
 
 
 
 
 
Gao, Z. and Diambra, A. (2020) A multiaxial constitutive model for fibre-

reinforced sand. Geotechnique, (doi: 10.1680/jgeot.19.P.250). 

 

This is the author’s final accepted version. 
 

There may be differences between this version and the published version. 

You are advised to consult the publisher’s version if you wish to cite from 

it. 

 
http://eprints.gla.ac.uk/208957/    

                    
 
 
 
 
 

 
Deposited on: 29 January 2020 

 
 
 
 
 
 
 
 

Enlighten – Research publications by members of the University of Glasgow 

http://eprints.gla.ac.uk  
 

http://eprints.gla.ac.uk/view/journal_volume/Geotechnique.html
http://dx.doi.org/10.1680/jgeot.19.P.250
http://eprints.gla.ac.uk/220667/
http://eprints.gla.ac.uk/


 

 1 

A Multiaxial Constitutive Model for Fibre-reinforced Sand 

 

Zhiwei Gao*1, Andrea Diambra$ 

 

*James Watt School of Engineering, University of Glasgow, Glasgow, G12 8QQ, UK 
$CAME School of Engineering, University of Bristol, Bristol, BS8 1QU, UK 

1Corresponding author. Email: Zhiwei.gao@glasgow.ac.uk. 

 

ABSTRACT: Fibre orientation in fibre-reinforced sand (FRS) is highly anisotropic due to 

compaction during sample preparation or field construction. This makes the 

mechanical behaviour of FRS, such as strength and dilatancy, highly dependent on the 

strain increment direction. While constitutive models able to capture such anisotropic 

behaviour of FRS have been proposed for conventional triaxial compression and 

extension conditions only, this paper proposes for the first time a full anisotropic 

model for FRS formulated in the general multiaxial stress space. The new model is 

developed based on the assumption that the strain of FRS is dependent on the 

deformation of the sand skeleton. In turn, the fibre presence affects the void ratio and 

effective stress of the soil skeleton, which governs the elastic properties, dilatancy and 

plastic hardening of the FRS. The effect of anisotropic fibre orientation on the FRS 

behaviour is considered through an anisotropic variable which characterises the 

relative orientation between the loading direction tensor and fibre orientation tensor. 

The model does not require direct measurement of the stress-strain relationship of 

individual fibres. Though the model is for FRS under multiaxial loading conditions, the 

parameters associated with the fibre inclusion can be determined based on triaxial 

test results, provided that the orientation of fibres is known. The model has been used 

to predict the stress-strain relationship of fibre-reinforced Hostun RF (S28) sand under 

multiaxial loading conditions. Satisfactory agreement between the experimental data 

and model predictions is observed. 

Keywords: Fiber-reinforced sand, multiaxial model, critical state, dilatancy, anisotropy
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1. INTRODUCTION 1 

Soil improvement is widely used in geotechnical engineering to enhance the strength 2 

and stiffness of soils for construction of infrastructure such as buildings, road 3 

embankments, airfields and slopes. In particular, soil reinforcement using flexible 4 

fibres is found to be a promising method for slope stabilization, as the fibres can both 5 

enhance the soil strength and resistance to crack development due to drying and 6 

wetting cycles (Gray & Ohashi, 1983; Sonnenberg et al., 2010; Silva Dos Santos et al., 7 

2010; Santoni & Webster, 2001; Zornberg, 2002; Tang et al., 2012; Shukla, 2017). Some 8 

preliminary attempts of field applications have been reported in the literature (e.g. 9 

Santoni & Webster, 2001; Shukla, 2017), although more work is necessary to break the 10 

current technological barriers.    11 

An important feature of fibre reinforced sands (FRS) is the anisotropic fibre orientation 12 

caused by compaction during sample preparation or field construction (Michalowski 13 

& Čermák, 2002; Diambra et al., 2007; Soriano et al., 2017). Such anisotropic fibre 14 

orientation makes the mechanical behaviour of FRS dependent on the strain increment 15 

direction (Michalowski & Čermák, 2002; Diambra et al., 2013; Gao & Zhao, 2013). For 16 

the same FRS with preferred fibre orientation being horizontal, fibres are found to add 17 

significant enhancement to the soil strength in conventional triaxial compression, 18 

where the direction of major principal stress/strain increment is vertical, and almost 19 

negligible reinforcement in conventional triaxial extension with horizontal major 20 

principal stress/strain increment direction (Michalowski & Čermák, 2002; Diambra et 21 

al., 2013; Mandolini et al., 2018). This is caused by the relative orientation of fibres 22 

with respect to the developed tensile strains within the soil (Diambra et al., 2007; 23 

Soriano et al., 2017): the fibres’ strengthening contribution is activated only when they 24 

are pulled in tension. Thus, it appears paramount to account for the effect of fibre 25 

orientation anisotropy in modelling the mechanical behaviour of FRS (Michalowski & 26 

Čermák, 2002; Diambra et al., 2013; Mandolini et al., 2018).   27 

Indeed, some attempts have been made in modelling the anisotropic response of FRS, 28 
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most of which have focused on the yield or failure condition. For instance, an energy-29 

based method for modelling the shear strength of FRS has been proposed by 30 

Michalowski and his co-workers, in which the anisotropic fibre orientation is 31 

accounted for (Michalowski & Zhao, 1996; Michalowski & Čermák; 2002). Gao & Zhao 32 

(2013) developed a failure criterion for FRS by using a fabric tensor which describes 33 

the anisotropic fibre orientation in FRS. The failure criterion has been verified by 34 

existing test data. However, only a few attempts have been made in modelling the 35 

complete stress-strain relationship and dilatancy response of FRS before failure, which 36 

is of importance for practical geotechnical design using this soil improvement 37 

technique. 38 

The first constitutive model for FRS was proposed by di Prisco & Nova (1993). This 39 

model gives reasonable prediction of soil failure but, due to the simple model adopted 40 

for the sand matrix, is unable to simulate dilatancy and post-peak softening. Ding & 41 

Hargrove (2006) have proposed a model for characterizing the nonlinear elastic stress-42 

strain relationship of FRS. Diambra et al. (2010) and Diambra et al. (2013) were the 43 

first to develop an anisotropic constitutive model for FRS which can satisfactorily 44 

describe the stress-strain relationship in both triaxial compression and extension. The 45 

model framework was also applied to fibre reinforced clays (Diambra and Ibraim, 2014). 46 

An important feature of the model is that the stress tensor characterizing the fibre-47 

reinforcement effect needs to be obtained through an integration which is dependent 48 

on the induced domain of tensile strains and fibre orientation. This integration can be 49 

readily done for axisymmetric loading conditions like triaxial compression/extension, 50 

where the areas of compression and extension can be easily defined, but considerably 51 

difficulties arise for more complex and general multiaxial stress paths. Therefore, the 52 

model has yet to be extended to the generalized multiaxial stress space (Diambra et 53 

al., 2013). There is indeed no existing constitutive model which is suitable for 54 

describing the mechanical response of FRS under multiaxial loading conditions. 55 

A new constitutive model for FRS developed in the generalised multiaxial stress space 56 
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is presented in this study. The proposed modelling framework treats the fibre 57 

reinforced soil as a unique composite material and builds on the well-established 58 

constitutive modelling framework by Li & Dafalias (2002). While the yield locus for the 59 

fibre reinforced is expressed in terms of the overall composite stress, it is assumed that 60 

the main behavioural features (hardening rule, elastic properties and dilatancy) are 61 

governed by the sand matrix, whose density and stress states are affected by the 62 

presence and contribution of the fibres. The anisotropic stress contribution of the 63 

fibres is modelled through the introduction of an anisotropic variable 𝐴 expressed in 64 

terms of a joint invariant of the loading direction tensor 𝑛𝑖𝑗 and a deviatoric fibre 65 

orientation tensor 𝐹𝑖𝑗  . Compared to the baseline sand constitutive model by Li & 66 

Dafalias (2002), four additional parameters are introduced to characterize the effect of 67 

fibre inclusion on mechanical response of FRS. While model capabilities are challenged 68 

and validated against multiaxial experimental tests, it will be shown that all the fibre 69 

parameters can be readily determined using triaxial compression and extension test 70 

data. 71 

2. NOTATION 72 

While the model will be developed for a unique composite material, it is still necessary 73 

to define stress and strain quantities for the FRS, the sand skeleton and the fibres 74 

phase. The stress and strain states of the composite are defined by tensor 𝜎𝑖𝑗 and 휀𝑖𝑗, 75 

respectively. The isotropic stress component is defined by 𝑝 = 𝜎𝑖𝑖/3 , while 𝑠𝑖𝑗 =76 

𝜎𝑖𝑗 − 𝑝𝛿𝑖𝑗 is the deviatoric stress tensor with 𝛿𝑖𝑗 being the Kronecker delta (= 1 for 77 

𝑖 = 𝑗, and = 0 for 𝑖 ≠ 𝑗). The deviator stress is defined as 𝑞 = √
3

2
𝑠𝑖𝑗𝑠𝑖𝑗. Incremental 78 

volumetric strain is defined as 𝑑휀𝑣 = 𝑑휀𝑖𝑖 , while deviatoric strain as 𝑑휀𝑞 =79 

√
2

3
𝑑𝑒𝑖𝑗𝑑𝑒𝑖𝑗, with the incremental deviatoric strain tensor defined as 𝑑𝑒𝑖𝑗 (= 𝑑휀𝑖𝑗 −80 

1

3
𝑑휀𝑣𝛿𝑖𝑗).  81 

 82 
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3. FIBRE-SOIL INTERACTION MECHANISMS 83 

3.1 Failure of fibre reinforced soils  84 

Several studies have assumed that the shear strength of fibre reinforced material is 85 

the results of the contribution of the host soil and the fibre reinforcement 86 

(Michalowski & Čermák, 2002; Zornberg, 2002; Diambra et al., 2013; Gao & Zhao, 87 

2013). Like the approach commonly used for cemented soils (Gao and Zhao, 2013; 88 

Festugato et al., 2018) have demonstrated that the failure criterion of FRS can be 89 

expressed as a modification of the strength criterion of granular soils as follows: 90 

𝑞 = 𝑀𝑐𝑔(𝜃)(𝑝 + �̅�𝑓)                       (1) 91 

where 𝑀𝑐  is the stress ratio 𝑞/𝑝  at failure for the unreinforced soil, 𝑔(𝜃)  is an 92 

interpolation function to account for the strength dependency on the Lode angle 𝜃, 93 

and �̅�𝑓 is the stress contribution of the fibres at failure. Eq. (1) assumes that, at the 94 

failure state, the sand skeleton ‘feels’ a mean effective stress 𝑝 + �̅�𝑓 greater than the 95 

externally applied mean effective stress 𝑝, and in turn this triggers an increased shear 96 

strength for the FRS. Thus, one can use the following 𝑝𝑠  and 𝑠𝑖𝑗
𝑠   to describe the 97 

failure of FRS 98 

𝑝𝑠 = 𝑝 + �̅�𝑓                           (2) 99 

𝑠𝑖𝑗
𝑠 = 𝑠𝑖𝑗                             (3) 100 

which renders 𝑞𝑠 = 𝑀𝑐𝑔(𝜃)𝑝𝑠 at failure. According to previous development of Gao 101 

and Zhao (2013) by analysing a large database of fibre reinforced sand strength, the 102 

maximum stress contribution of the fibre phase at failure can be expressed as:  103 

      �̅�𝑓 = 𝜒𝑝𝑎[1 − exp (−𝜅𝑝/𝑝𝑎)]                     (4) 104 

where 𝜒 is a variable, dependent on both fibre content and fibre orientation, which 105 

governs the fibre contribution and which will be will be explained in more details in 106 

the subsequent section; 𝑝𝑎 (=101 kPa) is the atmospheric pressure; 𝜅 is a parameter 107 

which account for the effect of stress level through the exponential term 108 

exp (−𝜅𝑝/𝑝𝑎 ) which models an improved fibre-soil interaction mechanism with 109 

increased stress level as discussed in Diambra and Ibraim (2015).  110 
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3.2 The fibre stress contribution and the effective sand skeleton stress tensor 111 

Eqs. (2) and (3) can be expanded to pre-failure conditions to define a general 112 

expression for 𝑝𝑠 and the effective sand skeleton stress tensor 𝜎𝑖𝑗
𝑠 , with 𝑠𝑖𝑗

𝑠  being 113 

expressed as Eq. (3) above: 114 

𝑝𝑠 = 𝑝 + 𝑝𝑓                          (5) 115 

𝜎𝑖𝑗
𝑠 = 𝑠𝑖𝑗

𝑠 + 𝑝𝑠𝛿𝑖𝑗 = 𝑠𝑖𝑗 + (𝑝 + 𝑝𝑓)𝛿𝑖𝑗               (6) 116 

where 𝑝𝑓 is a strain-level dependent variable characterizing the fibre-reinforcement 117 

effect. The fibre reinforcement stress 𝑝𝑓 increases with the strain of FRS and finally 118 

reaches the maximum at the failure state when the fibres yield or pull out (Zornberg, 119 

2002; Diambra et al., 2013; Gao & Zhao, 2013). Therefore, it can be assumed that the 120 

stress contribution of the fibres 𝑝𝑓  varies from 0 at 휀𝑞 = 0  to �̅�𝑓  at sufficiently 121 

large 휀𝑞. Evolution of 𝑝𝑓 with shear strain 휀𝑞 can be defined in incremental terms 122 

using the following equation:  123 

𝑑𝑝𝑓 = 𝜇
�̅�𝑓−𝑝𝑓

1+𝑒
√

𝑝

𝑝𝑎
𝑑휀𝑞                       (7) 124 

where 𝜇 is a model parameter governing the rate of fibre stress mobilisation for a 125 

given strain increment and it somehow accounts for the fibre stiffness and imperfect 126 

contact at the fibre-soil interface (see Diambra and Ibraim, 2015). Eq.(7) also models 127 

an improved fibre stress efficiency (i.e larger mobilised stress for the same strain level) 128 

for higher soil densities and higher stress level through the terms 
1

1+𝑒
  and √

𝑝

𝑝𝑎
 129 

respectively, as experimentally evidenced by Diambra et al. (2010) among others. It 130 

should be noted that fibres may mobilise some stress also in pure isotropic 131 

compression conditions (e.g. Consoli et al. 2005) or they may still be stretched when 132 

𝑑휀𝑣 < 0  (volume expansion) with 𝑑휀𝑞 = 0 , thus 𝑝𝑓  should also changes with the 133 

volumetric deformation, 휀𝑣 , of the FRS. However, this appears to be a secondary 134 

contribution during shearing, and it is neglected for the sake of simplicity and to avoid 135 

the introduction of further model parameters.  136 

 137 
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3.3 Anisotropic fibre stress contribution 138 

3.3.1 Fibre orientation tensor 𝐻𝑖𝑗 139 

It is found that the fibre-reinforcement to sand strength is the most significant in 140 

conventional triaxial compression (CTC) where the direction of the major principal 141 

stress 𝜎1 (also the direction of major principal strain increment 𝑑휀1) is perpendicular 142 

to the preferred fibre orientation plane, induced by conventional sample preparation 143 

techniques (Michalowski, 2008; Diambra et al., 2013; Gao and Zhao, 2013; Mandolini 144 

et al., 2018). In conventional triaxial extension (CTE), where 𝜎1  is parallel to the 145 

preferred fibre orientation plane, very little or no fibre-reinforcement to soil strength 146 

is observed (Diambra et al., 2013; Mandolini et al., 2018). Therefore, 𝜒 (𝑜𝑟 �̅�𝑓 ) 147 

should be the maximum in CTC and minimum (or even negligible) in CTE. Before 148 

specifying the variation of 𝜒 with the strain increment direction (or major principal 149 

stress direction) due to fibre orientation anisotropy, a tensor for describing the fibre 150 

orientation in FRS needs to be introduced.  151 

As shown in Gao & Zhao (2013), a second-order tensor 𝐻𝑖𝑗 can be used for describing 152 

the fibre orientation in FRS: 153 

𝐻𝑖𝑗 = ∰ 𝜌(𝒏) 𝑛𝑖𝑛𝑗𝑑𝑉                      (8)  154 

where 𝑉 is the total volume of a representative volume element of FRS (Fig. 1); 𝑛𝑖  155 

is the i-th component of the unit vector aligning in direction 𝒏; 𝜌(𝒏) is the fiber 156 

concentration (ratio of the volume of fibres and sand particles) in direction 𝒏. This 157 

definition of 𝐻𝑖𝑗 is similar to the fabric tensors used in some previous research on 158 

constitutive modelling of sand (Li and Dafalias, 2002; Taiebat and Dafalias, 2008; Li 159 

and Dafalias, 2012; Loukidis and Salgado, 2011; Woo and Salgado, 2015). In theory, a 160 

REV is the smallest volume on which measurement on stress and strain can be made 161 

that will yield values representative of the whole FRS. It must include enough sand 162 

particles and fibres. When the fibre orientation is measured for getting the fibre 163 

concentration function 𝜌(𝒏), a proper REV should be chosen. For simplicity, the 164 
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entire soil sample is typically used (e.g., Diambra et al. 2007), which is bigger than a 165 

REV. But the result will not be affected when the sample used is larger than a REV. 166 

For cross-anisotropic fibre orientation, we can further employ a simplified fiber 167 

distribution function 𝜌(𝛽)  (Michalowski & Čermák, 2002; Diambra et al., 2007; 168 

Soriano et al., 2017) to characterize the fibre concentration, where 𝛽 is the vertical 169 

angle of fibre inclination to the preferred fibre orientation plane (e.g., 𝑥 − 𝑦 plane in 170 

Fig. 1). Both 𝜌(𝛽) and 𝜌(𝒏) must satisfy the following requirement (Michalowski & 171 

Čermák, 2002) 172 

1

𝑉
∰ 𝜌(𝒏) 𝑑𝑉 =

1

𝑉
∰ 𝜌(𝛽)𝑑𝑉 = 𝜌𝑓               (9) 173 

where 𝜌𝑓 (= 𝑣𝑓 𝑣𝑠⁄ ) is the average fibre concentration, with 𝑣𝑓 and 𝑣𝑠 being the 174 

volume of fibres and dry sand, respectively. 𝜌𝑓 can be also expressed in terms of the 175 

fibre weight content 𝑤𝑓 (ratio of fibre and dry sand weight), which is more frequently 176 

used in existing literature, as below 177 

 𝜌𝑓 =
𝑣𝑓

𝑣𝑠
=

𝑤𝑓𝐺𝑠𝑣𝑠/𝐺𝑓

𝑣𝑠
=

𝑤𝑓𝐺𝑠

𝐺𝑓
                       (10) 178 

where 𝐺𝑠 and 𝐺𝑓 denote the specific gravities of sand and fibres, respectively.  179 

 180 

Fig. 1 A spherical representative volume element for fiber-reinforced soils (after 181 

Michalowski and Čermák, 2002) 182 

According to Diambra et al. (2007) and Mandolini et al. (2018), 𝜌(𝛽) can be defined 183 

as below for FRS prepared in laboratories 184 

y

x

z

dV



n
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𝜌(𝛽) = 𝜌0 + 𝜌𝑎cos𝑘𝛽                     (11) 185 

where 𝜌0, 𝜌𝑎 and 𝑘 are fitting parameters which can be determined based on the 186 

measured fibre orientation in FRS. It is shown by Diambra et al. (2007) and Soriano et 187 

al. (2017) that 𝜌(𝛽) expressed in Eq. (11) can give satisfactory description of cross-188 

anisotropic fibre orientation in an FRS sample. 189 

The fibre orientation tensor 𝐻𝑖𝑗 defined in Eq. (8) can always be decomposed into an 190 

isotropic part and deviatoric part 𝐹𝑖𝑗: 191 

 𝐻𝑖𝑗 =
1

3
𝜌𝑓(𝛿𝑖𝑗 + 𝐹𝑖𝑗)                      (12) 192 

The deviatoric part of the fibre orientation tensor 𝐹𝑖𝑗, which characterizes the fibre 193 

orientation anisotropy, will be used in the model formulations. For a axisymmetric FRS 194 

sample prepared through vertical compaction, 𝐹𝑖𝑗  can be expressed as below (Gao & 195 

Zhao, 2013; Gao et al., 2014) 196 

       𝐹𝑖𝑗 = [

𝐹𝑧 0 0
0 𝐹𝑥 0
0 0 𝐹𝑦

] = √
2

3
[
−𝐹 0 0
0 𝐹/2 0
0 0 𝐹/2

]           (13) 197 

where 𝐹𝑧 , 𝐹𝑥  and 𝐹𝑦  represent the components of 𝐹𝑖𝑗  in the vertical and 198 

horizontal directions as shown in Fig.1. 𝐹 (= √𝐹𝑖𝑗𝐹𝑖𝑗) is referred to as the degree of 199 

fibre orientation anisotropy. 𝐹 = 0  indicates isotropic fibre orientation and 𝐹 > 0 200 

means anisotropic fibre orientation. Note that if one chooses a different coordinate 201 

system, a corresponding orthogonal transformation must be carried out to get the 202 

components of 𝐹𝑖𝑗  (Li & Dafalias, 2002; Gao et al., 2010; Gao et al., 2014). Hand 203 

calculations or CT scan of fibre orientation in the FRS can be used to determine the 204 

parameters 𝜌0, 𝜌𝑎 and 𝑘, and the value of 𝐹 (Diambra et al., 2007; Soriano et al., 205 

2017)    206 

3.3.2 Variation of fibre stress contribution with loading conditions 207 

The anisotropy of the fibre stress contribution is modelled by assuming a dependency 208 

of the variable 𝜒 in �̅�𝑓 (Eq. 4) with the applied direction of loading. A general form 209 

of 𝜒 should consider the influence of various factors (Ranjan et al., 1996; Diambra et 210 
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al., 2013), which are discussed in Appendix 1. In this study, focus is placed on the 211 

variation of fibre-reinforcement (through 𝜒 and in turn �̅�𝑓 as per Eq.(4)) for a given  212 

FRS (i.e. fixed fibre content 𝜌𝑓  and fibre orientation anisotropy 𝐹 ) with loading 213 

condition. Specifically, the following simple equation is used for 𝜒  214 

𝜒 = 𝜒𝑟𝜙(𝐴)                          (14) 215 

with 216 

𝜙(𝐴) =
1

2
(1 − 𝐴) with 𝐴 = 𝐹𝑖𝑗𝑛𝑖𝑗/𝐹          (15) 217 

where 𝜒𝑟  is a model parameter and  𝐴  is the anisotropic variable (Gao & Zhao, 218 

2013; Gao et al., 2014) depending on the deviatoric part of the orientation tensor (𝐹𝑖𝑗) 219 

and on the loading direction tensor  𝑛𝑖𝑗 which represents the plastic deviatoric strain 220 

increment direction and which will be expressed later in section 4.1.). 221 

The anisotropic variable 𝐴  describes the relative orientation between the plastic 222 

strain increment direction and fibre orientation. Since the total strain increment is very 223 

close to the plastic strain increment for sand, the physical significance of 𝜙(𝐴) is that 224 

the fibre-reinforcement effect varies with the relative orientation between the total 225 

strain increment direction and fibre orientation, which has been observed in 226 

laboratory tests (Michalowski & Čermák, 2002; Michalowski, 2008; Mandolini et al., 227 

2018). For an FRS sample with cross-anisotropic fibre orientation, large values of 𝐴 228 

(equal or close to 1) are associated with coaxial (or close to coaxial) 𝐹𝑖𝑗  and 𝑛𝑖𝑗 229 

tensors, meaning more fibres are oriented in the direction of compressive strains. As 230 

such, large values of 𝐴 results in low values of function 𝜙(𝐴), and in turn a low fibre-231 

reinforcement contribution, through low values of 𝜒 and �̅�𝑓.   232 

Fig. 2 shows the variation of 𝐴 and 𝜙(𝐴) with the orientation of the major principal 233 

stress direction relative to the vertical axis 𝛼 in a torsional shear tests (e.g. an hollow 234 

cylindrical sample as per the experimental results of Mandolini et al. (2018) which will 235 

be simulated later in this paper) where a constant intermediate principal stress ratio 236 

𝑏 (𝑏 = (𝜎2 − 𝜎3) (𝜎1 − 𝜎3)⁄ ), where 𝜎2 is the intermediate principal stress and 𝜎3 237 

is the minor principal stress) is maintained. The fabric tensor in Eq. (13) is used in the 238 
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calculation and vertical axisymmetry of the fibre orientation distribution is assumed 239 

(Michalowski & Čermák, 2002, Diambra et al., 2007; Soriano et al., 2017). The full 240 

range of 𝐴 is shown in Fig. 2a, which varies from -1 in CTC (𝛼 = 0 & 𝑏 = 0) to 1 in 241 

CTE (𝛼 = 90∘ & 𝑏 = 1). Correspondingly, 𝜙(𝐴) has the maximum value of 1 in CTC 242 

and minimum value of 0 in CTE. The physical significance is that the fibre-243 

reinforcement effect is maximum in CTC and 0 in CTE, as bigger 𝜙(𝐴) makes 𝜒 and 244 

�̅�𝑓  bigger. Note that Eq. (14) gives no fibre-reinforcement in CTE with 𝜙(𝐴) = 0 , 245 

irrespective of  𝐹  [Fig. 2(b)]. It is expected that for slightly anisotropic fibre 246 

orientation with small 𝐹 , there should still be some fibre-reinforcement in CTE as 247 

significant amount of fibres can be oriented within the tensile strain domain. However, 248 

existing experiments show that the FRS samples prepared through vertical compaction 249 

typically have highly anisotropic fibre orientation which makes the fibre-reinforcement 250 

negligible in CTE (Diambra et al., 2007; Soriano et al., 2017; Mandolini et al., 2018). 251 

Therefore, Eq. (14) is employed in the present model. More general forms of Eqs. (13) 252 

and (14) are presented in Appendix 1, which can account for the effect of 𝐹.  253 

It should be mentioned that the anisotropy of the sand is neglected in this modelling 254 

development. In fact, previous research seems to suggest that adopting an isotropic 255 

sand model is enough for modelling the anisotropic mechanical behaviour of FRS, since 256 

the anisotropic contribution of the fibre orientation has a much more dominant role 257 

(Diambra et al., 2010; Diambra et al., 2013). In addition, the account for the any 258 

anisotropy of the sand fabric will result in considerable increase in model complexity 259 

and required model parameters which may not be justified by the improvement in 260 

simulating FRS behaviour.  261 
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 262 

(a) 263 

 264 

 (b) 265 

Fig. 2 Variation of the anisotropic variable 𝑨  with 𝜶  at different intermediate 266 

principal stress ratio 𝒃 267 

3.4 Fibre volume and effective skeleton void ratio 𝑒𝑠 268 

The volume of fibres has negligible influence on the global soil void ratio 𝑒, as a very 269 

small amount of fibres are typically used in FRS (Diambra et al., 2013). However, the 270 

fibres perturb the internal structure of the sand skeleton by preventing the use of 271 

some voids during the deformation process. This feature was modelled using the 272 

stolen void ratio concept (Diambra et al., 2013; Muir Wood et al., 2016) consisting in 273 

the modification of the sand skeleton void ratio by assigning some voids to the fibre 274 

space. Following such framework, it is assumed that the effective skeleton void ratio 275 

α
σ1
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𝑒𝑠  is different from the global void ratio 𝑒 . The difference between 𝑒𝑠  and 𝑒  is 276 

dependent on various factors, including the sample preparation method, fibre 277 

properties (e.g., stiffness and aspect ratio) and fibre content. In this model, the simple 278 

relation between 𝑒𝑠 and 𝑒 is assumed:  279 

𝑒𝑠 = (1 + 𝑥𝜌𝑓)𝑒                             (16) 280 

where 𝑥 is a model parameter which can be either negative or positive, depending 281 

on the sample preparation method. 282 

4 A MULTIAXIAL CONSTITUTIVE MODEL FOR FIBRE-REINFORCED SAND 283 

The FRS model is established based on the framework proposed by Li & Dafalias (2002) 284 

for pure sand. The yield function and flow rule for plastic shear strain increment is 285 

expressed in terms of the stress tensor 𝜎𝑖𝑗, which is the same as that in Li and Dafalias 286 

(2002). To account for the effect of fibre inclusion on mechanical behaviour of FRS, the 287 

rest model formulations, including the dilatancy relation, plastic hardening law and 288 

elastic moduli, are expressed in terms of the sand skeleton stress and volumetric 289 

variables 𝜎𝑖𝑗
𝑠  and 𝑒𝑠, which are influenced by the fibre-sand interaction mechanisms 290 

defined in the previous section. When there are no fibres in the soil, the FRS model 291 

becomes an isotropic model for pure sand, as 𝜎𝑖𝑗
𝑠 = 𝜎𝑖𝑗 and 𝑒 = 𝑒𝑠. 292 

 293 

4.1 Yield function and plastic flow rule 294 

The yield function follows the original model for sand by Li & Dafalias (2002): 295 

𝑓 = 𝑅 𝑔(𝜃)⁄ − ℛ = 0                      (17) 296 

where 𝑅  (= √
3

2
𝑟𝑖𝑗𝑟𝑖𝑗  ) is the stress ratio with 𝑟𝑖𝑗 =

𝑠𝑖𝑗

𝑝
= (𝜎𝑖𝑗 − 𝑝𝛿𝑖𝑗)/𝑝 , ℛ  is a 297 

hardening parameter whose evolution law will be given in the subsequent section, 298 

𝑔(𝜃)  is an interpolation function based on the Lode angle 𝜃  of 𝑟𝑖𝑗  (or 𝑠𝑖𝑗 ) as 299 

follows (Li and Dafalias, 2002): 300 

            𝑔(𝜃) =
√(1+𝑐2)2+4𝑐(1−𝑐2)𝑠𝑖𝑛3𝜃−(1+𝑐2)

2(1−𝑐)𝑠𝑖𝑛3𝜃
                 (18) 301 

where 𝑐  (= 𝑀𝑒 𝑀𝑐⁄ ) is the ratio between the critical state stress ratio in triaxial 302 
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extension 𝑀𝑒 and that in triaxial compression 𝑀𝑐 for the host sand. Note that this 303 

yield function neglects the plastic deformation under loading conditions with constant 304 

stress ratio 𝑅
 

(e.g., isotropic or one-dimensional consolidation. 305 

The plastic deviatoric strain increment is expressed as: 306 

𝑑𝑒𝑖𝑗
𝑝

= 〈𝐿〉𝑛𝑖𝑗                            (19) 307 

where 𝐿 is the loading index and 𝑛𝑖𝑗 is the loading direction tensor defined as:  308 

𝑛𝑖𝑗 =

𝜕𝑓

𝜕𝑟𝑖𝑗
−(

𝜕𝑓

𝜕𝑟𝑚𝑛
𝛿𝑚𝑛)𝛿𝑖𝑗/3

‖
𝜕𝑓

𝜕𝑟𝑖𝑗
−(

𝜕𝑓

𝜕𝑟𝑚𝑛
𝛿𝑚𝑛)𝛿𝑖𝑗/3‖

                      (20) 309 

The total plastic strain increment 𝑑휀𝑖𝑗
𝑝  is (Li & Dafalias, 2002; Gao et al., 2014): 310 

𝑑휀𝑖𝑗
𝑝

= 𝑑𝑒𝑖𝑗
𝑝

+
1

3
𝑑휀𝑣

𝑝
𝛿𝑖𝑗 = 〈𝐿〉 (𝑛𝑖𝑗 + √

2

27
𝐷𝛿𝑖𝑗) = 〈𝐿〉Ν𝑖𝑗             (21) 311 

where the definition of Ν𝑖𝑗  is self-evident, 𝑑휀𝑣
𝑝  is the plastic volumetric strain 312 

increment and 𝐷 is the dilatancy relation expressed as: 313 

𝐷 =
𝑑 𝑣

𝑝

𝑑 𝑞
𝑝 =

𝑑 𝑣
𝑝

√
2

3
𝑑𝑒𝑖𝑗

𝑝
𝑑𝑒𝑖𝑗

𝑝
                           (22) 314 

The rest of the model formulations (plastic hardening law, dilatancy relation and elastic 315 

moduli of FRS) is still based on the framework by Li & Dafalias (2002) but, in order to 316 

account for the effect of fibre stress and volumetric contributions, the modelling 317 

ingredients will be expressed with respect to stress and volumetric variables of the 318 

sand skeleton phase 𝜎𝑖𝑗
𝑠  and 𝑒𝑠. 319 

4.2 Plastic hardening law 320 

Based on the plastic hardening law for pure sand (Li & Dafalias, 2002; Gao et al., 2014), 321 

the following hardening law (evolution of ℛ) for FRS is proposed: 322 

𝑑ℛ = 〈𝐿〉𝑟ℎ =
𝐺(1− 𝑒𝑠)

𝑝𝑠𝑅𝑠 [𝑀𝑐𝑔(𝜃𝑠)𝑒−𝑛𝜓𝑠
− 𝑅𝑠]           (23) 323 

where 휁  and 𝑛  are two model parameters, 𝑅𝑠 = √
3

2
𝑟𝑖𝑗

𝑠 𝑟𝑖𝑗
𝑠   with 𝑟𝑖𝑗

𝑠 = 𝑠𝑖𝑗
𝑠 /𝑝𝑠 =324 

(𝜎𝑖𝑗
𝑠 − 𝑝𝑠𝛿𝑖𝑗)/𝑝𝑠 and 𝑝𝑠 = 𝜎𝑖𝑖

𝑠/3; 𝑔(𝜃𝑠) is obtained using Eq. (18) by replacing 𝜃 325 

with 𝜃𝑠 [𝑔(𝜃𝑠) is essentially the same as 𝑔(𝜃), as 𝑠𝑖𝑗
𝑠 = 𝑠𝑖𝑗]; 𝜓𝑠 (= 𝑒𝑠 − 𝑒𝑐) is the 326 
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state parameter (Been & Jefferies, 1985), with 𝑒𝑐 being the critical state void ratio 327 

for the sand corresponding to the current 𝑝𝑠. The critical state line in the 𝑒𝑠 − 𝑝𝑠 328 

plane is given by (Li & Wang, 1998): 329 

𝑒𝑐 = 𝑒Γ − 𝜆𝑐(𝑝𝑠 𝑝𝑎⁄ )𝜉                     (24) 330 

where 𝑒Γ, 𝜆𝑐  and 𝜉 are three material constants. Eq. (23) indicates that 𝑑ℛ = 0 331 

when 𝑅𝑠 = 𝑀𝑐𝑔(𝜃𝑠)𝑒−𝑛𝜓𝑠
 . This means that the fibre-reinforced sand can reach a 332 

‘‘virtual’’ peak or bounding stress ratio 𝑅𝑝
𝑠 = 𝑀𝑐𝑔(𝜃𝑠)𝑒−𝑛𝜓𝑠

 , dependent on the 333 

current state of stress, void ratio and fibre orientation. This idea has been used in many 334 

sand models (Li and Dafalias, 2002; Taiebat and Dafalias, 2008; Li and Dafalias, 2012; 335 

Loukidis and Salgado, 2011; Woo and Salgado, 2015). 336 

The dilatancy relation is expressed as: 337 

 𝐷 = 𝑑[𝑀𝑐𝑔(𝜃𝑠)𝑒𝑚𝜓𝑠
− 𝑅𝑠]                  (25) 338 

where 𝑑 and 𝑚 are two model parameters. 339 

4.3 Elastic stress-strain relationship 340 

The following empirical pressure-sensitive elastic moduli are employed for this model 341 

(Richart et al., 1970; Li & Dafalias, 2000; Gao et al., 2014): 342 

𝐺 = 𝐺0
(2.97−𝑒𝑠)2

1+𝑒𝑠 √𝑝𝑠𝑝𝑎       and       𝐾 = 𝐺
2(1+𝜈)

3(1−2𝜈)
       (26) 343 

where 𝐺0 is a material constant and 𝜈 is the Poisson’s ratio. In conjunction with Eq. 344 

(26), the following hypoelastic stress-strain relationship is assumed for calculating the 345 

incrementally reversible deviatoric and volumetric strain increments 𝑑𝑒𝑖𝑗
𝑒  and 𝑑휀𝑣

𝑒: 346 

𝑑𝑒𝑖𝑗
𝑒 =

𝑑𝑠𝑖𝑗

2𝐺
  and  𝑑휀𝑣

𝑒 =
𝑑𝑝

𝐾
                     (27) 347 

4.4 The constitutive equations 348 

The condition of consistency of the yield function (Eq. 17) is: 349 

𝑑𝑓 =
𝜕𝑓

𝜕𝜎𝑖𝑗

𝑑𝜎𝑖𝑗 +
𝜕𝑓

𝜕ℛ
𝑑ℛ =

𝜕𝑓

𝜕𝜎𝑖𝑗

𝑑𝜎𝑖𝑗 − 〈𝐿〉𝑟ℎ = 0           (28) 350 

Based on the additive decomposition of the strain increment 𝑑휀𝑖𝑗 = 𝑑휀𝑖𝑗
𝑒 + 𝑑휀𝑖𝑗

𝑝 , Eqs. 351 

(21) and (27) one can get: 352 



 

 16 

𝑑𝜎𝑖𝑗 = 𝐸𝑖𝑗𝑘𝑙[𝑑휀𝑘𝑙 − 〈𝐿〉Ν𝑘𝑙]                        (29) 353 

where 𝐸𝑖𝑗𝑘𝑙 is the elastic stiffness tensor expressed as: 354 

𝐸𝑖𝑗𝑘𝑙 = (𝐾 − 2𝐺/3)𝛿𝑖𝑗𝛿𝑘𝑙 + 2𝐺𝛿𝑖𝑘𝛿𝑗𝑙                 (30) 355 

The plastic loading index can then be obtained based on Eqs. (26)-(29) as: 356 

𝐿 =

𝜕𝑓

𝜕𝜎𝑎𝑏
𝐸𝑎𝑏𝑘𝑙

𝑟𝐻+
𝜕𝑓

𝜕𝜎𝑚𝑛
𝐸𝑚𝑛𝑝𝑞Ν𝑝𝑞

𝑑휀𝑘𝑙 = Π𝑘𝑙𝑑휀𝑘𝑙                   (31) 357 

Using Eqs. (29) and (31), by standard procedure in plasticity one obtains the 358 

incremental stress-strain relationship: 359 

𝑑𝜎𝑖𝑗 = Λ𝑖𝑗𝑘𝑙𝑑휀𝑘𝑙                 (32) 360 

with the elastoplastic stiffness tensor Λ𝑖𝑗𝑘𝑙 being expressed as: 361 

Λ𝑖𝑗𝑘𝑙 = 𝐸𝑖𝑗𝑘𝑙 − ℎ(𝐿)𝐸𝑖𝑗𝑚𝑛Ν𝑚𝑛Π𝑘𝑙                   (33) 362 

where ℎ(𝐿)  is the Heaviside step function, with ℎ(𝐿 > 0) = 1  and ℎ(𝐿 ≥ 0) = 0 . 363 

The full expression for 
𝜕𝑓

𝜕𝜎𝑖𝑗
 is provided in Appendix 2. When there is no fibre in the soil, 364 

the model becomes an isotropic model for sand with state-dependent dilatancy. 365 

Based on the present model formulations, the soil will eventually reach the critical 366 

state with constant stress, constant void ratio and constant 𝑝𝑓 which describes the 367 

fibre-reinforcement to soil strength. There will be unique critical state lines (CSLs) in 368 

the 𝑝𝑠 − 𝑞𝑠 and 𝑒𝑠 − 𝑝𝑠 planes for FRS, with 𝑞𝑠 = 𝑞. The slope of the CSL in the 369 

𝑝𝑠 − 𝑞𝑠 plane is dependent on the Lode’s angle but neither of the CSLs is affected by 370 

the loading direction. However, this does not mean unique CSLs in the 𝑝 − 𝑞 and  371 

𝑒 − 𝑝  planes for FRS, because 𝑝𝑠  is expressed in terms of 𝑝𝑓 (Eq. 5), which is 372 

dependent on the loading direction (Eqs. 2, 4 and 14). When there is no fibres, the 373 

model becomes an isotropic model for sand which gives unique CSLs in the 𝑝 − 𝑞 and 374 

𝑒 − 𝑝 planes, irrespective of the loading direction (Li and Dafalias, 2002; Taiebat and 375 

Dafalias, 2008; Li and Dafalias, 2012; Loukidis and Salgado, 2011; Woo and Salgado, 376 

2015). More research should be done to find out if this assumption represents the 377 

reality. But it is generally very difficult to shear FRS to the critical state in a laboratory 378 

test, because 𝑝𝑓 may reach a steady state value at very large strains in some cases 379 

(Diambra et al., 2010). At that strain level, deformation of the sample is always highly 380 
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ununiform, which makes the measurement of critical state difficult. Numerical 381 

modelling, for example using the discrete element technique may offer some insight 382 

on this matter.  383 

5. MODEL VALIDATION AGAINST MULTIAXIAL TESTS 384 

5.1 Experimental data and conditions 385 

There is very little test data on the mechanical behaviour of FRS under multiaxial 386 

loading conditions. Mandolini et al. (2018) were the first to report a series of drained 387 

hollow cylinder torsional tests on Hostun sand (S28) reinforced with LoksandTM 388 

polypropylene fibres. Hostun sand has a specific gravity 𝐺𝑠  =2.65 and maximum 389 

𝑒𝑚𝑎𝑥 and minimum 𝑒𝑚𝑖𝑛 void ratios of 1.0 and 0.63, respectively. The polypropylene 390 

fibres used in these tests are 17.5 mm long and 0.1 mm in diameter with a specific 391 

gravity 𝐺𝑓=0.91. A fibre weight content 𝑤𝑓 of 0.5% was used for all fibre reinforced 392 

samples. 393 

Unreinforced and fibre-reinforced samples have been sheared to failure by imposing 394 

different orientation of the major principal stress axis (𝛼) with respect to the preferred 395 

horizontal bedding fibres. Testing was carried out by imposing the same internal and 396 

external cell confining pressures which were kept constant at 𝜎𝑐  (100 kPa or 200 kPa) 397 

during the whole test duration. Under these pressure conditions, the intermediate 398 

stress ratio 𝑏 remains constant and is expressed as 𝑏 = sin2𝛼.   399 

5.2 Determination of the fibre orientation and model parameters 400 

The current constitutive model requires the definition of fifteen model parameters. 401 

Eleven parameters are necessary for the baseline constitutive model for the sand 402 

while only four additional parameters (𝜒𝑟 , 𝜅, 𝜇 and  𝑥) are introduced to account for 403 

the effect of the fibre reinforcement. Description of the fibre orientation distribution 404 

is also required.  405 

The calibration of the parameter for the baseline model is carried out following the 406 

general procedure detailed by Li & Dafalias (2002) and using data for unreinforced 407 
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sands. Note that most of the parameters for pure sand are determined using the test 408 

data with 𝛼 = 0° and 𝛼 = 15°, while 𝑐 is determined based on the failure stress 409 

ratio of sand at 𝛼 = 90°  ( 𝑏 = 1 ). The four parameters for FRS and the model 410 

ingredients linked to the fibre orientation are determined following the steps below: 411 

(a) First, it is necessary to define the fibre orientation tensor 𝐻𝑖𝑗  and, most 412 

importantly its deviatoric part 𝐹𝑖𝑗 which is used in the model formulations. 413 

Based on the measured fibre orientation in the FRS (Diambra et al. 2007, 414 

Soriano et al. 2017) the parameters for Eq. (11) are obtained as 𝜌0 = 0, 𝜌𝑎 =415 

0.35  and 𝑘 = 6 . Employing Eqs. (8) and (12), a value of 𝐹 = 0.26  for the 416 

deviatoric tensor 𝐹𝑖𝑗 defined in Eq (13) can be determined. 417 

(b) 𝜒𝑟 and 𝜅 are determined using Eqs. (1) and (4) and the peak stress states in 418 

CTC. Specifically, 𝜒𝑟  and 𝜅  are calibrated to make Eq. (1) best fit the peak 419 

stress states of the two triaxial compression tests with 𝛼 = 0° and 𝑏 = 0(Fig. 420 

3). Note that 𝜒𝑟 = 𝜒 in CTC as 𝜙(𝐴) = 1. 421 

(c) The complete stress-strain relationship is needed for determining 𝜇 and 𝑥. 422 

For the tests with 𝛼 = 90° [𝑏 = 1 for the loading conditions in Mandolini et 423 

al., (2018)], there is no fibre-reinforcement to the soil strength [𝜙(𝐴) = 0 in 424 

Eq. 15 and Fig. 2b], which means that 𝑝𝑓 = 0 and 𝜇 has no influence on the 425 

stress-strain relationship of FRS. Therefore, the 휀𝑞 − 휀𝑣  relationship for the 426 

test 𝜎𝑐 = 200 kPa with 𝛼 = 90° is used to determine the value of 𝑥 first. 427 

𝜇 is then determined based on the deviatoric stress-strain relation in a CTC 428 

test with 𝛼 = 0° and 𝑏 = 0 with the 𝑥 obtained. Fig. 4 indicates that 𝜇 =429 

9.5 and 𝑥 = −2 provides a reasonable simulation of the experimental data. 430 

The values of the calibrated parameters are summarised in Table 1. The remaining tests 431 

are used for validating the model performance. 432 

 433 

 434 
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5.3 Model simulations 435 

Comparisons of the complete stress-strain relationship between the model 436 

simulations (full lined) and the experimental test results by Mandolini et al. (2018) 437 

(dotted lines) are shown in Figs. 5 to 10. It is evident that the peak 𝑞 decreases as 𝛼 438 

increases at the same 𝜎𝑐, which is due to the anisotropy of fibre orientation. Once 439 

𝛼 ≥ 60∘ , the fibre-reinforcement to sand strength becomes very small, as 𝜙(𝐴) 440 

reaches a small value. This is well captured by the proposed model. In some tests, 441 

however, the model gives lower  𝑞  than measured (Figs. 5c and 7c). While this 442 

discrepancy could be caused by the model itself, some experimental variability and 443 

development of shear bands in the samples may also have played a role. Therefore, it 444 

can be concluded that the expressions for 𝜙(𝐴) in Eqs. (14) and (15) are sufficient for 445 

modelling the strength anisotropy of this FRS. For more general cases, Eqs. (34) and 446 

(35) presented in Appendix 1 may have to be used for modelling the strength of FRS 447 

with low degree of fibre orientation anisotropy. 448 

 449 

 450 

Fig. 3 Determination of parameters 𝜒𝑟 and 𝜅  451 
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 452 

(a) 453 

 454 

(b) 455 

Fig. 4 Determination of preliminary values for 𝑥 and 𝜇 456 

Table 1 Model parameters for fibre-reinforced Hostun RF (S28) sand 457 

Critical state Elasticity 
Plastic hardening 

and dilatancy 
Fibre-reinforcement 

𝑀𝑐 = 1.25 𝐺0 = 120 𝑛 = 1.5 𝜒𝑟 = 1.2 

𝑐 = 0.75 𝜈 = 0.2 휁 = 0.2 𝜅 = 0.6 

𝑒Γ = 0.98  𝑑 = 1.0 𝜇 = 9.5 

𝜆𝑐 = 0.01  𝑚 = 1.0 𝑥 = −2.0 

𝜉 = 0.7    

 458 
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The volumetric behaviour is generally well captured with an increased dilative 459 

response for FRS if compared to the respective unreinforced samples. This is an effect 460 

of the introduced correction to the sand matrix void ratio as per the stolen void ratio 461 

concept. However, some discrepancies between the simulated and experimental 462 

volumetric response are still visible (e.g. Fig. 5b and 6b) and they may be exacerbated 463 

by small inaccuracy in the experimental determination of the actual void ratio (small 464 

variations of soil density have a large effect on the volumetric response, see for 465 

example Diambra et al. (2010)) or strain localisation and inhomogeneous deformation 466 

which may appear in the thin walled hollow cylindrical samples, as discussed in 467 

Mandolini et al. (2018). Meanwhile, Figs. 8 and 10 show that the model 468 

underestimates the volume contraction of pure sand. One can get more satisfactory 469 

prediction of sand behaviour for these loading conditions by using an anisotropic sand 470 

model with more parameters (Li and Dafalias, 2002; Li and Dafalias, 2012). But this 471 

may not lead to better prediction of FRS behaviour as well, which is of more 472 

importance for geotechnical problems involving FRS. 473 

Fig. 11 shows the model prediction for the failure of FRS at different 𝜎𝑐 . Since no 474 

obvious peak of 𝑞 has been observed in some tests (e.g., Figs. 5), the failure stress 475 

state is defined as that at 휀𝑞 = 10% (Mandolini et al. 2018). The model is found to 476 

give good prediction for the tests with 𝜎𝑐 = 100 kPa  (Fig. 11a), with slight 477 

overestimation for FRS at 𝛼 = 15° and 30°. For the tests with 𝜎𝑐 = 200 kPa, the 478 

model prediction is in good agreement with the test data at 𝛼 = 0°, 15°, 30° and 479 

90° but is higher than the measured strength for 𝛼 = 45° and 60°. This could be 480 

due to the strain localization in the samples (Mandolini et al. 2018). Note that the test 481 

on FRS with 𝛼 = 60°  and 𝜎𝑐 = 200 kPa  was not carried out with exactly the 482 

same 𝛼 during the test, which makes the test data deviate from the line of 𝛼 = 60°, 483 

but the experimental value still agree with the predicted deviatoric envelope (Fig. 11b).    484 
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  485 

(a)                            (b) 486 

 487 

(c)                              (d) 488 

Fig. 5 Comparison between the test data and model simulations for the stress-strain 489 

relationship of fibre-reinforced Hostun RF (S28) sand at 𝜶 = 𝟎°  (data from 490 

Mandolini et al., 2018) 491 

 492 

(a)                            (b) 493 

Fig. 6 Comparison between the test data and model simulations for the stress-strain 494 

relationship of fibre-reinforced Hostun RF (S28) sand at 𝜶 = 𝟏𝟓°  (data from 495 

Mandolini et al., 2018) 496 

 497 
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 498 

(a)                            (b) 499 

 500 

(c)                            (d) 501 

Fig. 7 Comparison between the test data and model simulations for the stress-strain 502 

relationship of fibre-reinforced Hostun RF (S28) sand at 𝜶 = 𝟑𝟎°  (data from 503 

Mandolini et al., 2018) 504 

 505 

 506 

 507 

 508 

 509 

 510 
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 511 

(a)                            (b) 512 

 513 

(c)                            (d) 514 

Fig. 8 Comparison between the test data and model simulations for the stress-strain 515 

relationship of fibre-reinforced Hostun RF (S28) sand at 𝜶 = 𝟒𝟓°  (data from 516 

Mandolini et al., 2018) 517 

 518 

 519 

 520 

 521 

 522 

 523 

 524 

 525 

 526 
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  527 

(a)                            (b) 528 

  529 

(c)                            (d) 530 

Fig. 9 Comparison between the test data and model simulations for the stress-strain 531 

relationship of fibre-reinforced Hostun RF (S28) sand at 𝜶 = 𝟔𝟎°  (data from 532 

Mandolini et al., 2018) 533 

 534 

 535 

 536 

 537 

 538 

 539 

 540 

 541 

 542 
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  543 

(a)                            (b) 544 

  545 

(c)                            (d) 546 

Fig. 10 Comparison between the test data and model simulations for the stress-547 

strain relationship of fibre-reinforced Hostun RF (S28) sand at 𝜶 = 𝟗𝟎° (data from 548 

Mandolini et al., 2018) 549 

 550 

 551 
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 552 

(a) 553 

 554 

(b) 555 

Fig. 11 Comparison between the test data and model prediction for the strength of 556 

fibre-reinforced Hostun RF (S28) at (a) 𝝈𝒄 = 𝟏𝟎𝟎 𝐤𝐏𝐚  and (b) 𝝈𝒄 = 𝟐𝟎𝟎 𝐤𝐏𝐚 . 557 

Failure stress state is defined as that at 𝜺𝒒 = 𝟏𝟎% (Mandolini et al., 2018) 558 

 559 

 560 

 561 

 562 

 563 

 564 
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6. CONCLUSIONS 565 

Mechanical behaviour of FRS is affected by the anisotropic orientation of fibres within 566 

the host soil. The reinforcement contribution of the fibre to the sand strength is higher 567 

when more fibres are oriented in the direction of tensile strains. This study presents 568 

the first multiaxial constitutive model for FRS, which has the following features: 569 

(a) The proposed modelling framework treats the fibre reinforced soil as a unique 570 

composite material and builds on the well-established constitutive modelling 571 

framework by Li & Dafalias (2002). It is assumed that, while the yield function 572 

is expresses in term of the current overall stress, the main modelling 573 

ingredients (hardening rule, elastic properties, dilatancy and failure) are 574 

governed by the stress and density of the sand skeleton, which are both 575 

affected by the stress and density contributions of the fibres.  576 

(b) The stress contribution of the fibres, affecting the stress experienced by the 577 

sand skeleton 𝜎𝑖𝑗
𝑠 , is assumed to evolve with the deformation experienced by 578 

the sand skeleton. The anisotropic nature of the fibre stress contribution is 579 

further modelled through an anisotropic variable 𝐴, expressed in terms of a 580 

joint invariant of the loading direction tensor 𝑛𝑖𝑗  and deviatoric fibre 581 

orientation tensor 𝐹𝑖𝑗, which governs the value of the isotropic fibre stress at 582 

failure.  583 

(c) The density contribution of the fibres is modelled by a modification of the void 584 

ratio of the sand skeleton, following the previously established stolen void ratio 585 

concept (Wood et al., 2016).  586 

Compared to the baseline sand constitutive model by Li & Dafalias (2002), four 587 

additional parameters are introduced to characterize the effect of fibre inclusion on 588 

mechanical response of FRS. These parameters can be readily determined using 589 

triaxial test data. The model has been used to simulate the stress-strain relationship 590 

of FRS tested under multiaxial stress condition in the hollow cylinder torsional 591 

apparatus. Good agreement between the model simulations and test results is 592 

observed. In particular, the model gives satisfactory prediction for the strength 593 
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anisotropy of FRS under multiaxial loading condition. Future improvement of the 594 

model regarding the general expressions of Eqs. (14) and (15) is discussed in Appendix 595 

1.  596 
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APPENDIX 1: More general forms of Eqs. (14) and (15) 601 

A general expression for 𝜒𝑟 should be expressed in terms of both 𝐹 and 𝜌𝑓, as the 602 

fibre-reinforcement effect is affected by both fibre content and fibre orientation 603 

anisotropy (Michalowski and Čermák, 2002; Michalowski, 2008; Diambra et al., 2013; 604 

Mandolini et al., 2018). Variation of the fibre-reinforcement with loading direction is 605 

dependent on not only 𝐴  but also on 𝐹  in general. Bigger 𝐹  makes 𝜙  decrease 606 

faster as 𝐴 increases (Michalowski and Čermák, 2002; Michalowski, 2008). Therefore, 607 

a general expression of Eqs. (13) should be      608 

𝜒 = 𝜒𝑟(𝜌𝑓 , 𝐹)𝜙(𝐴, 𝐹)                      (34) 609 

A proper expression for where 𝜒𝑟 is difficult to propose at present, because there is 610 

insufficient test data on FRS with various combinations of 𝐹 and 𝜌𝑓. However, some 611 

existing analytical methods (Michalowski and Čermák, 2002; Diambra et al., 2013) and 612 

numerical methods (Sivakumar Babu et al., 2008) can help such development. A simple 613 

form of 𝜙 can be expressed as       614 

𝜙(𝐴, 𝐹) = 〈1 −
𝐹

2𝐹𝑐
(1 + 𝐴)〉                  (35) 615 

where 𝐹𝑐   is a critical degree of fibre orientation anisotropy and 〈 〉  are used to 616 

ensure 𝜙 ≥ 0 . It is physically unreasonable to have negative 𝜙 , because it would 617 

indicate that fibre inclusion can reduce the sand strength according to Eqs. (1) and (4). 618 

Eq. (33) has the following  features: (a) 𝜙(𝐴, 𝐹) has the maximum value of 1 at in 619 
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CTC with 𝐴 = −1 and the minimum value of 〈1 −
𝐹

𝐹𝑐
〉 in CTE with 𝐴 = 1. When 𝐹 ≥620 

𝐹𝑐, no fibre-reinforcement in CTE is predicted as 𝜙(𝐴) = 0 for this loading condition. 621 

This essentially means that most FRS prepared in the laboratory has 𝐹 ≥ 𝐹𝑐  ; 622 

(b)  𝜙(𝐴) = 1  for isotropic fibre orientation with 𝐹 = 0 , which means that fibre-623 

reinforcement is independent of the loading (or strain increment) direction. When 𝐹 624 

is much bigger than 𝐹𝑐  , 𝜙(𝐴)  can reach 0 when 𝐴 < 1 . More experimental and 625 

numerical work would be required to validate the proposed Eq. (35).   626 

APPENDIX 2: Partial differential equations 627 

The expression for 
𝜕𝑓

𝜕𝜎𝑖𝑗
 is  628 

𝜕𝑓

𝜕𝜎𝑖𝑗
=

𝜕𝑓

𝜕𝑟𝑘𝑙

𝜕𝑟𝑘𝑙

𝜕𝜎𝑖𝑗
                           (36) 629 

where (Li and Dafalias, 2002) 630 

𝜕𝑓

𝜕𝑟𝑘𝑙
=

3

2𝑅2𝑔2(𝜃)
{[𝑅𝑔(𝜃) + 3𝑅𝑠𝑖𝑛3𝜃

𝜕𝑔(𝜃)

𝜕𝑠𝑖𝑛3𝜃
] 𝑟𝑘𝑙 +

𝜕𝑔(𝜃)

𝜕𝑠𝑖𝑛3𝜃
𝑟𝑘𝑚𝑟𝑙𝑚}     (37) 631 

𝜕𝑔(𝜃)

𝜕𝑠𝑖𝑛3𝜃
=

𝑐(1+𝑐)

𝑠𝑖𝑛3𝜃√(1+𝑐2)2+4𝑐(1−𝑐2)𝑠𝑖𝑛3𝜃
−

𝑔(𝜃)

𝑠𝑖𝑛3𝜃
              (38)

 

632 

𝜕𝑟𝑘𝑙

𝜕𝜎𝑖𝑗
=

𝛿𝑘𝑖𝛿𝑙𝑗

𝑝
−

𝜎𝑘𝑙𝛿𝑖𝑗

3𝑝2                        (39) 633 

LIST OF NOTATIONS 634 

𝐴 Anisotropic variable 

𝐷 Dilatancy equation 

𝑒 Void ratio 

𝑒𝑠 Skeleton void ratio 

𝑒𝑖𝑗
𝑒  and 𝑒𝑖𝑗

𝑝  Elastic and plastic deviatoric strain 

𝐹 Degree of fibre orientation anisotropy 

𝐹𝑖𝑗 Deviatoric fibre orientation tensor 

𝑓 Yield function 
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𝐺 Elastic shear modulus  

𝐻𝑖𝑗 Fibre orientation tensor 

𝑔(𝜃) Interpolation function for the critical state stress ratio 

𝐾 Elastic bulk modulus 

𝑀𝑐, 𝑀𝑒  
Critical state stress ratio in triaxial compression and triaxial 

extension 

𝑝, 𝑝𝑠 Mean stress and skeleton mean stress 

𝑅 Stress ratio  

𝑟𝑖𝑗 Stress ratio tensor  

𝑠𝑖𝑗 Deviatoric stress tensor 

𝛼 Angle between the major principal stress and direction of deposition 

𝛿𝑖𝑗 Kronecker delta 

휀𝑖𝑗 Total strain tensor 

𝜌𝑓 Volume fraction of fibres 

𝜃  Lode angle of the stress tensor 

𝜎𝑖𝑗, 𝜎𝑖𝑗
𝑠  Stress tensor and skeleton stress tensor 

𝜓𝑠 State parameter for fibre-reinforced sand 

 635 
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