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Abstract

A low-jerk attitude guidance method is developed, based on an analytical smoothing
of a bang-off-bang maneuver. A set of closed-form equations are derived and used to
plan constrained low-jerk maneuvers, with prescribed boundary conditions, inertia, time
and maximum control torque. The guidance law is first developed for one-dimensional
and then three-dimensional rotations using two different approaches: (i) by designing a
rotation about the Euler axis and (ii) by using the inverse kinematics equations. A generic
model of the torque induced by a multi-body appendage is derived using the lumped-
parameter method. This method can also be used to approximate the dynamic behavior
of flexible appendages. The simulations results show that the smoothing techniques
reduce the excitation of multi-body and flexible structures during a slew maneuver.
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1. Introduction

Advances in space technology have led to the development of new spacecraft con-
cepts. Moreover, the introduction of propulsion technology such as solar sail propulsion
means that control needs to consider the effects of large flexible appendages. In addition,
new mission concepts require the use of multi-body appendages such as robotic arms.
However, such structures which store and release elastic energy can have a detrimental
effect on pointing accuracy; moreover, strong oscillations may also have an impact on the
structure itself, possibly leading to damages to the structure over time. Thus, the atti-
tude control of spacecraft which employ multi-body or flexible appendages must mitigate
this by performing smooth motions that avoid exciting the modes.

The main goal of this paper is to develop an efficient guidance technique that enables
the attitude control of spacecraft that minimize the oscillation of spacecraft with multi-
body and flexible appendages.

The problem of controlling the attitude of flexible spacecraft has been extensively
studied in literature. Different control laws have been applied in order to mitigate or
compensate the effects of the flexible part during the motion. Many approaches rely
on robust control methods. For example, Ref. [I] presents an input-shaping technique
for use with constant-amplitude actuators on slewing flexible spacecraft; it is robust to
modeling errors in the vibration frequency of the appendages. Also, Ref. [2] presents the
application of the super-twisting sliding mode control for the three-axis attitude tracking
and vibration suppression of a flexible spacecraft. Another approach consists in estimat-
ing the disturbance and canceling it using the control; in Ref. [3] a dynamic disturbance
compensator is developed to achieve disturbance rejection of the rigid-flexible coupling
effects during attitude maneuvers, together with a robust state feedback controller which
is derived by analyzing the dynamic characteristics of the flexible part. Ref. [4] presents
a control which employs an extended disturbance observer to achieve high-precision at-
titude stabilization for a spacecraft in the presence of space environmental disturbances,
unmodeled dynamics and elastic vibration of flexible appendages. Smart structures have
been been proposed to reduce the effect of mode excitation using active vibration sup-
pression, for example in Ref. [5]; however, smart materials are expensive solutions and

can be applied to specific structures only. An approach based on optimal control is stud-
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ied in Ref. [6], where the attitude stabilization of a flexible spacecraft is achieved using
a linear quadratic regulator. Finally, Ref. [7] deals with intelligent control techniques: a
neuro-controller is used to determine optimal control laws to minimize the strain energy
of flexible arrays during the maneuvers.

While the majority of control methods try to cancel the torque induced by the flexible
part to improve pointing and robustness, other approaches use the guidance to plan
a smooth motion first, which alleviates the need for a complex control structure. In
order to measure the smoothness of a generic motion, it is necessary to introduce a
physical quantity which is suitable to represent it. Ref. [8] shows that smoothness can
be quantified as a function of jerk, i.e. the time derivative of acceleration, while Ref. [9]
compares the minimum jerk, snap and crackle trajectories, finding that the optimization
of a smoothness-based cost function for a given trajectory is equivalently achieved by
minimizing the jerk. Inspired by these works, the attitude guidance system is designed
here so as to reduce the angular jerk as much as possible without exceeding the maximum
time allowed for a given maneuver. It is shown in Ref. [I0] that the time-optimal three-
axis reorientation maneuver is a bang-bang rotation in all three control components,
instead of an eigenaxis rotation about a chosen control axis, which provides the minimum
angular path instead. This is due to the fact that the complex geometry of the three-
axis bang-bang has substantial nutational components which provide more torque along
the reorientation axis, thus allowing to complete the maneuver in less time. However,
a time-optimal bang-bang motion cannot be smoothed without changing the time, so
the bang-off-bang structure is considered here. As the bang-off-bang control profile has
infinite jerk, it is unsuitable for the control of flexible structures, so a solution proposed
by Ref. [11I] simply substitutes the bang-off-bang profile with a smoothed curve based
on the trigonometric function versine. However, the simple substitution of the steps
of the bang-off-bang maneuver with smooth curves has the drawback of increasing the
total time of the maneuver. A new analytical application of such smoothing technique is
developed in this paper: when substituting the the steps of the bang-off-bang maneuver
with smooth curves, the ”off” part of acceleration is reduced to zero and the phases of
maximum acceleration are increased, so as to to keep the same displacement and total

time of the original bang-off-bang maneuver while smoothing the motion.
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In Refs. [12] and [I3] some geometrical smoothing techniques are derived to reduce
the excitation of flexible degrees of freedom. First the authors exploit such techniques
in order to find a reference angular trajectory; then they use the inverse kinematics
to get the three-dimensional (3-D) reference velocity and acceleration, which are then
used to determine a pre-planned feed-forward torque to track the spacecraft trajectory.
Also, in Ref. [I4] a torque profile is fed forward to a controller in order to perform a
planned smooth attitude slew maneuver. Ref. [I5] presents a method to determine ana-
lytical acceleration profiles for single-axis, spin-to-spin slew maneuvers under a finite-jerk
constraint. In Ref. [I6] an optimization method is used to generate smooth and approx-
imate time-optimal trajectories for attitude maneuvers by minimizing a cost function
which takes into account the maneuver duration and the integral of the squared control
torque derivatives; however, such methods are numerically solved and computationally
expensive relative to the proposed analytical approach of this paper.

The behavior of appendage-like flexible structures is well described in the literature.
For example, Ref. [I7] provides a model of flexible thin beams in multi-body systems,
Ref. [18] presents a general model for flexible multi-body systems based on Kane’s method
and Ref. [6] shows how to model the dynamics of a flexible spacecraft through Lagrangian
mechanics. However, modeling flexible parts as disturbance torques in attitude dynam-
ics is often limited to particular structure cases. For example, in Ref. [I9] the flexible
appendages are approximated as homogeneous cantilever beams symmetric with respect
to the rotation axes, so that only anti-symmetric deformations occur during rotation. In
Ref. [7] the spacecraft has a very simple geometry, where the solar arrays are symmetrical
with respect to the main body. In Ref. [20] another mathematical model is derived for
the attitude dynamics of a spacecraft with flexible appendages, focusing on a spacecraft
composed of a rigid body with a long flexible boom with constant cross-sectional prop-
erties; the authors developed a complete model for the attitude dynamics which takes
into account both the rigid-body dynamics and the oscillatory dynamics of the flexible
appendage (in this case a thin beam) by means of the principle of virtual work. Finally,
Ref. [2I] models the behavior of a satellite with two symmetric panels by means of Kane’s
dynamics, but considering panels as rigid, with flexible hinges.

A number of possible ways to model a flexible structure exist. Among them, the Ritz

5
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method, the finite element method and the lumped-parameter method are examples of
widely used techniques (Refs. [22] and [23]). For testing the algorithms presented in this
paper, any of these models can be employed. The lumped-parameter method is chosen
here since not only can it provide an approximate model for flexible appendages, but
it also can be used to represent a range of multi-body structures, from boom antennas
(modeled as a large number of lumped elements) to rigid multi-body structures such as
deployables and robotic arms (which can be represented by fewer lumped element mod-
els). This model does not require any specific position or orientation of the appendages
with respect to the spacecraft main body or the rotation axis — apart from the alignment
with the center of mass of the spacecraft — and it does not require the assumptions of
homogeneity and isotropy, provided that the material can be considered perfectly elas-
tic. Once the behavior of the flexible/multi-body structure is modeled, the effects of the
oscillation are treated as a disturbance torque to the spacecraft. The resulting model
is simple to implement and can easily be extended if multiple flexible parts are present.
This model requires the assumption of small elastic deformations, the damping coefficient
and the elasticity properties as parameters.

The paper develops as follows. In Sec.[2] a simple model of a thin, flexible structure is
derived through the lumped-parameter method and its 3-D behavior is modeled, in order
to show how it interacts with the spacecraft main body during the motion. In Sec.[3] the
guidance law is developed by means of a trigonometric smoothing technique whose aim
is to reduce the sharpness of a generic bang-off-bang rotation. This is first developed
for one-dimensional (1-D) rotations, then extended to 3-D maneuvers by means of two
approaches: (i) by performing a smooth 1-D rotation about the Euler axis and (ii) by
applying the 1-D smoothing technique about each rotation axis separately and combining
them through the inverse kinematics equations. In Sec. [d two simulations are carried
out: the first one deals with a planar (1-D) bang-off-bang rotation subjected to the
above-mentioned trigonometric smoothing technique, while in the second one the actual
behavior of the two approaches for the 3-D smooth guidance is simulated in two different
test cases and the results of each of them are compared, in order to show the advantages

and disadvantages of the analytical method.
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2. Modeling flexible structures

2.1. Discretization of a thin beam

Being necessary to have a simple structural flexible model, the lumped-parameter
method is used to discretize the 1-D behavior of a thin flexible beam (i.e. bending in
one plane only), as it is shown in Fig. [1} which can represent a long flexible appendage
such as a boom antenna or a solar panel. This model is also especially well-suited for
modeling a multi-body spacecraft structure, such as a robotic arm. The beam has mass
M, bending stiffness FI and length L, and it is attached to the spacecraft main body
through a hinge of torsional spring coeflicient k, and damping coefficient ¢,. All the
structural parameters are known and the mass and the bending stiffness of the beam are
assumed to be uniform, i.e. the structure is homogeneous.

The flexible beam has been discretized into two rigid segments joined by a fictitious
hinge located at the middle of the beam. The segments are massless, thus two masses

have been placed in the middle of each segment to represent the mass of the whole beam.

Hinge M, EI, L Real

K, Cr beam

Discretization

Real /4 L/4 L/4 s  umped
r;(ingec ! ® / O / ° ! elements
, C M/2 Fictitious M/2
oo hinge model
ke = 0.75EI/L

c; from references

Figure 1: Discretization of a thin beam.

The fictitious hinge has its own torsional spring coefficient k¢ and damping coefficient
cy, representing the flexibility and the damping capability of the full beam. k; can be

recovered from the bending stiffness of the beam under two assumptions:

e the contribution of the shear stiffness is small enough to be neglected without

introducing a significant error;

e the inertia forces acting on each infinitesimal point of the structure are considered

uniform along the beam and may be represented by a uniform distributed load;
7
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this is more true as the length of the beam is shorter, meaning that the accuracy

of the model increases by increasing the number of fictitious hinges and masses.

(a) Inertia load. (b)  FEquivalent concentrated (c) Equivalent hinge.

load.

Figure 2: Model of the bending stiffness of the fictitious hinge.

Therefore the structure subjected to its own inertia during the motion is now repre-
sented as a beam subjected to a uniformly-distributed force p, as it is shown in Fig.
Such force produces a displacement ¢ at the end of the beam that can be computed

through Castigliano’s method (Ref. [24] p. 330]), obtaining;:

_ pL*

- 8EI (1)

The distributed load p is then converted into a concentrated one P which is located

at the tip of the beam and produces the same displacement of the distributed load:

PL3
— 2
3ET 2)
as it is shown in Fig. By equating the displacements it is possible to get a relation
between p and P:
3

P=2pL (3)

Now the beam is discretized into two rigid segments coupled through a joint, as it is
shown in Fig. Being 7 the torque caused by the concentrated load P at the tip and
0 the bending angle of the second rigid segment with respect to its equilibrium position,

the torsional spring coefficient of the hinge k is then given by:

k=1 @
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with

1
r=3PL (5)

and, with the reasonable assumption of small angle bending,

0%sin0:7L/2 (6)
the torsional spring coefficient is obtained:
3ET
kf=— 7
=TI (7)

This coefficient replaces the internal flexibility of the beam with a single fictitious
hinge, allowing to treat the structure as two joint rigid segments. Unfortunately, no ana-
lytic expression was found to determine the damping coefficient ¢ of the fictitious hinge,
thus its value must be found empirically through on-ground testing or other references,
for example similar structures or more accurate structural analyses such as the finite

element method.

2.2. 1-D dynamics of the structure

The dynamic behavior of the flexible system is studied exploiting Lagrangian mechan-
ics. An array of N beams is now considered, which are discretized into lumped elements
according to the method presented in the previous section. As each beam is discretized
into two elements, a total of 2N lumped elements will be present, each one composed by
a hinge (real or fictitious), a rigid beam segment and a point mass.

First, three functions are computed:

2N

1. /. .2
T — Z 5]i (91‘ + 93) kinetic energy (8)
i=1
2N
1 .
V= Z iki (0; — 6;_1)* potential energy (9)
i=1
2N
1 /. . N2
D= Z 5ci (02- — 91-,1> dissipation function (10)
i=1

where, referring to Fig.



e I; = m;r? is the moment of inertia of the i-th lumped mass m;, located at a distance

200 r; from the rotation axis;

e k; and ¢; are the spring coefficient and the damping coefficient of the i-th hinge

respectively;

e 0, and 6; are the i-th angular displacement and angular speed respectively with

respect to the equilibrium position;

205 e 05 is the angular speed of the body reference frame (BRF) with respect to the

inertial reference frame (IRF), i.e. the angular speed of the spacecraft rigid body;

e 0o and 6, are the angular position and speed of the equilibrium position with respect

to BRF, which are assumed to be zero (i.e. the equilibrium position is aligned with

ip).

ESpace’craft
rigid body

Figure 3: Example of a lumped-parameter model of an array of two beams undergoing a rotational

motion.
210 Now it is possible to compute the Lagrangian equations for the lumped elements, as
in Ref. 6l p. 35]:

dor or oV 0D .
%?@_aei+aei+£_o i=1,...,2N (11)

Another Lagrangian equation must be added in order to take into account the external

contributions to the motion of the flexible structure:

doT 9T oV 9D

: + ot —— = 12
dtaGB 00p 10893 00p ! ( )



where f is the flexibility torque: a boundary reaction torque which is produced by the
a5 motion of the flexible structure on the spacecraft main body.
By solving Eq. 7 it is possible to find the contribution of the flexibility to the total

torque applied on the spacecraft:

N
f= Zmﬂ'? <91 + éB) (13)
i=1
Assembling all the Lagrangian equations allows to write the equations of motion of

the system in a matrix form:

I6+KO+COH=r (14)
20  with
Zfivl mir?  mir?  mars mars ... mgNrgN_
mir? myr? 0 0 o 0
my“% 0 mgrg 0 o 0
I= (15)
msr3 0 0 msr3 ... 0
2 2
L MaNTyN 0 0 0 mQNTQN_
0 0 0 0 0 ]
0 ki+ ko —ko 0 0
0 —ko ko + ks —k3 0
K = (16)
0 0 —k3 ks +ky ... 0
—kon
0 0 0 0 —kn  kon |
0o 0 0 0
0 c1 + C2 —C2 0 0
0 —C2 Cco + C3 —C3 0
C = (17)
0 0 —C3 C3 +c4 0
—ConN
10 0 0 0 —CN  C2N |

11
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being I the inertia matrix, § = [éB 0, 6y ... é2N] ! a vector collecting the angular
accelerations of the main body and the lumped elements, K the stiffness matrix, C the
damping matrix and 7 = [f 0o 0 .. } ’ the vector of external loads.

Eq. represents thus a two-way coupling between the motion of the rigid body
of the spacecraft (represented by the term éB) and the motion of the flexible structure,

whose effect on the main body is represented by f.

2.8. 8-D dynamics of the structure

In order to extend this approach to the 3-D case, it is first necessary to define a new
reference frame which is more suitable for describing the behavior of the flexible part.
This new reference frame is called appendage reference frame (ARF) and is defined such
that & 4 is aligned with the main axis of the appendage when it is in equilibrium, while
Y4 and 24 are left to the free choice of the designers, provided that they follow the
convention of the right hand rule. It is also required that the origin of the ARF frame
coincides with the center of mass of the spacecraft, which means that the principal axis of
the flexible structure must be aligned with the center of mass of the spacecraft. A rotation
matrix is given to convert this reference frame to BRF and vice-versa: Rp, 4 = R?; <B-

In order to manage a 3-D deformation of the flexible appendage, its dynamic behavior
is decomposed into two bending deformations, each one along the ¢ 4, and 2 4 axes of ARF,
and a torsional contribution about &4 due to the torsional inertia of the appendage. This
approach offers a good solution because of the slimness of the beam, since gyroscopic
effects do not significantly affect slim beams.

First, the same discretization process seen in Sec. is applied about each axis ¢ 4
and 2 4 separately so as to obtain the same series of masses and hinges on the beam. The
i-th hinge along y 4 and the one along 2z 4 lie to the same position along the appendage,
but they may have different mechanical properties if the structure is anisotropic.

The position r; of each lumped mass m; in the BRF is given by:

ri = Rpar; [1 0 O}T (18)

If the alignment of the rotation axis w with respect to the body frame is known
(rate-integrating gyros can provide this piece of information), it is possible to determine

12



the distance of the i-th mass from that axis so as to compute its moment of inertia. As

shown in Fig. [ that distance is

d; =risina (19)

being « the angle between the main axis of the appendage and the axis of rotation:

T T
Q = arccos ( ) = arccos (d) “Rp. 4 [1 0 O} ) (20)

wr;

7&)
/
/
£
/ ™ d;
~ / ‘~\~
Ya AQ o my
/.' """"" g g
/o s TA
/|
/o . |
/ p—_t

Figure 4: Appendage with three-dimensional rotation.

In order to extend Eq. to the 3-D case, the angular accelerations of the lumped
25 masses about ¢ 4 and 24 and the angular acceleration of the spacecraft are used. There-
fore, instead of the planar angular accelerations, now the 3-D accelerations of the lumped

masses and the spacecraft are used:

T
. . 1-D 3-D . . .
(ei + 03) D=3D, (RBHA [0 b, 9] +w> (21)
Moreover, a contribution due to the torsional inertia is added. Once the spacecraft
angular acceleration w is converted into ARF, it can be recovered by multiplying the

260 polar mass moment of inertia I,,; by the component of acceleration that is aligned with

& 4, i.e. the first element of the vector; the result is then reconverted into BRF. The

13
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following equation is thus obtained:

N 0 s 10 0 @,
F= |mid? | Rpcal b, 0+, ¢ | +Rocali [0 0 0| Racp{o,

i=1 .
6. @, 00 0 @

Note that while the torsional inertia is kept into account, the torsional deformation of

the structure is not.

3. Low-jerk attitude guidance and control

In this section, a controlled rest-to-rest maneuver is considered, which is given in
terms of desired displacement (angular distance between the desired position and the
current one) and required time for the maneuver. In order to perform such maneuver, it
is necessary to design a suitable trajectory which satisfies the requirements while being
constrained by the physical properties of the spacecraft and by keeping the excitation of
the flexible structures to a minimum. Such trajectory will be expressed as an acceleration

profile that shall be used to feed a suitable control.

3.1. 1-D maneuvers

The versine control profile is a simple smooth approximation of the bang-off-bang
control profile (Fig. with a finite jerk value by means of the versine trigonometric
function. The versine is defined as the difference between 1 and the cosine of a given

angle:

versin(6) := 1 — cos(0) (23)

This function is used to smoothen each step of the bang-bang control. As its derivative
is zero at the origin, it is well suitable to have smooth start and smooth end.

Once the quick changes of acceleration of the bang-off-bang profile are substituted
by versine-shaped curves, as it is possible to see in Fig. [0} it is necessary to define some

quantities:

14
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emaz

Acceleration
(=)

—Omaa |

Time

Figure 5: Profile of the bang-off-bang maneuver.

e t, is the time of each application of the versine function;

e t,, is the time of constant acceleration between the increasing and the decreasing

parts of the versine function;

e t,, is the time of constant velocity between the positive and negative acceleration

phases;

o ity =4t, + 2t,, +tp, is the total time of the acceleration profile, which is less than

or equal to the duration of the maneuver.

It is clear that, in order to increase the smoothness of the maneuver, it is necessary
to increase t,. The best way to achieve this goal without increasing the total time of
flight is to reduce t,, to zero so that the end of the positive acceleration phase coincides
to the start of the negative one, as it is possible to see in Fig. [7] Then the total time of

the acceleration profile becomes:

ty = dt, + 2t (24)

At this point, it is possible to see that a stationary point is present where the acceler-
ation switches sign. Such ripple is a consequence of two consecutive and opposite versine

curves and has no usefulness, therefore it may be better to replace the part of the curve
15
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Acceleration
(=)

—Omaa |
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Figure 6: Profile of the versine-smoothed maneuver.

Omaz [

Acceleration
(==}

—Omax [

Time

Figure 7: Profile of the versine-smoothed maneuver without constant-velocity part.

between the highest and the lowest peaks of acceleration with a cosine, which does not
present any distortion near zero. The final profile is shown in Fig.
300 Given a maximum available acceleration émaz, the actual control acceleration is there-

fore given by

16
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Figure 8: Profile of the versine/cosine-smoothed maneuver.

H(t) = %Hm,u versin (772}) 0<t<t,

0(t) = Ormas ty <t <tm+t,

0(t) = frmaw cos <72rt_t;”_t”> tn + by <t < tm + 3to (25)
0(t) = —bOrmaz b 4 3ty <t < 2t,, + 3t

H(t) = —%émm versin (wt_%:’v_%}) 2, +3t, <t <ty

It is now necessary to correlate the parameters of the maneuver shaping, t, and t,,,
to the constraints of the maneuver and the spacecraft: the final time t;, the desired
displacement 64, the maximum available control torque ;,q, and the inertia I. Under
the assumption of zero initial position, #(0) = 0, the displacement can be obtained from

the double integration of the acceleration profile:

. ty 1 t tom +to
0 =20,0x [// — versin <7r> dtdt + // dt dt+
0 2 tv t,

v

-
2ty t =t —t,
+// cos (—71') dtdt] (26)
tmtt 2ty

17
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04 041

K= = (27)
Hmam Umax
as a proxy for the fixed parameters and substituting t,, = %tf — 2t,, the following
equation is obtained:
6 1y 5 1 1,

so  which must be solved with the constraints of ¢y, x > 0 and 0 < ¢, < itf.

For given values of x and ty, that equation is satisfied when:

7r\/(3772 — 24)t5 + (96 — 872)r — T2ty

t. =
! 2(n2 — 12)

(29)

It is worth to note that for a given value of s the total time t; is constrained by a

lower and an upper bound. The lower bound is given by

tf min = 2\/E (30)

which corresponds to a bang-bang maneuver, where t,, = 0 and ¢,,, = %t ¢. The bang-bang
315 profile is the time-optimal maneuver, so no maneuver is possible with a lower duration.

The upper bound is given by

; _ A7\/2
fmar = AT 19

which coincides with ¢, = it ¢ and ty, = 0. A larger value of ¢y requires to reduce the

VE (31)

maximum acceleration to perform the maneuver correctly: if ¢; exceeds such limit, a new

value for the maximum acceleration must be set as

327T29d

t3(372 +12) (32)

amaz new —

20 with x varying accordingly.
This set of equations allows to create a suitable low-jerk acceleration profile for a
specific maneuver, providing the desired displacement 64, in the total time ¢; and within

the maximum acceleration Gmas = Umas /1. First t; must be compared with the bounds
18
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provided by Eq. and ; if it is too small, the maneuver is physically infeasible for
the spacecraft and it is necessary to increase the time of flight or the maximum available
torque; if on the contrary t; is too large, the maximum acceleration émm shall be reduced
to a new value given by Eq. . After that, the times of the different phases of the
maneuver, t,, and t,,, can be found through Eq. and respectively, which in the
end allow to design the acceleration profile according to Eq. .

It is worth noting that the maximum angular velocity of the smooth motion increases
with respect to a bang-off-bang maneuver. This is because The ”off” part in the profile is
produced not only by the constraint on maximum acceleration, but also by the constraint
on maximum angular velocity that the spacecraft can withstand. For this reason, it may
be necessary to increase the total time in order to decrease the maximum angular velocity.
As it is shown in Ref. [25], this can be done by rescaling the time as t = ar, where 7 is
the new total time and « is a rescaling factor; so if the planned maneuver exceeds the
maximum angular velocity, it is possible to rescale the total time so that it respects such
constraint.

By integrating Eq. twice it is possible to get analytically the velocity and position

19



s at each time instant ¢ of the rotation. They are given by the following set of equations:

Phase 1: positive versine-shaped acceleration (0 <t < t,)
t ty . t
—— —sin|7—
2 27 ty

p 2 2 t

0(t) = Omax { 1 9 {cos (7rtv> — 1]}

Phase 2: positive constant acceleration (t, <t < t,, + t,)

N R B M G B
e(t)_emaz[Qt St (712 4)4

Phase 3: cosine-shaped acceleration (¢, + t, <t < t,,, + 3t,)

. .. 2 Tt —1tm 1
0(t) = Omax { [_w cos <2 » > + 2] ty + tm}

T2

. 4 t—tn 31 1 1
9(t)=¢9maw{{—sin (W )+2—} 2+ tmt + Sty — oto —

2 1, m 4 2 2
_tmtv}

Phase 4: negative constant acceleration (¢, + 3t, <t < 2t,, + 3t,)

. . 7
G(t) = Omax <_t + 2t + 2%)
- 1 7 7T 19
0() = Omaz |—=1° + 2tmt + sttt + [ = — — | 2 — 2, — dtty,
(0 5ttt (G- )R -g
Phase 5: negative versine-shaped acceleration (2t,, + 3t, <t < ty)

: - 1 1 t — 2t, —4t,
0 = {20 [ i (=2 0, )

2 T v

j 1 1 t— 2t,, — 4t 13
H(t) = 07na:}; {_4t2 + it + 2tut — |:2 COS <7l'M> -

2 ty 272

o 2
e
)

3.2. 3-D maneuvers

(33)

In order to work on the 3-D case, it is necessary to use a 3-D representation of the

maneuver. Quaternions are well suitable to represent 3-D attitude and spatial rotations,

S0 a quaternion representation is adopted. A generic quaternion g is composed by an

20



us imaginary or vector part g and a real or scalar part g4 as follows:

q1
_ q
q= 4= g (34)
qa
q3

The quaternion error of the overall maneuver can be found as

7.=q,'9q, (35)

where @, is the desired final quaternion, g, is the quaternion representing the initial
position, ® represents the quaternion product, and the inverse of a quaternion is obtained

as

— 1 —-q

Ml |,

%0 being ||g|| = v/¢? + ¢ + @2 + ¢; the norm of the quaternion.
It is worth to note that it is always possible to change the reference frame of the

maneuver such that in the new frame the initial angular position is zero.

3.2.1. Smoothing of the eigenaxis rotation
Euler’s rotation theorem states that any 3-D rotation of a rigid body about a fixed
s point from any initial orientation to any final orientation is equivalent to a single rotation
about an axis that runs through the fixed point (Ref. [26] p. 329]). Such axis is stationary
in an inertial reference frame and is called Euler axis or eigenaxis.
The eigenaxis rotation, being about an inertial fixed axis, can be considered a 1-D
rotation in a reference frame which has the Euler axis as one of its main axes. Owing
0 to this, the 1-D smoothing technique developed in the previous section can be applied
directly.
It is worth to note, however, that as the Euler axis is not a principal axis of inertia,
a torque about this axis does not only result in an acceleration about the same, and

therefore additional control torques around the other axes are needed.
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Quaternions represent a mathematical method to encode the Euler axis-angle rep-
resentation in four numbers, where the vector part represents the eigenaxis € and the
scalar part the angle 6:

_ sin 5e
q= (37)

[
Cos 3

In other words, quaternions define the rigid-body attitude as an Euler-axis rotation. This
means that the vector of the imaginary part is aligned with the Euler axis while the real
part is associated to the Euler angle, so it is possible to compute the Euler axis é and

the desired angle 84 of a given maneuver from the quaternion error as follows:

ba 4
27 gl (38)

04 = 2 arccos geq

Once the angular displacement 64 is obtained, it can be smoothed by using the set
of Eq. : by computing the analytical angular displacement path 6(t) from ¢ = 0
to t = ty, a 1-D reference displacement 6,./(t) is obtained which the spacecraft must
follow in order to perform the smooth maneuver. Such 1-D profile of displacement is
then converted into a quaternion g, (t) which represents a 3-D reference maneuver, as

follows:

q5(t) = sin Leg(t) e
)

07‘€f (t
2

(39)

Gresa(t) = cos

A reference speed 6, 7(t) about the Euler axis can also be obtained by computing the

angular speed 9(15) through Eq. . It is then converted into a 3-D profile of velocity as

Wref (t) = 9ref (t)é (40)

The 3-D profiles of position @,..;(t) and velocity w,s(t) can then be exploited for the

smooth maneuver.
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3.2.2. Smoothing of a generic 3-D maneuver

Even if the eigenaxis rotation can be used to perform maneuvers in the 3-D rotation

group, it may be useful to find a way to smooth generic 3-D maneuvers without relying
s on the specific rotation about the Euler axis.

An approach to create 3-D maneuvers starting from a 1-D smoothing technique is
proposed by Ref. [I2]. Such method is adopted here to design a fully-3-D maneuver
profile that takes into account the nonlinear terms of Euler equations starting from the
1-D analytical smoothing technique developed in the previous section.

390 First, a smooth profile maneuver is developed for each axis separately, starting from
the desired displacement 63 about each axis and the same total maneuver time ¢y and

using Eq. . Three profiles of position are then obtained:

eref (t) = 9refx<t) Hrefy(t) eref,z(t) ! (41)

which can be converted into a quaternion representation in order to obtain the profile of
position in terms of quaternions, g, ;(t).

305 Since it is not possible to integrate directly the Euler angles to get the profiles of
angular velocities, the kinematic equations of Euler angles are used to find the angular
velocity vector wy.f(t) starting from the kinematic equations for the set of Euler angles

3-2-1:

0 sin 6, cos 6,
. 1
0= — i 42
cos b, 0 cos 0, cos 0, cosfysinf, | w (42)

cosf, sinf,sinf, sinf,cosd,
Such equations are inverted to find the reference angular velocity from the derivatives of

awo the reference Euler angles:

~sin(Bres, (1) 0o
Wrep(t) = | c08(Oreyy(t)) sin(Bpes (1)) co8(Brer-(t)) 0| Ores(t) (43)

cos( Tefy(t)) cos( ref 2 (t )) —sin(@refz(t)) 0
So it is possible to determine the reference angular velocity wyes(t) by means of the
reference displacement 0,..¢(t) and its derivative [ #(t), both available analytically from

Eq. as the displacement and speed paths 6(¢) and H(t) about each axis.
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It is worth noting that the intrinsic singularities of the kinematics written through

Euler angles vanished thanks to the inversion of the equations.

3.3. Reference tracking

Once 3-D profiles of position (g,.) and velocity (w;.y) are obtained either by means
of the smoothing of an eigenaxis rotation, Eq. and , or through the smoothing
of three superimposed 1-D maneuvers, Eq. and , it is necessary to develop a
control law able to make the spacecraft perform the desired maneuver.

The control law is a quaternion-based control whose task is to minimize the errors

between the planned position and planned angular velocity and the current actual ones:

u=1I(-kig, — kow,) (44)

where g, is the imaginary part of the quaternion error g,, which expresses the error

between the desired reference position at each time instant and the actual one:

q.(1) =g, () ®q(t) (45)

and w, is the error between the reference velocity at each time instant and the actual

one:

we(t) = w(t) = wrep(t) (46)

Therefore the control law is designed to make the spacecraft follow the prescribed
angular rate and velocity during the maneuver.

It is worth to note that the final control input w4 may be larger than the maximum
torque used to compute the maneuver profiles because of the presence of the disturbing
flexibility torque f. Therefore, it is necessary to consider a margin between the maximum
reference control torque and the actual maximum torque available from actuators.

The process to obtain the control law to perform the smooth maneuver can therefore

be summarized as follows:

1. the angular displacement path #(t) and angular speed path (t) about the Euler axis
are computed analytically from Eq. according to the maneuver and spacecraft
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constraints for all the different time phases of the maneuver; they form a reference
displacement 6,.(t) and a reference speed 6, (t) about the eigenaxis, which are
converted into a 3-D reference position @, ;(t) and a 3-D reference velocity w.(t)
through Eq. and ;

2. alternatively, the angular displacement path and angular speed path can be com-
puted separately about each principal axis and composed into two vectors: 6.z (t)
and ,.5(t); the former is then converted into quaternion form q,.s(t) through
Eq. again, while the latter is converted into a 3-D reference velocity by means
of Eq. ;

3. the control law is expected to make the spacecraft follow the prescribed position
and velocity paths during the maneuver, q,..,(t) and w;y(t), so the control law
of Eq. is adopted, where the errors are computed with respect to the actual

position and velocity at each time instant during the maneuver.

4. Simulations results

4.1. 1-D simulation

A first simulation has been carried out in a 1-D setting in order to show how the
trigonometric smoothing technique reduces the excitation of a flexible structure while
performing a planar rotation.

The flexible structure is composed by two beams joint together with a hinge, equal

to that of Fig. [3] whose mechanical properties are shown in table

Table 1: Mechanical properties of the 1-D structure.

Beams Real hinges
Parameter Beam 1 Beam 2 Parameter Hinge 1 Hinge 3
L [m)] 1 1 k [Nm™1] 1200 1300
M [kg] 10 9 ¢ [Nsm™1] 5 5
ET [Nm?] 1840 1850 ro [m] 1
¢ [Nsm™1] 5 5

In this simulation, no disturbance torque affects the motion. The rotation is per-

formed by following both the bang-off-bang acceleration profile and an equivalent profile
25



obtained by applying the versine/cosine smoothing technique presented in Sec. in
w0 order to show how the flexible appendage behaves in the two cases. The the torque pro-
duced by the oscillation of the flexible structure, f, is chosen as a metrics to represent
how the different profiles of acceleration trigger the appendage. The fixed parameters of

the rotation are displayed in Table

Table 2: Parameters of the 1-D simulation.

Parameter Symbol  Value
Desired position [°] 04 180
Maximum acceleration [rads™!] Orman 0.01
Minimum allowed duration of the rotation [s]  ¢fmin 35.5
Available time for the rotation [s] ty 40

Fig. [0] shows how the original bang-off-bang acceleration profile is converted into an
s equivalent smoother profile by applying the discussed smoothing process. It can be seen

that the main constraints (duration and maximum acceleration) remain unchanged.

001 ——F————————

smoothed rotation
— — bang-off-bang rotation
— - — maximum acceleration

0.005 -

0 [rad/s?]
o

-0.005 |-

-0.01 -

Figure 9: Acceleration profiles of the bang-off-bang and the smoothed rotation.

Fig. shows the flexibility torque due to the oscillation of the structure. It can
be seen that the smoothed rotation triggers such oscillation considerably less than the
original bang-off-bang rotation.

460 This simulation shows how a bang-off-bang acceleration profile can be smoothed with-

out changing its constraints. Moreover, it also shows that the application of the smooth-
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Figure 10: Flexibility torques of the bang-off-bang and the smoothed rotation.

ing technique in planar rotations is capable of reducing the oscillation of the flexible

structure.

4.2. 3-D simulations

Another simulation has been carried out of a generic medium-size satellite performing
smoothed 3-D rest-to-rest slew maneuvers. The spacecraft is equipped with a generic
flexible slim appendage which is not aligned with any of the main axes of inertia of
the vehicle. Both the eigenaxis rotation and the 3-D smoothed maneuver have been
simulated in order to analyze the effectiveness of the two techniques. Two test cases
have been analyzed: they differ each other in the parameters of the maneuver and the
properties of the spacecraft, while the structural properties of the appendage remain
unchanged.

The model of the appendage is equal to that of the previous simulation, but now it
is able to move in a 3-D frame. Defining axis ¢4 and Z4 as perpendicular to the beams’
main axis, such structure has the mechanical properties displayed in Table [3]

The position of the flexible structure with respect to the spacecraft main body is

given by matrix Rp. 4, the following values of the Euler angles being used for the first

test case:
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Table 3: Mechanical properties of the 3-D structure.

Beams Real hinges
Parameter Beam 1 Beam 2 Parameter Hinge 1 Hinge 3
L [m)] 1 1 kya [Nm™] 1200 1300
M [kg] 10 9 k.a [Nm™1] 1200 1300
EI,4 [Nm?] 1840 1850 Cya, x4 [Nsm™!] 5 5
EI4 [Nm?| 1920 1900 o [m] 1
Cya, Cza [Nsm™1] 5 5
I, [kgm?] 0.1 0.1
a=12°
p=5 (47)
v =35°

The controller is designed according to Eq. where the gains have been set as
k1 =152 and ky = 257!, which were found through a trial-and-error iterative process
and showed to be effective for controlling this system.

The fixed parameters of the maneuver and the spacecraft for the first test case are

shown in Table [l

Table 4: Parameters of the 3-D simulation (test case 1).

Parameter Symbol Value
Desired position [°] 04 [135 180 7144}
Maximum control torque [N m] Umaz {1.95 1.55 1.75}
Moment of inertia of the main body [kg m?] I {90 85 100}

Minimum allowed duration about each axis [s|  tfmin {24,1 30.2 27.7}

Available time for the maneuver [s] ty 45

The actual maximum torque used for computing the acceleration profiles has been set

as 75 % of the nominal one, in order to grant a margin for compensating the disturbing
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flexibility torque f.
In Fig. [11|the attitude error of the overall maneuver, i.e. the quaternion error referred

to the desired final position, is visible. The two smoothing techniques are applied and in

both cases the spacecraft is able to reach the desired position with accuracy.
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(a) Figenazis rotation. (b) 8-D smoothed maneuver.

Figure 11: Attitude errors (test case 1).

Fig. displays the angular velocities during the eigenaxis rotation and the 3-D
smoothed maneuver compared with the planned expected angular velocity. It can be
seen that the maximum value in the 3-D smoothed maneuver is larger than expected
about the g and 2 axes because of the influence of the disturbing torque due to the
oscillation of the flexible appendage. On the other hand, the angular velocity during the
eigenaxis rotation is smaller, thus reducing the centrifugal forces acting on the structure
during the maneuver.

Fig. shows the accelerations for the eigenaxis rotation and the 3-D smoothed
maneuver (planned and actual). The first is far lower than the latter on each axis;
moreover it is also smoother, so a lower excitation of the flexible structure may be
expected. Concerning the 3-D smoothed maneuver, it is possible to see some notable
divergences between the planned acceleration and the real one, especially in the dynamics
about the ¢ axis, because of the oscillation of the flexible appendage.

Fig. [I4] shows the control torques needed to perform both the eigenaxis rotation and
the 3-D smoothed maneuver and their saturation limits. It is possible to see that while

the control torques u in the eigenaxis rotation are always far from the limits, those of
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Figure 12: Angular velocities (test case 1).

the 3-D smoothed maneuver sometimes reach the upper and lower bounds, especially the

one about z. This happens in spite of the reduction of the maximum torque available for
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Figure 13: Angular accelerations (test case 1).

maneuver planning to 75% of the nominal maximum one that can be provided by the
actuators. However, as it can be seen in the other plots, this does not affect significantly

s the capability of the spacecraft to perform correctly the maneuver.
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Figure 14: Control torques (test case 1).

The following two plots show the outcomes of a comparison between the smoothed

maneuvers and a classical proportional-derivative control, in order to investigate how
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the smoothing process improves the performance of the maneuver. Such classical control
law is formulated as w = I (—k1q, — kow), which differs from Eq. as the quaternion
error is defined with respect to the final desired position of the maneuver and the velocity
error is replaced by the velocity itself. The gains remain unchanged.

Fig. shows the magnitude of the flexibility torque in the three cases and allows
to see that both the smooth maneuvers produce a generally lower excitation of the
appendage; in particular, the eigenaxis rotation triggers a lighter excitation than the 3-D
smoothed maneuver. Moreover, both smooth motions are able to dampen the oscillation

to zero in less time.

3-D smoothed maneuver | |
— — —classical control
—-—-— eigenaxis rotation

/J"L}\ﬁ;\ﬂ”” )

HIT o

Figure 15: Magnitude of the flexibility torques (test case 1).

In Fig. the overall cost of the different maneuvers are compared. The plot shows

the total angular impulse, which is defined as

ty
A:/ | dt (48)
0

and provides a good measurement of the total cost of the maneuver. It can be seen that
the cost of the eigenaxis rotation in terms of total angular impulse is remarkably smaller
than that of the 3-D smoothed maneuver, which in turn is sensibly lower than that of
the classical control.

From the plots it is possible to note that in general the dynamics about the 2 axis in
the 3-D smoothed maneuver presents more sharpness than the two others. In particular,
it can be seen in Fig. that the torque which is needed to properly perform the

maneuver and compensate the disturbance would exceed the maximum available torque
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Figure 16: Total angular impulses (test case 1).

for large parts of the maneuver and is therefore limited to w,q,. By comparing that plot
with that of Fig. it is possible to see that a sudden variation of the control torque
and of the acceleration happens after the end of the saturation of the control torque. This
allows to hypothesize that the motion could be made smoother by increasing the torque
margin which is used to compensate the disturbance torque, which is now at 25 % of the
nominal maximum torque. However, it must also be taken into account that a reduction
of the maximum reference control torque in the maneuver planning would reduce the
possible maneuvers that can be performed through the smoothing process.

The second 3-D test case uses the same appendage whose mechanical properties are

displayed in Table [3] but now it is located on a different position in BRF:

o = 140°
B =175 (49)
v = 350°

while the fixed parameters of the maneuver and the spacecraft are now those shown in
Table[5l In this test case, the maximum control torque has been increased in order to get
a faster rotation and see how the controller is able to cope with increased oscillations.
Again, the actual maximum torque used for computing the acceleration profiles is 75 %
of the nominal one.

Fig. [17 shows the attitude error of the overall maneuver for the two smoothing tech-
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Table 5: Parameters of the 3-D simulation (test case 2).

Parameter Symbol Value
Desired position [°] 04 {—153 162 108}
Maximum control torque [N m)] Umagz {5 5.5 4.5]
Moment of inertia of the main body [kg m?] I {180 200 205}

Minimum allowed duration about each axis [s]  tfmin [19,7 20.8 18.6}

Available time for the maneuver [s] ty 40

niques. Again, the spacecraft reaches the desired attitude correctly.
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Figure 17: Attitude errors of the smoothed maneuvers (test case 2).

In Fig. [I§] the accelerations about each axis are compared once more. As in the
previous test case, the accelerations in the eigenaxis rotation are lower than those of the
3-D smoothed maneuver (both the expected and the actual ones).

Figs. [19)and 20] show that the smoothed maneuvers are better than a classical control
in reducing the excitation of the flexible appendage and the total cost of the maneuver.
In particular, it can be seen that the increase of the velocity of the maneuver leads to a
strong oscillation when the classical control is applied, while the smoothing techniques
are able to mitigate it.

The test case shows that the smoothed techniques are preferable to the classical

control also in the case of fast maneuvers. Indeed, even if the classical control is able
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Figure 18: Angular accelerations (test case 2).

to complete the rotation in a smaller amount of time, its larger velocity produces a

s stronger residual oscillation of the flexible appendage, which lasts far beyond the end of
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Figure 20: Total angular impulses (test case 2).

the smoothed maneuvers.

5. Conclusion

An approach to design analytically-defined rest-to-rest reorientation maneuvers with

low jerk was developed. It was tested in simulation with a multi-body structural model

ss  based on the lumped-parameter method. Such an approach allows the control engineer

to prescribe some parameters of the maneuver (desired position, maximum duration) and

the spacecraft (moments of inertia, maximum control torques) and design a 1-D low-jerk
rotation under the imposed constraints.

Two methods to extend this technique to 3-D maneuvers were presented. The first

s is based on the smoothing of a 1-D rotation about the Euler axis, so as to obtain a
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global 3-D maneuver that can use the 1-D smoothing procedure on the eigenangle. The
second method is more general: the 1-D analytical approach was applied to each rotation
axis separately, obtaining three profiles of angular position that are used to find the
corresponding profiles of velocity by means of inverse kinematics.

Both presented smoothing techniques are very efficient from a computational point
of view: they make use of algebraic computations only and no calculus is required.
The computation of the angular velocity is not computationally expensive either, as
the profiles are computed by means of closed-form analytical equations and then simply
converted into a 3-D motion.

The two methods were simulated and both of them shown to be effective. The rotation
about the Euler axis is in general better than the generic 3-D smoothed maneuver in
reducing the excitation of the flexible structure and the total cost of the maneuver.
Since it is also simpler to implement, the smoothing of a bang-bang Euler axis rotation
provides a useful trajectory for 3-axis rotations of spacecraft with multi-body or flexible

appendages.
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