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Abstract

We derive the equations of nonlinear magnetoelastostatics using several variational formulations involving the mechanical
deformation and an independent field representing the magnetic component. An equivalence is also discussed, modulo
certain boundary integrals or constant integrals, between these formulations using the Legendre transform and proper-
ties of Maxwell’s equations. Bifurcation equations based on the second variation are stated for the incremental fields as
well for all five variational principles. When the total potential energy is defined over the infinite space surrounding the
body, we find that the inclusion of certain terms in the energy principle, associated with the externally applied magnetic
field, leads to slight changes in the Maxwell stress tensor and associated boundary conditions. Conversely, when the
energy contained in the magnetic field is restricted to finite volumes, we find that there is a correspondence between
the discussed formulations and associated expressions of physical entities. In view of a diverse set of boundary data
and the nature of externally applied controls in the problems studied in the literature, along with an equally diverse list
of variational principles employed in modelling, our analysis emphasises care in the choice of variational principle and
unknown fields so that consistency with other choices is also satisfied.
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I. Introduction

Magnetoelastostatics concerns the analysis of suitable phenomenological models for a physical description
of the equilibrium in a certain type of deformable solid associated with multifunctional processes involving
magnetic and elastic effects. The main property characterising these solids is the coupling between elastic
deformation and magnetisation that they experience in the presence of externally applied mechanical and mag-
netic force fields [1-4]. The so-called magnetoelastic coupling is known to occur in response to a phenomenon
involving reconfigurations of small magnetic domains while a continuum vector field is borne out of an aver-
aging of microscopic and distributed subfields [5, 6]. Thus, an imposition of the magnetic field also induces a
deformation of the material specimen in addition to the magnetic effects caused by the traditional mechanical
forces [7].
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With a history of more than five decades [8—14], the mathematical modelling of magnetoelasticity continues
to be a vibrant area of research. The presence of strong magnetoelastic coupling in some manufactured mate-
rials, such as magnetorheological elastomers (MREs) [1], allows the subject to be relevant for a large number
of potential engineering and technological applications. Magnetorheological elastomers are composites made
of ferromagnetic particles embedded in a polymer matrix. Magnetisation of the ferromagnetic domains in the
presence of an external magnetic field, and the resulting interactions, leads to a change in macroscopically
observable mechanical properties. As a result, MREs find applications in microrobotics [15, 16], sensors and
actuators [17, 18], active vibration control [19], and waveguides [20, 21]. Constitutive modelling of MREs has
been undertaken by appropriately considering the micromechanics and derivation of coupled field equations
using homogenisation [5, 22], consideration of energy dissipation as a result of the viscoelasticity of the under-
lying matrix [23—26] and consideration of anisotropy as a result of ferromagnetic particle alignment [4, 27,
28].

The derivation of a consistent set of partial differential equations and boundary conditions that describe equi-
librium, the analysis of the stability of equilibrium and the solution of the relevant partial differential equations
via numerical techniques, such as the finite-element method, require development of appropriate variational
principles. In this paper, we shall be concerned with the variational principles that have been postulated for the
materials under the magnetoelastostatics assumptions and ignore any dynamic or dissipative effects. Current
variational principles of magnetoelastostatics typically fall into two classes: principles based on the magnetic
field or the magnetic induction as independent variables [29, 30] and principles based on a variant of the mag-
netisation as an independent variable [13, 31]. The typical starting point, definition of the total potential energy,
is different in all these cases, while it results in certain correspondence between the Euler—Lagrange equations
derived.

The twofold motivation of this paper is the study of equations for the statics problem as well as of the coun-
terparts of bifurcation equations within the several variational formulations. Within the magnetisation-based
principles, we discuss three different formulations that utilise, respectively, magnetisation field per unit volume,
magnetisation per unit mass and another adaptation of magnetisation field as an independent entity. In fact,
one of these variational principles analysed in this paper was postulated originally, very early, by Brown [32],
while another one has been utilised in the work of Kankanala and Triantafyllidis [13] for a specific instability
problem. In addition to these three magnetisation-based principles, two more formulations are presented, which
are analogues of electroelastostatics as derived in [33]. For each of these variational principles, we derive the
equation of equilibrium as well as the equation for the description of a state at the bifurcation point. As part of
the analysis based on the first variation, we find that the expression for the Maxwell stress is susceptible to the
inclusion of certain integral terms that define suitable magnetic energy over an infinite space; the peculiar situ-
ation is, however, completely different from those formulations in which energy is defined over a finite domain
of space. Moreover, we present certain arguments based on the Legendre transform as well as an application
of the divergence theorem (using the properties of Maxwell fields) that suggest a direct equivalence between
seemingly different formulations.

I.1. Outline

This paper is organised as follows. After briefly introducing the mathematical preliminaries, we introduce the
system under study and present the basic equations of nonlinear magnetoelastostatics in Section 2. In Sections 3
to 5, we present the first variation of the potential energy functional corresponding to three different magnetisa-
tion vectors, M, M and IK, respectively, and then derive or state the equations for the critical point by linearising
the equilibrium equations. Some auxiliary details are presented in the Appendix B. In Appendices C and D, we
present the derivations of the first and second variations of the potential energy functionals corresponding to the
magnetic induction B and the magnetic field H, respectively.

1.2. Notation

We use the direct notation of tensor algebra and tensor calculus throughout the paper. The scalar product of two
vectors a and b is denoted a - b = [a];[b]; where a repeated index implies summation according to Einstein’s
summation convention. The vector (cross) product of two vectors a and b is denoted a A b with [a A b]; =
gjiklal;[blk, € being the permutation symbol. The tensor product of two vectors a and b is a second-order
tensor H = a ® b with [H]; = [a],[b];. Operation of a second-order tensor H on a vector a is given by
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Figure |. Representation of the problem; the body is depicted in its reference and current configurations embedded in a volume V.

[Ha]; = [H];[a];. The scalar product of two tensors H and G is denoted H - G = [H];[G];;. The notation
||-|l represents the usual (Euclidean) norm for the mentioned vector entity. A list of key variables employed
throughout this manuscript is presented in Appendix A.

For tensor calculus and the variational method, we refer to [34, 35] and [36], respectively, whereas the
notation and definitions of physical entities in continuum mechanics typically follow [37].

2. Nonlinear magnetoelastostatics: fundamental entities and equations

Consider a deformable body, the boundary or interior of which does not possess any distributed dipoles, occupy-
ing a three-dimensional region B lying inside another region V), as schematically depicted in Figure 1. We denote
the region exterior to the body, relative to V, by B’ so that B’ = V \(B U d8). We assume that the body occupies
a region B in its reference configuration while V) is the referential region corresponding to V), as explained
next. The points in regions By and B corresponding to the same material point of the body are naturally mapped
into each other by the deformation function

To make sense of the referential (Lagrangian) description of fields in the current region V), but exterior to the
body, in a meaningful manner, we also define an extension of the deformation function X to the part of the region
exterior to the body, such that sufficient continuity requirements are maintained; the latter region is denoted by

By = Vo \(By U dBy).
Thus, by an abuse of notation, we assume an extension of mapping X on a larger region, also denoted by X, i.e.,
X:Vy—> V. 2)
In typicla)l situations in practice, it is assumed that 91y and 9} coincide (for instance, this is the scenario depicted
in Fig. 1).

Following the standard notation in continuum mechanics, we define the deformation gradient for points in
the reference configuration 3y and on its exterior relative to 1V as

F:=Grad X.

The extension of the natural definition of deformation and its gradient associated with X on B, to V, permits
us later to perform some useful manipulations on the reference configuration, as well as on the exterior of the
body B, in the reference configuration.

The magnetic field vector, magnetic induction vector and magnetisation vector are denoted in the reference
configuration as (H, IB, M), respectively, and in the current configuration as (h, b, m), respectively. These three
vector fields are related by the well-known constitutive relation

b = poh+m. 3)
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Further, the vector fields (th, b, m) must satisfy the Maxwell’s equations
divb =0 and curlh =0 in BUB'. 4

The divergence-free and curl-free conditions (equation (4)) for b and h, respectively, lead to the existence of
a magnetic potential (vector) field a and a magnetic potential (scalar) field ¢ on BU B'; the corresponding
expressions of b and h are given by

b =curla, h=—grad¢. ®)

Following tradition in continuum mechanics [37], let J denote the determinant of the deformation gradient, i.e.,
J = detF (note that J/ > 0 on B, as well as on Bj). The referential (Lagrangian) counterparts of b and h,
defined by

B =JF'D, H=F"h, (6)

naturally satisfy the Maxwell’s equations (equation (4)) in the reference configuration as
DivIB =0 and Curl H=0 in BoUB,. 7)

Suitable referential (Lagrangian) counterparts of the magnetic vector potential and magnetic scalar potential
(equation (5)) on By U BB, based on the referential equations (equation (7)), are given by

B = Curl A, H=-Grad®. (8)

Concerning notational issues, a typical point in By (as well as B;) is denoted by X, which is related (after
deformation) to the point in B (or B’) by the deformation function X, assumed to be a sufficiently smooth
mapping, such that x = X(X) and X = X ~'(x) [37], i.e.,

X x, x— X. )
It can be shown using tensor algebra and calculus that
AX) =F'(X)a(x), P(X) = ¢(x), (10)

for all X € By U B;. On substituting the transformations (equations (6)) into the constitutive relation (equation
(3)), we obtain the relation
JICB = puoH+ M, (11)

where M denotes the referential (Lagrangian) magnetisation (per unit volume) vector field. Clearly, IM is related
to the current (spatial, Eulerian) magnetisation (per unit volume) vector field m by the definition (recall equation

%)
M(X): =F"(X)m(x), (12)

for all X € ByU B, (as m is zero in B', we also get vanishing M in Bj;). From the point of view of practical
applications motivated by physics-oriented models, it is also useful to define the magnetisation (per unit mass)
m : B — RR’. Itis easy to see that the defining relation is

m(x):=p(x) 'mx), xebB, 13)

where p stands for the mass density, i.e., a scalar field on B. The referential (Lagrangian) counterpart of the
spatial field m is denoted by M, which is defined by

MX):=J'X)F (X)m(x), XebBy. (14)

Remark 1. When the density po in the reference configuration is a constant, in particular for a homogeneous
body, it is easy to see that M and M are simply proportional (i.e., M = poM as py = pJ).
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Holding the viewpoint of several practical applications where magnetoelastic materials are involved, in cer-
tain situations it is quite convenient to distinguish the externally applied fields and the fields generated as a
result of the presence of the magnetoelastic body. In such a typical scenario, an external magnetic field h® is
applied that results in the generation of a magnetic flux density b® with the relation

b® = uoh®, (15)

where g is the (constant) magnetic permeability of vacuum. The presence of the magnetoelastic body cre-
ates a perturbation (sometimes described as the self-field) in the magnetic field that is denoted by h*® and a
corresponding self-field for the magnetic flux vector denoted by b° [7].

Remark 2. In general, in this paper the decoration with superscript ‘s’ denotes the self-field or stray field while
the superscript ‘e’ denotes the externally applied entity.

Thus, the total magnetic field and induction vector field are given by the sums
h =h°+ h®, b =b®+ b’ (16)

The relationship between the three magnetic vector fields b°, h® and the magnetisation per unit volume m is
naturally given by

b* = poh’+m, (17

which holds on account of equations (15) and (16).

Remark 3. Concerning the units of the magnetisation vector m, we note that the definition of the magnetisation
vector is not standardised in the literature and, depending on the choice of units, either one of m and 1o m have
been used. Thus, the constitutive equation relating the three magnetic variables is also sometimes written as
b* = po[h® +m)] for a different set of units. A detailed discussion on this topic can be found in [11].

3. First formulation based on magnetisation

Consider the body By in its reference configuration (lying inside a containing space V). Noting that H =
— Grad @ by equation (8), it is assumed that the total potential energy of the system is a functional of the
deformation X (equations (1) and (2)) and the referential magnetisation M (equation (12)) with the explicit
expression given by [31]

Ei[x,M]: =/ Q(F, M)dv, + Ko [ J1F~T Grad & | 2dve— 75 xdvy —/ T Xdso+ [ ¢°no - Bdsy,
Bo 2 Vo Bo By Vo
(18)

where €2 is the (magnetoelastic) stored energy density per unit volume that depends on the deformation gradient
F and the referential magnetisation vector M. The second term denotes the energy stored in the space due
to the externally applied magnetic field h = — F~" Grad ®. Integrals in equation (18) are defined on the
reference configuration and the spatial fields are mapped to the reference configuration by using the mapping X
as placement. In this expression of the potential energy functional, it is assumed that ¢° stands for the externally
applied magnetic potential on the boundary of the containing region V. Note that f ® is the body force (vector)
field per unit volume while 7° is the applied traction (vector) field due to dead loads at the boundary of the body
in its current configuration; here, also recall the notation described in Remark 2.

3.1. Equilibrium: first variation

To describe the state of magnetoelastic equilibrium, the particular deformation X and magnetisation IM at such
an equilibrium corresponds to an extremum point of £}, that is, when the first variation of the potential energy
functional vanishes. In other words, it is assumed that X and M satisfy

SEy = SE[X, M; (8X, SM)] = 0, (19)
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for arbitrary but admissible variations §X and §MM. The variation of the potential energy functional £} up to the
first order is given by

SEy = E[X + 8X, M + 6M] — E{[X, M]

[Qp - SF 4+ Q- SM]dvy — | f° - 8Xdvy — / T . 5Xdsy
Bo

Bo BO
+ / [P, - 8F —J 119 [CT'H] - Grad 6 @] dvy + | ¢°mo - $Bdsy, (20)
V() 3V()
where ﬁm is a tensor field defined by
B, = 1o [—%[F_TIH] [FTH) 4+ [FTH] [F—TIH]} P, @1

where I is the identity tensor. We are able to understand the phys1cal nature of P, by noticing that, in the region
B, exterior to the body, the magnetisation M = 0 this results in P,, = P,,, where P,, denotes the well-known
Maxwell stress tensor defined by

P, = [[FIB]  [FB] — ~[FB] - [FIB]I] F. 22)
o J 2

To further simplify the first variation expression (equation (20)), we apply the divergence theorem on the
last term and use the condition from a variation of equation (7) that Div(éB) = 0 to get

/ no - ¢ SBdsy = / Div (¢ 5B) dvy = / Grad(¢) - SBdv,
Vo Vo

Vo

= — H - §Bdvy. (23)
Vo

At this point, we recall several identities for variations of C,J, etc., from Appendix B. Using the constitutive
relation (equation (11)), an increment of magnetic induction B up to first order can be written as

5B = [[FT-8F]1—C ' [sF]"F — F~' [§F]] B — 119JC~' Grad § & +JC'5M. (24)

On substituting equations (23) and (24) in the last term of equation (20), we thus obtain

(SEI:/ [Q,F-SF-i—Q,]M-SM—fe-SX]dvo—/ ?-(Sxdso-i—/ [[Pm—ﬁm]-(SF—JC*I]H-(SM]de,
Bo 380 VO

(25)
where we have defined the tensor
P, :=[-[B-HI+[FB]® [F "H]+[F "H|® [FB]]F "
=2P, +J[-[CT'M -H]I+[F"M]®[F "H]+[F "H] @ [F"'M]]F". (26)

As observed, M = 0 in the region B, which leads to P,, = 2P,
On splitting the (third term) integral over V) in equation (25) to a sum of the integrals on disjoint regions 5,
and B, we obtain

5E1=f [[ 26+ Po — P, ] - 0F =7 2 + [0 —JC7'H] - M | dvy —f ?-(Sxdso-i—/ P,, - SFdv,.
Bo 9By B,

0
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This is rewritten with the use of the divergence theorem as

SE; = f [— [Div (Q,F 4P, — ﬁm) +7e] X + [Qu —JCT'H] - 8]1\/[] dvo
By

SRR

— / Div Pm . 8XdV0 + / Pmno . (SXdS()
Bé) Vo

N P

Following the traditional definition, at this point, by virtue of inspection of the form of the first variation of the
potential energy functional, we define the first Piola—Kirchhoff stress in the body as

P:=Qp+P, —P,, in Bo, (27)
while we have the natural stress tensor, i.e., the Maxwell stress, P = P,, defined by equation (22) exterior to the
body, i.e., in Bj,.

Remark 4. The Cauchy stress o in the body is related to the first Piola—Kirchhoff stress P by the Piola transform

as o cof(F) = P; this is also sometimes referred to as Nanson’s relation. On using equation (6) and the tensor
field stated as equation (22), the counterpart o, of the Cauchy stress o in B’ (vacuum) is given by the expression

1 1
O =0, =— |:1b®ﬂo——[ﬂolb]l:| in B .
Ho 2

On applying equation (19) to the first variation, the coefficients appearing with the arbitrary variations §X
and M should also vanish for the requirement that £1 must be zero at equilibrium (i.e., X, M corresponding
to an extremum point of £). Vanishing of the coefficients of M results in the following constitutive relation
between H and M:

H=J"'CQunm in By. (28)
On substituting this expression for H in equations (21), (26) and (27), the total first Piola—Kirchhoff stress can
be rewritten in terms of the independent quantities F and IM as

P=Qp+P,—P, (29)
1
=Qp+ o’ [—EQ,M [CQMT+FQu ® [FQ,M]} F T

+[-[M-QuI+F 'TM@FQn +FQu®F TM|F . (30)
Also
P=J (J’ISZ,FFT + Ih®1b—%(]h-1h)l+ {m ® h —(m - Ih)I}) F,

which differs from that given by [13] (see their equation (2.26) and Section 6.3 of this paper), owing to the
presence of the terms in the curly brackets. Vanishing of the coefficients of 6X results in the following equations:

DivP+f =0 in By, (31a)
DivP=0  in B;, (31b)
[Plno +7 =0 on 3By, (3lc)
Pny =0 on 9V . (31d)

Here, [{-}] = {-}+ — {-}- with the plus sign representing that side of the boundary (surface) that is reached
along the unit outward normal vector.

Remark 5. We note that in this formulation based on the magnetisation vector, we have to a-priori use both
the Maxwell’s equations (equation (7)) to impose conditions on IB and H unlike the two formulations based
on B and H presented in Appendices C and D, in which one condition is imposed and the other is derived.
Also, unlike those two formulations, stress does not have a simple expression of being a derivative of the stored
energy density with respect to the deformation gradient tensor. The procedure implies the constitutive relation
(equation (28)) between H and M.
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3.2. Perturbation of equilibrium equation at critical point

In terms of the variations AX and AIM, we find the perturbation in the first Piola—Kirchhoff stress using equation
(30) as

1
— sV [FT - AF] [—%Q,M [cemli+ane [CQ,M]] F

— o J ! [—%Q,M [ceml+Qm® [CQ,M]} F'[AF]'F~'

1 1
+ ,LL()J_1 |: — [FQ,M . [AFQ’]M +F [Q’MMAM + EQ’MFAF + EQTMFAF:H] I

1 1
1 1
+ QM ® [C [Q,MMA]M + 7 QmrAF + EQMAF] + [[AF]'F + F' AF] Q,M} }FT
- [ —[M-QuI+M®Qn+Qn® ]M:|F‘T[AF]TF‘T
1 1
+ [ — [AM - QM+ M - [Q,MmAM + EQ’MFAF + EQTMFAF:H I
1 1
4+ AM ® Q,M +M® |:Q’]M11\/[AM =+ EQ,IMFAF + EQE(\/[FAF}

1 1
; [Q,MMAM + Qi aF + EQEHAF} © M+ Q& M]F—T, (32)

where we have defined two third-order tensors Q5 and Q3,5, which have the following property:
[Qnu] - U = [QmrU] - u, [QMpU] - u = [Qpmu] - U, (33)
where u is an arbitrary vector and U is an arbitrary second-order tensor. For the bifurcation analysis of critical

point (X, M), using equation (31), the perturbations AX and AM in the equilibrium state need to satisfy the
following partial differential equations and boundary conditions:

DivAP =0 in B, (34a)
DivAP = 0 in By, (34b)
[AP]ny =0 on B, (34¢)

APnry =0 on RAZ (34d)

This set of equations needs to be solved for the nontrivial unknown functions (AX, A M) describing the onset
of bifurcation.

Remark 6. Perturbation in the Maxwell stress AP, in B in terms of AF and AH is given by equation (162).
The boundary condition (equation (34c)) connects AP (equation (32)) and AP,, (equation (162)) through the
constitutive relation (equation (28)) for H.

Remark 7. In the context of the first variation, as well as of the critical point perturbation, these expressions and
equations are similar to those obtained in two other formulations based on B and H. These are summarised in
Appendices C and D, where the derivations provided in [13] for the case of electroelastic materials are closely
followed.
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4. Second formulation based on magnetisation

Suppose that the physical space exterior to B is the entire space outside; in other words, we assume that
Y =R’ (35)

We consider that scenario when the potential energy functional depends on the magnetic energy stored in the
entire space, due to the so-called stray field h®, and also includes a contribution of the work done by an external
magnetic field h® on the magnetisation induced in the body. As a consequence of this, unlike the formulation
presented in Section 3 and in Appendices C and D, we do not have any contribution from those terms that involve
an integral on the boundary of the region exterior to the body, i.e., on ). In particular, the total (magnetoelastic)
stored energy £ in the considered system is the sum of the energy stored in the body and the stray magnetic field
energy of the entire space. The explicit mathematical expression of the energy, as a functional of the deformation
X (equations (1) and (2)) and the spatial magnetisation T (equations (13) and (14)), is given (per unit mass) by

_ — 1
EX.7m) = / PQ(F, Ty + / L joh® - hed, (36)
B ]RS 2

where we have defined € as the Helmholtz energy (per unit mass). Following the physical nature of the stray
fields, also by convention, it is assumed that the stray magnetic field h® decays (in a suitable manner) far
away from the body, that is || h® || — 0 as ||x|| — oo (recall that x denotes the position vector in the current
configuration).

The work done on the magnetoelastic body (the same as the negative of the potential energy of the applied
dead loading) by externally applied mechanical and magnetic forces is given by [13]

/phe-ﬁdv+/pfe-de+/ - Xds, G37)
B B B

where f© denotes the body force (per unit mass) and #° denotes the mechanical traction (per unit area of the
current configuration), while the first term is identified as the Zeeman energy [38]. It is emphasised that £, ¢
and h°® are external dead loads.

Using equations (36) and (37), the potential energy Ey of the system comprising the body and the
surrounding space is then given by £ minus the magnetoelastic work done, i.e.,

— = 1 1
EH(X,E):zf [pQ(F,ﬁ)—]he-(pﬁ)—pfe-X]dv—/ te-XdS—{-EMO/ h*-h®dv + Euo/ h® - hidv.
B Gl B B

(38)

B

Remark 8. We emphasise that even though the Eulerian expression of the potential energy Ej is the same as
that provided by Kankanala and Triantafyllidis [13], our formulation is markedly different from theirs, since we
consider the mechanical deformation X and the magnetisation in the body m as the only two unknown fields
of the problem. Moreover, our referential formulation is quite different from that of [13], as discussed next. In
terms of X and m, the magnetic vector field b® can be found by employing the Maxwell’s equations stated in
Section 2. As

b* = po ' +pm (39)

and h®* = — grad¢® by equations (17) and (13), while ¢° is found from the condition (equation (4)), i.e.,
divb® = 0, that b® satisfies.

It is preferable to write the potential energy in equation (38) in the reference (Lagrangian) configuration,
i.e., all field variables are functions of the reference position vector X instead of the current position vector x

(= X(X)). _
The Helmholtz energy function Q(F,ﬁ) in equation (38) is mapped to Q(F, M) (recall equation (9)), i.e.,

QF(x'(x), M) = QFX),M(X)), X € Bp.
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It is emphasised that the field h® depends directly on the spatial location x (unlike £°) and is therefore explicitly
mentioned as such.
Recall equation (13) and Remark 1, and in particular the relations

m=pm=pJF "M=pF 'M=F M and M = poM.

Using these transformations, we can redefine the expression of the potential energy functional (equation (38))
in a referential description as

EH(X,M):zf po[Q(F, M) — Jh(X (X)) - F~ " M]dv, — fe-deo—f T - Xdsg
Bo Bo 9By

1 1
+ —MO/ JFTHS . F~THsdv, + —MO/ h® - hédv, (40)
2 Bo 2 B

where 7 is the force per unit area of the current configuration placed on the reference configuration, i.e.,
Fa0.¢ )dso = °(x)ds, X € 9By. Also, the body force per unit volume f on the reference configuration is related

to f° by f (X)dvy = pf°(x)dv,X € By. In the first term of equation (40), we have highlighted the dependence
on X for additional clarity.

Recall that the extension of X to B is also denoted by X and that the mapping X is sufficiently smooth and
it maps 93, to 3 such that it identifies with X in that region and its gradient F identifies with the deformation
gradient F of X on the common boundary d53,. In vacuum far from 9B, the deformation gradient F can very
well be assumed to be identity for convenience. We can rewrite the last term of the potential energy in equation
(40) so that the entire expression becomes

Er(X,M) = / po[QF, M) — Jhe(X(X)) - F~"M]dvg — | f - Xdvy — / T - Xdsg
Bo Bo By

1 1
+ EMO/ JCT'H® - Hdv, + EMO/ JC'H® - Hdvy,. 41)
By 0

4.1. Equilibrium: first variation

On using the expressions for increments,
— — — — — 1 — — —
Eyx(X 46X, M + M) — Eg(X, M) = SEy(X, M)[8X, sM] + 582EH(X, M)[6X, sM] + 0,[8X , 6M], (42)
where 0,[8X, SM] are the terms of order higher than two in §X and 8M; 8Ey and 8%Ey are the first and the second
variations of £y, respectively.

The first variation 8E4[8X , SM], written simply as 8E;, is given by

O = / po [Qp - OF + Q7 - M —J(grad " h)F "M - 6 —Jh® - F 6M—Jh* - 6F M—&/h® - F~'M] dvp
By ’

~ 1
- 5de0—/ 75X dso + MO/ JC™'H® - sHdv, + —MO/ [J6C™'H®-H® + &JC™'H*-H®|dv,
By aBy By 2 By
1
+ Mo/ JC™'H® . sHdv, + 5“0/ [J6C™'H* - H® + &/C™'H® - H¥|dvy. (43)
0 0
Using the identities for variations of C,J from Appendix B,
1 .
7 Ho / [J6CT'H* - H® + &/C'H - H]dvg = | [P, - SF]dvy, (44)
B() BO

where

y 1
P,:= MOJ[ h* ®h* — ~[h*- ]hS]I]F‘T. (45)



1434 Mathematics and Mechanics of Solids 26(10)

Remark 9. P,, resembles the tensor P,, as defined in equation (22) in the region exterior to the body 5. Indeed,

2 /

0

lpco/ [JSC_IIHS-IHS+8JC‘IIHS-IHS]dv0=/ [ — P, - 5F]dvo,
5,

which leads to

v

1
P, = uoJ (1hs ®h' —5(1}15 : 1}15)1) F ',

which can be compared with the Maxwell stress tensor
1
P, = ot <Ih ®h _E(Ih . ]h)I> F '

from equation (22), exterior to the body B,. Thus, it is not the same as that obtained by the other three formu-

lations; in particular, P, decays as || X|| — oo. This anomaly is due to the presence of an applied external field
in infinite space, which corresponds to a non-vanishing ‘external” Maxwell stress.

We write a first-order variation of the magnetic induction vector using the constitutive relation (equation
(11)) (with M = poM, §H* = — Grad § ®°) as

SB® = 8(JC™")(1o H® 4 poM) + JC~'8(po H® + poM)
- [[F*T . SF]I — C"'6FF — F*laF]IBS
— woJC ! Grad 8 ®° +peJC~'8M. (46)

We use the divergence theorem and use the condition from a variation of equation (7) that Div(§B%) = 0 to get

— HS - S]BSdV() = / ny - O S]BSdS(), (47)
Bo 9By
— H® . S]BSdV() = / ny - o} S]BSdS()
B, 8B;,
= —/ ny - N S]BSdS(). (48)
By
Also, owing to equation (46),
— o / JCIH® - Hdv = / —P,, - 8Fdvy + | TH®- (ppJC~'SM — 5B%)dvy, (49)
Bo Bo By
where P,, is defined by
P, :=2P, + poJ(— (C"'M-HH+(F "M)® F H)+(F H)QF 'M)F . (50)
Similarly,
— 1o / JCT'H® - sHdv = / —2P,, - SFdv, + / ny - ®° 85B%dsy, (51)
B, B, By,
where

/ ngy - OoN (SIBSdS() = —/ ny - o} S]BSdS() .
386 9By
On changing the derivatives from the current to the reference configuration, we get

grad h® = [ Grad ]h"]F_l ) (52)
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Using these expressions, the first variation §Ey can, therefore, be rewritten as
SEy = / 0o [Q,F . 8F + Qg7 - SM — JF~ ' (Grad' h)F~ "M - 86X
By ’
—Jh-F T6M — Jhe - 5FTM — &/h° - F*TM] dvo

— fe'(ngV()—/ ?'(SXdS()
By

By
+ | (=P, -8F)dvo+ | (=P, - SF)dv,
Bo By
+ f P, - Fdvy — | H®- (peJC~'6M)dvy — f no - ®° SBds
Bo Bo 9By
+ f P, - SFdvy + f noy - ©° SB%ds,. (53)
B{) 9By

Assuming the continuity of ®°, i.e., ®°|, — ®* |_ on the boundary 98, the two terms involving ®° and §B®
cancel; the latter is obtained by using the variation of the condition

[B°] - o = 0. (54)

Apply the divergence theorem on the terms containing gradients of 6X to get
8Ey = fB ( — (Div(poQp + P, + P, — P,) +f 4 poJF T (Grad” h9)F~ M) - 6X
0
+p0 (Qyy —JF 'R —JF ') - m)dvo
b [ (R Bt By = B (B = B —F) 57
0
— /B , Div(P,, — P,,) - $Xdvo, (55)
0

where P,, is defined by
P,:=py(JF TM®h®— (JF-'M-h))F '

=poF " M®F "F'h®— (JF'F"M-F'h)I)F ", (56)
and we have used the assumptions that X and X are continuous across d5y; and h® — 0 as || X| — oo. Note
that

P, + P, =2P, + p0J< —(C'"™M-F'(b*+h))I+ (F'M)® F'F'(b* + k)
+(FTI) & (FTM))FT. (57)
In vacuum, M = 0, which leads to B 5
P, +P, =P, =2P,.

With the defining expression

v

P = )OO/Q,F + Fm + 1?’m —P,, (58)

the tensor P can be identified as the total first Piola—Kirchhoff stress tensor and P* = P = 13m can be identified
as the Maxwell stress tensor in vacuum.
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Corresponding to the equilibrium condition of vanishing of the first variation £y of the potential energy Ey,
using the classical methods in the calculus of variations [36], i.e.,

SEx(X, M)[8X,8M] = 0, (59)
since the increment M is arbitrary, we arrive at the constitutive relation
Qg = JF [ + 1] = JC'[H* + H°], (60)
which is, remarkably, the same as equation (28).

Remark 10. In particular, inside the body P is given by (ash = J _IFQM)

P = poQp+poJ (—(CT'M-F L)+ (F 'M)®F "F h+h*@(F "M))F '
n [MOJ h' @h® — ’%’[}hﬁ : 1115]1} FT

2
= poS2r + ,uOJ‘1|: — Jj[]hs ‘B +J2 1 ®]hS]F‘T
+ o [~(M- Q)1+ (F M) @ FQg; + /b @(F "M)]F, (61)

which differs from equation (30) by the following term:

1
PV = M0J|: — E[lhe -heI 4+ ke ®Ihe]F‘T + M0J|: — [h®- b + h* Qh° + h® ®1hs}F‘T
+ poJ W QF - TM)F . (62)

With
1
Y(a) = —E(a al+a®a,

the first and second line in PV can be written as 1/(h® 4+ h*) — v (h®). The difference between the two defini-
tions of the stress tensor is not surprising. It is known that these could be different expressions, yet physically
equivalent, as they depend on the formulation, see for example Hutter and van de Ven [39], who presented this
aspect of the Maxwell stress tensor while analysing several formulations of electromagnetism in the theory of
deformable media.

Since the increment 8X is arbitrary, we arrive at the following equations of equilibrium in magnetoelasto-
statics (for a system of a magnetoelastic body and its surrounding vacuum):

DivP+f + ppJF ' [Grad" h*]F~ "M = 0 in By, (63a)
DivP, =0 in B, (63b)
[P—P,ln, =7 on 9B, . (63¢)

4.2. Perturbation of equilibrium equation at critical point

For the analysis of the critical point (X, M), the perturbations AX and §M in the equilibrium state need to satisfy
certain incremental equations and boundary conditions. They are derived by a perturbation of equation (63) and
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are stated next. Recalling from equation (60) that h® = J _IFQN — h®, perturbation in the first Piola—Kirchhoff
stress can be written using equation (61) as

~ Ir~ DU - J?
AP = po[sz,FFAF + E[Qm + QFM]A]M} — o T AF][ - S B+ b ®IhS]FT
+ o ! [ — J2[[FT - AF|[b*-h’] + h*-AR® }1 +2J°[F 7. AF] I* ®h°

+J2[Ah° @h® + b ®A]hs]}FT
J2
— o J ! [ — 7[1}15 hS |l + J2 s ®]hs] T[AF]TFT
| ~ _ _
[ A]M Qp+M- [E[Qm + Qfre ] AF + Q,WAM]] I
FTAFF "M+ F ' AM] ® FQ 1

+F TM® [AFQN + %F[QNF + Q5 | AF + FQ,WAM]
+[J[F " - AF]D* +JALY ]| @ [FT ' M|+ /'@ [F TAM — F "[AF]'F '] i|F_T

— po[ — (M- Q)1+ (F ™M) ® FQy +J b ®(FTM)]FT[AF]TFT, (64)
where we can obtain the expression for Ah® from equation (60) as
AL® = J'F[QgpAF + Qg AM] — J 7' [F~T - AF|FQ 57 +J 7 AFQ 1. (65)
We have also introduced two second-order tensors QTHF and Q;M with the property
[QTMFU]u - [Qmu] v, [Q;W] U= [QNFU] u. (66)

for arbitrary vector u and arbitrary second-order tensor U. The expression for AP,, is obtained from equation
(45) as

y 1
AP, = poJ[FT - AF][]hS ®h* — S[h*- ]hS]I}F‘T + MOJ[]hS @ADL’ +AR* @ h® —[ b’ -AIhS]I:|F_T
1
— /LOJ[]hS ®h’ — E[ms : ]hS]I]F‘T[AF]TF‘T. (67)

Finally, this leads to the following partial differential equations and boundary conditions:
Div AP +poJF~ [ Grad" h*]F~ T AM
+pooJ[F~T - AF]F~T[ Grad" h*]F~ T
—poJF T[AF]"F~ [ Grad" h°|F~"
—poJF~T[ Grad' h*]F~T[AF]"F~ "M = 0 in By, (68a)
Div AP,, = 0in B, (68b)
[AP—AP,|ny = 00n 3B,. (68c)
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5. Third formulation based on magnetisation

In the backdrop of the two formulations provided thus far based on the magnetisation, we investigate in this
section the expressions provided by [13], which also assume that the stored energy density depends on the mag-
netisation as the additional field besides the deformation gradient. Following [13], in this case, the magnetisation
per unit mass pulled back to the reference configuration (recall equation (9)), i.e.,

K(X):=m(x) = JX)F ' (X)M(X),X € By, (69)

is itself treated as a material field. In particular, note that the direction of the referential vector field K on By is
the same as that of the spatial vector field m on B, while it differs from the choice of the referential field M,
owing to the presence of the cofactor map for F (Nanson’s relation). The total potential energy of the system is
written as

En(X,K): =/ po[QF, K) — h*(X(X)) - K]dvy — [ f° - Xdvy — / T - Xdso
B() B() 8BO
1 1
+ —/Lo/ JC'HS . Hdvy + —,LL()/ JC'HS . Hdvy. (70)
2 Bo 2 B,

Here, ﬁ represents the body force (per unit volume) and 7 denotes the mechanical traction. In contrast to
equation (37), the term corresponding to the Zeeman energy is written differently. Note from equation (17) that
JIFB® = uoF~ TH® + pK, ie., BS = uoJC 'H® 4+ poF 'K, so that

3B = 8(JC )10 H'] + pod(F'K),
_ [[F*T L SF]1— C'6FTF — F*‘(SF]MOJC”]HS — poF'SFF 'K — 114JC~" Grad § @ +poF 'K,
— [[F*T . SF]T— C*lsFTF]MOJC*I]HS — FISFB® — 1oJC~" Grad 8§ &° 4 poF~6K. (71)
Using this relation, we can rewrite the following integral, which occurs in the first variation of potential energy:
— o / JCT'H® - sH%dv, = / —P, - 8Fdvo + [ H*- (poF 'K — 8BB%)dvy, (72)
Bo BO By
where the integrand of the first term on the right-hand side, i.e., —13,71 - 6F, can be expanded as
—P,, - 6F = pol (F~7 - 8F)CT'H* - H® — poJC'6F'FC™'H* - H' — F" "H* ® B® - 6F
= (—2P, — pyh* ®KF ") - 6F. (73)
Thus,

P,—P,=P,+ o’ QKF ' =P,,+Jh*QmF . (74)
From equation (44), we already know a part of the expression of the first variation of the stray field energy
term. Therefore, we write the first variation of the potential energy (equation (70)) as

po [SQF - 8F + Qx - 8K — F~ ' (Grad" h)K - X — he - 8K ] dvy — / £ 8Xdvy
By

SEm(X, K) = /

By

—/ ?-Sdeo+/ (—ﬁm-aF)dvo+/ (—13,,1-8F)dv0+/ P, - 8Fdv,
9B Bo B, Bo

— | B (poF'8K)dvo — /

ng - ©°5Bdsy + /
B() 380

P, - SFdvy + / ny - ®°§B%dso.  (75)
By

98y

On applying the divergence theorem on the terms containing the gradient of X, we get

SEy = / (— [Div (0025 + P — P) +F° + poF T (Grad” ]he)]K] C8X + po[ S — ¢ — 1] - 8]K> dvo
By

+ / (o082 + B = B) g — (B — B,.) mg —F) - 52dsy — / Div (B, — B,,) - Xdwy.  (76)
9By B

7
0
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Since the increments X and 8K are arbitrary, we arrive at the following Euler—Lagrange equations for this
variational problem:

DivP+f + poF ' (Grad ' h)K =0 in By, (77a)
[Plng +7 =0 on 8B, (77b)
DivP=0 in B (77¢)
h=Qg in By, (77d)
where we have recognised the total first Piola—Kirchhoff stress tensor in the body and in vacuum as
P=pQr+P,—P, in By, (78a)
P=P,-P, in  Bj. (78b)

Remark 11. From equations (45) and (74) (recall Remark 4), we can write the total Cauchy stress on B as

~ 1
o =J'"PF" = pQpF' +h*Qb° — E,uo(lhs -h)IL (79)

6. Correspondence between variational principles

Thus far, we have presented three different magnetisation-based formulations, where the difference between
these variational principles occurs as a result of the choice of particular magnetisation field. In addition to these,
we also present two other formulations in Appendices C and D, where, in place of the magnetisation field, the
stored energy density depends on B and H, respectively. Since the mechanical work terms involving the body
force and the surface traction are the same in all these formulations (in the referential description), i.e.,

Wy i =— 7e~de0—/ 7 - Xds,,
B() 380

(which also equals its spatial description — [ pf*-Xdv— [, - £°-X ds), we sometimes compare only the remaining

terms. Using the constitutive relation (equation (11)) and the fact that IM vanishes outside the body B, we get

1

sho [ JIETHIdy, -
Vo

1
H - Bdv, = _E”"/ J||F‘TIH||2dvo—/ JC™'M - Hdyy,. (80)

2 Vo Vo Bo
In a similar manner, we find that
1 1
~ o / JIF TH|’dvg — | H-Bdvy = —=uo / JIIF~TH]|]*dv. (81)
2" Jg, B, 2" Js,

At this point, it is useful to recall Remark 2. Using equations (7) and (8),

—/ d B° . n()dSO = —/ DiV(CD IBe)dvo = —/ [q) Div B¢ + Grad ® -]Be]dV()
Vo Vo Vo
= [ H.Bdv,. (82)
Vo

In general, we have

H'Bd\/o:—/ n()'(DIBdS(),
V() BVO

H- Bed\/o = —/ ngy - ) BedS(),

V() BV()
He . ]BdV() = —/ ny - ®° ]BdS() (83)
V() BV()
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Also, these relations can be rewritten further, for example,

H-BedV():—/

ngy - q)]BedS() = —/L()/ ny - q)JC_l]HedS() .
Vo (

V() e V()

6.1. Potential energy functionals based on M, B and

The variational formulations based on B and H can be related by applying a Legendre-type transform on the
energy functions €2 and €2 as Q(F, B) = Q(F, H) + B - H [14]. Moreover, we note that the three variational
formulations based on M, B and H can be mutually related by a set of Legendre-type transforms on the stored

energy density functions €,  and <, respectively, so that

. 1
Q(F, M) = Q(F,B) — 5MOJC—I]H -H

. 1 1 1
=QF,B)+ —M-B—- —JC'M-M—- —J !CB- B, (84)
Mo 20 20
. 1
QF,M)=QF,H)+B-H-— 5MOJC—I]H -H
y 1
=QF,H)+JC'H- M+ EMOJC”IH H, (85)
Q(F,B) = Q(F,H)+ B - H. (86)

By a direct calculation, it can be verified that these relations result in the magnetic constitutive relations
(equations (126), (143) and (28)); in particular,

Qp=H, Qp=-B, Qu=JC'H in B.

As such, these relations lead to different convexity properties for Q(F, B), SV2(F, H) and 2(F, M) in general.

As a consequence, it is natural to establish the relationship between the three variational formulations based
on B, H and M. Recall that the total potential energy (equation (18)) is a functional of the deformation X
(equations (1) (2)) and the referential magnetisation IM (equation (12)). Indeed, the variational formulation
(equation (18)) can be expressed as

1
EI[X,M]-i—WM:/ Q(F,M)dvo—i-i,u()/ JIF~T Grad<D||2dv0+/ ®° ny - Bdsy

Bo Vo Vo
1
= f Q(F, M)dvy + =0 / JIIF~TH|?dvy — | H®- Bdy,
Bo 20 Jy, Vo
1 1
= [/ Q(F, M)dv, + —Mo/ J||FT]H||2dv0} + —MO/ JIF~TH|2dvy — | HE®- Bdv,,
Bo 2 Js, 2 g, Vo
(87)
which can be written as
Ei[X,M] + Wy = En[X, Al + Wy (88)

This is the exact relationship between the variational principles analysed in Section 3 and Appendix C. Recall
that the total potential energy (equation (119)) is a functional of the deformation X (equations (1) and (2)) and
the referential counterpart B of b (via the referential magnetic vector potential A (equation (8))). Also,

1 1
5“0/ JIF TH|?dvy — | H-Bdy, = "“"f J||F‘T]H||2dvo—/ JC™'M - Hdv,,
V() V() 2 V() BO
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so that

1
EI[X,]M]+WM=/ Q(F, M)dvy — ‘“Of J||FT]H||2dv0+/ (]H—He)-Ideo—/ JC'M - Hdv,
Bo 27 Iy, Vo By

1 1
= / (Q(F, M)—-JC'H - M — —M0J||FTIH||2> dvy — —MO/ JIF~TH|>dv,
Bo 2 2 B)
+ [ (H —H° - Bdv. (89)
Vo
Hence, equation (87) can be written as
EX,M] 4+ Wy = Ev[X, ®] + Wy — H - Bdvy + / (H — H°) - Bdvy, (90)
Vo Vo

which is the relationship between the variational principles analysed in Section 3 and Appendix D. Here, we
recall that the total potential energy (equation (141)) is a functional of the deformation X (equations (1) and (2))
and the referential magnetic field vector H (via the referential magnetic scalar potential ® (equation (8))).

Remark 12. On using equations (122), (7) and (8), we can write
/ [HE A A] - nodsy = / Div [H® A A] dvg
Vo Vo

:/ [Curl H®- A —[Curl A] - H°]dvo = — | B-H¢dy. (91)
V() VO

Hence, the total potential energy functional (equation (119)) can be rewritten as

\ 1
EN[X,A]—i-WM:/ Q(F,IB)dvo—i——/ JHNFB|2dvy — [ H¢- Bdy,
Bo 2o Jp, Vo
\ 1
=f Q(F,IB)dv0+—/ J1||FIB||2dvo+/ ny - ° Bds,. (92)
By 2o Jp, Vo

In the variational formulation for the total potential energy functional (equation (141)), we have

Ev[X,®]+ Wy = /

Bo

v 1
Q(F, H)dvy — EMO / JIF~TH|2dvy + H - B¢dv,
B, Vo

y 1
= / Q(F, H)dvy — =0 / JIIF~TH|2dvy — / ny - © Bedsy. (93)
Bo 2 B{) Vo
Hence,

. 1
EV[X,<I>]+WM=/ Q(F,H)dv0+§uof J||F—T]H||2dv0—/ H-Bdvy+ [ H-Bdv,
By By

Bo Vo
v 1
= f (QF,H) + B - Hydvy + — f JUNFB|2dvg — | H-(B—-B%dv,, (94)
Bo 2/"“0 B{) Vo
which can be written as
Ey[X,®]+ Wy = En[X,A]+ Wy + | H°-Bdvo— | H- (B —B%dv
V() V()
= Ey[X, Al 4+ Wy + H . Bdvy — (H — H°) - Bdvy. 95)

V() V()
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Also,
H-Bedvg = po | H-JC 'Hedy,
V() VO
=/ (J7'CB = M1g,) - JC'Hdvy
Vo
:/ (B —JC'Mlg,) - Hdv,
Vo
= | H° Bdv, — / JF™TM - F~"H¢dv,. (96)
Vo By
Hence,

. 1
(2(F,H) + B - Hydvy + — / JHFB|*dvy — | (H— H®) - Bdy,
By 210 JB,

Vo

— f F-TH®.JF~"Mdv,. (97)
Bo

6.2. Potential energy functionals based on M, M and K

Following the arguments in Section 4, we assumed that
V=V,=R, (98)

for the formulation presented in Section 3. This needed some changes in equation (18). Clearly, the only term
that needs to be rewritten is the last term in equation (18). Using the nature of a magnetic field in vacuum we
have, by equation (83),

¢en0'IBdS0:— H‘Ie'IBdVO.
Vo Vo

Hence, based on equations (18) and (41), we get
Ey— Ey = Ex[X, M] — Eq[X, M]

= f [QF, M) — ppQ(F, M) + poJ (X (X)) - F~ T M]dvy + Ko [ je"H . Hdvy — | H®-Bdv,
B() 2 V() V()
1 1
— —,LL()/ JCT'H® - Hdv, — —,uo/ JCTH® - Hdv,. (99)
2 Bo 2 B,
The first term in the second line can be rewritten in view of equation (16) as
Ho -1 Ho -1 e e e s s s
— | JCT'H-Hdvy=— | JC [IH -H®*+2H°®-H +]H~]Hi|dv0. (100)
2 Jy, 2 Jy,

On substituting this back into equation (99), we get

Ei—Ep = / [Q(F, M) — poQ(F, M) + po/he(X (X)) - F~ M]dvo + so f JC™'H® - Hdv,
Bo VO
+ % JCT'H® - Hedvy — | H®-BSdvy — MO/ JCT'H®-H® dv, (101)
Vo Vo Vo

= / [Q(F, M) — ppQ(F, M) + ppJ (X (X)) - F~ M]dvy — / JCVH® - Mdy,
B() B()

_ B e He HE dv. (102)
Vo
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Since M = py M and H® = F " hh®, this can be rewritten as

Ei—Eyp = / [QF, M) — poQ(F, M)]dv, — % JC~1HE - H® dv,. (103)
By

Vo

Thus, the two potential energies differ not only by the definition of the respective stored energy density functions
but also by an extra term; the latter term, clearly, is a constant term, though it could be infinite for H® £ 0 while
the former can be made zero by naturally identifying the stored energy density functions.

From equations (41) and (70) (using equation (69)), we get

Eq[X, M] — Ey[X,K] = /B o[ Q(F, M) — Q(F, K)]dvo. (104)

These two potential energies differ only by the definition of the respective stored energy density functions,
which can be naturally identified to achieve an equivalence.

6.3. Comparison with the expressions provided by [ 3] using a modified potential energy functional

Since h° is the gradient of a potential, and in view of equation (15), by a direct calculation, we have
[ h® - b*dv = 0, as a result of which we get

/ poh® - Kdvy = / h® - mdv = / he - (b® — weh®*)dv = —,u()/ h® - hdv. (105)
Bo B R3 R3

Note that g f]R3 he - hdv is nonzero; indeed, with h® = — grad ¢°, uoh® = b® and B, C R? as a ball of radius
r, we find it to be equal to

—/ b® - grad ¢* dv = lim [/ divb® ¢ dv — / ¢° b° -nods],
]R3 r—00 Br 3Br

where divb® = 0 in the first term but ¢* may not necessarily go to zero in the second term as r = ||x| — oo.
Thus, an equivalent potential energy functional is

En(X,K) +/

,O()Ihe . Kd\/o + o / he . ]hSdV,
Bo R3

in addition to which by including the constant term %,uo f]R3 h® - hdv too, we get (recall equation (36))

_ ~ 1 1
Em(X,ﬁ):/,oQ(F,ﬁ)dv—i—WM—i——,uo/ Ih-]hdv—i-—m)/ h-hdv, (106)
B 2" Js 2 s

with its referential form (to be compared with equation (70)) as

~ 1
poS2(F, K)dvy + Wy + FHo /

1
JC™'H - Hdv, + 5“"/ JC™'H - Hdy,. (107)
Bo

By

a0 = [

Bo

This expression coincides with the potential energy functional of equation (18) except for the last term (which
is absent in the present scenario as V = R?) and, more importantly, a different measure of magnetisation; note
that

K(X) =m(x) = p~ ' )F T (X)M(X)

by equations (12) and (13). Like equation (71), we have

SB = [[F*T - SF 1 — C”SFTF] uoJC'H — F'6FB — 11oJC ™! Grad 8§ ® +poF 'K, (108)
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and like equation (48) we have (with Bz C R? as a ball of radius R)

- H - §Bdvy = / Grad ® -§Bdv

B B
= lim (/ <Dn0 . (SIBdS() — / (o} le(SIBdVo) — / ngy - q)SIBdS()
R—o0 \ JyBg B B
S / ny - & SBdso, (109)
By
assuming that 6B - ny vanishes as R = || X|| — oo in a suitable manner. By carrying out the first variation
analysis, similar to that presented earlier in this section, we get
SEn(X,K) = / po[ 2 - OF + Qi - 8K |dvy — / £ oXdvy — / - 8Xdsy +/ (=P, - 8F)dv
Bo Bo aBy Bo
+ / (=P, - 8F)dvy + / P, - 6Fdvy — [ H*- (poF '8K)dvy — / ng - ®° §B*ds
B, By By 3By
+ / P, - Fdv, + / ng - ®° 5B%ds, (110)
B, By

where /I;m’_\is defined by equation (21) and P,, is defined by equation (26). The Euler-Lagrange equations by
setting 6E£ = 0 are derived as

Div(P)+f =0 in By, (111a)
[Plry +7 =0 on 9By, (111b)
Div(P) = 0 in B, (111c)
FH® = Qi in By, (111d)

by recognising that, for this potential energy functional, the first Piola—Kirchhoff stress is given by

P = pyQp + P, — P, in By, (112a)
P="P, P, in Bj. (112b)

On a direct comparison of these equations with equations (77) and (78), we note that, owing to the inclusion
of extra terms with h°, the expressions for first Piola—Kirchhoff stress and the Maxwell stress in vacuum are
different. This leads to the vanishing of the equivalent of electromagnetic body force term in equation (111a)
and a modified constitutive equation (equation (111d)).

7. Concluding remarks

In this paper, we present five variational formulations of nonlinear magnetoelastostatics that differ from each
other with respect to the independent field variable for the magnetic effect. The formulations based on the
magnetic field H, the magnetic induction B and the referential magnetisation vector per unit volume M are
analogous to the variational formulations of electroelastostatics presented by Saxena and Sharma [33]. Varia-
tional formulation based on referential magnetisation per unit mass IM was originally postulated by Brown [32]
and that based on a pull-back of the magnetisation per unit mass to reference configuration KK was given by
Kankanala and Triantafyllidis [13]. A direct equivalence between all five principles by means of the Legendre
transform and the properties of Maxwell equations is the highlight of Section 6 of this paper.

The principles can broadly be divided into two categories. For the first kind, based on H, B and M, the total
energy is defined over a bounded domain V, with the external magnetic loading being specified by means of the
potential on the boundary 9} . For the second kind, based on M and K, the integral is defined over an infinite
space and the notion of an external field becomes necessary to supply external loading. The choice to include
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Table I. Summary of the five variational formulations.

Total potential Independent magnetic Euler—Lagrange (equilibrium) Maxwell stress
energy variable Domain equations equations

E1 M y (28), 31) (22)

Er m R3 (60), (63) (45)

E1rr K R3 (77) (45), (74)

Emy B v (125)—(128) (22)

Ey H v (146), (147) (22)

this (constant) external field in the total energy can lead to a different definition of the Maxwell stress, and
result in changes in the body force and traction terms. A summary of these principles is presented in Table 1 for
easy reference. Our analysis suggests caution with the choice of variational principle appropriate to the physical
problem and control variables.

The analysis presented in this paper can be easily extended to the special case of incompressibility. For this
purpose, see Remark 4 in the recent exposition and formulation for the electroelastic counterpart [33]. Further
extension of the present analysis to include mixed boundary conditions and discontinuities in the magnetoelastic
body or free space can shed further light on the issues around correspondences between the five principles.
Inclusion of kinetic energy and the effect of time-dependent boundaries is another possible interesting area for
extension of the analysis presented here. We have restricted our analysis to nonlinear deformation and coupling.
A linearised analysis to study deformation close to the reference configuration may lead to simplifications and
influence the equivalence analysis presented in Section 6. These avenues are currently under investigation and
shall appear in suitable form elsewhere.
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Appendix A. Notation

SEEESEY S

magnetic vector potential (referential)
magnetic vector potential (spatial)
magnetic induction vector (referential)
magnetic induction vector (spatial)
Grad X

magnetic field vector (referential)
magnetic field vector (spatial)

detF
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JF™M

magnetisation vector per unit volume (referential)
magnetisation vector per unit mass (referential)
magnetisation vector per unit volume (spatial)
magnetisation vector per unit mass (spatial)
unit outward normal (spatial)

unit outward normal (referential)

first Piola—Kirchhoff stress tensor

Maxwell stress tensor

position vector (referential)

position vector (spatial)

mass density (spatial)

mass density (referential)

Cauchy stress tensor

magnetic scalar potential (referential)

magnetic scalar potential (spatial)

Curl curl (referential)

curl curl (spatial)

Div divergence (referential)

div divergence (spatial)

Grad gradient (referential)

grad gradient (spatial)

{-}.¢ partial derivative with respect to G

[{-}] jump of a quantity {-} across a boundary [{-}] = {-}; — {-}-

Sea3™ R XIS I BB EER

Appendix B. Variation of some relevant kinematic quantities

We list the first and second variations of key kinematic variables (see, for example, [33] for detailed derivations).
On a perturbation X — X + 86X, we get F(X 4+ 8X) = Grad X + Grad(8X) = 6F = Grad(6X), 8°F = 0. The right
Cauchy—Green deformation tensor changes as

CX+8X)=C+5C+8C+---, with  8C =F'8F + [6F]'F, &°C = [6F]'6F. (113)

For the determinant J = detF, we get J(X 4 8X) =J + &J + 8% + - - - with
& =JF " .6F, 8%J = F - cof(5F). (114)
As 6F = Grad(8X), the second of these expressions, 82/, is written in component form as 8%/ =

L €imnEipgFjl8X m p][8X 4. Here, &5 is the third-order permutation tensor. It can also be shown that
1
8% = 5/ [[F~"-F][F " -86F] —F "[sF]"F ' -4F]. (115)
Taylor’s expansion for the inverse of determinant J~! is J=!(X 4 6X) = Jy +J; +J> + - - -, where
Jo=J7",
Ji=—J'FT . 6F,
Jo = —J?F - cof(§F) +J ' [F~T - F]" .

Using equation (115), we rewrite J, as J, = (2J)"'[[F~" - 6F]> + F~T[8F]"F~" . F]. For the inverse tensors,
[FX 4+801 "' =F '+ D F '+ D,F ' +... with

DF~ ! = —F![§F]F !, D,F' = F ' [SFIF'[§F]F . (116)
and [C(X +80)]' =C™ '+ D,C"' + D,C™' + - .- with
D,C~ ' = —C7'[6F]"F " — F'[sF]C!, (117)

D,C ' =C '[6F]"F "[6F]"F~" + F'[6F]C'[6F]"F " + F '[sF]F'[sF]C". (118)
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Appendix C. Variational formulation based on magnetic induction

Using the fact that B is found in terms of A by equation (8), i.e., B = Curl A, the total potential energy of the
system, i.e., the body B, and its exterior B, is written as a functional depending on the deformation X and A
as [40]

. 1
EN[X,A]::/ Q(F, B)dvy + — JI[FIB]-[FIB]dvo-i—/ [b° Aa] - nds
Bo 2o JB, 3V
- fe-deo—/ T - Xdso, (119)
Bo 380

where € is the (scalar) total (magnetoelastic) stored energy density per unit volume, he is the externally applied
magnetic (vector) field whose tangential component is prescribed on V. The integral terms in equation (119)
involve the reference configuration as the spatial fields are mapped to the reference configuration, with the
exception of the third term, which is written in terms of the current region V. It assumed that the bound-
ary (typically, infinitely far away) is fixed (i.e., it does not change in space between the reference and spatial
descriptions), so that the third term in equation (119) is also rewritten in the reference configuration simply as
f Vo [IHe A A] -nydsg. Notice that ny and n are used to denote the respective outward unit normals for the region

Vo and V (as well as B and B).

C.1. Equilibrium: first variation

To describe the deformation X and the referential magnetic vector potential A when the body is in a state of
equilibrium, the first variation of the potential energy functional should vanish, that is, using the functional
(equation (119)), éE = SEw[X, A;(8X,6 A)] = 0. An expansion of the functional Eyy up to the first order,
owing to a variation of its arguments X and A, is given by

En[X + X, A4+5A] = / Q(F + 8F, B + 5BB)dv,
By

+ % [J + 8J17 [[F + 8F][B + 8B1] - [[F + §F][B + sB]] dvy
0 JB,

+/ [He A[A48A]]-nodso — | f - [X + 8X]dvy —/ - [X + 8X]ds,.
Vo Bo 3By
(120)

Taking advantage of the referential description, noting that 8D = Curl § A, while using expressions for first-
order variations as derived in [33], we simplify further the expression of Ey[X + 86X, A +8 A] stated before.
Thus, it is found that the first variation (equation (19)) of Eyy is given by

SEy = En[X + X, A +8A] — Ey[X, A]

= / [QF - 0F + S°2,]B . CurlSA] dvg
By

T [ —J'[F~T - 6F][FB] - [FB] + 2/ '[[FB] ® B] - 6F + 2/ '[CB] - Curl § A ]dvo
0 JB;

+/ [mo AH®] - A dso — 76-5de0—/ T - 53X ds,. (121)
BV() B() 380

Using an elementary identity for vector fields # and v, namely,

v - Curlu = Div[u A v] + [Curlv] - u, (122)
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we expand the expression for 51y as

o o : 1
SEry = / [Q,F - SF + [Curl©2 ] - m] dvo +/ no - [Q,]B A SZA] dso — —/ no - [CB A 84] dso
Bo d aB+

By Ho

1
T [ —J7'[F~T - 6F][FB] - [FB] + 2/ '[[FB] ® B] - 6F + [Curl(J~'CB)] - § A :|dvo
Ho JBy
+/ [no A [He — iCBH §Adso— | - sxdvy — / T - 8xdso. (123)
Vo Mo By 3By

Inspection of this equation leads to consideration of the definition of a tensor field given by equation (22). Using
equation (22), we rewrite the first variation 6Ey of the total potential as

SEny = /B 0 [ [Div (€2¢) + 7] - 91 + [Curl2] - 5.4 dvo

Q : 1
+/ [[[Qﬂ - Pm|+] "o —?] ya [no A[Qpl- — —CIB|+]} -SZA} dso
3B, Mo

+/ [— DivP, - 8X + L[Cuﬂ (/7'cB)] -MA} dvo
B, 2 o

1
+/ |:Pmn0 oK+ [no A [He - —CIBH -m} dso. (124)
Vo Mo

The total (first Piola—Kirchhoff) stress P in the body is P = SQZ,F, in By, and the (Maxwell) stress exterior to the
body is given by equation (22), i.e., P =P, in Bj.

On applying equation (19) to the first variation (equation (124)) calculated, the coefficients of arbitrary
variations 6X and § A should vanish for §E1y to vanish. As a consequence, the vanishing of the coefficients of
8X results in the following equations

DivP+f =0 in B,, (125a)
DivP =0 in B, (125b)
[Plno +7 =0 on 3B, (125¢)
Pry =0 on V. (125d)

We thus obtain the magnetic field H in the body as
1

H=Qp=—[/"'CB-M] in B, (126)
Mo
and exterior to the body as
1
H=—J 'CBin B, (127)
Mo

because the magnetisation M vanishes in B;, and use has been made of the constitutive relation (equation (11)).
Since the body By and the normal to the boundary n, can be chosen arbitrarily, we get the following relations
from the vanishing of the coefficients of § A:

Curl(H) = 0 in ByUB), (1284)
noA[H]=0 on 9By, (128b)
noA[HS—H] =0 on V. (128c¢)

Remark 13. We note that in this formulation based on the magnetic induction vector, we have a-priori assumed
that the first part of equation (7) is satisfied by B and have recovered the second part of equation (7) for the
magnetic field H as the Euler—Lagrange equation for the variational (potential energy minimisation) problem.
This procedure implies the constitutive assumption H = S°2,IB.
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C.2. Critical point: second variation

For the analysis of critical point (X, A), we need to find the functions AX and A A such that the bilinear
functional defined next vanishes at the critical point, that is §’Ey = 8%En[X, A;(8X,8 A), (AX,AA)] = 0.
On using the expressions derived in [33], the bilinear functional associated with the second variation of Eyy is
expanded into the form

o 1., 1. o 1., 1.,
82E1V = / |:|:Q,FFAF + EQ,FIBAIB + EQ:‘IBA]B] -0F + [Q’BBAIB + EQ,IBFAF + EQIBFAF} . SIB] dvg
Bo

[ ). [FIB]|:[FT . AF|[F~T - F] + FT[AF] FT - 6F
2o JB,
_ 2[[AFIB] . [FB] + [FAB] - [FIB]]F‘T . 5F
— 2[[8FIB] . [FB] + [FsB] - [FB]]F*T N
+ 2[6FAB + AFSB] - [FB] + 26FB - FAB + 2AFB - FSB

+ 2[AFB] - [SFB] + 2[FAB] - [FaB]}dvo. (129)

In this expression, we have defined the third-order tensors S°2;I3 and QTBF according to the following property:
[Qppu] U= [QprU]-u,  [QpeU]-u=[Srpu]- U, (130)

which holds for arbitrary # and U, while u is a vector and U is a second-order tensor. Using equation (129) for
8%Ey, in the region By, the terms containing 1B can be written in the form v, - §B, where the vector field vy is
defined by

1

= m[ — [F~" - AF]FFB + [AF]'FB + F' AFB + F'FAB]. (131)

Vo -

Since equation (11) gives H = J~! 1o™! CB in By, it is easy to see that vy = AH. Also, in equation (129) for
8°Eyy, in the region 13, the terms containing §F can be written in the form T - 8F, where the second-order tensor
T is defined by

! . -T. -T -7 Tp-T
T._2MOJ|:[FIB] [FIB][[F AF|F~" + F "[AF]'F }

= 2[[AFIB] -[FB] + [FaB] - [FIB]]FT —2[FT . AF][FB] ® B
+ 2[FB] ® AB + 2[FAB] ® B + 2[AFB] ® IB:|. (132)
By expanding the expression stated in equation (22), to first-order perturbation, it is seen that T = AP,,.

Based on a repeated application of the triple product identity involving the curl operator (equation (122)) and
the divergence theorem, while observing that the variations §X and 8§ A are arbitrary, the equation §’Eyy = 0
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(equation (129)) finally leads to the following partial differential equations:

o | . o
Div (Q,FFAF + 5 [Sn + Q;]B]AIB> =0 in By, (133)

o 1., o
Curl (Q’BBA]B + E[Q’BF + QTBF]AF> =0 in B, (134)

o | G o %
|:|:Q’FFAF + E[Q,FIB + QFIB]AIB:| ’ — T‘ :|n0 =0 on 880, (135)
- +
o | . o

[Q’BBAIB + E[Q,IBF + Q%F]AFL — v0|+:| Anyg=0 on 08y, (136)
DivT = 0 in B), (137)
Curlvg =0 in B, (138)
Tng = 0 on aVy, (139)
Yo A g = 0 on 8. (140)

Remark 14. Note that since we have proved T = AP, and vy = AH, it follows that this set of equations
for the variations AB and AF in B, can alternatively be obtained by perturbing the corresponding equations
of equilibrium (equations (125a) to (128c)). However, perturbation of the equilibrium equations in 5, does
not result in these equations, owing to the presence of the [ pp + Q;IB] /2 and [Q2 r + QTBF] /2 terms. This

general argument can be relaxed in cases when the energy density function €2 is at least a twice continuously
differentiable function, as has been considered, for example, by Bustamante and Ogden [29].

Appendix D . Variational formulation based on magnetic field

Noting that H = — Grad ®, the total potential energy of the system is written as [40]

EV[X,<D]:=/

SF, H)dvo — — pao / J[FTH] - [F"H]dv, — / b nds — | f° - xdv
By 2 ’ v

B, By

—/ T - Xdsy, (141)
9By

where €2 is the stored energy density per unit volume that depends on the deformation gradient F and the
referential magnetic field vector H. The third term in equation (141) is in the current configuration but the
same argument as that following equation (119) allows it to be rewritten in the reference configuration as
— f3V0 o B°- n()dS().

D.I. Equilibrium: first variation

At a state of equilibrium, X and & are such that the first variation of the potential energy functional vanishes,
satisfying an analogue of equation (19), i.e., 6 Ey = SEv[X, ®;(6X,5 P)] = 0. The variation of the functional
Evy up to the first order in (86X, 6 ®) is given by

SEy = Ev[X + 6X, ® +8 @] — Ey[X, ®]
- / [Q,F.aF Q- Gradm] dvo
By

- %Mo / [JFT -SF[F~TH|-[F"TH]| —2J [F~"[6F]"F "H] - [F""H]| +2J[F "H]- [FTS]H]}dvo
B,

—/ § D BC - mydsy — 78-5de0—/ T - sxds,. (142)
Vo

B() 8B()
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We define the first Piola—Kirchhoff stress P and magnetic induction BB in the body as
P=Qp, B=-Qpn in By, (143)

the (Maxwell) stress P,, exterior to the body as stated earlier in equation (22) and recall the relation J~'FB =
wo F~TH in vacuum from equation (11). Using equation (143), we rewrite the first variation (equation (142)) as

SEy = / [Div (P 5x) — [DiVPJrfe] . 8X + Div(§® B) — 8<I>DivIB] dvo
Bo

o)y

[Div (P,, 6X) — [DivP,,] - 6X +Div(8<I>IB)—8<I>DivIB]de—/ (S(DIBe'nodso—/ T - 8Xdso.

0 Vo By
(144)
After an application of divergence theorem to equation (144), we get
SEy = /B [— [Div(P) +7e] . 8X — 8® Div IB] dvo
0
+ /35 [[[P]- = Ppulilng — 7] - 8X + §[B|_ — B|1] - no] dso
0
+ | [-[DivP,]-8X — 5P DivB]dvy + [Png - 6X + §O[B — B°] - nyldvy. (145)

B, 3V

Since the two variations §X and 6@ are arbitrary, their coefficients in each of the integrals must vanish.
Accordingly, using the coefficient of §X in equation (145), we get

DivP+f =0 in B,, (146a)
DivP =0 in Bj, (146b)
[Plro +7 =0 on 3B, (146¢)
Pry =0 on 3V, (146d)

while the coefficient of § ® in equation (145) leads to the equations

DivB =0 in By, (147a)
DivB =0 in By, (147b)
[B]-ny=0 on 98, (147¢)
[B]-ny=0 on 3V. (1474d)

Remark 15. Parallel to Remark 13 at the end of Section C.1., we note that in this formulation based on the
magnetic field (equivalently, the magnetic scalar potential), we have a-priori assumed the second part of equation
(7) that H should satisfy and have recovered the first part of equation (7) for the magnetic induction B as an
Euler—Lagrange equation of this minimisation problem. This procedure also implies the constitutive assumption

B = —SVZ,]H, which has also been independently derived earlier [14].

D.2. Critical point: second variation

For the analysis of critical point (X, ®), we need to find AX and A & such that a certain bilinear functional based
on the second variation vanishes at the critical point, that is §2 Ey = 82 Ey[X, ®; (8X,8 @), (AX, A®D)] = 0. The
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second variation of the functional in equation (141) based on the magnetic field H is given by

. 1. 1. T . 1. 1.
§2Ey = / [Div ([Q,FFAF + 5P AH + EQ;]HA]H] ax) — Div (Q’FFAF + 5P AH + 59}’5@1&) - 8X
By ’ ’
(1 s 1. . e 1. .
— Div EQ]HFAF + EQ,]HFAF +QuuAH (5 | + Div EQ]HFAF + EQ,]HFAF +QuuAH )5 (dvy

n / / [Div (TT6x) — DivT - 6X + Div (38 ) — Divvoaqn] dvo, (148)
0

where we have introduced the tensor T and the vector Vo as

T:=Ju [F—T[AF]TF—T]H QF'F "TH+F "H®F 'AFF'F "TH

—~F "AHQF 'F " H-F '"H®F 'F 'AH
+F "HF 'F'[AF]'F "H-[F'-AF]JF '"H®F 'F'H

+ [ — [F~[AF]"F~TH] - [F7TH] + [FTH] - FT[NH]]FT

[F"H] [F"H] [[F_T - AFJFT — F_T[AF]TF_T:|, (149)

N —

Vo 1 =J o [F—IAFF—IF—T + F‘IF‘T[AF]TF‘T —[F~" - AF] F—IF—T]]H —JuoF'FTAH,  (150)

while we have also utilised the definitions of two third-order tensors Q;H and SVZTHF, according to the relations

[Qppu] - U = [QppU] - u, [QppU] - = [S2pnu] - U, (151)

where u and U are an arbitrary vector and an arbitrary second-order tensor, respectively.
An application of the divergence theorem to equation (148) gives

v 1 v 1 v ok
82EV = / |: — Div (Q’FFAF + EQ,FHAIH + EQF]HAIH> :| - 6X
By

| 1. v
+ Div <§Q]HFAF + EQ’]HFAF + Q’]H]HAIH) S d dv

. 1. 1. ~
+/ [Q,FFAF + —QppAH + - ;HAH]|_ — T\ [ - 8Xdso
By 2 2

1 1 . .
- /BB |:|:_ E{FAF-F EQ,HFAF-F Q,HHAH]|— - vo|+i| -1y @ ds
0

2
+f [—Divf.ax —Divvoaq>]dvo+f [Tno-(sx +70-n08<b}dso. (152)
B ]

/
0 Vo
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Since the variations 6X and § @ are arbitrary, we arrive at the following equations for the unknown functions

(AX, AD) :
/. 1. e
Div Q,FFAF + EQ,F]HAIH + 5 F]HAIH =0
AT 1. v
Div EQ]HFAF -+ EQ’]HFAF -+ Q’]H]HAIH =0

~ 1 p4 1 v ok ~

1 1 . _
[[EQTHFAF + 5 St F + Q,H]HAIH:| ’ - v0|+] =0

DivT =0
Divyy =0

"T"n():O
Vo-ng=0

describing the onset of bifurcation.

in Bo,
in Bo,
on 08y,

on 08,
in By,
in By,
on BV(),
on aV(),

(153)

(154)

(155)

(156)

(157)
(158)
(159)
(160)

Remark 16. Note that a variation of the relation B = J 110 C™'H from equation (11) gives AB = %, since

AB=Jp[F'"FTAH - F'AFF~'F~"H - F'F"[AF]"F "TH[F~" - AF]F'F 7]

(161)

A variation of the Maxwell stress (equation (22)) (after writing it in terms of IH using equation (11)) gives

AP, =T, since

AP,, = J 1o [F—TA]H QF ' F  TH+F THQF 'FTAH

+[F T AF]F THQF 'FTH-F "[AF] 'HQF 'F'H
—FTHQF 'F'[AF]'F " H-F "H® F ! [AFIF'F"H

+ %[F—TIH] [FTH][F AR FT - [F - AF]FT]

+ [~[F " [aF]FTH] - [FTH] + [FTH] - F[AH] FT}-

(162)

Alternatively to the statements vy = AH and T = AP,,, it can also be shown that this set of equations for the

perturbations AH and AF can be obtained by linearising the equations of equilibrium ((146a) to (147d)).



