. Using
this witness, we are able to lower bound the fidelity of
the state to a given pure target state via measurements in
two MUBSs and certify entanglement dimensionality via a
Schmidt number bound [41]. Measurements in all MUBs
allow us to calculate the exact fidelity to the target state,
while also providing better noise performance.
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Figure 2. Experimental setup and measurement holograms.
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a) A grating-stabilised UV laser is used to pump a nonlinear

ppKTP crystal (NLC), producing pairs of photons entangled in their transverse position-momentum, which are separated by a
polarising beam-splitter (PBS). One photon is sent into a 2-metre long commercial multi-mode fibre (MMF, Thorlabs GIF50E)
and directed towards Bob, while its entangled twin is kept locally with Alice. Projective measurements of the resulting quantum
state in any rotated Pixel basis are performed with spatial light modulators (SLM), single-mode fibres, and avalanche photo-
diodes (not shown). b) Examples of holograms for measuring photonic states in the Pixel basis and its first mutually unbiased
basis (Pixel MUB). As can be seen, the MUB hologram is made up of a coherent superposition of all seven macro pixels. c¢)
Real and imaginary parts of the transmission matrix measured in the Pixel MUB (Ts) and an example of a “scrambled” basis
hologram calculated from it. The scrambled basis hologram is displayed on Alice’s SLM for unscrambling entanglement through

the multi-mode fibre.

We perform an experimental test of our technique
with states entangled in discretised transverse-position
modes, also known as “pixel” entanglement [42]. As
shown in Fig. 2a), photon pairs entangled in their trans-
verse position-momentum are produced in a nonlinear
crystal (NLC) via the process of spontaneous parametric
downconversion (SPDC) and separated by a polarising
beam-splitter (PBS). One photon is input into a commer-
cial multi-mode fibre (MMF) and sent to Bob, while its
entangled partner is kept with Alice. The MMF used in
our experiment is a 2-metre graded-index fibre (Thorlabs
GIF50E) that supports approximately 400 modes. Pro-
jective spatial-mode measurements of the resulting state
at Alice and Bob are made with phase-only spatial light
modulators (SLMs), single-mode fibres, and avalanche
photo-diodes [43].

The Pixel basis used in our experiment is comprised
of seven individual circular macro-pixels defined on the
SLM. Fig. 2b) shows examples of diffractive holograms
implemented on the SLMs for measuring states in the
Pixel basis and first Pixel MUB. A particular mode |m )
(In)) at Alice (Bob) is measured by displaying the cor-
responding macro-pixel hologram on their SLM. We can
also define a family of orthonormal bases that are con-
structed from the Pixel basis using a transformation M =

M4 ® M}, where M takes us from the standard (Pixel)

basis {|m)}m=o,...a-1, to a new basis {| fi)}i— a1
given by:

d—

1f1) = Z kmtrm® ) (4)

m:

with k indexing a state in the new basisand r =0, ..., d—1
indexing the basis itself. This construction follows the
one introduced by Wootters and Fields [39], which pro-
vides a set of bases mutually unbiased with respect to
each other for prime dimensions.

In the absence of a complex medium, two-photon cor-
relations measured in the Pixel basis and first Pixel
(Fourier) MUB respectively (Figs. 3a and b), certify a
fidelity of F > 94.1 + 1.2% to a 7-dimensional maxi-
mally entangled state [14]. Figs. 3c) and d) show mea-
sured correlations in these two bases after one photon
from the state is sent through the multi-mode fibre, as
shown in Fig. 2a). Correlations in both bases are com-
pletely lost, resulting in a trivial bound. Measurements
in all eight MUBs after transmission through the fibre
(See Extended Data Fig. 1) result in an exact fidelity of
F(p,®") =5.4+1.0%, which is lower than the bound of
F, = 1/7 for two-dimensional entanglement (please see



Methods for more details). Interestingly, while the mea-
surements in Figs. 3¢) and d) do not show any entangle-
ment, they contain information about the absolute value
of the fibre transmission matrix (Eq. 1), measured in the

pixel basis and Pixel MUB (|7|* and |T;|?) respectively.

A key challenge is retrieving the phase information
of the transmission matrix elements using only intensity
measurements. Here, we borrow a classical trick for do-
ing so, where an internal reference mode is co-propagated
through the medium and interfered with all the modes of
interest [5]. We use the space between our seven macro-
pixels as a reference mode and vary its phase in four
steps. The reference is characterised in a similar manner
(please see Methods for more details). To maximise our
count rates and minimise noise, we perform this proce-
dure in the Pixel MUB instead of the Pixel basis. Via
this phase-stepping holography, we are able to recover
the complex values of the transmission matrix (T), and
subsequently rotate to the other Pixel bases in order to
certify entanglement. Fig. 2¢) shows the real and imagi-
nary parts of the measured transmission matrix, and an
example of a “scrambled” basis hologram calculated from
(T,/)" and displayed at Alice [43]. In this manner, en-
tanglement is recovered by only manipulating the photon
that did not enter the multi-mode fibre.

Figure 3. Entanglement before and after a complex medium.
In the absence of a multi-mode fibre, two-photon correla-
tions measured in the a) Pixel basis and b) its first mutu-
ally unbiased basis (Pixel MUB) result in a fidelity to the
7-dimensional maximally entangled state of F' > 94.1 +1.2%,
certifying the presence of 7-dimensional entanglement. The
error on the fidelity bound is given by three times its stan-
dard deviation. c¢) Pixel and d) first Pixel MUB correlations
after one photon from the entangled state is sent through a
2m-long multi-mode fibre, resulting in the loss of entangle-
ment. Interestingly, even though the correlations are com-
pletely scrambled, the resulting data contains information
about the transmission matrix in each basis (|7|* and |Tas|?)
via state-channel duality (Eq. 1).

Measurements showing the recovered state and its cor-
relations in eight different bases are shown in Fig. 4.
Here, we use a recently developed adaptive witness that
constructs MUB-like “tilted” bases to calculate the fi-
delity of the transmitted state pr to a non-maximally
entangled target state |W) = >° X, |mm) [14]. The
r-th tilted basis is defined by generalising the definition
of a MUB (Eq. 4) in the following manner:

Gy 1

where A, refer to the Schmidt coefficients of the non-
maximally entangled target state. Notice that for
>, A2, = 1, the basis vectors | ff) are normalised but
not necessarily orthogonal. This construction satisfies
the condition |(m|f[)| = AmAx¥m, k with the standard
basis {|m)}m=o,...d—1. Our recovered state after the
multi-mode fibre (Fig. 4a) is non-maximally entangled
owing to the non-unitarity of the channel, while still re-
taining its purity. The tilted-basis witness and an ap-
propriately chosen target state are thus quite suitable
for certifying entanglement in this scenario (please see
Methods for more details). Using the measurements
shown in Fig. 4, we are able to calculate an exact fi-
delity to the target state estimated from Fig. 4a) of
F(pr, V) = 84.4 + 1.8%, certifying the presence of six-
dimensional entanglement. The uncertainty in the fi-
delity is calculated assuming Poisson counting statistics
and propagating the error via a Monte-Carlo simulation
of the experiment.

In order to achieve the transport of high-dimensional
entanglement through a multi-mode fibre, our experi-
ment employed the use of single-outcome spatial-mode
measurements that were scanned through the basis of in-
terest. Consequently, this limits the speed with which the
complex medium or entangled state can be characterised.
Furthermore, our multi-mode fibre was quite short, limit-
ing the effects of spatial-mode dispersion. Rapid progress
in the development of quantum technologies, such as gen-
eralised mode transformers [44], single-photon detector
arrays [45], and spatio-temporal wavefront shaping ap-
proaches [46], should allow our technique to be used for
entanglement transport through highly dynamic scatter-
ing samples, such as living biological tissue or km-long
multi-mode fibre [1]. Furthermore, our work can be gen-
eralised to the case of both photons traveling through two
independent channels, with only one particle being ma-
nipulated (please see Supplementary material for more
details). Such an ability could be useful in quantum net-
work scenarios [47] or for non-invasive biological imaging
[48], where access to all parts of the complex system may
be limited. Our results thus have immediate ramifica-
tions for the fields of quantum communication and imag-
ing [49, 50], where the transport and control of quantum
states of light through complex media remains a pressing
challenge.

d—1
> Wk N lm), (5)
m=0
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Figure 4. High-dimensional entanglement unscrambled through a complex medium. Experimental data showing quantum
correlations recovered in the a) Pixel and b-h) seven “tilted” Pixel bases after transmission through a multi-mode fibre. The
Pixel basis measurements allow us to nominate a target state |¥) = > A, |i1), and subsequently use its Schmidt coefficients
i to construct MUB-like “tilted” bases following a recently developed entanglement certification technique [14]. Using these
measurements, we can calculate the exact fidelity of the transported two-photon state (p) to the target state (| ¥)) to be
F(pr, V) = 84.4 + 1.8%, certifying the presence of six-dimensional entanglement. The error on the fidelity is given by three

times its standard deviation.
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METHODS

Mapping the multi-mode fibre channel onto an
entangled state

A complex medium such as a multi-mode fibre (MMF)
acts as a scattering channel. If one particle of a bipartite
high-dimensional entangled state enters the channel, its
quantum correlations are affected by mode-mixing and
cross-talk. To reverse this effect, we will show how the
information of the channel is mapped onto the output
state, allowing us to determine the transmission matrix
that characterises the scattering process in the fibre.

Let us consider a general bipartite state

[i) =Y Cyaldl[vac) =3 Cijli)415)p,  (6)
iJ iJ

where 7 and j label the spatial modes of the biphoton
state shared by two parties, Alice and Bob. The state
lives in a Hilbert Space of dimension d = 7, which is
smaller than the amount of modes supported by the
MMF channel. Let us thus divide the state space into
a logical subspace, corresponding to the modes that we
measure, and environmental/loss modes, which are not
considered in this process. Adding two extra indices n
and m to our initial state to indicate whether the mode
is in the logical or environmental subspace, we can write

|¢1> = Z Cinjmalnb]m |vac>

mnjm

> Cinjm |in) 4

injm

lim)p (7)

where a given ¢, j mode is in the logical subspace if m,n =
1, or in the environmental subspace otherwise.

In our system, Bob’s modes go through the MMF and
undergo the unitary transformation

Unmir = Z Ukirs kL) (7. (8)
klrs

The matrix U is given by elements Ug;.s that describe
how the modes |rs) scatters to the modes |kl). The
action of the scattering on our initial state is given by
bl 53 OB U =37 Ustjmbl,. (9)
ki
After the MMF, we perform measurements in the d-
dimensional logical subspace. This measurement and
postselection, which results in a state conditioned on
both photons being in the logical subspace (n,m = 1),
can be described using the following projector:

II= Z d;lbjﬂ |vac) (vac|bg1dp

pq

:Z|p1>A|ql>BB<pl‘A<ql|'

(10)

This occurs in general with non-unit success probabil-
ity, resulting in the sub-normalised state after the MMF
given by:

| )ivr = (14 ® Unwmr) [ 1)

= Z Uk1jmCitjm |11) 4 k1) g
ijmk (11)

—Ztkz A|k

where we define the coefficients characterizing the state
after the fibre as tx; == Y. Uk1jmCiijm. Notice that
these coefficients encode the information of both the
MMF and the state.

As shown in the main text, the state we produce
through spontaneous parametric down conversion is very
close to the maximally entangled state:

o) = WZ| Yali) (12)

We find in this case that the action of the unitary
channel representing the MMF, followed by postselec-
tion onto states with photons detected in the logical sub-
space, is characterised by the operator T' with elements
tki = Ukt

Tynr = Z Ugrin k) (il (13)
ki

whose coefficients describe how the logical mode 4 scat-
ters into the logical mode k. This is not a unitary op-
eration (since it is only a sub-matrix of the full unitary
transformation), and is not trace preserving (as the post-
selection happens in general with non-unit success).

In this sense, even though our MMF is a unitary chan-
nel on all the modes that the fibre can support, since we
are interested only in the logical modes, the operator T
acts as the relevant non-unitary transmission matrix of
the fibre. Since this operator is non-unitary it has the
effect of changing the entanglement in the state, despite
only acting locally on Bob’s modes.

If our initial state is maximally entangled as in Eq. 12,
and we consider this operator that represents the scat-
tering effect of the fibre on all the modes in Bob’s space
(logical and environmental), the state after one of the
photons of the entangled pair goes through the fibre is
given by:

(TeT)|yh) ZUkul| Jalk)p  (14)

|MmE ) =

This is precisely the Choi-Jamiotkowski isomorphism,
where the channel representing the fibre is imprinted onto
the initial entangled state.

We note that this subnormalised state is pure despite
having undergone a nonunitary transformation. In the
absence of postselection, one could instead model the
trace-preserving channel acting only on the logical modes



by including the vacuum state in the output Hilbert
space. In the Kraus representation, this trace-preserving
channel is given by the Kraus operators

Ao = Upar1 [ k) (7]
Am = Um2rl ‘V&C> <7’|

so that ZA,TnAm =1,
Vm

(15)

which is clearly not a pure channel if any U,,2,1 # O,
i.e. if there is any loss, as the output state is a mixture
with the vacuum. However, after postselection on the
existence of a photon, only the term originating from Ay
survives, resulting in a postselected subnormalised pure
state.

It is clear from Egs. 11 and 14 that considering the
initial state to be a general entangled state, or the maxi-
mally entangled state, leads to analogous resulting states
after the fibre |¢pmr ). Even more, if one attributes the
effect of coefficients C; to the channel U, the two cases
are the same. Because of this, we consider our initial
state to be | ¥T).

Experimental details

A continuous-wave grating-stabilised laser (Toptica
DL Pro HP) at 405 nm pumps a periodically
poled Pottasium Titanyl Phosphate (ppKTP) crystal
(I mm X 2 mm x 5 mm) at 75 mW to generate a pair
of orthogonally polarised photons at 810 nm entangled
in their position-momentum degree of freedom (DOF)
through the process of Type-II spontaneous parametric
down conversion (SPDC). Phase-matching conditions are
achieved via temperature-tuning the crystal in a custom-
built oven that keeps it at 30°C. A 5:1 telescope system
of lenses is used to shape the pump beam and focus it
on the crystal with a 1/e? beam diameter of 400 pym. A
dichroic mirror (DM) removes the pump after the crys-
tal, while the pair of produced photons are separated
by a polarising beam splitter (PBS). The reflected pho-
ton (corresponding to Alice) has its polarisation rotated
from vertical to horizontal with a half-wave plate (HWP)
and made incident on a phase-only SLM (Hamamatsu
X10468-02) that is placed in the Fourier plane of the
crystal using a 250 mm lens. The transmitted photon
(corresponding to Bob) is shaped with lenses in order
to effectively couple modes in our 7-dimensional Hilbert
space of interest into a 2 m graded-index multimode fibre
(Thorlabs M116L02) that has a core diameter of 50 ym
and supports around 400 spatial modes at 810 nm. Af-
ter going through the fibre, the photon is launched onto
another phase-only SLM.

Measurements in the position-momentum DOF of the
photons are made with computer generated holograms
(CGH) displayed by the parallel-aligned liquid-crystal-
on-silicon (LCOS) layer of the SLMs, which has an ef-
fective area size of 15.8 x 12 mm, pixel pitch of 20 pum,

resolution of 792 x 600, a reflection efficiency of approxi-
mately 90 %, and a diffraction efficiency of approximately
75 %. The CGH in combination with a single-mode fiber
(SMF) allows us to projectively measure whether the in-
cident photons are in a particular spatial mode in any
given basis. The accuracy of the projections performed
with the combo of SLM and SMF is ensured through
the use of an intensity flattening telescope [43]. This
technique removes the Gaussian component introduced
by the use of SMF by afocally decreasing the size of the
mode propagating from the SLM to the objective lens,
thus recovering the orthogonality relation between spa-
tial modes of a given basis. The SMFs guide the fil-
tered photons to single-photon avalanche detectors (Ex-
celitas SPCM-AQRH-14-FC) with an efficiency of 60 %
at 810 nm. The detectors are connected to a coincidence
counting (CC) logic (UQD Logicl6) that records time-
coincident events within a window of 0.2 ns.

Measurement of the transmission matrix

As discussed in the main text, when one of the photons
of a high-dimensional entangled bi-photon state is sent
through the MMF, the effect of this scattering channel
is encoded onto the complex coefficients ¢;; characteriz-
ing the output state |¢vmr). These coefficients form
a matrix T' that we consider as the effective or relevant
transmission matrix for the modes of the d—dimensional
subspace we measure in.

We use a phase-stepping technique in order to deter-
mine 7. For doing so, let us define a mode number 0
as our internal reference mode. The reference mode in
our experiment was taken to be a “background” mode,
which is defined by all the SLM pixels that lie between
the macro-pixel modes. The phase-stepping process is
implemented by displaying a relative phase 6 between
the basis and the reference modes. In this manner, when
Alice scans the mode m, the reference mode is displayed
simultaneously with a controlled phase difference. On
Bob’s side, we will simply display the mode n (See Ex-
tended Data Fig. 2).

The state we are projecting on with each measurement
of one element of the correlation matrix is given by:

| Xmn) = (€7 ]0) +|m))a@[n)p, (16)
where m,n = 1, ..., d represent basis elements of the Pixel

basis. From these measurements, we can construct a ma-
trix R with coefficients of the form:

—i 2
Rmn(g) = | <an | \I/MMF>|2 = }tnOe 0 + tnm,| (17)
Setting 0 in steps of /2 going from 0 to 37/2, we obtain:

1
Smn 1= 7 [ Boun = B +i(R2 — R (18)

= t’ﬂot;klm = Eﬂt;m



The resulting matrix S is not exactly equal to the trans-
mission matrix 7', but related to it as follows:

ot [t .. 0

S — =T'E, (19)

. . th .

Ta - tha 0 ... tgo
where E is a diagonal matrix related to the mixing of
the reference with the basis modes after going through
the MMF. Determining E' is crucial for fully recovering
the correlations of our entangled state. In order to do
so, we again use the phase-stepping technique where we
now only display the reference mode on Alice, while Bob
simultaneously displays a basis and reference mode (See
Extended Data Fig. 3):

1X) i = 10) 4 ® (¢7]0) +|m))p (20)
The results of these measurements are given by:
Ry, = [(xm|Yararr) |2 = [tooe™ +tmol® (21

Performing the measurement for different relative
phases, we recover the following terms

- 1
B = 1 | (RS, = RE, +i(RE/? - R/
= tootme = too By, (22)

Building a diagonal matrix from the terms FE,,, we
have:

E= too EJ*

| = tooE? (23)
0 ... Ej

The matrix E is equal to the conjugate of matrix E
with a factor of tyg that we neglect because it only adds
a global amplitude and phase. After determining both S
and F, we can calculate the T" matrix characterising the
effect of the MMF as follows:

T = (SE~1)f (24)

It is important to notice that because we are using
localised transverse spatial (or momentum) modes, the
single-outcome measurements we have been describing
are limited by their projection onto the collection mode,
leading to lower counts when using the standard basis
than when using any of the MUBs [12]. To have a faster
and less noisy measurement of the transmission matrix,
we thus use the first MUB basis (corresponding to r =
0 in the Wootters-Fields construction of Eq. 4) for the
phase-stepping process.

It can be easily proven that using a basis different than
the standard when following the steps described above
simply results in a rotation of the transmission matrix. In
our case, the obtained transmission matrix corresponding
to measurements in the first MUB is given by:

TMo = M(TTM(?a (25)
where T is the transmission matrix that one would deter-

mine had the measurement been made in the standard
basis and My is the MUB transformation matrix.

Unscrambling entanglement

The knowledge of the transmission matrix of the fibre
allows us to construct a new set of measurement bases
that invert the mixing process of the modes of the entan-
gled state, thus recovering or “unscrambling” the quan-
tum correlations present in |4;). First we will consider
the case in which the transmission matrix was determined
in the standard basis, and then we will generalize for any
rotation of T

Interestingly, this new set of bases can be used either
by Alice or Bob for recovering the state. Instead of un-
scrambling the mode-mixing on Bob’s side, we choose to
“scramble” the modes on Alice’s side to show that even
though Bob’s photon is the one going through the MMF,
by performing the right measurements on Alice, the cor-
relations of the entangled bi-photon state are recovered.

The bi-photon state after propagation through the fi-
bre is described by the state:

|Ymmr) = (14 @ T)|TT). (26)

Reversing the action of T on the entangled state can be
done simply by applying the inverse operation on the
photon going through the fibre:

(Ia@T7Y) [dmmr) = | ¥F). (27)

Of course since T < T (the singular values of the matrix
T are all less than 1) the inverse does not constitute a
physical channel, and must be appropriately normalised.
We defer this discussion to the supplementary material.
Since we want to only manipulate the state on Alice’s
side, we consider the following property:

(Ao B)|U+) = (BTA@ )| 0t) = (I® BAT)|¥T).
(28)
Hence, for inverting the action of the MMF, one can use
Eq. 24 to generate an operator on Alice’s side:

Wa=(T"H"=(((sE"H)H™H". (29)

In this manner, we can define an operator W = WA @I B
that converts the output state of the MMF to the initial
maximally entangled state:

1)y = W [Ynnr)
= (Wa @ Ip)|vYvur)
= ((T™H" @ Ip) [Ymur)
= ([a®T7") | ¥Yaur)
=|v"). (30)

While on Bob’s side we use the standard basis, the rows
of the operator W4 constitute a new basis to be used by
Alice. Strong correlations should appear in the cross-talk
matrix obtained from measuring two-photon coincidences
with these bases.

The second step for certifying entanglement is to re-
cover correlations in a mutually unbiased or a tilted ba-
sis. Using W4 and either of the transformations M,
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(r=20,..,d—1) or M, (r =0,...,d — 1), which define
the states given by Eq. 4 and Eq. 5 respectively, we can
define a new operator to unscramble the correlations in
the r-th mutually unbiased basis:

V=MW
— (NI, © M) (W © 1)
= (M, Wa ® M)
— (V4@ NI, (31)

If we use M, instead of M., we unscramble the corre-
lations in the r-th tilted basis. Using the rows of Vj4
as a new measurement basis for Alice leads to recovered
correlations of the initial state in a MUB or tilted ba-
sis. Measuring in the new bases defined by W4 and V4
at Alice, and the standard and mutually unbiased basis
at Bob, should result in strong correlations in two bases
that allow us to certify high-dimensional entanglement.

If one uses a basis different from the standard basis
for the phase-stepping process, the transmission matrix
recovered is a rotated version of the transmission matrix
in the standard basis T'. In this case, the construction of
the new bases used for recovering quantum correlations
must also include a rotation back to the basis that is
being used on Bob.

The transmission matrix in the standard basis can be
expressed in terms of Ths as T = MT Ty M*, and thus,
the operator W can be written as:

W = ((MTTy M) @ I ) = (MIUT M @ Iy )
(32)
Notice that performing the measurements with W for
getting the correlations in the standard basis would re-
quire one to use standard basis modes on Bob’s side,
which, as we mentioned before, leads to lower counts.
As an alternative, one can consider an operator where
the rotation of the transmission matrix to the standard

basis is made partially on Alice, while in Bob one uses
the MUB:

W = (T, )" M & M*) (33)

In this case, both SLMs display multiple pixels and we
get a higher level of counts for this measurement. Apply-
ing this unscrambling operator to the MMF state equiv-
alently leads to the maximally entangled state:

1Y), = W [vur )

(T *1)TM®M*)|¢MMF>

(T "M @ M*) (Ia @ T) | 0H)
(TyH"™M & M*T) [ &) (34)
(IA®MTMT( H)1et)
Ty'))|et)

= (ITa®Th(
— Y.

Analogous to W, using the operator Wy results in an
unscrambled state that is maximally entangled. This

means that the unscrambled state in the standard ba-
sis can also be recovered by partially rotating the trans-
mission matrix at Alice, and completing the rotation by
measuring in a MUB at Bob.

The normalised two-photon coincidences obtained in
this case are given by:

= [(wolYmmr)
|(mn| W |aur) |
[(mn|yy) |, (35)

where the new scrambled basis elements |w) (For Alice)
and |v) (For Bob) are calculated by applying the oper-
ator Wy to the standard basis elements |m) and |n).
The cross-talk matrix resulting from these measurements
should show strong correlations that correspond to the
ones in the standard basis.

For the second measurement, let us consider that we
measured the transmission matrix in the basis indexed
by r = 0. In this case, the operator V that recovers
correlations in a basis 7 can be written in terms of T}y,
as:

Vm = MW = (M, @ M) ((Ty,)" Mo © Mg) , (36)

where we simply add to the first measurement the M,
transformation corresponding to the basis in which we
want to recover the correlations. The normalised two-
photon coincidences are given in this case by:

[{guwgovrme) [?

| (mn|Vn [ynur) |2
(

(

Fon oWt [Uninr) |
S frltou) - (37)

Notice that the basis elements used at Alice (| gy )) and
Bob (] g, )) are calculated by applying the operator Vi
to the elements of the MUB basis | f,, ) and | f,, ). If one
uses the tilted basis, i.e., M, instead of M,, the new
basis elements are | g, )) and | g, ), which are calculated
by applying the operator Vi to the elements of the tilted
basis | fr,) and | fr).

Data availability

Source data are available for this paper (Figs. 2¢, 3,
and 4). All other data that support the plots within this
paper and other findings of this study are available from
the corresponding authors upon reasonable request.
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