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PARTIAL TRANSFORMATION GROUPOIDS ATTACHED TO GRAPHS
AND SEMIGROUPS

XIN LI

ABSTRACT. We introduce the notion of continuous orbit equivalence for partial dynamical sys-
tems, and give an equivalent characterization in terms of Cartan-isomorphisms for partial C*-
crossed products. Both graph C*-algebras and semigroup C*-algebras can be described as C*-
algebras attached to partial dynamical systems. As applications, for graphs, we generalize and
explain a result of Matsumoto and Matui relating orbit equivalence and Cartan-isomorphism,
and for semigroups, we strengthen several structural results for semigroup C*-algebras concern-
ing amenability, nuclearity as well as simplicity of boundary quotients. We also discuss pure
infiniteness for partial transformation groupoids arising from graphs and semigroups.

1. INTRODUCTION

Recently, in the setting of ordinary topological dynamical systems, the notion of continuous or-
bit equivalence was introduced, and a C*-algebraic characterization was given involving Cartan-
isomorphisms (see [21]). We present a generalization to partial dynamical systems. This step
is important as many C*-algebras appear naturally as crossed products attached to partial dy-
namical systems, while the setting of ordinary dynamical systems is more restricted. Our main
motivation stems from graph C*-algebras and semigroup C*-algebras, both of which can be
described in a very natural way as C*-algebras of partial dynamical systems. This description
turns out to be very helpful for the study of structural properties of these C*-algebras.

In the case of graphs, we obtain a very easy explanation why all graph C*-algebras are nuclear
(Remark 3.6). This goes back to the observation that non-abelian free semigroups embed
into amenable groups. Furthermore, we generalize and explain results in [24, 25] about orbit
equivalence and Cartan isomorphism from shifts of finite type to general graphs (Theorem 3.9).
We note that a generalization of the results in [25] has been established independently in [3].

For semigroup C*-algebras and their boundary quotients, we are able to generalize several
structural results from [19]. The key idea is that using partial transformation groupoids, we
obtain structural results for our C*-algebras without assuming independence or the Toeplitz
condition, which were crucial in our previous approach (see [18, 19]). We obtain general charac-
terizations for nuclearity of semigroup C*-algebras (Theorem 3.15) and simplicity of boundary
quotients (Theorem 3.22).
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Furthermore, we study which partial transformation groupoids of graphs and semigroups are
purely infinite, in the sense of [27]. In the case of graphs, we are able to prove that the
partial system of a graph is residually topologically free and purely infinite if and only if the
corresponding graph C*-algebra is purely infinite (Corollary 4.4). For semigroups, we show that
the partial transformation groupoid corresponding to the boundary quotient is purely infinite
if and only if the semigroup is not left reversible (Theorem 4.5). We are also able to identify a
class of integral domains whose ax + b-semigroups have purely infinite partial transformation
groupoids (Theorem 4.6). These results strengthen and explain previous results in [19, 20].
Finally, we close with a remark (Proposition 4.7) on almost finite groupoids in the sense of [26,

§ 6].

2. PARTIAL ACTIONS, TRANSFORMATION GROUPOIDS, C*-ALGEBRAS AND CARTAN
SUBALGEBRAS

In the following, groups are discrete and countable, and topological spaces are locally compact,
Hausdorff and second countable.

Definition 2.1. Let G be a group with identity e, and let X be a topological space. A partial
action « of G on X consists of
e a collection {Ug} . of open subsets Uy C X,
e a collection {ag}gEG of homeomorphisms oy : Ug-1r — Uy, x + g.x such that
- U.=X, a, =1idx;
— forall g1, g2 € G, we have gs.(Ug, gp)—1 nggl) = UQQHUg;1, and (g192).x = g1.(g2.)
Jorall x € Ug,g,y-+ MUy

We call such a triple (X, G, «) a partial system, and denote it by o : G ~ X or simply G ~ X.

Let a1 G ~ X be a partial system. The dual action o* of « is the partial action (in the sense
of [28]) of G on Cy(X) given by o : Co(Uy—1) = Co(Uy), f = fog™".

The transformation groupoid attached to the partial system a: G ~ X is given by
Gox X :={(g,2) eGxX: ge G,z € Uy},

with source map s(g,z) = x, range map r(g,x) = g.x, composition (g1, g2.7)(g2, ) = (9192, T)
and inverse (g, z)"! = (g7, g.z). We equip G ox X with the subspace topology from G x X.
Usually, we write G x X for G ,x X if the action « is understood. The unit space of G x X
coincides with X. Since G is discrete, G x X is an étale groupoid. Actually, if we set G, :=
{9eG:2€Uj1}and G* :={g € G: z € Uy} for x € X, then we have canonical identifications
s x) 2 Gy, (g,x) — gand r 1 (z) 2 G, (9,97 .x) — g.

Let us now recall the construction (from [28]) of the reduced crossed product Co(X) Xos, G
attached to our partial system o : G ~ X. As with groupoids, we omit a* in our notation for the

crossed product. First of all, Co(X) %% G := {Zg f40, € (H(G,Co(X)): f, € C’O(Ug)} becomes

a *-algebra under component-wise addition, multiplication given by (Z g f959> . (Zh fh6h> =
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> an Qa1 (fg) fn)dgn and involution (Zg f95g> 1=, @ (fr-1)dy, for fy € Co(Uy) and f, €
Co(Uh).

As in [28], we construct a representation of Co(X) x* G. Viewing X as a discrete set, we
define /?X and the representation M : Co(X) — L(?X), f — M(f), where M(f) is the
multiplication operator M(f)(§) := f - ¢ for € € (2X. M is obviously a faithful representation
of Co(X). Every g € G leads to a twist of M, namely M, : Co(X) — L({*X) given by
My(f)§ = (flu, © 9) - €lu,_,- Here we view fly, o g as an element in Cy(Uy-1), and Cy(Ug1)
acts on (*U,-1 just by multiplication operators. Given § € £2X, we set {|y _, (z) = {(z) if
x € Uy-1 and f’Ug_l () :==0if & ¢ Uy-1. In other words, fqu_l is the component of £ in (2U,-
with respect to the decomposition (2X = (U, @EQUg,l. So we have M, (f)é(z) = f(g.x)&(x)
if £ € Uy-1 and My(f)&(x) =0if x ¢ Uy-1.

Consider now the Hilbert space H := ¢*(G, (?X) = (*G ® (*X, and define the representation
p: Co(X) — L(H) given by pu(f)(0,®€) :== 0, @ M,(f)€. For g € G, let E, be the orthogonal
projection onto p(Co(U,-1))H. Moreover, let A denote the left regular representation of G on
(G, and set V, := (\, ® I) - E,. Here [ is the identity operator on H.

We can now define the representation px X : Co(X) % G — L(H), > g 90g 7 D2, 11(fo) V-

Following the original definition in [28], we set Cy(X) %, G := WIHMM.

The following result follows from [1, Theorem 3.3], but we give a direct and short proof.
Proposition 2.2. The canonical homomorphism

(1) Co(Gx X) = Co(X) x" G, 0= 0(g,97" 1)5,,
g

where 6(g, g~*.1) is the function Uy-1 — C, x +— 0(g, 97"

X) = Cy(X) %, G.

.x), extends to an isomorphism C}(G X

Proof. As above, let ju x A be the representation Co(X) x* G — L£(H) which we used to define
Co(X) . G. Our first observation is

(2) Im (11 x X)(H) = @D 6 @ (PUj-1.
hea

To see this, observe that for all ¢ € G, Im (E,;) C @, 6, ® (*(Up-1 N Uggpy-1). This holds
since for x ¢ h™'.(U, N Uyr) = Ugpy—r N Up-1, flu,(hx) = 0 for f € Cy(Uy-1). Therefore,
’/T(C()(Ug—l))(dh (%9 €2X) g 6h & 62(Uh—1 N U(gh)—l). Hence Im (Eg) Q @h (Sh & €2(Uh—1 N U(gh)—l),
and thus, Im (V) C @@, 6gn @ 2(Up—1 NUgny-1) € EP,, 0 ® (?Up,—1. This shows “C” in (2). For
“D” note that for f € Co(X), (u x \)(fd.) = p(f)E,, and for € € PUy—1, u(f)Ee(0p ® &) =
0n @ (flu, @ h)€. So (u x N)(fd)(H) contains 6, ® f - for all f € Co(Up-1) and € € 2Uj,-1,
hence also 6, ® (2U,-1. This proves “D”.

For x € X, let G, = {g € G: © € Uy-1} as before. Our second observation is that for every
r € X, the subspace H, := (?G, ® 6, is (i x A)-invariant. It is clear that u(f) leaves H,
invariant for all f € Cy(X). For g,h € G, Ey(0, ® 6;) = 6, ® 0, if @ € Up-1 N Uggpy-1, and if
that is the case, then V(0 ® 0,) = 04 ® 0, € H,.
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Therefore, H = (B,cx Ha) ® (1 x A)(Co(X) x" G)(H)* is a decomposition of H into j x A-

invariant subspaces. For x € X, set p, := (ux A)|g,. Then Cy(X) %, G = Co(X) G @0
Moreover, we have for x € Uj,-1,

pe (Zm) 6n®0,) = > u(f)Von @)= > pulfy)(0gn ®0,)

g:mEU@h)fl
(3) — Z dgn @ fy(gh.x)dy = Z 0k @ frn—1(k.x)d,.
g:a:EU(gh)fl keGa

Let us now compare this construction with the construction of the reduced groupoid C*-algebra
of G x X. Obviously, (1) is an embedding of C.(G x X) as a subalgebra which is ||-||,.-dense
in Co(X) x* G. Therefore, Co(X) %, G = Co(G x X)”'HEB“'"”.

Now, to construct the reduced groupoid C*-algebra C¥(G x X), we follow [35, § 2.3.4] and
construct for every x € X the representation 7, : C.(G x X) — L(¢*(s7'(x))) by setting

T (0)()(C) = 3, e (¢ )&M), In our case, using s~'(z) = G, x {z}, we obtain for
£ =0,®0, with h € G,: m,(0)(6), ® 6,)(k,x) = 0((k,x)(h,z)"') = 0(kh™!, h.x). Thus,

(4) 72(0)(0n @ 8,) (k) = > O(kh™", h.x)0), @ 0,

ke€Go
By definition, C}(G x X) = C.(G x X)”“‘@m "*. Therefore, in order to show that |-[|g , and
HH@Z .. coincide on C.(G'x X), it suffices to show that for every € X, 7, and the restriction
of p, to C.(G x X) are unitarily equivalent. Given = € X, using s~ !(z) = G, x {z}, we obtain
the canonical unitary ¢*(s~'(z)) = H, = (*(G,) ® d,, so that we may think of both p, and 7,
as representations on ¢*(G,) ® d,. We then have for x € X, 0 € C.(G x X) and h € G,:

pe(0)( ©6,) 2 po(3 009,97 )56 ©6.) 2N 6 @ Ok ha)d, L, (0)(6h ©6,).

g keGy
This yields the canonical identification Cy(X) %, G = C¥(G x X), as desired. O

Following [14], we define topological freeness as follows:

Definition 2.3. A partial system G ~ X is called topologically free if for every e # g € G,
{x € Uj-r: g.x # x} is dense in Uy-1.

Lemma 2.4. A partial system G ~ X 1is topologically free if and only if
{r e X: gax#xforales#geG,} isdense in X.

Proof. The direction “<” is simple: If {x € X: g.x # x for all e # g € G, } is dense in X, then
in particular, for every fixed e # g € G, the set {x € X: gx #x if g € G,} is dense in X.
Hence {x € Uj-1: go #ax} ={x € X: gox #xif g€ G,} NU,-1 is dense in Uy-1.

For “=" note that because of topological freeness, we know that for every e # g € G, the
open set {x € Uy-1: g.x # x} U WC is dense in X . Therefore,

{reX:goFaforalle#geG,} = ﬂ {reX: gax#uzif geG,}
e#geG
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must be dense in X since it contains [, ({z € Ujr: gz # a2} U Ug-1c) which is dense in
X by the Baire category theorem. 0

Corollary 2.5. A partial system G ~ X is topologically free if and only if the transformation
groupoid G x X 1s topologically principal.

Recall (see [34]) that a topological groupoid G is called topologically principal if the set of
points in G with trivial isotropy is dense in G(©. Here, z € G is said to have trivial isotropy
if for all v € G, s(v) = t(vy) = x already implies v = z.

Proof. In the case of the transformation groupoid G = G x X, z € X has trivial isotropy if
whenever g € G satisfies g € G, and g.x = x, then we must have ¢ = e. Hence the set of
points with trivial isotropy is nothing else but {z € X: g.x # z for all e # g € G, }. With this
observation, our corollary follows immediately from Lemma 2.4. 0

Let us now introduce the notion of continuous orbit equivalence for partial systems, generalizing
[21, Definition 2.5].

Definition 2.6. Partial systems G ~ X and H ~'Y are called continuously orbit equivalent
if there exists a homeomorphism ¢ : X —'Y and continuous maps a: Uycq {9} X Ugr — H,

b: Upen {1} X Vit = G (where V-1 is the domain of the partial homeomorphism attached to
h € H) such that

(5) p(gx) = alg,x).e(x),
(6) v~ (hy) = b(hy).e ().
Implicitly, we require here that a(g,r) € Hywmy and b(h,y) € Guy-1qy).

Note that in particular, o(Gy.x) = Hyw@)-9(2).
In analogy to [21, Theorem 1.2], we obtain

Theorem 2.7. Let G ~ X and H ~'Y be topologically free partial systems. Then the following
are equivalent:

(i) G ~ X and H ~Y are continuously orbit equivalent,

(ii) the transformation groupoids G X X and H XY are isomorphic as topological groupoids,

(iii) there exists an isomorphism ® : Co(X) %, G — Co(Y) %, H with ®(Co(X)) = Co(Y).
Moreover, “(ii) = (i)” holds in general (i.e., without the assumption of topological freeness).

Proof. The proof is completely analogous to the one of [21, Theorem 1.2]. Therefore, we refer
the reader to [21] for details, and only mention the key ideas.

For “(i) = (ii)”, observe that G x X — H x Y, (¢9,2) — (a(g,x),¢(z)) and H x Y —
Gx X, (h,y) — (b(h,y), o (y)) are continuous homomorphisms of groupoids which are inverse
to each other. Here ¢, a and b are as in Definition 2.6. This uses topological freeness as in [21].

For “(ii) = (1)”, let x : G x X — H X Y be an isomorphism of topological groupoids. Set

¢ = X|x, a as the composition J,c; {9} X Up1 — G x X X5 HxY — H, and b as the

-1
composition J,.g {h} X Vimt = H x Y = G x X — G. Then it is easy to check that ¢, a
and b satisfy the conditions in Definition 2.6. This does not use topological freeness.



6 XIN LI

For “(ii) < (iii)”, observe that by Corollary 2.5 and [34, Theorem 5.2], (Cy(X) .G, Cy(X)) =
(CHG x X),Co(X)) and (Co(Y) %, H,Cy(Y)) = (CFH(H x Y),Cy(Y)) are Cartan pairs, in the
sense of [34]. Then apply [34, Proposition 4.13]. O

3. EXAMPLES: INVERSE SEMIGROUPS, GRAPHS, AND SUBSEMIGROUPS OF GROUPS

3.1. Inverse semigroups. Let S be an inverse semigroup and E the semilattice of idempotents
of S. Weset S* = S\{0} and E* = E\{0}, i.e., we take away zero if S has a zero. Assume that
o is a partial homomorphism from S to a group G which is idempotent pure, i.e., o is a map
S* — @ such that o(st) = o(s)o(t) for all s,t € S* with st € S, and that o71(e) = E*.

In this situation, we describe a partial action G ~ C*(F) such that the (left) reduced
C*-algebra C}(S) of S is canonically isomorphic to C*(E) x, G. This is the analogue of [29,
Theorem 5.2], but without the assumption that G is the universal group. Our observation gives
us more freedom in the choice of idempotent pure partial homomorphisms. This will lead to a
very simple criterion for nuclearity of inverse semigroup C*-algebras.

First, recall the definition of C5(S): For s € S, let A : £25* — (28* §, > dg, if s*s > za* and
6, — 0 else. The reduced C*-algebra C}(S) of S is the sub-C*-algebra of L£(¢?S*) generated
by {\s: s € S}. Note that by construction, A\ = 0 if 0 € S. This is why we work with £25*
instead of (2S. Let C*(E) := C*({\e: e € E}) C C5(S). In the following, we write e for
Ae € C*(E). The full inverse semigroup C*-algebra C*(S) of an inverse semigroup S is the
universal C*-algebra for *-representations of S by partial isometries. We mod out 0 if S has a
zero, as in [31].

Now let us describe the partial action G ~ C*(E). For g € G, let D, be the sub-C*-
algebra (actually ideal) of C*(E) given by D,~1 = span({s*s: s € S*,0(s) =g}). As o is

idempotent pure, we have D, = C*(E). For every g € G, we have a C*-isomorphism
ay : Dy — Dy, s*s — ss*. The corresponding dual action is given as follows: Let £ =

Spec (C*(E)), and for every g € G, set U, = Spec (D,) C E. Tt is easy to see that Uy =
{X € E: x(s*s) =1 for some s € 5% with o(s) = g}. ag : U1 — Uy is given by a4(x) =
xoa; ;. Given x € Uy-1 and s € ™ with o(s) = g and x(s*s) = 1, we have ay(x)(e) = x(s"es).

The same proof as in [29] gives an expllclt identification of the universal groupoid of S, in the
sense of [32, § 4.3], but restricted to E, with the partial transformation groupoid G x E. We
have to restrict to £ because in case 0 € S, the unit space of the universal groupoid in [32,

§ 4.3] is EU {x0}, where yq corresponds to the character sending every idempotent in E to 1,
even 0. As a consequence of this identification of groupoids, we obtain

Proposition 3.1. We have C5(S) = C}(G x E) and C*(S) = C*(G x E), and there are
isomorphisms C5(S) — C*(E) %, G, As = (55")0q(s) and C*(S) = C*(E) x G, s+ (55%)05(s)-

In many situations, one is interested not only in the reduced C*-algebra of the inverse semigroup,
but also in its boundary quotient. Let us describe the partial system corresponding to this
quotient. Given a semilattice F, let E][naX be the subset of E consisting of those x € E
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such that {e € E: x(e) = 1} is maximal. We then set 9E := En.x C E. Now let E be the
semilattice of idempotents in an inverse semigroup S. As OF C E is closed, we obtain a short
exact sequence 0 — I — Co(E) — Co(0F) — 0. Viewing I as a subset of C5(S), we form
the ideal (I) of C§(S) generated by I. The reduced version of the boundary quotient in Exel’s
sense (see [8, 9, 10, 12]) is given by 9C5(S) := C5(S)/ (I). In the particular case of inverse
semigroups arising from right LCM semigroups, boundary quotients have been studied in [37].

Lemma 3.2. Let S be an inverse semigroup as above, with an zdempotent pure partial homo-
morphism o from S to a group G, with semalattice of idempotents E and partial system G ~ E.
Then OF is G-invariant.

Proof. Let us first show that for every g € G, g.(U;-1 N Emax) cyu,n Emax. Take y € Emax with
X(s*s) = 1 for some s € S with o(s) = ¢g. Then g.x(e) = x(s*es). Assume that g.x ¢ Era.
This means that there is ¢ € By such that Y(e) = 1 for all e € E with g.x(e) = 1, and
there exists f € E with ¢(f) =1 but g.x(f) = x(s*fs) = 0. Then ¢ € U, since g.x(ss*) =1,
which implies ¥(ss*) = 1. Consider g~'.¢) given by g~1.1)(e) = 1(ses*). Then for every e € F,
x(e) = 1 implies y(s*ses*s) = 1, hence x(s*(ses*)s) = 1, so that g71.¢(e) = 1(ses*) = 1. But

x(s*fs) = 0 and g '.a(s 5" fs) = b(ss*fss*) = ¢(f) = 1. This contradicts x € Ermax. Hence
g-(Ug— ﬂEmaX) c U, ﬂEmaX To see that g.(U, 1ﬂ8E) cu, ﬂ@E let x € Uy N OF and
choose a net (x;); in Emax with lim; xv; = x. As Ug_1 is open, we may assume that all the y; lie
in Ug-1. Then g.x; € Emax, and lim; g.x; = ¢g.x. This implies g.x € OE. 0

Lemma 3.3. Let S be an inverse semigroup with an idempotent pure partial homomorphism o
from S to an ezxact group G. Then the identification C5(S) = Co(E) %, G from Proposition 3.1
identifies 0C5(S) with Cy(OF) x, G.

Proof. 1t is easy to see that under the identification C}(S) = Co(E) %, G from Proposition 3.1,
(I) corresponds to I x, G. Since G is exact, we obtain a short exact sequence 0 — I X, G —
C5(S) = 9C%(S) — 0 by [11, Theorem 22.9]. O

Corollary 3.4. Let S be an inverse semigroup with an idempotent pure partial homomorphism
o from S to a group G. If G is amenable, then both C5(S) and 0C5(S) are nuclear. If G is
exact, then both C(S) and 0C5(S) are exact.

Proof. By Proposition 3.1 and Lemma 3.3, both C}(.S) and 0C5(S) can be described as reduced
partial crossed products by G, hence as reduced C*-algebras of Fell bundles over G. Therefore,
our claims follow from [11, Theorem 20.7, Theorem 25.10 and Theorem 25.12]. O

3.2. Graphs. Let £ = (€% &' r,s) be a (countable) graph with vertices £°, edges &' and
range and source maps r,s : &' — £° Let £* be the set of finite paths in &, and let I(u)
denote the length of a path p € £*. The graph inverse semigroup Sg¢ is given by Se =

{(p,v) € E* x &% s(u) = s(v)} U{0}, where (u,v)* = (v, ) and
(:u’ V/n) if v= Cyla
(1, v)(Cm) = § (u¢'m) i ¢ = v,

0 else.
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The semilattice Eg of idempotents of Sg is given by {(u,p) € £ x £} U {0}, hence can be
identified canonically with £* U {0}. Multiplication in E¢ is given by

po it p=wi,
pw-v=<v if v=u,

0 else.

Note that we write pv for concatenation of paths and u - v for the product in Fe.

It is easy to see that C5(Sg) is canonically isomorphic to the Toeplitz C*-algebra of £, and that
0C5(Sg) is canonically isomorphic to the graph C*-algebra of £.

Remark 3.5. Note that we are using the convention that the partial isometry s, for u € &*
has source projection ey, corresponding to the source of i, and range projection dominated
by €., the projection corresponding to the range of . This is the same convention as in [38],
but different from the one in [3, 16].

Let us construct an idempotent pure partial homomorphism on Sg. Let Fg1 be the free group
generated by 1. We view pu € £* with [(1) > 1 as elements in Fg1 in a canonical way. Define
o: S¥ — Fe by setting o(u,v) = pr b if I(p),l(v) > 1, o(u,v) = pif I(p) > 1 and I(v) = 0,
o(p,v) =v tifl(u) =0and I(v) > 1, and o(u,v) = e if [(u) = I[(v) = 0. Here e is the identity
of Fei. It is easy to check that ¢ is an idempotent pure partial homomorphism from Sg to Fei.
Clearly, o is the universal one, in the sense of [29].

Remark 3.6. Let us show how a modification of ¢ produces an easy argument for nuclearity of
graph C*-algebras. We write IF; for the free semigroup generated by £'. Let F§ and F, be the
free semigroup and the free group on two generators. Clearly, there is a semigroup embedding
Fl, < F3 (€' is countable by assumption). Moreover, by [17], we have an embedding F3 <
Fy/F, where F7 is the second commutator subgroup of Fy. Hence we obtain an embedding
Ff, — F3 < Fy/F}. By universal property of Fg1, we obtain a homomorphism Fg1 — Fy/F7,
which has to factorize as Fgr — Fer /FY, — Fy /5, such that the diagram

]szl C [F ¢ Fy /I

| |

Fgl ]Fgl /]Fg'l

commutes. Thus, the canonical homomorphism Iszl — Fe1 /Y, is injective.

Now let ¢ be the composition SF — Fe1 — Fe1 /FZ,. 0" is again a partial homomorphism,
and ¢” is idempotent pure because IF; — Fe1/IFY, is injective. Moreover, Fe1 /F%, is solvable,
in particular amenable. Hence Corollary 3.4 implies that both the Toeplitz C*-algebra as well
as the graph C*-algebra of £ are nuclear.

Let us now come back to o : SZ — Fei1, and describe the corresponding partial actions
Fer ~ Ee and Fgi ~ 0, where 0€ := OF¢.
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We start with Fgi ~ E; For g € Fei, Uy-1 is empty unless g € Im (o), ie., g = af™!
for some paths a, 8 € (€*\ £%) U {e}, and if «, § both lie in £* \ £, then s(a) = s(3). For
such g, U,-1 consists of those x € E\g such that there exists (pu,v) € S with x(v) = 1 and
o(pu,v) = af~t. For such y with (u,r) as above, (g.x)(¢) = x(v¢') if ( = u¢’ and (g.x)(¢) =
0 otherwise. By Proposition 3.1, the Toeplitz C*-algebra of £ is canonically isomorphic to
C;(Sg) = C:(Fgl X Eg) = O()(Eg) A Fgl.

Following [38] (see also [13]), the partial system Fgi ~ OE can be described explicitly as
follows: As a set, we identify € with EXU{a € £*: s(a) ¢ £}, where £ is the set of infinite

paths in €. To describe the topology, let u € £* and set
Z(p)={ve & UE® v=mw for somer € EXUET}.
Given a finite subset F' of r~(s(p)), let Z(u\ F) = Z(p) \ U, cp Z(p). Then
OENZ(u\F), pe€ &, FCr(s(p))finite

is a basis for the topology of 0. The Fgi-action is just given by the restriction of the partial
system Fer ~ Eg¢, which has been described above. By Lemma 3.3, the graph C*-algebra
of £ is canonically isomorphic to 0C5(Ss) = Ci(Fer x 08) = Cy(0E) %, Fe1 (compare [8,
Theorem 20.9)).

It is known (see [3, Proposition 2.3|, and also Lemma 3.7) that Fg1 x OE is topologically
principal, or equivalently (see Corollary 2.5), that Fg1 ~ O is topologically free, if and only if
€ satisfies condition (L). Recall that & satisfies condition (L) if every loop has an entry, i.e., for
every (1= piy - pin € E* with u; € €', n > 1 and s(u,) = (i), thereis v € E and 1 <i < n
with 7(v) = r(w;) and v # p;.

Let us now relate our transformation groupoid to the groupoid attached to topological Markov
shifts or graphs (see [25] and [3]), and our notion of continuous orbit equivalence for partial
systems to continuous orbit equivalence for topological Markov shifts or graphs (see [25] and
[3]). Once these relations are established, we will see that Theorem 2.7 applied to graphs
generalizes [25, Theorem 2.3] and gives an alternative interpretation for [3, Theorem 5.1].

Let &€ be a graph as above. We compare the transformation groupoid Fe: x O with the groupoid
Ge from [3, § 2.3] (see [25, § 2.2] for the case of topological Markov shifts). The groupoid Gg is
given by Ge = {(a,n, 8) € 0E x Z x OE: n =k —l for k,l € Z and o*(a) = o'(3)}. Here, we
identify € with £ U {a € £*: s(a) ¢ &)} and define for g = pypopuz ... in £ with I(u) > 2
(i € EY) o(p) = pops ..., and o(u) = s(u) if p € EL. For p € £, o is not defined. An equation
like 0% () = o!(8) always implicitly means that o*(«) and o'(3) are defined, i.e., (o) > k and
[(B) > l. Moreover, we write Z, = {z € Z: z > 0}.

Lemma 3.7. Fg1 x OE and Gg are isomorphic as topological groupoids.

Proof. Tt is easy to see that Ge — Fgi x OE, (A\v,n,uv) — (Ap~'uv) and Fgr x 0 —
Ge, A=t puv) = (A, I(A) — I(p), pv) are mutually inverse (continuous) groupoid homomor-
phisms. (Note that these expressions for the maps only make sense for [(1),[(v) > 1. But there
is an obvious way to define these maps for [(u) = 0 or I(v) = 0.) O
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Let us also compare the notion of (continuous) orbit equivalence for graphs introduced in [3,
Definition 3.1] (see also [25, § 2.1] for the case of topological Markov shifts) with continuous
orbit equivalence of the corresponding partial systems. Let £ and F be two graphs, with o¢
and or as above, and partial systems Fer ~ € and Fr ~ OF. £ and F are (continuously)
orbit equivalent in the sense of [3, Definition 3.1] if there exists a homeomorphism ¢ : € — OF
together with continuous maps k,[: 0 — Z, and k',I' : OF — Z, such that

(7) o5 (p(0e(Q))) = o5 ((Q)) for all ¢ € IE,

(8) ot Do Yor(n) = oe (0" X(n)) for all n € OF.

Lemma 3.8. IfFer ~ O and Fr ~ OF are continuously orbit equivalent, then £ and F are
orbit equivalent.

If € and F satisfy condition (L), then the converse holds, i.e., if € and F are orbit equivalent,
then Fgr ~ OE and Frz ~ OF are continuously orbit equivalent.

Proof. Assume that Fgr ~ 0€ and Fz ~ OF are continuously orbit equivalent via ¢ : 0 = OF
and continuous maps a, b as in Definition 2.6. As 0 = <|—|C€€1 (65) L&Y\ &2, it suffices to

define k& and [ on |—|C€€1 COE (on the remaining part, just set k and [ to be 0). For ( € &
and (¢ € COE, we know that a(¢™!,¢€) has the reduced form A\x~!, so that we can define k
and [ on (OE by setting k(¢&) := I(A\) and [(C€) := I(k). These maps k and [ are obviously
locally constant, hence continuous. Moreover, we know that ¢(¢71.(¢€)) = (Ax™1).(¢€), which
means that there exists w € OF with p(C€) = kw and ¢(£) = p(¢71.(¢€)) = Aw. Therefore,

o3 (p(0e(¢)) = o7 (0(9)) = o Dw) = w = 0% (kw) = o5 (p(C€)). Thus, (7) holds. '
and " are defined in a similar way, using b.

Now assume that £ and F satisfy condition (L), and suppose conversely that £ and F are
orbit equivalent. Because of condition (L), our partial systems Fg1 ~ 0 and Fr ~ OF are
topologically free. Therefore, to prove that they are continuously orbit equivalent, all we have
to show is that for every g € Fg1 and @ € Uy, there exists an open neighbourhood U of z and
h € Fr such that ¢(g.Z7) = h.¢o(Z) for all € U, and analogously for ¢~!. In our case, since
Fei is generated by £, it suffices to consider g € (£')7!. Take ¢ € &' and z € (OE. Choose
A\ Kk € F* with [(A\) > k(x), I(k) > I(z), such that ¢(z) € kOF and ¢(¢"t.z) € AOF, and for
all (€ € COE with ¢(C€) € kOF and (&) = p(¢1.(CE)) € NOF, we have k(C€) = k(x) and
[(¢€) = I(x). Such A and k exist because k and [ are continuous, hence locally constant. Set
U :={C& € COE: p(C€) € kOF and ¢(&) € AOF}. U is obviously an open neighbourhood of .
Set k := k(z) and [ := I(z). For all (£ € U, we have o%(¢(€)) = o%(p(0£(CE))) = o (p(CE)).
Thus, when we write A = M\ with [(\) = k and k = k'k” with (k") = [, we even know that
(V) 0(€) = oh((€)) = o5 (4(CE)) = (W)~ p(CE), and hence ¢(C(CE)) = (N () ) 0(CE)
for all (¢ € U. Thus ¢ has the desired property. The proof for ¢! is analogous. 0

Lemma 3.7, Lemma 3.8 and Theorem 2.7 imply the following

Theorem 3.9. Let £ and F be graphs. Consider the statements

a) Fe1 x O and Fr1 x OF are isomorphic as topological groupoids,
b) Ge and G are isomorphic as topological groupoids,
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¢) there exists an isomorphism ® : C*(€) — C*(F) with ®(C*(Eg)) = C*(Ex),
d) Fe1 ~ 0 and Fri ~ OF are continuously orbit equivalent,
e) £ and F are orbit equivalent.

We always have a) < b), a) = ¢) as well as a) = d) = ¢). If € and F satisfy condition (L),
then all these statements are equivalent.

This generalizes [25, Theorem 2.3] and gives an alternative proof for the corresponding parts
of [3, Theorem 5.1]. Note that in [3], it is proven that a), b) and c¢) are always equivalent.

3.3. Subsemigroups of groups. Let us discuss C*-algebras attached to subsemigroups of
groups. Given a subsemigroup P of a group G (or any left cancellative semigroup), the left
reduced semigroup C*-algebra C§(P) of P is defined as the sub-C*-algebra of L(¢?P) generated
by the left multiplication operators V), : ¢*P — (*P, §, — 0,,. Here ¢, is the delta function in
x € P, and these J, form the canonical orthonormal basis of £2P. The canonical commutative
subalgebra D, (P) is given by D,(P) = C5(P) N {>*(P). Here is an alternative description
of Dy(P): Let Iy be the inverse semigroup of partial isometries on (*P generated by V,,
pe P ie, Iy = {V;V}h Vo Vg, i m €Ny p g € P}. We can define a partial homomorphism
o: Iy =G, VoV - Vo Vo, = prqr Py qn. To see that o is well-defined, note that every
V' € Iy has the property that there exists g € G such that for every x € P, either Vi, = 0
or Vo, = 04,. And o is defined in such a way that o(V) = g. Now the closed linear span
span(c~!(e)) of o7 (e), where e is the identity of G, coincides with D, (P). All this is explained
in [18, 19] (see [18, Remark 3.12] for the alternative description of D, (P)).

Let us now describe the canonical partial action G ~ Dy (P). We first describe the dual action
o*. For g € G, let Dy = span({V*V: V € I}, (V) = g}). Dy-1 is an ideal of Dy(P),
and it follows from the alternative description of Dy(P) that D, = D,(P). We then define
ay as ay @ Dg-v — Dy, V¥V — VV* for V € Iy with o(V) = g. This is well-defined: If
we view (2P as a subspace ¢?G and let A be the left regular representation of G, then every
V€ Iy with o(V) = g satisfies V= A\)V*V. Therefore, VV* = A\,V*V . This shows that
v is just conjugation with the unitary A,. This also explains why «j is an isomorphism. Of
course, we can also describe the dual action a. Set Qp := Spec (D,(P)) as the spectrum of

the commutative C*-algebra D) (P), and for every g € G, let U,-1 := Dy-1. Obviously, U,-1 =
{x € Qp: x(V*V) =1 for some V € I}f with o(V) = g}. Define a, by a,(x) := x o Sy

Proposition 3.10. There is a canonical isomorphism C5(P) = D\(P) %, G determined by
Vp + VpV 6, Here we form the partial crossed product for the partial action G~ Dx(P)
defined above, and 0, denote the canonical partial isometries in Dy(P) %, G.

Proof. Our strategy is to describe both C5(P) and D,(P) %, G as reduced (cross sectional)
algebras of Fell bundles, and then to identify the underlying Fell bundles.

Let us start with C5(P). We have already defined Iy, and 0. Now we set B, := span(c~'(g))
for every g € G. We want to see that (B,),cc is a grading for C}(P), in the sense of |7,
Definition 3.1]. Conditions (i) and (ii) are obviously satisfied. For (iii), we use the faithful
conditional expectation £ : C{(P) — D\(P) = B, from [18, § 3.1]. Given a finite sum z =
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>y Tg € CX(P) of elements z, € B, such that x = 0, we conclude that 0 = z*z = }__, z7xs,
and hence 0 = E(x"x) = > a1, (here we used that £|p, = 0 if g # e). This implies that
x4 = 0 for all g. Therefore, the subspaces B, are independent. It is clear that the linear span of
all the B, is dense in C5(P). This proves (iii). If we let B be the Fell bundle given by (B,)eq,
then [7, Proposition 3.7] implies C5(P) = C}(B) because € : C;(P) — D,(P) = B, is a faithful
conditional expectation satisfying £|p, = idp, and €|, = 0 if g # e.

Let us also describe Dy(P) %, G as a reduced algebra of a Fell bundle. We denote by W,
the partial isometry in Dy(P) x4, G corresponding to g € G, and we set By := D;W,. Recall
that we defined Dy = span({V*V: V € I}, o(V) = g}) earlier on. It is easy to check that
(By)geq satisty (i), (ii) and (iii) in [7, Definition 3.1]. Moreover, B, = D. = D(P), and it
follows immediately from the construction of the reduced partial crossed product that there is
a faithful conditional expectation Dy(P) x, G — D,(P) = B/ which is identity on B/ and 0 on
B for g # e. Hence if we let B’ be the Fell bundle given by (Bj)secq, then [7, Proposition 3.7]
implies D, (P) x, G = CH(B').

To identify C5(P) and D, (P) %, G, it now remains to identify B with B’. We claim that the map
span({V: o(V) = g}) = span({VV*W,: o(V) = g}), >, auVi = >, a;V;Vi*W,, is well-defined

and extends to an isometric isomorphism By — By, for all g € G.

All we have to show is that our map is isometric. We have ||, o, V;||* = sz ;o ViV )
’ DA(P

and || X2, iV WP = || aaVivi Vv | Since Vi = VVehg and Vo= AV
i Dy (P
we have V;V = ViV A A1 V;Vi = ViV V;Vi. Hence, indeed, ||, esVil|” = |3, aiViVi W, 1%,

and we are done.

All in all, we have proven that C}(P) = CX(B) = C(B') = Dy(P) %, G. O

Remark 3.11. A straightforward computation shows that actually, V,V, 0, = 4, for all p € P.
Thus the isomorphism in the Proposition 3.10 is given by V), — 0, for all p € P.

Our next goal is to write C{(P) as a quotient of a C*-algebra of an inverse semigroup in a
canonical way. Let S := I;(P) be the inverse semigroup of partial bijections of P generated by
p: P =, P, x — px (p € P). The semilattice of idempotents E of S is given by the set of
constructible ideals J = {pi'q1 -+ p;,'¢. P pi,qi € P} (see [18, § 2.1]). It is easy to see that S
is canonically isomorphic to the inverse semigroup Iy, constructed above. The homomorphism
I; — G from above yields an idempotent pure partial homomorphism from S to G such that
for every s € %, s(x) = o(s) -z if © € dom(s).

As explained in [31, Corollary 3.2.13], the isometry (?P — (2S*, §, — J, induces surjective

homomorphisms C*(E) — D,(P) and C}(S) — C5(P). The first surjection allows us to view

Qp = Spec (Dy(P)) as a closed subspace of E. More precisely, y € E lies in Qp if for all
constructible ideals X, X,..., X, of P with X = |J_, X;, x(X) = 1 implies x(X;) = 1 for
some 1 <1 <n.

The following lemma is easy to check:
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Lemma 3.12. Qp is a G-invariant subspace with respect to the canonical G-action on E. The
corresponding partial system G ~ Qp coincides with o, the dual action of o : G ~ Dy(P)
constructed before Proposition 3.10.

Moreover, the surjection C5(S) — CX(P) from [31, Corollary 3.2.13] corresponds to the
obvious map C’(E) X, G — C(Qp) %, G under the identifications given by Proposition 3.1 and
Proposition 3.10.

Here is a sufficient condition for topological freeness of G ~ (p:

Proposition 3.13. If P contains the identity e € G, and if the group of units P* in P is
trivial, i.e., P* = {e}, then G ~ Qp is topologically free.

Proof. For p € P, let x, € E be defined by xp(X) = 1if and only if p € X, for X € J.
Obviously, x, € Qp. It turns out that {x,: p € P} is dense in Qp. Basic open sets in {p
are of the form U(X;Xy,...,X,) = {x € Qp: x(X) =1, x(X;) =0forall 1 <i<n}. Here
X, X1, ..., X, are constructible ideals of P. Clearly, U(X; X,...,X,) isempty if X = J_| X;.
Thus, for a non-empty basic open set U(X; X3,...,X,), we may choose p € X such that
p ¢ U;_, Xi, and then x, € U(X; X1,..., X,).

Let p € P and g € G satisfy g.x, = xp. This equality only makes sense if x, € U,-1, i.e.,
there exists Y € J with Y C g7!- P and p € Y. Then ¢.x,(X) = xp(¢7' - (X Ng-Y)). So
g.xp(X)=1lifand onlyifp € g7'- (X Ng-Y) if and only if gp € X Ng-Y if and only if gp € X,
while x,(X) = 1 if and only if p € P. Hence g.x, = X, implies that for every X € 7, gp € X if
and only if p € X. For X = pP, we obtain gp € pP, and for X = gpP, we get p € gpP. Hence
there exist x,y € P with gp = px and p = gpy. So p = gpy = pxy and gp = pxr = gpyx. Thus
xy = yxr = e. Hence z,y € P*. Since P* = {e} by assumption, we must have x = y = e, and
hence gp = p. This implies g = e. In other words, for every e # g € G, g.xp # Xxp for all p € P
such that x, € U,-1. Hence it follows that {x € U,-1: g.x # x} contains {x, € U,-1: p € P},
and the latter set is dense in U,-1 as {x,: p € P} is dense in Qp. O

Coming back to the comparison of C5(S) and C(P), it was shown in [31, Theorem 3.2.14] that
the following are equivalent:

e the canonical map C5(S) — C5(P) is injective,

e the canonical map C*(E) — D,(P) is injective,

e 7 is independent.
Recall that J is called independent if for all X, Xy,..., X, € J, X = J;_, X; implies X = X,
for some 1 <7 < n.

In view of [18, 19], it makes sense to view the full C*-algebra C*(S) of the inverse semigroup
S = I;(P) as the full semigroup C*-algebra of P. Thus we set C*(P) := C*(5), and let
A C*(P) — C5(P) be the composite C*(P) = C*(S) — C5(S) - C5(P). Because of our
descriptions as transformation groupoids (see Proposition 3.1), the following generalizations of
[19, Theorem 6.1] are immediate.

Theorem 3.14. If G x E or G x Qp is amenable, then A : C*(P) —» C5(P) is an isomorphism
if and only if P is independent.
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Theorem 3.15. Consider the following statements:

(i) C*(P) is nuclear,

(ii) CX(P) is nuclear,

(ili) G x Qp is amenable,

(iv) A: C*(P) — CX(P) is an isomorphism.
We always have (i) = (ii) < (ii). If P is independent, then (iii) = (i) and (iii) = (i), so
that (i), (1) and (iii) are equivalent.

It is an open problem whether all the items (i) to (iv) are equivalent for semigroups which
are independent.

Corollary 3.16 (compare Proposition 3.46 in [31]). If P is a subsemigroup of an amenable
group G, then (i), (ii) and (iii) from Theorem 3.15 hold, and (iv) is true if and only if P is
independent.

Proof. By Proposition 3.1, both C*(P) and C}(P) can be written as (full or reduced) partial
crossed products by G, and hence as (full or reduced) C*-algebras of Fell bundles over G.

Therefore, by [11, Theorem 20.7 and Theorem 25.10], C*(P) and C§(P) are nuclear. (iii) holds
because we know that (ii) < (iii). Finally, our claim about (iv) follows from Theorem 3.14. [

Now set dQp := OF, where E is the semilattice of idempotents of S = I,(P).

Lemma 3.17. We have 0Qp C Qp.

Proof. Let X, X1,..., X, € J satisfy X = [J_; X;. Then for ¥ € Epax, x(X;) = 0 implies that
there exists X! € J with x(X/) = 1 and X; N X/ = 0. Thus if x(X;) =0 for all 1 < i < n,
then let X/, 1 <14 <n be as above. Then for X’ =, X/, x(X’) =1 and X N X’ = (. Thus
X(X) = 0. This shows Ep.x C Qp. As Qp is closed, we conclude that OF C Qp. O

As 0Qp is G-invariant, the following makes sense.
Definition 3.18. The boundary quotient of C5(P) is given by 0C5(P) := C(0p) X, G.

By construction and because of Proposition 3.10, there is a canonical projection C5(P) —»
OC5(P). Morever, if P is a subsemigroup of an exact group G, then 0C5(P) is isomorphic to
0C5(S) = C(092p) %, G. Let us now generalize the results in [19, § 7.3].

Lemma 3.19. 9E = 9Qp is the minimal non-empty closed G-invariant subspace of E.

Proof. Let C' C E be non-empty, closed and G-invariant. Let y € Emax be arbitrary, and
choose X € J with x(X) = 1. Choose p € X and xy € C. As U,-1 = E, we can form p.y, and
we know that p.x € C. We have p.x(pP) = x(P) = 1, so that p.x(X) = 1 as p € X implies
pP C X (X is a right ideal). Set xx := p.x. Consider the net (xx)x indexed by X € J with
X(X) = 1, ordered by inclusion. Passing to a convergent subnet if necessary, we may assume
that limx yx exists. But it is clear because of y € Emax that limx yx = x. As xx € C for all
X, we deduce that y € C. Thus Emax C (', and hence oF cC. O

In particular, 9Q2p is the minimal non-empty closed G-invariant subspace of 2p. Another
immediate consequence is
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Corollary 3.20. The transformation groupoid G x 0Q2p is minimal.

To discuss topological freeness of G ~ 0Q2p, let
Go={g€G: Xng-P£0£XNg ' Plorall) #£X € J},

as in [19, § 7.3]. Clearly, Go ={g € G: pPNg-P#0 #pPNg='- P for all p € P}. Further-
more, [19, Lemma 7.19] shows that Gy is a subgroup of G.

Proposition 3.21. G ~ 0Qp is topologically free if and only if Gy ~ 0S2p is topologically free.

Proof. “=" is clear. For “«<” assume that Gq ~ 0€)p is topologically free, and suppose that
G ~ 0Qp is not topologically free, i.e., there exists g € G and U C U, N dp such that

gx =x forall xy e U. As Emax = 0Qp, we can find xy € U;-1 N Emax with g.x = x.

For every X € J with x(X) = 1, choose x € X and ¥x € Eopax With Yx(xP) = 1, so that
x(X) = 1. Consider the net (¢x)x indexed by X € J with x(X) = 1, ordered by inclusion.
Passing to a convergent subnet if necessary, we may assume that limyx ¢¥x = x. As U is open,
we may assume that ¢y € U for all X. Then ¢)x(zP) = 1 implies that ¢x € U, N U.

Hence for sufficiently small X € J with x(X) = 1, there exists z € X such that z7'.(U, N U)
is a non-empty open subset of 9Qp. We conclude that (z71gx).4p = 1 for all ¢ € 27 1.(U, NU).
This implies that x~'gz ¢ Gy as Gy ~ 9Qp is topologically free. So there exists p € P with
pPNalgr-P =0 or pPNalgla-P = 0. Let xx € Ema satisfy xx(zpP) = 1. If
pPNaztgr - P =0, then zpP Ngx - P = (), so that zpP Ng~tap- P = 0. Hence g.xx # xx if
Xx € Upr. fpPNatg e P =10, then apP Ng 'ax- P =0, so that zpP Ng~tap- P = 0.
Again, g.xx # xx if xx € Uy-1.

For every sufficiently small X € J with x(X) = 1, we can find = € X and yx as above. Hence
we can consider the net (yx)x as above, and assume after passing to a convergent subnet that
limx xx = x. As x € U C U,-1 NIQp, it follows that xx € U C Uy N IQp for sufficiently
small X. So we obtain g.xx # xx, although ¢ acts trivially on U. This is a contradiction. [J

Corollary 3.22. If Gy ~ 082p is topologically free, then OC5(P) is simple.

Proof. This follows from Lemma 3.19, Proposition 3.21 and [33, Chapter II, Proposition 4.6].
O

Theorem 3.23. Let P = (S,’R>+ be a monoid given by a positive r-complete presentation
(S,R) in the sense of [6]. Assume that for all u € S, there is v € S such that R does not
contain any relation of the formw---=wv---. Also, suppose that P embeds into a group G such
that (G, P) is quasi-lattice ordered in the sense of [30]. Then Gy = {e} and OC5(P) is simple.

Proof. In view of Corollary 3.22; it suffices to prove Gy = {e}. Let g € Gy. Assume that
gP NP # P. Then g € G, implies that this intersection is not empty. Hence, we must
have gP N P = pP for some p € P because (G, P) is quasi-lattice ordered. As p # e, there
exists u € ¥ with pP C uP. By assumption, there exists v € ¥ such that no relation in R
is of the form w--- = v---. By r-completeness, uP NvP = ) (see [6, Proposition 3.3]), so
that gP NvP = (). This contradicts g € Go. Hence, we must have gP N P = P, and similarly,
g 'PNP = P. These two equalities imply g € P*. But P* = {e} because (G, P) is quasi-lattice
ordered. Thus g = e. ([l
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We would like to mention that results on simplicity of boundary quotients have been obtained
in the special case of right LCM semigroups in [37, Theorem 4.12].

Remark 3.24. By going over to the opposite semigroup, we obtain analogous results for the
right versions C;(P) and 9C%(P).

Examples 3.25. Theorem 3.23 implies that for every graph-irreducible right-angled Artin
monoid Ajf in the sense of [4], OC5(A{) is simple. Also, for the Thompson monoid F+ =
(o, T1,y ... | Tp = TpTpy for k < n)+, we get that 80;(F+) is simple.

Corollary 3.22 and [20, Corollary 5.10] imply that for every countable Krull ring R with
P(R)int # 0 or P(R)g, infinite (see [20] for details), 9C5(R x R*) is simple.

4. PURELY INFINITE GROUPOIDS

Our goal is to exhibit examples of purely infinite groupoids. More precisely, we study groupoids
attached to graphs, groupoids corresponding to boundary quotients of semigroup C*-algebras,
and groupoids underlying semigroup C*-algebras of ax + b-semigroups.

First of all, it is easy to see that for a partial dynamical system G ~ X, the transformation
groupoid G x X is purely infinite in the sense of [27] if and only if every compact open subset
of X is (G, CO)-paradoxical in the sense of [15, Definition 4.3], where CO is the set of compact
open subsets of X.

The following lemma is easy to see, and will be used several times:

Lemma 4.1. Let E be a semilattice. FEvery compact open subset A C E can be written as a
disjoint union A = | |I", U; of basic open sets U; of the form

U(e;el,...,en):{xeﬁ: X(e)zl,x(el):...:x(en):()}, e,eq,...,e, € E.

This lemma will be helpful because given a partial system G ~ E (or G ~ X for any G-

invariant subspace X C E), and we want to show that every compact open subset is (G,CO)-
paradoxical, then it suffices to show this for basic open sets of the form U(e; ey, ..., e,).

4.1. Graphs. Let us first recall a necessary and sufficient condition from [16], in terms of
graphs, for pure infiniteness of graph C*-algebras. Let £ = (£° €Y, 7, s) be a graph, and we
use the same notation as in § 3.2. Note that since our notation differs from the one in [16] (see
Remark 3.5), we have to reverse all the arrows in the condition for pure infiniteness.

For v,w € &° we write w < v if there exists a path u € &£* from v to w, ie., with
r(p) = w and s(u) = v, and we write w 4 v if there is no such path. For v € &Y let
Q) = {w e w#v, w vk v e & is called a breaking vertex if |r~!(v)| = oo and
0<r~t(v)\ s Q)| < oo.

Moreover, we call u € £* aloop if {() > 1 and r(u) = s(u). We say that £ satisfies condition
(K) if for all v € £°, whenever there exists a loop p with r(u) = v = s(u), there exists another
loop p/ with r(¢/) =v =s(¢/) and p -/ =0 in Eg.

Furthermore, a subset M C £ is called a maximal tail if
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e for every v € £, whenever there is w € M with v < w, then v € M,
e for every v € M with 0 < |r~!(v)| < oo, there exists € £! with r(n) = v and s(n) € M;
e for all v,w € M, there exist y € M with v <— y and w < y.

We say that v € £% connects to a loop if there is a loop p with r(u) = w = s(u) with v < w.
[16, Theorem 2.3] says that C*(€) is purely infinite if and only if £ satisfies the following
condition:

(PI) There exist no breaking vertices in &£, & satisfies condition (K), and every vertex in each
maximal tail M connects to a loop in M.

Lemma 4.2. Suppose that € satisfies condition (PI). Let v € E° satisfy [r~(v)| = co. Then
there exist infinitely many loops py, fa, . .. € E* with r(u;) = v = s(u;) of the form p; = m; for
pairwise distinct ¢; € EL.

Proof. Since v is not a breaking vertex, we must have |r=!(v) \ s7}(Q(v))| € {0, 0}.

If |[r~1(v) \ s71(Q(v))| = oo, then there exist infinitely many pairwise distinct ¢; € £ with
r(¢;) = v, and there is n; € &* with r(n;) = s({;), s(n;) = v. Then (;n; are the required loops.

If =1 (v) \ s 1(Q(v))| = 0, then consider the subset M := {w € £ w + v}. It is easy to
see that M is a maximal tail, with v € M. By condition (PI), v has to connect to a loop u in
M. This means that there is w € £° such that w lies on x4 and v < w. But then, w has to
lie in M, so that w < v by definition of M; hence v lies on a loop v +— w < v. Let (1---(,
be such a loop. Then (; € r~*(v), but ¢; ¢ s~ (Q(v)) as s((1) « v, for instance via (3« - .
Hence 0 < |[r~1(v) \ s71(2(v))], which is a contradiction. O

Let F x € be the transformation groupoid attached to F ~ 0 as in § 3.2.
Theorem 4.3. If € satisfies condition (PI), then F x O is purely infinite.

Proof. By Lemma 4.1, it suffices to show that basic open sets of the form U(u; puq, ..., itn) are
(F,CO)-paradoxical. By passing even further to finite unions if necessary, it suffices to treat
the basic open sets U(u; i1, - . ., f1n) with |71 (s(n))| = oo (and p1, ..., g, < p), or basic open
sets of the form U(u).

Let us consider the first case. Set U := U(ju; i1, - - -, ftn). Let v = s(u). Since |r~(v)| = oo,
Lemma 4.2 tells us that there are infinitely many loops py, o, ... € E* with r(u;) = v = s(;)
of the form j; = (;n; for pairwise distinct ¢; € €. Hence we can find, among the (;, edges
¢,.¢e&withr(()=r(")=vand pu¢-p1 = ... =p¢ o =0=p¢" - p1 = ... = p¢" - i, = 0.
Therefore, for y € €, x(u¢) = 1 implies x(p;) = 0 for all 1 < i < n, so that y € U, and
similarly for ¢’. Moreover, uC - u¢’ = 0 yields that x(u¢) = 1 implies x(u¢’) = 0 and vice versa.
Setting g = u(put €F, h = u’u~t € F, we obtain .U C U, h.U C U and g.UNh.U = 0.

In the second case, let v = s(u). By Lemma 4.2 and condition (PI), we can find o =
ay - a, € EF with v = r(a) and |r~'(a;)] < oo (1 < ¢ < n) such that there is a loop § € &*
with r(8) = s(a) = s(f). Therefore, by passing to finite unions if necessary, we may assume
by condition (K) that there exist two loops ¢ and ¢’ with 7({) = v = s((), 7({') = v = s(¢’)
and ¢ - ¢’ = 0. Again, setting g = u(pu=t € F, h = u’u=! € F, we obtain g.U C U, h.U C U
and g.UNh.U = 0. O

It is clear that condition (PI) implies that F ~ 0E is residually topologically free, in the
sense of [15, Definition 3.4 (ii)]. Moreover, [15, Theorem 4.4] tells us that if F ~ 0€ is
residually topologically free and if every compact open subset of 9& is (F,CO)-paradoxical,
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then C*(€) = C(0€) %, F must be purely infinite (using that F is free and [11, Theorem 22.9]).
All in all, we obtain from Theorem 4.3:

Corollary 4.4. For a graph £, F ~ 0E 1is residually topologically free and purely infinite if
and only if C*(E) is purely infinite.

4.2. Boundary quotients of semigroup C*-algebras. Let P be a subsemigroup of a group
G. Let E be the semilattice of idempotents of S = [;(P). We write Q for Qp, Quax for Frax
and 0F2 for 0Qp = OF.

Theorem 4.5. G x 99 is purely infinite if and only if there exist p,q € P with pP NqP = .

Proof. Obviously, if pP N qP # () for all p,q € P, then 99 degenerates to a point. For the
converse, let U = {¢ € 0Q: ¥(X) = 1,¢¥(X;y) = ... =¢(X,) = 0} be a basic open subset for
some X, Xi,...,X,, € J. By Lemma 4.1, it suffices to show that U is (G,CO)-paradoxical.
Since Qpax is dense in 02, there exists x € Quax with x € U. As x lies in Qpax, X(X;) =0
implies that there exists ¥; € J with X; NY; = 0 and x(¥;) = 1. Let Y := X N, Y.
Certainly, Y # () as x(Y) = 1. Moreover, for every ¢ € 9Q, ¢(Y) = 1 implies ¢p € U.
Now choose z € Y. By assumption, we can find p,q € P with pP NgP = (). For ¢ € 09,
xp(xpP) = ¢(P) = 1. Similarly, for all v € 09, xq.¢)(zqP) = 1. Thus zp.U C zp.0Q2 C U,
xq.U C 2q.0Q C U and (zp.U) N (xq.U) C (zp.0N) N (2q.092) = O since xzpP NxzqP = (). a

This strengthens and explains [19, Corollary 7.23]. It also generalizes [37, Theorem 4.15].

4.3. Groupoids from az + b-semigroups. Let R be an integral domain with quotient field
K. Consider the ax + b-semigroup R x R*, viewed as a subsemigroup of K x K*. Let E be
the semilattice of idempotents in S = I;(R x R*).

Theorem 4.6. Let R be an integral domain with Jac(R) = (0) and R* # R*. Then (K %
K*) x E is purely infinite.

Proof. Let U be the basic open subset
U+ Lxi+6L,...,0,+ 1)
= {X B M@+ D) x 1) =1 x((@ + 1) x ) = .. = x{(@ + 1) x I) =0},

where I; C I C R. By Lemma 4.1, it suffices to show that U is (K x K*,CO)-paradoxical.

Set J := (\i_, I,. Obviously, J # (0). Therefore 1 + J ¢ R*. Otherwise, by [2, Proposi-
tion 1.9], J C Jac(R) = (0), which is a contradiction. So we can choose a € (1+J)\ R*, a # 0,
as R* # R*. Then J ¢ aR. Otherwise, there would exist » € R with a — 1 = ar, so that
a(l —r) =1 contradicting a ¢ R*. Choose by € J, § € J \ aR and set by := by + 4.

Fork =1,2, (by,a).U = U(by+azx+al;by+ax,+aly,. .., bp+ax,+al,). Since by+ax+al C
ar+al+J Calz+1)+J CA+N)(x+1)+J Caz+1, every x € (bg,a).U satisfies
X((x+1) x I*) = 1. Moreover, we have (z; + I;,) N (by + ax +al) = by + (z; + [;) N (ax +al) =
bp + (ax; + 1;) N (ax; + al) since x; — ax; = (1 — a)z; € J.

We claim that I, Nal = al;. “O” is clear. If r € I; Nal, then r = as for some s € I, so that
s=(1—-a+a)s=(1—a)s+as e J+I; C ;. This proves “C”.

Hence (x; + I;) N (by + ax + al) = by + ax; + al;. Therefore, every x € (by,a).U satisfies
X((z; + I;) x I) = 0. This shows that for k = 1,2, (by,a).U C U.
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Also, (bi+azx+al)N(betazx+al) =0 asby—by = 6 ¢ aR. Hence (by,a).UN(by,a).U =0. O
This strengthens and explains [20, Theorem 1.3].

4.4. Almost finite groupoids. Apart from purely infinite groupoids, Matui also introduced
almost finite ones in [26]. We would like to end with the following obervation concerning the
relation between almost finiteness and amenability:

Proposition 4.7. Let G be a group acting on a compact space X. Assume that there exists
x € X with trivial stabilizer group, i.e., G, = {g € G: g.x = x} = {e}. If the transformation
groupoid G X X is almost finite, then G is amenable.

Proof. Let E C G be a finite subset with £ = E~!. For every ¢ > 0, we have to find a finite
subset F' C G such that for every s € E, [sFAF|/|F| < e.

Set ¢ := Ex X C Gx X. Let x € X be as above, ie., {g€G: gx =2} = {e}.
Since G X X is almost finite, we can find an elementary subgroupoid K of G x X such that
|ICKz \ Kz|/|Kz| < 5. Let F'={g € G: (9,2) € K}. F is contained in the image of K under
the canonical projection G X X — G, (g,x) — g. Therefore, F is a finite subset of G. We have
Kz = {(g9,2): g€ F} and CKz \ Kz = {(9,2): g€ EF\ F} = U,cx{(9,7): g € sF\ F}.
Therefore, § > |CKz\ Kz|/|Kz| > [sF'\ F|/|F| for all s € E. For s € E, '\ sF =
F\(FNsF)=s(s'F\(sT'"FNF)=s(s'F\F). Hence |F\ sF| = |s7'F \ F| < §|F| by
our computation above. (Note that by assumption, £ = E~1.)

Therefore, for every s € E, |[sFAF|/|F|=|sF\ F|/|F|+ |F\ sF|/|F| <e. O
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