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1 Appendix A. Pressure term in the variational formulation

The pressure term in the total potential energy functional

Vo+AV
PdV (A1)

Vo

should be such that upon taking its first variation, the virtual work (6V') obtained is of the form [63]

oV = / [ﬁndso} - 0x (A.2)

T
where I' is the domain comprising the deformed mid-surface of the membrane and dx is a virtual
displacement of a point on the mid-surface. The normal vector is given by
1 ~—~ . ~ ~T~2  ~971/2
n=—: (075 cos OB + 07 sin §Ey — 00y By]  where /g =0 [2y+7] " (A.3)
From equations (3) and (A.3), one obtains
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It can be shown that this is the first variation of the functional following
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> after using the condition 0m|g—o = 0n|g=2x-
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Further note that total volume of the deformed torus is given by
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In the domain 6 € [0,27], it can be shown that the function g is even while g, and 7 are odd with
respect to the point § = 7. Thus the product ¢ 9,7 is an even function and the above integrals can be

written as
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Upon using the identity
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we can write the above volume integral as
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If the torus deforms from the reference configuration with volume V; to the current configuration
with volume V' at constant pressure P then the total work done can be written as
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which is the same expression as (A.5) barring the constant term.

Appendix B. Derivatives of the energy density function

The first derivatives of the right Cauchy—Green deformation tensor C' as expressed in Equation (8)

with respect to p, gy, 7 and 79 are given by
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Then non-zero second derivatives of C are
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The full derivatives of some of the second derivatives with respect to 6 are computed as
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Given the energy density function in equation (29), the first derivatives of the energy density with

respect to o is computed as
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Similarly, other first derivatives of energy density function €2 are given by
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The non-zero second derivatives of the energy density are given by
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Full derivatives of some second derivatives of the energy density function with respect to 6 are computed



as
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The second various derivatives of {2 with respect to ID are computed as
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Upon rewriting, we get
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s Appendix C. Second derivatives for computing the second variation of the potential en-

6 ergy

In Section 5, the loss of symmetry in the ¢ direction was considered. Bifurcation occurs when the
second variation of the potential energy function becomes zero. However, the symmetric assumption
in solutions is no longer valid and A\;, Ay and A3 in the right Cauchy—-Green deformation tensor are
computed using the full expressions (6) and (7). The second derivatives of the energy density function

with respect to o is expressed as

Q@@:CI[IIQQ+QIQQQ]+5[CQQD] -ID, (C.1)



where

Iy = )‘13)9 + AQZQ + )‘329’

Lypo = Ago + Aagi + Asye. (C.2)

On substituting the expressions (6) and (7) into the previous equations, one obtains
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Similarly, the second derivative of €2 with respect to ¢ and g, can be computed as
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The second derivative of €2 with respect to o and 79 can be computed as
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The second derivative of {2 with respect to ¢ and g, can be computed as
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The second derivative of 2 with respect to o and 7, is given by
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The second derivative of 2 with respect to g, is given by
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The second derivative of 2 with respect to g4 and 7, is given by
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“ o me — 0p1m0)% + 0203 +13]] [[o6 16 — 04 m6)? + 0*[03 +13])
B 2 09 Mo 40, 05l0g My — 05 M) Angnel00 M6 — 04 0]
204mp — T - 2 2
P Ay cosOP (logms — 0pme)2 + 203 +12)])T  [[26ms — 0 o) + 0%[0F +13]]
| 8osmlayns — e ne)® [[03 +n3][1 + v cos 01> + [03 +n2 + 0*]7?]
3
[[09m6 — 04 m6)? + 0%[0F +713]]
 2eomo [[gh (L + v cos O + [of +75 + 0’1 (C.51)
2 ) :
(10616 — 04 )2 + 02[02 +13]]
o2 22 — 2
ﬁ[c%% ]D] D = 2 20Q9 " 2 2 0Q950[092%2 Qq;779]2 2° (C‘52)
2BH?y2[1 +ycos]?  BH? [[0gns — 0470)* + 0%[03 +13]] ¥2[1 + 7 cos 6]
Finally, the full derivative of §2,,, with respect to ¢ is expressed as
dQ@Q¢ dllg% dIQQ% d CQQ¢
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where
dll@% _ _8 0n0[Nes 0 — Qpg 779][03 +773]72[1 + v cos 0] B 804 o[Me 09 — 04 779][05 +773]72[1 + v cos 0]
- = ! :
4 [Leo 6 = 20 o1 + ¢%[0f +5)] ({0616 — 04 10)* + 2[5 +n3)]
" 24 0m9[nyp 0p — Q4 nel[ 08 +m3]7*[1 + 7 cos 0)?

4
[l06 6 — 041612 + 0*[03 +n3]]
dlzy,, 40571010 M6 — 05 70) 4.07*10[09 Mg — 0oy M0
— +

- 2 2
d [[eg 16 — 0510 + 205 +131)”  [loo 6 — 04 0] + 0*[0F +13)]
8 0v*19[09 M6 — 04 16

3

[[06 16 — 05 m6)? + 02[0% +13]]

B 4 044 0l +n317* B 4 04 0405 +n3]7”
2 2
[loo M6 — 0o m0)? + ?[0g +m3)]”  [[oams — 04 m0)? + 0203 +7]]
8 04 0[0§ +13)7?

[[06 116 — 04 m0)% + 0%[0F +77]]

8 04 10[06 M6 — 04 Moll05 +115] [[05 +m3)[1 + v cos 0] + (05 +n5 + 0°]77]
80y ml091s — 05 m0)l05 +15) [[0F +3)[L + 03+ + oy

3
[[09 16 — 05 m6]2 + 0%[0% +12]]

8 011009 Moo — 090 10)105 +15) (10§ +n5][1 + 7 cos 0] + [0f +15 + o*17”]

000129 Neg — Qpp 0119 TT15) |10 T v 0 TNy T 077
3
[[o6 16 — 04 m6)? + 0%[03 +113]]
~ 8omelogns — 04 m6l[05 +115) [2 05 0p +205M00 + 2 0 047
3
[[06 116 — 04 m0)% + 0%[0F +13]]

24 01[05 M6 — 04 Moll05 +115] [[05 +3][1 + v cos 0] + [0F +n5 + 0°]77]

" 0Mg10g M — ¢y o)1y Tyl [|Q T v Oy Ty T 077

4
[[09m6 — 04 m6)? + 0*[0F +13]]

[2[16 06 — 05 16) (16 09 — 0y 18] + 2 04 0[5 +15]] -

[2[06 16 — 05 M6) (09 o6 — 0 o] + 2 0 04105 +115]]

5 12000 M6 — 051609 Mo — 04 0] + 2 0 0405 +715]]

+

- (209 M6 — 050106 N6 — 04 0] + 2 0 0405 +175)]

24 011y 09 — 04 M0l[05 +1517>[1 + 7 cos 0]

[[26 76 — 04 612 + 02[03 +13]]"
B[dC@% | D-_ 20 01166 09 — 0 0] [05 +17)
d¢ BH? (091 — 05 16)% + 0*[03 +13]] 72[1 + 7 cos 0]

- 205 0, 16116 0 — 05 Mol [0 +1)]

BH? [0 16 — 05 76)% + 0%[0F +12]72[1 + 7 cos 0]2]
N 695 0 10[16 09 — 04 6] [0 +15)

BH? [[0515 — 04 710)2 + 0%[03 +n2]] " 72[1 +  cos 62

[2[n6 09 — 04 M6] N6 09 — 0 8] + 2 0, 0[0f +15]] -

[2[ns 05 — 04 M6) 166 0 — 04 8] + 2 04 005 +115]] -

(C.54)
7 Appendix D. Reformulation of the coupled ODEs
The derivatives of the stretches in equations (9) with respect to 6 are expressed as
Mg — 2000 FT0Mo0 _ 0 oo H1igo0 O oysinf (D.1)
v (02 +n2]""? Yho L+7cosf * [1 47 cosd)?
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The equations (31a) and (31b) can be rewritten as

1 Y EN
AINZ 272

—781116’[7 [1+ Aﬂ[

000 2 1 209 1
1 0 a 20 9\ —
e ]lv 1+ 0] 1= g + 38 Boowaa 1= 5]

2 2\ 4N EN3 2p0E
+%[1+ )\2}[ 20 10}_ 2 Po

— =X\

AL TR e 29]
1 EN AT N Pong

AZN] 2 0

—2X [1+ aA]] [1 — =0,

1 5779)\2
B 2 _ 2
7811&0[7 [1—!— )\] [ )\%)\%} 207 ]

1 21 1
1 0 a2 — |+ 2 2ad ] [1— s
TR B T AN

+@[1+mg}[

2)\29 i 4)\19:| _ 8)\2 27795
'7

AAT T ARAY

From the first equation, the coefficient of g,y is

2 2
A= [1+70059][%[1+a}é} {1— 1}+ 805 [1—|—a)\§}—5_;\2].

AAS] T IARAS

The coefficient of 7y is given by

8
Ay = [1 4 vy cosb] 4éj\9677/\02 [1+a)],

and the remaining term is

) 20y 9 1 E 0,3
Ay = —ysind| 22 1 4 an?] 1 - .
s [72 Lo Q][ Xf%%} 272

1 4 09 A2y 0 2pe€
1 0 209\ 1 A Ao
+ [1 4 7 cos ][7 [04229]{ )\%)\%]—1—72)\%)\%[ + a\j] — - 229
1 g>\2)\2 PQn@
— 22 [T+ a)?] |1 - 1
2 [t o] { X‘{A%} 2 T

From the second equation, the coefficient of o” is

By = [1 4+ vy cosb)| 4‘(‘;?677;2 [1+ arj]

and the coefficient of 1" is
EN2

2

1 } 83

1+aX;] —
) g e

2
By =1+ vycos] [—2 [1+ a3 [1 —
Y
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and the remaining term is

2 1 2
By = — vysind [% [1 + oz)\%} [1 ] — 5)\2779]
v

ATAS 2?2
2’ 1 o1 doA2g  21mp€ Pooo
1 Ol | — [2aidgy] |1 — —— 1 A — Aodgg | — D.9
+ [1 + 7 cos ][72 [2a o 29][ )\%)\%}—I-[ + o 2]72)\%)\% A2 5 (D.9)
Therefore the above set of coupled ODEs can be rewritten as
A1 0gg +A2meg + A3 =0, (D.10)
Bl Opo +BQ7799 + Bg =0. (Dll)

s Appendix E. Reformulation of the ODEs arising from the relaxed energy

The governing equations (31) are now modified as in equations (50) where the modified energy

density function is expressed as:

As 2% is not a function of A, %—fg is vanished. We first use the chain rule to compute the derivatives of

Q* with respect to g, and 7y as

o o0 N o 90 o\ (B.2)
Doy 0N Doy’ Ong  OX\ Ong .
The derivatives of A; with respect to g, and 7y are easy to be computed as
oM Q91 2 21-1 ON Mg 5 g1
— -7 Q + 2’ _ = — Q —|— 2, E3
3 0 7[9 p) O ,y[e ) (E.3)
The derivative of Q* with respect to A; can be decomposed as follows
o0* ol oIy  0(p[CD]-D)
— O =L 4+ 0,2 E.4
) VY)W ;) VL) VI (E4)
where
oI O(N5?) 2 1 oY
=2\ + — — , E.5
) VIS ES VRS VI VO (E5)
a(A5?) 2
o3 2 o 20(A57) 2
—=—— - ! A 2A105 E.
O\ % YT +A1 N +2A17 (E.6)
and
0(B[CD|-D) i€ 2 20057
= 2N+ A E.
an il e I vl (E7)
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where
(%% PH[Ba\ — 28]
8)\1 N Rb[4>\1 + 40[)\2 S)\2]2
P P M+ 32070 — 8€aN] + 3200, — 4EN

N _
[\/ P”f A2 — 4a5A31 +1602A% + 32002 — 4EA2 + 16J [4A + 403 — EX3]

[PH)\I + \/ wv 4aEN + 160201 + 32003 — 4EN2 + 16J [12a02 — 3EN? 4 4]

E.8
Dy + 408 — ENIP (E8)
Then, the total derivatives of the two terms with respect to 6 are calculated as
d (00 d (o 91\ 0QF d [0 ) 1]
a — E.9
do (6Q9> de ( [Q +779] 2) a)\l + de <a)\1) B [QG +n9] 2_ ’ ( )
Wy
d [oQ* d 7o 2 2 1\ 0 d (O [me, 5 9y 1]
— 2 — — 2| . E.1
Wa

Upon explicitly computing the first full derivative terms in both equations and separating the coefficients

of 0py and ngy yields

d (o 1 Q09 -1 -
@ <7[93 _|_77§] 2) = T[Qg —|—7]§] 2 — 7[@9 Qoo ‘H?BTIGQ][Qg +77§] 2

1 % 000
= 1 : 00 — 5 5.3 60, (Ell)
Vg +ndle o} +ud)z V03 +n3)?
Uy U
and
d (e _1 760 3
5o (a4t ) = 13-4l = Loy -4l 03]
1 i 2
- 2 212 12 - 212 7799_20—923999' (E.12)
Ylog +mpl> les +mp)> v[eg +m5]
v, Vi
The remaining full derivative term d (%) is expressed as
d /o d (oI d (0L d (C& 2 20005
— =C1— Co— — 20105 A2 E.13
da(axl) 1d0<8/\1>+ 2d9<8>\1)+d9< 1 { TN ) (E-13)
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where

d [oL* d o(N3?) 2 1 a(Ag2)D
CO1— =) =C1— | |2\ - —~
i (o) = ([ 50 e o

0
6X10 . 2(A\5%)g
=2C1 M\ + C ( N )0+C1 [)\%)\;2 + )\?{)\34

_Cl[ ! (6‘@*2))9_ 20 0A5") 2@;2)0@@;2)}

NN 0N 2 AN

6 2 (N2 2 2 O\EH) T o2
o, [2+ LI m} { - 6@)} (A5%)
17 9*N57)
1— A
+[ A%A;“] x|

d (0L, d 2 10N L0\ .2
- = R 2
02d9 (am) e (02{ APt oM AT, RN

0 Mo — [L (M)G 2003%)s 8@?)}

—C
X RN S oM

)\4

a )\*2 8 )\*2
+ O, {/\f( (4 )) + 22X Ao (% )} + Oy [2X1(N3%)0 + 2057 Ag]
0

6>\1 8)\1
6 (X% 9 2 0\ (N5
Ca {)\4+ M T N on M "o
1 82()\*2)
+ {)\% - )\34} 6—>\§ Ao,
and
d [C.& o 0D
— 2
d0< 1 [M TN
Ci€ |\« . (N (N
:% [2>\22)\19+2)\1()\22)9+2)\18—/\21)\19 )\2( ).
_015 *2 80‘;2) 282()‘32)
== [zAQ +4)\ o + )2 o3 M.
The term
(%% PH[Bal — 28]
O\ Rp[dA +4ard — ENI]2

e PN + 320707 — 8EaX] + 32\, — 4,
+

[\/P;?Q )\% _ 4045)\11 + 16052)\11 + 3205)\% — 45)\% + 16:| [4)\1 + 405)\% — (9)\:1))]

-~

c

(4

[PHAl + \/ PPIZ N2 _ 4aEXS + 1602X% 4 32002 — 4EN2 + 16J [12aA2 — 3EN2 + 4]

[4X1 + 4aX3 — ENF]?

N

—
D
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and hence

*(NY) 9 ([ PH[BaM —28)] A N oB (E.18)
0N ON U Rp[dA +4ard — ENI]2 oA\ O\ ‘

where

0 ( PH[Ba\ —26N] \  PH 8o — 2 o 2[Bah = 28N (E.19)
OM\ RpfAd +4aX —EM2) Ry [[AM +4aX —ENP? A +4aX} —ENP]T T

a P2 4 960%A7 — 24Ea\? + 3200 — 4E

[\/ P2H2 \ 4a5A;1 + 16020} 4 32002 — 4EX? + 16J [4M1 + 4a)3 — ENF]

2172 2
[P 12\ 4320203 — 8€a\} + 320\, — 48>\1]

3
\/P2H2 —4aEX! + 160208 4 32002 — 4EX2 4+ 16| [4M; + 4ard — ENI]

[P2H2A1 + 320203 — 8EaA? + 320\, — 4&1} (12002 — 3EA2 + 4]
_ : , (E.20)
\/ Pj;gZ A2 — 4aEXY + 160208 + 32002 — 4EN2 + 16 [AN; + 4ard — EN3]?

and
. [PH)\ +EHENE — 40EN + 1602)] + 32003 —4EXE + 16J (240 — 6E)\]
N [\ + dar? — SN2

2
[ P2H? \ +3202 23 —8EaX3 +32a0 —4EN

PH R
Ry \/ szg A —4aEAI+1602 M +32003 —4EXT +16

] (12003 — 3EN? + 4]
+

[AN + daX3 — ENJ)2
[PHA1 + \/ PPIE N2 _ 4aEXNY + 160208 + 32002 — 4EX2 + 16| [12003 — 3EN? + 42

- . (E.21
[AA + 4o\ — EXTJP (E21)

d [/ o0*
w0 (5)\1) = C12ZWi 049 +C1Z2Wanag (E.22)

where

W*z MRy AATTT T oM ] on Nt oN
52 2 *2 *2 1 2 () %2
[ S o N i

2o [ L] P L N R L
o

1

¥ oM ' O oM N2
£

a(/\*Q) 82(/\*2)
e *2 2 2 2
+7 {mz + 4\ T + A2 o |- (E.23)

Thus

@ <8Q9> = |:Z/{1 a/\l + Cle%:| QGG |:Z/{2 (9>\1 + ClZW2W1:| Noo (E.24)

a9 (8779) [V1 N + C1ZW1W2} Ogg + [Vz oM + C'lZWQQ} Moo (E.25)
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One introduces a term ) to cancel out the material property Ci:

o0

y:(m

/Cl.

The governing equations are now written as ODEs:

PQ%:O

[1 + v cosd] [ (LY + ZWE] 0y + [UsY + ZWoWV)] 7769} — sinfoy[03 +17] 2V +
. _1 P
[1 4 v cosb| [ V1Y + ZWIWs| 0py + [ng + ZW%} 7799} — sin Onglop +n5] 2 Y — % =0.
The coefficients in ODEs system (34) are modified as

A} = [1+ ycost] LthY + ZWS],

Ay = [1 4+ ycosb] [UY + Z2W W],

. . 1 Po
A5 = —sin g5 +n5] 2 Y + 7779’

and

Bf =14+ vycosb] V1Y + ZWW,],

By = [1+vcos] DY + ZW5]

§ . _1 Poo
Bgz—sm%e[ggﬂ%g] 2 ) — Y 2
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(E.27)

(E.28)

(E.29)

(E.30)
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