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Abstract: Sand typically exhibits anisotropic internal structure (or fabric) and the fabric 11 

anisotropy has dramatic influence on mechanical behaviour of sand. Meanwhile, the fabric 12 

evolves when sand is subjected to external loading. This eventually makes the response of strip 13 

footings on sand dependent on fabric anisotropy and fabric evolution. A numerical investigation 14 

on this effect is presented using a critical state sand model accounting for fabric evolution. The 15 

model parameters are determined based on plane strain and triaxial compression test data and 16 

the model performance is validated by centrifuge tests for strip footings on dry Toyoura sand. 17 

The bearing capacity of strip footings is found to be dependent on bedding plane orientation of 18 

dense sand. But this effect vanishes as the sand density decreases, though the slope of the force-19 

displacement curve is still lower for horizontal bedding. Progressive failure is observed for all 20 

the simulations. General shear failure mode occurs in dense and medium dense sand and 21 

punching shear mode is the main failure mechanism for loose sand. In general shear failure, 22 

unsymmetrical slip lines develop for sand with inclined bedding plane due to the noncoaxial 23 

sand behaviour caused by fabric anisotropy. For strip footing on sand with horizontal bedding, 24 

the bearing capacity and failure mechanism is primarily affected by the sand density. The 25 

bearing capacity of a strip footing is higher when the sand fabric is more isotropic for the same 26 

soil density. An isotropic model can give significant overestimation on the bearing capacity of 27 

strip footings. 28 

 29 
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Introduction 31 

It is well recognized that both man-made and natural sand deposits always have anisotropic 32 

internal structure (or fabric) due to compaction and gravitational loading. The fabric anisotropy 33 

can be caused by preferred orientation of particles, contact force directions or void spaces etc. 34 

The mechanical behaviour of sand, such as shear strength and volume change, is significantly 35 

affected by the fabric anisotropy (Muir and Toki, 1982; Oda and Kazama, 1998; Wan and Guo, 36 

2001). An important feature of sand fabric is that it evolves with deformation, which in turn 37 

affects the soil behaviour (Li and Li, 2009; Fu and Dafalias, 2011; Li and Dafalias, 2012; Guo 38 

and Zhao, 2013). There has been extensive research on the anisotropic stress-strain relationship 39 

of sand using either laboratory tests or micromechanical studies (e.g., Oda et al., 1978; Azami 40 

et al., 2010; Thornton and Zhang, 2010; Guo and Zhao, 2016; Chang and Yin, 2009; Yin et al., 41 

2010; Yin et al., 2014; Zhao et al., 2018), based on which some constitutive models have been 42 

proposed (e.g., Nemat-Nasser and Zhang, 2002; Li and Dafalias, 2012; Gao et al., 2014; 43 

Papadimitriou et al., 2019).  44 

 45 

The fabric anisotropy and fabric evolution has influence on not only the mechanical behaviour 46 

of sand elements but also the response of infrastructure built on or using sand, such as 47 

foundations, slopes, suction caissons and offshore embedded anchors. Particularly, there has 48 

been huge interest on the bearing capacity 𝑄𝑄𝑢𝑢 of shallow foundations on sand, which is a 49 

classical problem in soil mechanics. Several small-scale 1g tests have been reported on sand 50 

with different bedding plane orientation, which is typically described by an angle (𝛼𝛼) between 51 

the horizontal direction and plane of sand deposition (Oda et al., 1978; Oda and Koishikawa, 52 

1979; Azami et al., 2010; Kawamura and Muira, 2014). It is found that 𝑄𝑄𝑢𝑢 of a strip footing 53 

on dense sand is the highest and lowest when bedding plane is horizontal and vertical, 54 

respectively. This difference can reach up to 25% for very dense sand. But such difference in 55 

𝑄𝑄𝑢𝑢 caused by 𝛼𝛼 vanishes when the relative density of sand 𝐷𝐷𝑟𝑟 is below 70% (Oda et al., 56 

1978; Oda and Koishikawa, 1979). Similar observations have been reported in centrifuge tests 57 

on dry Toyoura sand (Kimura et al., 1985). For strip footings on sand with horizontal bedding, 58 

which is of importance for practical applications, the fabric anisotropy must be properly 59 

considered in calculating the 𝑄𝑄𝑢𝑢 as well. It is shown that, without proper consideration of the 60 
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strength anisotropy of sand, one may overestimate the bearing capacity factor for a shallow 61 

foundation by as much as eight times when using the classical bearing capacity theory (Guo, 62 

2008). Chaloulos et al. (2019) have shown that 𝑄𝑄𝑢𝑢 of a strip footing can be overestimated by 63 

30% using an isotropic critical sand model where the fabric effect on mechanical behaviour of 64 

sand is neglected.  65 

 66 

Indeed, many attempts have been made in determining or modelling the 𝑄𝑄𝑢𝑢  of shallow 67 

foundations on sand with consideration of anisotropy. Meyerhof (1978) was the first to propose 68 

a method for calculating the 𝑄𝑄𝑢𝑢 of strip footings on anisotropic cohesionless soil using the 69 

plastic equilibrium approach. It is assumed that the peak friction angle is a function of 𝛼𝛼, which 70 

means that the effect of 𝛼𝛼 on 𝑄𝑄𝑢𝑢 is independent of soil density. This method has two major 71 

limitations. First, it works for dense sand but not loose sand, because the effect of 𝛼𝛼 on 𝑄𝑄𝑢𝑢 72 

vanishes when 𝐷𝐷𝑟𝑟  is low, although the peak friction angle is always dependent on 𝛼𝛼 , 73 

irrespective of the soil density. Secondly, the expression for friction angle variation with 74 

loading direction is only valid for sand with horizontal bedding plane, which limits the 75 

application of this method for more general cases (Azami et al., 2010). Siddiquee et al. (1999) 76 

used finite element modelling to investigate the response of strip footings on anisotropic sand. 77 

Though the effect of 𝛼𝛼 on 𝑄𝑄𝑢𝑢 can be reproduced, an approach similar to that in Meyerhof 78 

(1978) was used to describe the strength anisotropy of sand. Azami et al. (2010) carried out a 79 

series of small-scale 1g model tests of strip footings on sand with different 𝛼𝛼 and used finite 80 

element modelling to analyse the results using a new constitutive model. Satisfactory agreement 81 

between the numerical results and test data was achieved. But this model cannot account for 82 

the effect of sand density on the soil response. Yuan et al. (2018) used pure numerical modelling 83 

to show that the strength anisotropy and non-coaxial sand behaviour should be accounted for 84 

in calculating the 𝑄𝑄𝑢𝑢  and settlement of strip footings. Chaloulos et al. (2019) reported 85 

comprehensive study on the response of strip footings on anisotropic sand using a newly 86 

developed sand model based on the anisotropic critical state theory (Papadimitriou et al., 2019). 87 

It is shown that the model is capable of capturing the effect of both anisotropy and density on 88 

the strip footing response. As the model employs a coaxial flow rule, it is not able to predict the 89 

formation of unsymmetrical slip lines in sand caused by inclined bedding plane orientation, 90 
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which has been observed in many model tests (Azami et al., 2010; Kawamura and Muira, 2014). 91 

 92 

This paper presents new finite element study on the response of strip footings on anisotropic 93 

sand. A critical state sand model accounting for fabric evolution is used. An important feature 94 

of the model is that it employs a non-coaxial flow rule which is dependent the current stress 95 

and fabric state. This allows the model to predict unsymmetrical slip lines under strip footing 96 

on sand with inclined bedding plane orientation ( 𝛼𝛼 ≠ 0° and 𝛼𝛼 ≠ 90° ). The model 97 

performance will be validated against both element tests and centrifuge tests on Toyoura sand. 98 

The numerical simulations will look into the effect of 𝛼𝛼, density and initial degree of anisotropy 99 

𝐹𝐹0 on the 𝑄𝑄𝑢𝑢 and failure mechanism of strip footings. Prediction of an isotropic model for the 100 

centrifuge tests will be shown to demonstrate the importance of considering fabric anisotropy 101 

in modelling the strip footing response. Practical implications of the numerical results will be 102 

discussed. The model will first be introduced in the following, based on which the numerical 103 

implementation and finite element simulations will be presented. 104 

 105 

A Constitutive Model for Sand Accounting for Fabric Evolution 106 

Model formulation 107 

The model used in this study is based on the one in Gao et al. (2014). It employs a fabric tensor 108 

for quantifying the anisotropic internal structure of sand. Fabric evolution and its effect on sand 109 

response is considered. Some minor changes have been made in the original model for the sake 110 

of numerical implementation. Specifically, the original model in Gao et al. (2014) employs a 111 

fabric-dependent yield function, which is used to get a non-coaxial flow rule. This yield 112 

function creates some difficulty for explicit integration of the model (Sloan, 1987; Zhao et al., 113 

2005), especially the detection of the yield surface intersection under complex loading 114 

conditions. To overcome this difficulty, a yield function expressed in terms of the stress 115 

invariants is used, and a separate fabric-dependent plastic potential is employed, which is 116 

similar to the yield function in Gao et al. (2014). It is found that this change has small influence 117 

on the model predictions but can facilitate the model implementation. The main model 118 

formulations for the model will be given in this section. 119 

 120 
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The yield function of the model is expressed as 121 

𝑓𝑓 = 𝑅𝑅/𝑔𝑔(𝜃𝜃) − 𝐻𝐻 = 0                           (1) 122 

where 𝑅𝑅 = �3𝑟𝑟𝑖𝑖𝑖𝑖𝑟𝑟𝑖𝑖𝑖𝑖/2, with 𝑟𝑟𝑖𝑖𝑖𝑖 = �𝜎𝜎𝑖𝑖𝑖𝑖 − 𝑝𝑝𝛿𝛿𝑖𝑖𝑖𝑖�/𝑝𝑝 being the stress ratio tensor, in which 𝜎𝜎𝑖𝑖𝑖𝑖 123 

is the stress tensor, 𝑝𝑝 = 𝜎𝜎𝑖𝑖𝑖𝑖/3 is the mean normal stress; 𝛿𝛿𝑖𝑖𝑖𝑖 (= 1 for 𝑖𝑖 = 𝑗𝑗, and = 0 for 124 

𝑖𝑖 ≠ 𝑗𝑗) is the Kronecker delta; 𝐻𝐻 is the hardening parameter; 𝑔𝑔(𝜃𝜃) is an interpolation function 125 

based on the Lode angle 𝜃𝜃 of 𝑟𝑟𝑖𝑖𝑖𝑖 as follows (Li & Dafalias, 2004) 126 

𝑔𝑔(𝜃𝜃) = �(1+𝑐𝑐2)2+4𝑐𝑐(1−𝑐𝑐2)𝑠𝑠𝑖𝑖𝑠𝑠3𝜃𝜃−�1−𝑐𝑐2�
2(1−𝑐𝑐)𝑠𝑠𝑖𝑖𝑠𝑠3𝜃𝜃

                  (2) 127 

where 𝑐𝑐 = 𝑀𝑀𝑒𝑒/𝑀𝑀𝑐𝑐 is the ratio between the critical state stress ratio 𝑅𝑅 in triaxial extension 128 

𝑀𝑀𝑒𝑒 and that in triaxial compression 𝑀𝑀𝑐𝑐.  129 

 130 

The plastic potential function in the 𝑟𝑟𝑖𝑖𝑖𝑖 space is expressed as 131 

𝑔𝑔 = 𝑅𝑅/𝑔𝑔(𝜃𝜃) − 𝐻𝐻𝑔𝑔exp[−𝑘𝑘ℎ(1 − 𝐴𝐴)2] = 0                  (3) 132 

where 𝑘𝑘ℎ is a model parameter, 𝐴𝐴 is the anisotropic variable and 𝐻𝐻𝑔𝑔 should be calculated 133 

based on the current stress state and 𝐴𝐴 . Note that 𝑔𝑔  is only used to determine the plastic 134 

deviatoric strain increment 𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖
𝑝𝑝  , rather than the total plastic strain increment 𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖

𝑝𝑝  . The 135 

anisotropic variable 𝐴𝐴 is defined as 136 

𝐴𝐴 = 𝐹𝐹𝑖𝑖𝑖𝑖𝑛𝑛𝑖𝑖𝑖𝑖                              (4) 137 

where 𝐹𝐹𝑖𝑖𝑖𝑖 is the fabric tensor characterising the anisotropy of sand and the loading direction 138 

tensor 𝑛𝑛𝑖𝑖𝑖𝑖 is expressed by 139 

𝑛𝑛𝑖𝑖𝑖𝑖 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟𝑖𝑖𝑖𝑖

−� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟𝑚𝑚𝑚𝑚

𝛿𝛿𝑚𝑚𝑚𝑚�𝛿𝛿𝑖𝑖𝑖𝑖/3

� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟𝑖𝑖𝑖𝑖

−� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟𝑚𝑚𝑚𝑚

𝛿𝛿𝑚𝑚𝑚𝑚�𝛿𝛿𝑖𝑖𝑖𝑖/3�
                          (5) 140 

More details of the definition of 𝐹𝐹𝑖𝑖𝑖𝑖 can be found in Li and Dafalias (2012), Gao et al. (2014) 141 

and Gao and Zhao (2013). For the present study, the initial 𝐹𝐹𝑖𝑖𝑖𝑖 is given in Eq. (15) below. The 142 

value of 𝐴𝐴 varies between -1 and 1. The plastic potential function in Eq. (3) is used to get the 143 

direction of plastic deviatoric strain increment 𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖
𝑝𝑝  as below 144 

𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖
𝑝𝑝 = 〈𝐿𝐿〉𝑚𝑚𝑖𝑖𝑖𝑖, with 𝑚𝑚𝑖𝑖𝑖𝑖 =

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟𝑖𝑖𝑖𝑖

−� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟𝑚𝑚𝑚𝑚

𝛿𝛿𝑚𝑚𝑚𝑚�𝛿𝛿𝑖𝑖𝑖𝑖/3

� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟𝑖𝑖𝑖𝑖

−� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟𝑚𝑚𝑚𝑚

𝛿𝛿𝑚𝑚𝑚𝑚�𝛿𝛿𝑖𝑖𝑖𝑖/3�
                  (6) 145 

where 𝐿𝐿  is the loading index; 〈 〉  are the Macaulay brackets (〈𝐿𝐿〉 = 𝐿𝐿  for 𝐿𝐿 > 0  and 146 
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〈𝐿𝐿〉 = 0 for 𝐿𝐿 ≤ 0). It is shown by in Gao et al. (2014) and Zhao and Gao (2016) that the flow 147 

rule expressed by Eq. (6) can capture the non-coaxial sand response in monotonic loading 148 

caused by fabric anisotropy. The total plastic strain increment 𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖
𝑝𝑝  is (Zhao and Gao, 2016) 149 

𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖
𝑝𝑝 = 𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖

𝑝𝑝 + 1
3
𝑑𝑑𝑑𝑑𝑣𝑣

𝑝𝑝𝛿𝛿𝑖𝑖𝑖𝑖 = 〈𝐿𝐿〉 �𝑚𝑚𝑖𝑖𝑖𝑖 + � 2
27
𝐷𝐷𝛿𝛿𝑖𝑖𝑖𝑖� = 〈𝐿𝐿〉Ν𝑖𝑖𝑖𝑖             (7) 150 

where Ν𝑖𝑖𝑖𝑖  is self-evident, 𝑑𝑑𝑑𝑑𝑣𝑣
𝑝𝑝  is the plastic volumetric strain increment and 𝐷𝐷  is the 151 

dilatancy relation expressed as 152 

𝐷𝐷 = 𝑑𝑑𝑑𝑑𝑣𝑣
𝑝𝑝

𝑑𝑑𝑑𝑑𝑞𝑞
𝑝𝑝 = 𝑑𝑑𝑑𝑑𝑣𝑣

𝑝𝑝

�23𝑑𝑑𝑒𝑒𝑖𝑖𝑖𝑖
𝑝𝑝𝑑𝑑𝑒𝑒𝑖𝑖𝑖𝑖

𝑝𝑝
= 𝑑𝑑1

𝑀𝑀𝑐𝑐𝑔𝑔(𝜃𝜃) �𝑀𝑀𝑐𝑐𝑔𝑔(𝜃𝜃)𝑑𝑑𝑚𝑚𝜁𝜁 − 𝑅𝑅�               (8) 153 

𝜁𝜁 = 𝜓𝜓 − 𝑑𝑑𝐴𝐴(𝐴𝐴 − 1)                          (9) 154 

where 𝑑𝑑1, 𝑚𝑚 and 𝑑𝑑𝐴𝐴 are three model parameters; 𝜁𝜁 is the dilatancy state parameter (Li and 155 

Dafalias, 2012); 𝜓𝜓 (= 𝑑𝑑 − 𝑑𝑑𝑐𝑐) is the state parameter (Been and Jefferies, 1985), with 𝑑𝑑𝑐𝑐 being 156 

the critical state void ratio corresponding to the current 𝑝𝑝. The critical state line in the 𝑑𝑑 − 𝑝𝑝 157 

plane is given by (Li and Wang, 1998) 158 

𝑑𝑑𝑐𝑐 = 𝑑𝑑Γ − 𝜆𝜆𝑐𝑐(𝑝𝑝 𝑝𝑝𝑎𝑎⁄ )𝜉𝜉                           (10) 159 

where 𝑑𝑑Γ, 𝜆𝜆𝑐𝑐  and 𝜉𝜉 are three material constants and 𝑝𝑝𝑎𝑎  is the atmospheric pressure (101 160 

kPa). 161 

The hardening law for the yield function (evolution of for 𝐻𝐻) is expressed as 162 

𝑑𝑑𝐻𝐻 = 〈𝐿𝐿〉𝑟𝑟𝐻𝐻 = 𝐺𝐺ℎ1𝑒𝑒ℎ2𝐴𝐴

(1+𝑒𝑒)2�𝑝𝑝𝑝𝑝𝑎𝑎𝑅𝑅
�𝑀𝑀𝑐𝑐𝑔𝑔(𝜃𝜃)𝑑𝑑−𝑠𝑠𝜁𝜁 − 𝑅𝑅�                (11) 163 

where ℎ1 , ℎ2  and 𝑛𝑛 are three model parameters and 𝐺𝐺  is the elastic shear modulus, the 164 

expression for which will be given below. The term 𝑑𝑑ℎ2𝐴𝐴 is introduced to give better prediction 165 

for the effect of anisotropy on stress-strain relationship, which makes the plastic modulus 166 

smaller at smaller 𝐴𝐴 (Li and Dafalias, 2012; Papadimitriou et al., 2019). 167 

 168 

Fabric evolution with plastic deformation is considered in the model. It is assumed that 𝐹𝐹𝑖𝑖𝑖𝑖 169 

becomes co-directional with the loading direction 𝑛𝑛𝑖𝑖𝑖𝑖  and reaches a magnitude of 1 at the 170 

critical state. Though fabric evolution is affected by both volumetric and shear strain, a 171 

simplified evolution law expressed in terms of the plastic shear strain as below is used 172 
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𝑑𝑑𝐹𝐹𝑖𝑖𝑖𝑖 = 〈𝐿𝐿〉𝑘𝑘𝑓𝑓�𝑛𝑛𝑖𝑖𝑖𝑖 − 𝐹𝐹𝑖𝑖𝑖𝑖�                        (12) 173 

where 𝑘𝑘𝑓𝑓 is a model parameter. 174 

 175 

The following empirical pressure-sensitive elastic moduli are employed for this model (Li and 176 

Dafalias, 2000; Gao et al., 2014): 177 

𝐺𝐺 = 𝐺𝐺0
(2.97−𝑒𝑒)2

1+𝑒𝑒 �𝑝𝑝𝑝𝑝𝑎𝑎    and     𝐾𝐾 = 𝐺𝐺 2(1+𝜈𝜈)
3(1−2𝜈𝜈)         (13) 178 

where 𝐺𝐺0 is a material constant and 𝜈𝜈 is the Poisson’s ratio. In conjunction with Eq. (13), the 179 

following hypoelastic stress-strain relationship is assumed for calculating the incrementally 180 

reversible deviatoric and volumetric strain increments 𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖𝑒𝑒  and 𝑑𝑑𝑑𝑑𝑣𝑣𝑒𝑒: 181 

𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖𝑒𝑒 = 𝑑𝑑𝑠𝑠𝑖𝑖𝑖𝑖
2𝐺𝐺

  and  𝑑𝑑𝑑𝑑𝑣𝑣𝑒𝑒 = 𝑑𝑑𝑝𝑝
𝐾𝐾

                      (14) 182 

 183 

Model implementation 184 

This model has been implemented in the finite element package ABAQUS through the user-185 

material (UMAT) interface using an explicit integration method (Sloan, 1987; Zhao et al., 2005; 186 

Jin et al., 2017; Jin et al., 2018). To increase the efficiency for global equilibrium iteration, the 187 

secant modulus for each step is stored at the end of each strain increment here. The large strain 188 

formulation proposed by Hughes and Winget (1980) (see also ABAQUS User Manual) is 189 

employed in the implementation. The plane strain and triaxial compression test data on Toyoura 190 

sand reported in Oda et al. (1978), Fukushima and Tatsuoka (1984) and Tatsuoka et al. (1986) 191 

is used to benchmark the model simulations for single element soil response, as the centrifuge 192 

tests to be simulated in this study (Kimura et al., 1985) have used similar sample preparation 193 

methods. The model parameters are listed in Table 1. Determination of these parameters have 194 

been discussed in Gao et al. (2014). The parameters for the critical state can be readily 195 

determined based on the critical state stress ratio and critical state line location. The elasticity 196 

parameters are determined using the stress-strain relationship at low strain level. The remaining 197 

ones are obtained via a trial-and-error approach. But our experience shows that there is a certain 198 

range for these parameters, which can be used as initial values for the determination process. It 199 

is noticed that the Bayesian-based parameter identification is a more efficient and powerful 200 
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approach for getting these parameters, which will be pursued in the future (Yin et al., 2018; Jin 201 

et al., 2018; Jin et al., 2019). 202 

 203 

Comparison between the model simulations (lines) and test data (dots) on Toyoura sand under 204 

various loading conditions is shown in Figs. 1-3. The initial degree of anisotropy is chosen as 205 

𝐹𝐹0 = 0.35. This is an estimated value as it is generally difficult to measure 𝐹𝐹0. One may use 206 

the undrained effective stress path to calculate 𝐹𝐹0 using anisotropic elasticity (Zhao and Gao, 207 

2016). But such data is not available. In this study, horizontal and vertical samples have 208 

horizontal and vertical bedding planes, respectively. Samples with horizontal bedding are used 209 

in the triaxial compression tests. The model gives good prediction on the peak deviator stress 210 

but does not capture the strain softening part well. While the model may need to be improved 211 

to get better predictions, the stress-strain relationship after the peak deviator stress may not 212 

represent the real soil response due to strain localization (Oda et al., 1978; Huang et al., 2010).  213 

 214 

Finite element modelling of a strip footing response on sand 215 

Simulation of the centrifuge tests 216 

The centrifuge test data reported in Kimura et al. (1985) is used to benchmark the model 217 

simulation of a real footing problem. The prototype size of the footing is used in the simulations 218 

(Fig. 4), which is similar to the approach adopted by Chaloulos et al. (2019). As the size of the 219 

soil box used in the centrifuge tests is not reported in Kimura et al. (1985), the height and width 220 

of the soil body are assumed, which are big enough to eliminate the boundary effect on the 221 

footing response. Simulations with different sizes of soil mass have been performed. It is found 222 

that there is negligible soil movement and stress change at the boundary at the current soil mass 223 

size during loading. The 𝑠𝑠
𝐵𝐵
− 𝑄𝑄 is relationship does not change if bigger soil mas is used (see 224 

Fig. 5), where 𝑠𝑠  is the vertical footing settlement, 𝐵𝐵  is the footing length and 𝑄𝑄  is the 225 

vertical pressure applied on the footing. Due to the non-coaxial deformation predicted by the 226 

constitutive model, the stress and deformation field in the soil may not be symmetric. Therefore, 227 

it is not proper to use only half of the soil body for the simulations (Azami et al., 2010; 228 

Kawamura and Muira, 2014). The force and displacement relationship of the footing is mainly 229 
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affected by the soil elements around it, and therefore, a semicircle with finer mesh is created 230 

beneath it (Fig. 4). Eight-node quadratic plane strain elements with reduced integration are used. 231 

Uniform vertical pressure of 1kPa is applied on the top surface of the sand to avoid soil collapse 232 

with zero mean effective stress. Uniform vertical deformation is applied in the footing area, 233 

which means that the relative movement between footing and sand is neglected. No horizontal 234 

or vertical movement is allowed at the bottom of soil body while only horizontal movement is 235 

restricted at the two vertical sides. As there is no water in the sand, 𝛾𝛾 = 𝛾𝛾′ = 16kN/m3 is used 236 

according to Oda and Koishikawa (1979), where 𝛾𝛾 and 𝛾𝛾′ denote the bulk and effective unit 237 

weight, respectively. The initial lateral earth pressure coefficient is assumed to be the same for 238 

all cases with 𝐾𝐾0 = 0.4 (Okochi and Tatsuoka, 1984). The maximum and minimum void ratios 239 

for Toyoura sand are 𝑑𝑑𝑚𝑚𝑎𝑎𝑚𝑚 = 0.98 and 𝑑𝑑𝑚𝑚𝑖𝑖𝑠𝑠 = 0.6. Since the initial stress state is anisotropic 240 

for sand beneath the footing, a value of initial degree of anisotropy (𝐹𝐹0 = 0.4) higher than that 241 

for the plane strain test samples with initially isotropic stress state is assumed. The initial fabric 242 

for the soil is assumed the same for the entire soil. When the bedding plane is horizontal, it is 243 

given using the equation below 244 

𝐹𝐹𝑖𝑖𝑖𝑖 = �
𝐹𝐹𝑚𝑚𝑚𝑚 𝐹𝐹𝑚𝑚𝑥𝑥 𝐹𝐹𝑚𝑚𝑥𝑥
𝐹𝐹𝑥𝑥𝑚𝑚 𝐹𝐹𝑥𝑥𝑥𝑥 𝐹𝐹𝑥𝑥𝑥𝑥
𝐹𝐹𝑥𝑥𝑚𝑚 𝐹𝐹𝑥𝑥𝑥𝑥 𝐹𝐹𝑥𝑥𝑥𝑥

� = �2
3
�
−𝐹𝐹0/2 0 0

0 𝐹𝐹0 0
0 0 −𝐹𝐹0/2

�                 (15) 245 

with z-direction being perpendicular to the x-y plane. When the bedding plane is not horizontal, 246 

orthogonal transformation of Eq. (15) has to been carried out (Gao et al., 2014). 247 

 248 

The finite element simulation result is dependent on the mesh size and orientation, as the model 249 

uses non-associated flow rule and gives strain-softening response in some cases. Following 250 

Chaloulos et al. (2019), different mesh sizes in the semicircle area were used to simulate the 251 

three cases in Fig. 5 and the mesh size which gives the best prediction for the bearing capacity 252 

is chosen (Fig. 4). The mesh size outside the semicircle has negligible influence on the force 253 

and displacement relationship. The same mesh is used in all the simulations in this study. 254 

 255 

Fig. 5 shows the simulations for the centrifuge tests on sand reported in Kimura et al. (1985). 256 

In this and the following figures, 𝐵𝐵 is the footing width. In each group of tests, sand samples 257 

with horizontal (𝛼𝛼 = 0o in Fig. 4) and vertical (𝛼𝛼 = 90o in Fig. 4) bedding planes are used. 258 
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Note that the force and displacement relationships beyond 𝑠𝑠/𝐵𝐵 = 0.25 are not shown in most 259 

of the figures in this paper, because there is significant distortion of elements near the footing 260 

edges in some simulated tests, which makes the results unreliable. Higher bearing capacity 𝑄𝑄𝑢𝑢, 261 

which is the peak value of 𝑄𝑄, is observed for relatively dense sand (𝐷𝐷𝑟𝑟 ≈ 86% and 𝐷𝐷𝑟𝑟 ≈ 75%) 262 

with horizontal bedding (Figs. 5a and b). The difference is about 12.5% for 𝐷𝐷𝑟𝑟 ≈ 86% and 263 

10% for 𝐷𝐷𝑟𝑟 ≈ 75%. But the effect of bedding plane orientation on 𝑄𝑄𝑢𝑢 becomes negligible 264 

when 𝐷𝐷𝑟𝑟 ≈ 62% (Fig. 5c), which is consistent with the small model test results in Oda and 265 

Koishikawa (1979). For all the tests, sand with horizontal bedding show smaller settlement at 266 

the same 𝑄𝑄 before failure. The simulations give good prediction for the bearing capacity in all 267 

three cases. The simulated settlement before failure (peak 𝑄𝑄  or 𝑄𝑄𝑢𝑢 ) is larger than the 268 

measured one for horizontal bedding, especially for the dense sand in Fig. 5a. The initial slope 269 

of the 𝑠𝑠/𝐵𝐵 − 𝑄𝑄  curves predicted by the model is also smaller than the measured one for 270 

horizontal bedding. The discrepancy between simulations and test results could be caused by 271 

the model itself. First, the yield surface for this model does not consider the sand yielding due 272 

to pure compression without change in the stress ratio; Secondly, the small strain stiffness of 273 

sand is not accounted for. But the nonuniformity of sand samples and mesh size may have also 274 

contributed (Oda et al., 1978; Oda and Koishikawa, 1979; Azami et al., 2010). Overall, the 275 

model gives reasonable description for the effect of density and anisotropy on the bearing 276 

capacity of strip footings.  277 

 278 

Failure mechanism of sand under the strip footing 279 

Progressive failure is observed in all the simulations. The numerical simulations indicate that 280 

shear strain localization initiates at the peak 𝑄𝑄 states and two clear slip lines (or shear bands) 281 

develop at sufficiently large 𝑠𝑠/𝐵𝐵 for dense and medium dense sand (𝐷𝐷𝑟𝑟 > 45%) with various 282 

bedding plane orientations, which agrees with the 1g model test and centrifuge test observations 283 

(Kimura et al., 1985; Kawamura and Muira, 2014). In this case, the soil elements fail 284 

progressively on the slip lines, with those under the footing centre failing first. This is called 285 

the general shear failure mode (Vesic, 1963; Lau and Bolton, 2011). When 𝐷𝐷𝑟𝑟 < 45%, no clear 286 

slip lines develop in sand and the failure mode is close to the punching shear (Vesic, 1963; Lau 287 

and Bolton, 2011), where only the elements on two sides of a soil wedge beneath the footing 288 
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fail (Lau and Bolton, 2011). Similar simulation results have been reported in Loukidis and 289 

Salgado (2011). 290 

 291 

Two groups of tests with different sand densities are used to illustrate the general shear failure, 292 

with the force and displacement relationships for footings being shown in Fig. 6. The definition 293 

of 𝛼𝛼 is shown in Fig. 4. The peak and residual 𝑄𝑄 states in Figs. 6-8 are respectively denoted 294 

by ‘Px’ and ‘Rx’, where the number ‘x’ represent the bedding plane orientation in degrees. Figs. 295 

7 and 8 show the contour of incremental shear strain at the peak and residual 𝑄𝑄 states for these 296 

simulations. The incremental shear strain 𝛿𝛿𝑑𝑑𝑞𝑞 is defined as 297 

𝛿𝛿𝑑𝑑𝑞𝑞 = �2
3
𝛿𝛿𝑑𝑑𝑖𝑖𝑖𝑖𝛿𝛿𝑑𝑑𝑖𝑖𝑖𝑖                          (16) 298 

where 𝛿𝛿𝑑𝑑𝑖𝑖𝑖𝑖 is the increment of deviatoric strain for each step. Note that the patterns of total 299 

shear strain contours and incremental shear strain contours at residual states are similar for these 300 

tests. At 𝐷𝐷𝑟𝑟 = 86%, the depth of the slip lines is the biggest at 𝛼𝛼 = 0o and smallest at 𝛼𝛼 =301 

90o, which agrees well with the centrifuge tests (Kimura et al., 1985). But there is no significant 302 

difference in the slip line depth at different 𝛼𝛼 values for test simulations with 𝐷𝐷𝑟𝑟 = 70%. In 303 

addition, the slip lines are symmetric when 𝛼𝛼 = 0o  and 𝛼𝛼 = 90o , because the initial soil 304 

fabric is symmetric about the middle of the soil body, which makes the displacement field in 305 

sand symmetric and the total reaction force on the footing vertical (Fig. 9a). On the other hand, 306 

unsymmetrical slip lines are predicted at 𝛼𝛼 = 45o, which has also been observed in the model 307 

tests by Kawamura and Muira (2014). This is due to that the non-coaxial sand response makes 308 

the displacement field unsymmetrical, which is shown in Fig. 9b. More discussion on this can 309 

be found in Gao and Zhao (2013). If the horizontal displacement of the footing were not 310 

restricted, the footing would move to the right (positive x direction in Fig. 4) due to such 311 

displacement. In the present study, however, the horizontal movement of the footing is fixed, 312 

which means that there is horizontal reaction force (pointing to the negative x direction) on the 313 

footing due to this restriction. The total reaction force F on the footing thus aligns in the 314 

direction shown in Fig. 9b, which renders the soil swell more on the left (Figs. 7d and 8d). 315 

Indeed, unsymmetrical slip lines have also been observed in model and centrifuge tests with 316 

horizontal bedding plane (Kimura et al., 1985; Kawamura and Miura, 2014). This has 317 
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frequently been interpreted as the consequence of nonuniform void ratio distribution (e.g., 318 

Nübel and Huang, 2004; Bauer et al., 2004). However, this could be associated with fabric 319 

anisotropy as well. Though the bedding plane is horizontal in an average sense, the local soil 320 

fabric may vary at different locations, which makes the displacement field unsymmetrical (Guo 321 

and Zhao, 2016).  322 

 323 

One test with horizontal bedding is used to illustrate the punching shear failure mode (𝐷𝐷𝑟𝑟 =324 

30%). The force and displacement relationship for this test is shown in Fig. 10, in which no 325 

obvious peak 𝑄𝑄  can be observed. Fig. 11 shows the failure mechanism for this test. The 326 

incremental shear strain contour at 𝑠𝑠/𝐵𝐵 =0.25 indicates the development of a soil wedge 327 

beneath the footing. As the vertical displacement increases, the incremental shear strain 328 

concentrates more at the two footing edges, without extending laterally. At 𝑠𝑠/𝐵𝐵=0.4, a fully 329 

developed soil wedge can be observed, with intensive shear strain concentration on the two 330 

sides (Fig. 11b). Though the shear strain localization extends a little beyond the soil wedge, 331 

clear slip lines do not form, which is different from the general shear failure (Vesic, 1963; Lau 332 

and Bolton, 2011). 333 

 334 

Vanishing effect of 𝛼𝛼 on the bearing capacity of strip footings 𝑄𝑄𝑢𝑢 335 

Existing 1g model and centrifuge tests on Toyoura sand show that the effect of 𝛼𝛼 on 𝑄𝑄𝑢𝑢 336 

becomes negligible when 𝐷𝐷𝑟𝑟 <70%, though the settlement at the same 𝑄𝑄 is still larger at 337 

bigger 𝛼𝛼 before 𝑄𝑄𝑢𝑢  (Oda et al., 1978; Kimura et al., 1985). Fig. 12 shows the simulated 338 

variation of 𝑄𝑄𝑢𝑢  with 𝐷𝐷𝑟𝑟  for Toyoura sand with horizontal and vertical bedding. Small 339 

difference between the 𝑄𝑄𝑢𝑢  for the two bedding plane orientations can be observed when 340 

𝐷𝐷𝑟𝑟 ≤70%, while the difference in settlement at the same 𝑄𝑄 still exists (e.g., Fig. 6b). Note that 341 

there is no obvious peak 𝑄𝑄 in three of the simulated tests (𝐷𝐷𝑟𝑟 = 60% with vertical bedding, 342 

and 𝐷𝐷𝑟𝑟 = 55% with both vertical and horizontal bedding), and therefore, alternative methods 343 

have to be used for estimating 𝑄𝑄𝑢𝑢 . Vesic (1963) recommends using the value of 𝑄𝑄 at the 344 

fastest rate of settlement with respect to time, which is typically difficult to obtain. In this study, 345 

𝑄𝑄 at 𝑠𝑠/𝐵𝐵 ≈ 0.2 is defined as 𝑄𝑄𝑢𝑢, because localized failure and peak 𝑄𝑄 can be observed at 346 

this settlement level for relatively loose sand in a real test (Kimura et al., 1985). 347 
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The similarity in 𝑄𝑄𝑢𝑢 seems counter-intuitive, because the effect of anisotropy on shear strength, 348 

stiffness and dilatancy of single sand elements can be observed for any soil densities (e.g., 349 

Tatsuoka et al., 1986; Yang et al., 2008; Gao et al., 2014). Fig. 13 shows the response of sand 350 

elements about 1B beneath the centre of the footings (Element A in Fig. 4) for four of the 351 

simulations in Fig. 6. Element A is chosen because it is on the slip lines for all the simulated 352 

tests and has direct influence on 𝑄𝑄𝑢𝑢. It is evident that the soil elements show smaller normalized 353 

peak stress ratio 𝑅𝑅/[𝑀𝑀𝑐𝑐𝑔𝑔(𝜃𝜃)]  and less volume expansion at 𝛼𝛼 = 90°  for two different 354 

densities, which is consistent with the laboratory test observations. Therefore, the difference in 355 

𝑄𝑄𝑢𝑢 caused by 𝛼𝛼 cannot be solely attributed to the shear strength anisotropy of sand elements. 356 

The failure mechanism of sand beneath the strip footings must play an important role as well. 357 

When the sand density is high (e.g., 𝐷𝐷𝑟𝑟 = 86% in Fig. 6a), progressive failure initiates at 358 

similar settlement level (corresponding to 𝑄𝑄𝑢𝑢), though different, for different bedding plane 359 

orientations, and the strength anisotropy of sand elements governs the 𝑄𝑄𝑢𝑢 . At lower sand 360 

density (e.g., 𝐷𝐷𝑟𝑟 = 70%  in Fig. 6b), progressive failure in sand with horizontal bedding 361 

initiates at much higher settlement compared to the counterpart with horizontal bedding. 362 

Delayed progressive failure has allowed the external load to be distributed more evenly in the 363 

soil. Some previous studies have assumed that 𝑄𝑄𝑢𝑢 is only dependent on the peak friction angle 364 

of sand elements (Meyerhof, 1978; Siddiquee et al., 1999) but independent of the failure 365 

mechanism. Such assumption cannot explain the similarity in 𝑄𝑄𝑢𝑢 for the tests shown in Fig. 366 

12.  367 

 368 

Response of strip footings on sand with horizontal bedding: combined effect of density and 369 

𝑭𝑭𝟎𝟎  370 

Discussions in the previous sections have mainly showed how the bedding plane orientation 371 

affects the response of strip footings. But footings on sand with horizontal bedding are of greater 372 

importance for practical applications, which will be the focus of this section. The main objective 373 

is to investigate the combined effect of sand density and 𝐹𝐹0 and identify which of them plays 374 

more important role in governing the bearing capacity and failure mechanism of strip footings. 375 

 376 

Fig. 14 shows the effect of relative density on the force and displacement relationship of strip 377 
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footings. Two values of 𝐹𝐹0 (0 and 0.4) are used in the simulations to represent different soil 378 

compaction methods in the engineering practice, because it is shown in Zhao and Gao (2016) 379 

that the stress-strain relationship of sand samples prepared using different methods can be 380 

simulated with different 𝐹𝐹0. Some research [e.g., Yang et al., (2008)] has shown that about 3 of 381 

the model parameters may have to be adjusted to get quantitative prediction of the soil response. 382 

But qualitative results for the effect of compaction methods are sufficient for this study. There 383 

is obvious peak 𝑄𝑄 for simulations with 𝐷𝐷𝑟𝑟 = 90% and 𝐷𝐷𝑟𝑟 = 70%, which is considered as 384 

the bearing capacity (𝑄𝑄𝑢𝑢). But 𝑄𝑄 keeps increasing with 𝑠𝑠/𝐵𝐵 for sand with 𝐷𝐷𝑟𝑟 = 50% and 385 

𝐷𝐷𝑟𝑟 = 30%. Same as the previous section, 𝑄𝑄 corresponding to 𝑠𝑠/𝐵𝐵=0.2 is defined as 𝑄𝑄𝑢𝑢 for 386 

these tests. For both 𝐹𝐹0 values, dramatic influence of relative density on the bearing capacity 387 

is observed. 𝑄𝑄𝑢𝑢  at 𝐷𝐷𝑟𝑟 = 90%  is almost 6 times of that at 𝐷𝐷𝑟𝑟 = 30%  for both 𝐹𝐹0  values. 388 

The failure mechanism is found independent of 𝐹𝐹0.  389 

 390 

Fig. 15 shows the effect of 𝐹𝐹0 on the response of strip footings. At 𝐷𝐷𝑟𝑟 = 80%, 𝑄𝑄𝑢𝑢 decreases 391 

as 𝐹𝐹0 increases, which indicates that 𝑄𝑄𝑢𝑢 is higher when the soil is more isotropic. This is 392 

attributable to the distribution of anisotropic variable 𝐴𝐴  in the sand. 𝐹𝐹0  can affect 𝑄𝑄𝑢𝑢  by 393 

about 20% for 𝐷𝐷𝑟𝑟 = 80% and by about 45% for 𝐷𝐷𝑟𝑟 = 50%. Fig. 16 shows the variation of 394 

𝐴𝐴 in sand at 𝑠𝑠/𝐵𝐵=0.11 (close to the 𝑄𝑄𝑢𝑢 state) for initially isotropic and anisotropic fabric cases 395 

with 𝐷𝐷𝑟𝑟 = 80%. For the case with initially isotropic fabric, the value of 𝐴𝐴 lies between 0.01 396 

and 0.02 in the area beneath the footing and is about 0 in the remaining area (Fig. 16a). This 397 

indicates rather uniform distribution of 𝐴𝐴. Very ununiform distribution of 𝐴𝐴 is observed for 398 

the simulation with 𝐹𝐹0 = 0.6 (Fig. 16b). The maximum 𝐴𝐴 is between 0.4 and 0.6 (beneath 399 

the footing) and the minimum 𝐴𝐴 is about -0.3 (beside the two edges of the footing). For both 400 

cases, the stress state and void ratio for all the elements at this deformation level is similar. 401 

Based on the model formulations, one can see that higher 𝐴𝐴 indicates bigger 𝑟𝑟𝐻𝐻 and higher 402 

shear resistance under otherwise identical conditions of stress and void ratio. Therefore, the 403 

sand elements beneath the footing have lower shear resistance when 𝐹𝐹0 = 0 (𝐴𝐴 is lower in 404 

that area compared to the case with 𝐹𝐹0 = 0.6), but they are supported by elements with higher 405 

shear resistance (bigger 𝐴𝐴 for elements under the two edges of the footing). This eventually 406 

leads to higher bearing capacity of the footing. Such difference in distribution of 𝐴𝐴 can also 407 
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explain why the force-displacement curves for more isotropic sand lie higher beyond 𝑠𝑠
𝐵𝐵

= 0.7 408 

when 𝐷𝐷𝑟𝑟 = 50%  (Fig. 15b). The failure mechanism of sand under the footing is mainly 409 

controlled by the sand density. 410 

 411 

It can be seen from Figs. 14 and 15 that the sand density plays a more dominant role in 412 

controlling the bearing capacity and failure mechanism of strip footings. A small variation of 413 

𝐷𝐷𝑟𝑟 can result in a big change in 𝑄𝑄𝑢𝑢. Though 𝐹𝐹0 affects 𝑄𝑄𝑢𝑢 as well, this influence is smaller 414 

compared to the effect of 𝐷𝐷𝑟𝑟 (Gao et al., 2014; Chaloulos et al., 2019). However, this does not 415 

mean that fabric anisotropy should be neglected in modelling the response of strip footings. If 416 

an isotropic model is used, 𝑄𝑄𝑢𝑢 can be significantly overestimated, which will be discussed in 417 

the next Section. 418 

 419 

Prediction of the strip footing response by an isotropic model 420 

The previous section shows that the influence of 𝐹𝐹0 on 𝑄𝑄𝑢𝑢 is smaller than that of 𝐷𝐷𝑟𝑟. But this 421 

does not mean that fabric anisotropy should be neglected in modelling the bearing capacity of 422 

strip footings. The soil fabric will become anisotropic when it is subjected to external loading, 423 

even though it is initially isotropic. Therefore, the effect of fabric anisotropy on soil response 424 

is present for an initially isotropic soil sample. To show the importance of considering fabric 425 

anisotropy in describing the response of strip footings on sand, prediction of the isotropic model 426 

will be given below. 427 

 428 

The parameters for the isotropic model are determined using drained triaxial compression tests 429 

and plane strain compression tests on sand with horizontal bedding (Figs. 17 and 18). All the 430 

parameters are shown in Table 2, with those associated with fabric anisotropy set 0 (see also 431 

Chaloulos et al., 2019). The model gives good prediction for triaxial compression test data. For 432 

plane strain tests, the model does not capture the softening part well, as strain localization in 433 

the sample makes the decreasing of deviator stress more dramatic. 434 

 435 
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Prediction of the isotropic model (lines) for the centrifuge test data (dots) with horizontal 436 

bedding are shown in Fig. 19. The same mesh and boundary conditions shown in Fig. 4 are 437 

used. The model overestimates the 𝑄𝑄𝑢𝑢  dramatically. For the tests with 𝐷𝐷𝑟𝑟 = 64.6%  and 438 

𝐷𝐷𝑟𝑟 = 75.1% , the predicted 𝑄𝑄𝑢𝑢  is almost twice of the measured one. At 𝐷𝐷𝑟𝑟 = 85.6% , the 439 

isotropic model gives about 50% overestimation of 𝑄𝑄𝑢𝑢. This indicates that fabric anisotropy 440 

must be properly considered in modelling the strip footing response on sand, which is consistent 441 

with the conclusion in Chaloulos et al., (2019). The main reason for this overestimation is that 442 

the isotropic model gives too high shear strength for elements with non-vertical major principal 443 

stress direction under the footing (Tatsuoka et al., 1986). 444 

 445 

Conclusions 446 

This paper presents a new numerical study on the fabric effect on bearing capacity and failure 447 

mechanism of strip footings on anisotropic sand. A critical state sand model accounting for 448 

fabric evolution is used. It employs a non-coaxial flow rule which is expressed in terms of the 449 

current state of stress and fabric. The model is validated against both element and centrifuge 450 

tests on Toyoura sand. The following conclusions can be drawn from the study: 451 

(a) The bearing capacity 𝑄𝑄𝑢𝑢  of strip footings on sand with different bedding plane 452 

orientation 𝛼𝛼 is governed by not only the strength anisotropy of sand elements but also 453 

the failure mechanism of soil body. Strength anisotropy of sand elements has more 454 

influence on 𝑄𝑄𝑢𝑢 when the sand density is high, making 𝑄𝑄𝑢𝑢 higher when the bedding 455 

plane is horizontal. The difference in 𝑄𝑄𝑢𝑢 caused by 𝛼𝛼 vanishes at lower sand density 456 

(e.g., 𝐷𝐷𝑟𝑟 ≤ 70% for Toyoura sand), as progressive failure initiates at larger settlement 457 

for sand with vertical bedding plane, which allows the external loading to be distributed 458 

more evenly in the soil. Irrespective the sand density, the settlement of footings at the 459 

same 𝑄𝑄 increases as 𝛼𝛼 increases before 𝑄𝑄𝑢𝑢.  460 

(b) Progressive failure is predicted in all the simulations, which is supported by small-scale 461 

and centrifuge test observations. General shear failure mode is observed in dense and 462 

medium dense sand. For this failure mode, progressive failure initiates at the peak 𝑄𝑄 463 

state and clear slip lines can be observed at large settlement. The slip lines are 464 

symmetrical when the bedding plane is horizontal or vertical. Due to the non-coaxial 465 
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deformation of sand caused by fabric anisotropy, unsymmetrical slip lines develop when 466 

the bedding plane is inclined. Punching shear failure is the main failure mechanism for 467 

loose sand, where soil failure concentrates along two edges of a soil wedge beneath the 468 

footing. 469 

(c) For strip footings in practical applications where the bedding plane is horizontal, soil 470 

density plays a more dominant role in governing the bearing capacity and failure 471 

mechanism of the soil body. At the same density, 𝑄𝑄𝑢𝑢 is higher when the initial sand 472 

fabric is more isotropic, because the soil beneath the footing is supported by soil with 473 

higher shearing resistance below the footing edges. The initial degree of fabric 474 

anisotropy 𝐹𝐹0 does not have effect on development of general shear or punching shear 475 

failure. 476 

(d) An isotropic model can give significant overestimation of 𝑄𝑄𝑢𝑢  of strip footings on 477 

anisotropic sand. The main reason for this overestimation is that the isotropic model 478 

gives too high shear strength for elements with non-vertical major principal stress 479 

direction under the footing (Tatsuoka et al., 1986). 480 

This research has several implications for engineering practice: (a) It is important to realize that 481 

the bearing capacity is not only dependent on the strength anisotropy of sand but also the failure 482 

mechanism of soil body; (b) The unsymmetrical slip lines observed under strip footings could 483 

be caused by both fabric anisotropy and ununiform distribution of soil density; (c) For a typical 484 

range of 𝐹𝐹0 and horizontal bedding, the sand density plays a more important role in governing 485 

𝑄𝑄𝑢𝑢  and failure mechanism of sand. However, if an isotropic model is used, 𝑄𝑄𝑢𝑢  can be 486 

significantly overestimated, which is consistent with previous research findings. 487 

 488 
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Some or all data, models, or code generated or used during the study are available from the 490 

corresponding author by request. 491 

 492 

 493 

 494 

 495 



 18 

References 496 

Azami, A., S. Pietruszczak, and P. Guo. 2010. “Bearing capacity of shallow foundations in 497 

transversely isotropic granular media.” Int J Numer Anal Method Geomech. 34 (8): 771-498 

793. https://doi.org/10.1002/nag.827. 499 

Bauer, E., W. Huang, and W. Wu. 2004. “Investigations of shear banding in an anisotropic 500 

hypoplastic material.” Int J Solid Struct. 41: 5903-5919. 501 

https://doi.org/10.1016/j.ijsolstr.2004.05.052. 502 

Been, K., and M. G. Jefferies. 1985. “A state parameter for sands.” Géotechnique. 35(2): 99-503 

112. https://doi.org/10.1680/geot.1985.35.2.99. 504 

Chaloulos, Y. K., A. G. Papadimitriou, Y. F. Dafalias 2019. “Fabric effects on strip footing 505 

loading of anisotropic sand.” J. Geotech. Geoenviron. Eng. 145(10): 04019068. 506 

https://doi.org/10.1061/(ASCE)GT.1943-5606.0002082. 507 

Chang, C. S., and Z. Y. Yin. 2009. “Micromechanical modeling for inherent anisotropy in 508 

granular materials.” J. Eng. Mech. 136(7): 830-839. 509 

Dafalias, Y. F., A. G. Papadimitriou, and X.-S. Li. 2004. “Sand plasticity model accounting for 510 

inherent fabric anisotropy.” J. Eng. Mech. 130 (11): 1319-1333. 511 

https://doi.org/10.1061/(ASCE)0733-9399(2004)130:11(1319). 512 

Fu, P.-C., and Y. F. Dafalias. 2011. “Study of anisotropic shear strength of granular materials 513 

using DEM simulation.” Int. J. Numer. Anal. Meth. Geomech. 35: 1098-1126. 514 

https://doi.org/10.1002/nag.945. 515 

Fukushima, S., and F. Tatsuoka. 1984. “Strength and deformation characteristics of saturated 516 

sand at extremely low pressures.” Soils Found. 24(4): 30-48. 517 

https://doi.org/10.3208/sandf1972.24.4_30. 518 

Gao, Z., J. Zhao, X.-S. Li, and Y. F. Dafalias 2014. “A critical state sand plasticity model 519 

accounting for fabric evolution.” Int. J. Numer. Anal. Meth. Geomech. 38(4): 370-390. 520 

https://doi.org/10.1002/nag.2211. 521 

Gao, Z., and J. Zhao. 2013. “Strain localization and fabric evolution in sand.” Int. J. Solid. 522 

Struct. 50: 3634-3648. https://doi.org/10.1016/j.ijsolstr.2013.07.005. 523 

Guo, N., and J. Zhao. 2013. “The signature of shear-induced anisotropy in granular media.” 524 

Comput. Geotech. 47: 1-15. https://doi.org/10.1016/j.compgeo.2012.07.002. 525 

https://doi.org/10.1002/nag.827
https://doi.org/10.1016/j.ijsolstr.2004.05.052
https://doi.org/10.1061/(ASCE)GT.1943-5606.0002082
https://doi.org/10.1061/(ASCE)0733-9399(2004)130:11(1319)
https://doi.org/10.1016/j.ijsolstr.2013.07.005


 19 

Guo, N., and J. Zhao. 2016. “3D multiscale modelling of strain localization in granular media.” 526 

Comput. Geotech. 80: 360-372. https://doi.org/10.1016/j.compgeo.2016.01.020. 527 

Guo, P. 2008. “Modified direct shear test for anisotropic strength of sand.” J. Geotech. 528 

Geoenviron. Eng. 134(9): 1311-1318. https://doi.org/10.1061/(ASCE)1090-529 

0241(2008)134:9(1311). 530 

Huang, M., X. Lu, Lu, J. Qian. 2010. “Non-coaxial elasto-plasticity model and bifurcation 531 

prediction of shear banding in sands.” Int. J. Numer. Anal. Meth. Geomech. 34(9): 906-919. 532 

https://doi.org/10.1002/nag.838. 533 

Hughes, T. J. R., and J. Winget. 1980. “Finite rotation effects in numerical integration of rate 534 

constitutive equations arising in large deformation analysis.” Int. J. Numer. Meth Eng. 15: 535 

1862-1867. https://doi.org/10.1002/nme.1620151210. 536 

Jin, Y. F., Z. X. Wu, Z. Y. Yin, and J. S. Shen. 2017. “Estimation of critical state-related formula 537 

in advanced constitutive modeling of granular material.” Acta Geotechnica, 12(6): 1329-538 

1351. 539 

Jin, Y. F., Z. Y. Yin, Z. X. Wu, and A. Daouadji. 2018. “Numerical modeling of pile penetration 540 

in silica sands considering the effect of grain breakage.” Fin. Elem. Analy. Desig. 144: 15-541 

29. 542 

Jin, Y. F., Z. Y. Yin, Z. X. Wu, and W. H. Zhou. 2018. “Identifying parameters of easily crushable 543 

sand and application to offshore pile driving.” Ocean Eng. 154: 416-429. 544 

Jin, Y. F., Z. Y. Yin, W. H. Zhou, and S. Horpibulsuk. 2019. “Identifying parameters of advanced 545 

soil models using an enhanced transitional Markov chain Monte Carlo method.” Acta 546 

Geotech. 14(6): 1925-1947. 547 

Kawamura, S., and S. Miura. 2014. “Bearing capacity improvement of anisotropic sand ground.” 548 

Proceed. Instit. Civil Engi. - Ground Improvement, 167(3), 192-205. 549 

https://doi.org/10.1680/grim.13.00011. 550 

Kimura, T, O. Kusakabe O, and K. Saitoh. 1985. “Geotechnical model tests of bearing capacity 551 

problems in a centrifuge.” Géotechnique. 35(1): 33-45. 552 

https://doi.org/10.1680/geot.1985.35.1.33.  553 

https://doi.org/10.1002/nme.1620151210


 20 

Lau, C. K., and M. D. Bolton 2011. “The bearing capacity of footings on granular soils. II: 554 

Experimental evidence.” Géotechnique. 61(8): 639-650. 555 

https://doi.org/10.1680/geot.7.00207. 556 

Li, X.-S., and Y. F. Dafalias. 2004. “A constitutive framework for anisotropic sand including 557 

non-proportional loading.” Géotechnique. 54 (1): 41-55. 558 

https://doi.org/10.1680/geot.2004.54.1.41. 559 

Li, X.-S., and Y. F. Dafalias. 2012 “Anisotropic critical state theory: the role of fabric.” J. Eng. 560 

Mech. 138 (3): 263-275. https://doi.org/10.1061/(ASCE)EM.1943-7889.0000324. 561 

Li, X.-S., and X. Li. 2009. “Micro-Macro quantification of the internal structure of granular 562 

materials.” J. Eng. Mech. 135 (7): 641-656. https://doi.org/10.1061/(ASCE)0733-563 

9399(2009)135:7(641). 564 

Li, X.-S., and Y. Wang. 1998. “Linear representation of steady-state line for sand.” J. Geotech. 565 

Geoenviron. Eng. 124 (12): 1215-1217. https://doi.org/10.1061/(ASCE)1090-566 

0241(1998)124:12(1215). 567 

Loukidis, D., and R. Salgado. 2011. “Effect of relative density and stress level on the bearing 568 

capacity of footings on sand.” Géotechnique. 61(2): 107-119. 569 

https://doi.org/10.1680/geot.8.P.150.3771. 570 

Meyerhof, G. G. 1978. “Bearing capacity of anisotropic cohesionless soils.” Can. Geotech. J. 571 

15(4): 592-595. https://doi.org/10.1139/t78-063. 572 

Miura, S., and S. Toki. 1982. “A sample preparation method and its effect on static and cyclic 573 

deformation-strength properties of sand.” Soils Found. 22(1): 61-77. 574 

https://doi.org/10.3208/sandf1972.22.61. 575 

Nemat-Nasser, S., and J. Zhang. 2002. “Constitutive relations for cohesionless frictional 576 

granular materials.” Int. J. Plast. 18: 531-547. https://doi.org/10.1016/S0749-577 

6419(01)00008-0. 578 

Nübel, K., W. Huang 2004. “A study of localized deformation pattern in granular media.” 579 

Comput. Meth. Appl. Mech. Eng. 193(27-29): 2719-2743. 580 

https://doi.org/10.1016/j.cma.2003.10.020. 581 



 21 

Oda, M., and H. Kazama. 1998. “Microstructure of shear bands and its relation to the 582 

mechanisms of dilatancy and failure of dense granular soils.” Géotechnique. 48: 465-481. 583 

https://doi.org/10.1680/geot.1998.48.4.465. 584 

Oda, M., I. Koishikawa, and T. Higuchi. 1978. “Experimental study of anisotropic shear 585 

strength of sand by plane strain test.” Soils Found. 18(1): 25-38. 586 

https://doi.org/10.3208/sandf1972.18.25. 587 

Oda, M., and I. Koishikawa. 1979. “Effect of strength anisotropy on bearing capacity of shallow 588 

footing in a dense sand.” Soils Found. 19(3): 15-28. 589 

https://doi.org/10.3208/sandf1972.19.3_15. 590 

Okochi, Y., and F. Tatsuoka. 1984. “Some factors affecting K0-values of sand measured in 591 

triaxial cell.” Soil Found. 24(3): 52-68. https://doi.org/10.3208/sandf1972.24.3_52. 592 

Papadimitriou, A. G., Y. K. Chaloulos, and Y. F. Dafalias. 2019. “A fabric-based sand plasticity 593 

model with reversal surfaces within anisotropic critical state theory.” Acta Geotech. 14 (2): 594 

253-277. https://doi.org/10.1007/s11440-018-0751-5. 595 

Siddiquee, M. S. A., T. Tanaka, F. Tatsuoka, K. Tani, and T. Morimoto T. 1999. Numerical 596 

simulation of bearing capacity characteristics of strip footing on sand. Soils Found. 39(4): 597 

93-109. https://doi.org/10.3208/sandf.39.4_93. 598 

Sloan, S. W. 1987. “Substepping schemes for the numerical integration of elastoplastic stress-599 

strain relations.” Int. J. Numer. Meth. Eng. 24 (5): 893-911. 600 

https://doi.org/10.1002/nme.1620240505. 601 

Tatsuoka, F., M. Sakamoto, T. Kawamura, and S. Fukushima. 1986. “Strength and deformation 602 

characteristics of sand in plane strain compression at extremely low pressures.” Soils Found. 603 

26(1), 65-84. https://doi.org/10.3208/sandf1972.26.65. 604 

Tejchman, J., and J. Górski. 2010. “Finite element study of patterns of shear zones in granular 605 

bodies during plane strain compression.” Acta Geotech. 5: 95-112. 606 

Thornton, C., and L. Zhang. 2010. “On the evolution of stress and microstructure during general 607 

3D deviatoric straining of granular media.” Géotechnique. 60(5): 333-341. 608 

https://doi.org/10.1680/geot.2010.60.5.333. 609 

Vesic, A. S. 1963. “Bearing capacity of deep foundations in sand.” Highway Research Record. 610 

39: 112-153. 611 

https://doi.org/10.1007/s11440-018-0751-5


 22 

Wan, R. G., and P. J. Guo. 2001. “Effect of microstructure on undrained behaviour of sands.” 612 

Can. Geotech. J. 38(1): 16-28. https://doi.org/10.1139/cgj-38-1-16. 613 

Yang, Z-.X., X.-S. Li, and J. Yang. 2008. “Quantifying and modelling fabric anisotropy of 614 

granular soils.” Géotechnique. 58(4): 237-248. https://doi.org/10.1680/geot.2008.58.4.237. 615 

Yin, Z. Y., C. S. Chang, and P. Y. Hicher. 2010. “Micromechanical modelling for effect of 616 

inherent anisotropy on cyclic behaviour of sand.” Int. Solids Struct. 47(14-15): 1933-1951. 617 

Yin, Z. Y., Y. F. Jin, J. S. Shen, and P. Y. Hicher. 2018. “Optimization techniques for identifying 618 

soil parameters in geotechnical engineering: comparative study and enhancement.” Int. J. 619 

Numer. Method. Geomech. 42(1): 70-94. 620 

Yin, Z. Y., J. Zhao, and P. Y. Hicher. 2014. “A micromechanics-based model for sand-silt 621 

mixtures.” Int. J. Solids Struct. 51(6): 1350-1363. 622 

Yuan, R., H.-S. Yu, N. Hu, and Y. He. 2018. “Non-coaxial soil model with an anisotropic yield 623 

criterion and its application to the analysis of strip footing problems.” Comput. Geotech. 99: 624 

80-92. https://doi.org/10.1016/j.compgeo.2018.02.022. 625 

Zhao, J. D., and Z. Gao. 2016. A unified anisotropic elasto-plastic model for sand. J. Eng. Mech. 626 

142(1): 04015056. https://doi.org/10.1061/(ASCE)EM.1943-7889.0000962. 627 

Zhao, J. D., D. C. Sheng, M. Rouainia, and S. W. Sloan. 2005. “Explicit stress integration of 628 

complex soil models.” Int. J. Numer. Anal. Meth. Geomech. 29: 1209-1229. 629 

https://doi.org/10.1002/nag.456. 630 

Zhao, C. F., Z. Y. Yin, and P. Y. Hicher. 2018. “Integrating a micromechanical model for 631 

multiscale analyses.” Int. J. Numer. Meth. Eng. 114(2): 105-127. 632 

 633 

 634 

 635 

 636 

 637 

 638 

 639 

 640 

 641 

https://doi.org/10.1680/geot.2008.58.4.237
https://doi.org/10.1016/j.compgeo.2018.02.022
https://doi.org/10.1061/(ASCE)EM.1943-7889.0000962
https://doi.org/10.1002/nag.456


 23 

List of Tables 642 

 643 

Table 1 Model parameters (Anisotropic Model) 644 

Table 2 Model parameters (Isotropic Model) 645 

 646 

Table 1 647 

Elasticity Plasticity Critical state Fabric effect 

𝐺𝐺0 = 125 
𝜈𝜈 = 0.1 

𝑘𝑘ℎ = 0.03 
𝑛𝑛 = 2.0 
ℎ1 = 0.45 
ℎ2 = 0.5 
𝑑𝑑1 = 1.0 
𝑚𝑚 = 3.5 

𝑀𝑀𝑐𝑐 = 1.25 
𝑐𝑐 = 0.75 
𝑑𝑑Γ = 0.934 
𝜆𝜆𝑐𝑐 = 0.019 
𝜉𝜉 = 0.7 

𝑘𝑘𝑓𝑓 = 0.5 
𝑑𝑑𝐴𝐴 = 0.075 

 648 
 649 
 650 

Table 2 651 

Elasticity Plasticity Critical state Fabric effect 

𝐺𝐺0 = 125 
𝜈𝜈 = 0.1 

𝑘𝑘ℎ = 0 
𝑛𝑛 = 1.5 
ℎ1 = 0.6 
ℎ2 = 0 
𝑑𝑑1 = 0.8 
𝑚𝑚 = 2.5 

𝑀𝑀𝑐𝑐 = 1.25 
𝑐𝑐 = 0.75 
𝑑𝑑Γ = 0.934 
𝜆𝜆𝑐𝑐 = 0.019 
𝜉𝜉 = 0.7 

𝑘𝑘𝑓𝑓 = 0 
𝑑𝑑𝐴𝐴 = 0 

 652 

 653 

 654 

 655 

 656 

 657 

 658 

 659 



 24 

List of Figure Captions 660 

 661 

Fig. 1 Model simulation for plane strain tests on dense Toyoura sand with horizontal and 662 

vertical bedding: (a) and (b) 𝜎𝜎3=50 kPa; (c) and (d) 𝜎𝜎3=200 kPa (data from Oda et al., 1978)  663 

Fig. 2 Comparison between the model simulations and plane strain test data on Toyoura sand 664 

with different density and confining pressure: (a) and (b) 𝜎𝜎3=5 kPa; (c) and (d) 𝜎𝜎3=400 kPa 665 

(data from Tatsuoka et al., 1986) 666 

Fig. 3 Comparison between the model simulation and drained triaxial compression test data on 667 

Toyoura sand: (a) and (b) dense sand; (c) and (d) Medium dense sand (data from Fukushima 668 

and Tatsuoka, 1984) 669 

Fig. 4 Size of the soil body and mesh for simulations 670 

Fig. 5 Comparison between the centrifuge test data and finite element simulations for the force-671 

displacement relationships of sand with different relative densities and bedding plane 672 

orientation (data from Kimura et a., 1985) 673 

Fig. 6 The force-displacement relationship for a strip footing on sand with different bedding 674 

plane orientation: (a) 𝐷𝐷𝑟𝑟 = 86% and (b) 𝐷𝐷𝑟𝑟 = 70% 675 

Fig. 7 Contours of the incremental shear strain for sand with 𝐷𝐷𝑟𝑟 = 86% 676 

Fig. 8 Contours of the incremental shear strain for sand with 𝐷𝐷𝑟𝑟 = 70% 677 

Fig. 9 Displacement magnitude contour for sand with 𝐷𝐷𝑟𝑟 = 86%: (a) 𝛼𝛼 = 0o, 𝑠𝑠/𝐵𝐵 = 0.2; (b) 678 

𝛼𝛼 = 45o at 𝑠𝑠/𝐵𝐵 = 0.21 679 

Fig. 10 The force displacement relationship for strip footings on sand with horizontal bedding 680 

and 𝐹𝐹0 = 0.4 and 𝐷𝐷𝑟𝑟 = 30% 681 



 25 

Fig. 11 (a) The incremental shear strain contour at 𝑠𝑠/𝐵𝐵=0.25 and (b) the total shear strain 682 

contour at 𝑠𝑠/𝐵𝐵=0.4. The sand has horizontal bedding and 𝐷𝐷𝑟𝑟 = 30%. 683 

Fig. 12 Variation of 𝑄𝑄𝑢𝑢 for horizontal and vertical bedding at different 𝐷𝐷𝑟𝑟 684 

Fig. 13 Mechanical response of Element A beneath the strip footings on sand with different 685 

density and bedding plane orientation 686 

Fig. 14 Effect of density on the bearing capacity of strip footings on sand with horizontal 687 

bedding plane orientation: (a) 𝐹𝐹0 = 0 and (b) 𝐹𝐹0 = 0.4 688 

Fig. 15 Effect of initial degree of anisotropy 𝐹𝐹0 on the response of strip footings on sand with 689 

horizontal bedding plane orientation: (a) 𝐷𝐷𝑟𝑟 = 80% and (b) 𝐷𝐷𝑟𝑟 = 50% 690 

Fig. 16 Distribution of anisotropic variable 𝐴𝐴 at 𝑠𝑠/𝐵𝐵=0.11 for sand with 𝐷𝐷𝑟𝑟 = 80% and (a) 691 

𝐹𝐹0 = 0, (b) 𝐹𝐹0 = 0.6 692 

Fig. 17 Comparison between the isotropic model prediction and drained triaxial compression 693 

test data on Toyour sand: (a) and (b) Dense sand; (c) and (d) Medium dense sand (data from 694 

data from Fukushima and Tatsuoka, 1984) 695 

Fig. 18 Comparison between the isotropic model prediction and drained plane strain 696 

compression test data on Toyoura sand: (a) and (b) 𝜎𝜎3=200 kPa; (c) and (d) 𝜎𝜎3=50 kPa (data 697 

from Oda et al., 1978) 698 

Fig. 19 Prediction of the isotropic model for the centrifuge tests on sand with horizontal bedding 699 

plane (data from Kimura et a., 1985) 700 

 701 

 702 

 703 



 26 

 704 

Fig. 1a 705 

 706 

Fig. 1b 707 

 708 



 27 

 709 

Fig. 1c 710 

 711 

Fig. 1d 712 

 713 



 28 

 714 

Fig. 2a 715 

 716 

Fig. 2b 717 

 718 



 29 

 719 

Fig. 2c 720 

 721 

Fig. 2d 722 

 723 



 30 

 724 

Fig. 3a 725 

 726 

Fig. 3b 727 

 728 



 31 

 729 

Fig. 3c 730 

 731 
Fig. 3d 732 

 733 

 734 



 32 

 735 

Fig.4 736 

 737 

 738 

 739 

Fig. 5a 740 

 741 

 742 



 33 

 743 

Fig. 5b 744 

 745 
Fig. 5c 746 

 747 



 34 

 748 

Fig. 6a 749 

 750 

Fig. 6b 751 

 752 

 753 

 754 



 35 

 755 

Fig. 7 756 

 757 

Fig. 8 758 

 759 

 760 

 761 

 762 



 36 

 763 

Fig. 9 764 

 765 

Fig. 10 766 

 767 

Fig. 11 768 

 769 



 37 

 770 

Fig. 12 771 

 772 

Fig. 13a 773 

 774 

 775 



 38 

 776 

Fig. 13b 777 

 778 

Fig. 13c 779 

 780 

 781 



 39 

 782 

Fig. 13d 783 

 784 

Fig. 14a 785 



 40 

 786 

Fig. 14b 787 

 788 

 789 
Fig. 15a 790 

 791 



 41 

 792 

Fig. 15b 793 

 794 

Fig. 16 795 



 42 

 796 

Fig. 17a 797 

 798 

Fig. 17b 799 

 800 

 801 



 43 

 802 

Fig. 17c 803 

 804 

Fig. 17d 805 

 806 

 807 



 44 

 808 

Fig. 18a 809 

 810 

Fig. 18b 811 

 812 



 45 

 813 
Fig. 18c 814 

 815 

Fig. 18c 816 

 817 

 818 

 819 



 46 

 820 
Fig. 19 821 


	Cover Sheet (AFV)
	211830
	where ,𝑑-1., 𝑚 and ,𝑒-𝐴. are three model parameters; 𝜁 is the dilatancy state parameter (Li and Dafalias, 2012); 𝜓 (=𝑒−,𝑒-𝑐.) is the state parameter (Been and Jefferies, 1985), with ,𝑒-𝑐. being the critical state void ratio corresponding to...
	,𝑒-𝑐.=,𝑒-Γ.−,𝜆-𝑐.,,,𝑝-,𝑝-𝑎...-𝜉.                           (10)
	where ,𝑒-Γ., ,𝜆-𝑐. and 𝜉 are three material constants and ,𝑝-𝑎. is the atmospheric pressure (101 kPa).


