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Abstract
The quasi-static and dynamic mechanical behaviors of metal fiber sintered sheets 

(MFSSs) with six relative densities and three fiber diameters at the strain rates ranging 

from 0.001/s to 2000/s are investigated by using Universal Materials Testing System 

and split Hopkinson pressure bar (SHPB) system. The effects of relative density, strain 

rate on the yield strength and the energy absorption efficiency of MFSSs are evaluated. 

Finite element models (FEM) based on computed tomography (CT) images and 

idealized fiber networks are developed to simulate the compressive behavior at different 

strain rates. The measured responses of MFSSs are generally in agreement with that 

predicted by the 3D reconstructed model and the idealized model. Two deformation 

modes of MFSSs are explored based on stress wave theory and a critical speed is 

calculated to differentiate the two modes. Finally, an idealized lapping network is 

proposed to explore the compatibility condition of the geometrical characteristics and 

the effect of the strain rate and relative density on the mechanical behavior MFSSs. 

Keywords: strain rate effect; fiber network; compression; yield strength; deformation 

mode

1. Introduction
Bonded nonwoven random fiber network is ubiquitous around life. As a kind of

bonded nonwoven random fiber network with large specific surface area, massive 

micro-size pore structures and adjustable porosity, MFSSs can be applied as catalyst 

support [1], filtering material [2] and noise reduction composite [3]. Besides that, with 

high specific stiffness and strength and good roughness, MFSSs also have a broad 
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application in the field of cushioning and protection like car panels, roofing panels, 

structural filler and the core of sandwich panels. In these applications, random metal 

fiber sintered sheets are used to absorb energy under static and mostly dynamic loading 

usually in out-plane direction, also called through-thickness direction, to protect 

materials behind them. Under the circumstances, the research on the dynamic 

compressive behavior of MFSSs in out-plane direction is crucial to the design of the 

buffer structures containing MFSSs.

The mechanical properties of MFSSs are mainly dependent on raw material, sintering 

parameters and microstructures. Raw material controls the yield strength of MFSSs. 

For instance, MFSSs made from stainless steel have higher yield strength than that 

made from copper, if they have the same porosity and similar microstructures. Sintering 

parameters (sintering time and sintering temperature) have significant effect on the 

mechanical properties of MFSSs [4]. In the analysis of the relation between 

microstructures and mechanical performance, amounts of studies of MFSSs have been 

conducted experimentally, numerically and theoretically. It is widely accepted that the 

relative density governs the mechanical properties of MFSSs. The bond points formed 

between fibers [5], the length, the material properties of fibers [6, 7] and the residual 

strength of fibers [8] have a great effect on the feature of strain distribution in the fiber 

network and the strength of the fiber network. The nonlinear mechanical behavior 

during the bending of fibers determines the shape of the stress-strain curves of the fiber 

network [9]. The relative angle between fiber and the plane of sheet determines the 

fracture energy of MFSSs [10]. The MFSSs, in which fibers are approximately normal 

to the sheet plane, have higher fracture energy. The influence of bond failure and sliding 

between fibers on the macro-mechanical properties of fibrous material [11, 12] has been 

analyzed. Besides these conclusions drawn from quasi-static experiments, the influence 

of strain rate effect on the mechanical behaviors of MFSSs should also be noted. It has 

been proved that bending and buckling are main deformation modes under dynamic 

compressive loading and the material resists harder the deformation with the increasing 

of strain rates [13]. However, the dynamic loading also causes the temperature rise in 

MFSSs, which in some degree softens MFSSs [14]. In respect to energy absorption, 

MFSSs have better anti-penetration capability than metal plate when both of the 



materials have the same areal density [15]. With the appearance of more sophisticated 

modeling and testing techniques, the contribution from microstructures to the macro-

mechanical properties is discussed more and more frequently [16]. In addition, 

macroscopic phenomenological constitutive model [17], many microstructure-based 

theoretical constitutive models are introduced, such as models taking the geometry and 

the elasto-plastic behavior of fibers [18], the rotation, deformation, fracture of fibers 

and friction, fracture among fibers [19] and the dispersions of fibers [20] into account 

are developed to explain and predict the elasto-plastic behavior of MFSSs. 

Although there are a variety of researches on the mechanical properties and 

deformation mechanism of MFSSs, the dynamic compressive mechanical response has 

been rarely studied. In the current paper, the compressive mechanical properties of 

MFSSs with different fiber diameters and relative densities were examined at different 

strain rates at normal temperature (298K). The relevance of the yield strength and the 

energy absorption efficiency of the MFSSs to the relative density and the strain rate 

was explored in detail. 3D reconstructed model and idealized random fiber network 

model were developed to predict the compressive strength of MFSSs. The structure of 

MFSSs was regularized into a lapping network model and the topological invariants of 

the structure were analyzed. The strain rate effect of MFSSs and the relation between 

the yield strength of MFSSs and the geometrical characteristics of structure were 

accounted for using this model.

2. Material and FEM
In this paper, the MFSSs are the product of Northwest Institute for Nonferrous Metal 

Research (China). The AISI 316L stainless steel bars are processed into fibers in three 

kinds of diameters (8µm, 12µm and 28µm) by bundle-drawing. Firstly, a certain 

amount of fibers with the same specifications are placed randomly in a mold by air-laid 

technology. By this means the distribution of fibers is uniform circumferentially [21]. 

Pressing this fiber deposit into a certain volume to ensure that the product will have a 

definite relative density. Relative density is equal to the ratio of the mass of MFSSs to 

the mass of 316L stainless steel with the same volume. Then, this fiber deposit together 

with the mold are put into a furnace and sintered by means of solid phase sintering in 



vacuum at 10-2Pa at temperature 1473K for an hour. The fiber deposit in the furnace is 

heated at a rate of 10K/min. When this sintered compact is finally cooled down to room 

temperature, a piece of metal fiber sintered sheet is manufactured. 

The microstructures of MFSSs are characterized with the help of scanning electron 

microscope (SEM), Jeol-JSM 6460, as shown in Fig. 1 (a) (b). It can be confirmed that 

MFSSs are a kind of long fiber bonded nonwoven random fiber networks as Fig. 1 (a) 

shows, so the nature of the deformation of MFSSs bearing loading in out-plane 

direction is the bending and stretching of the fibers. The joints formed between two 

fibers are simplified as points and surrounding short curved beams. The simplification 

is shown in Fig. 1 (b) (c) (d). 

An idealized stochastic fiber network model is developed based on three simplified 

assumptions: 1. Each bonding point is only related to two fibers, which intersect with 

each other. That is to say, there are only four lines intersecting with each other at each 

point in the idealized model and the joints are ignored. At these joints, many fibers 

intersect with each other as shown in Fig. 1(a) (b); 2. The torsion of the fibers will not 

occur; 3. The bonding points will not fracture. At the very beginning, n points, O1, 

O2,…, On, are generated in three-dimensional space randomly. Each point has a set of 

direction vectors On (<2> <4> <5> <7>) or On (<1> <3> <6> <8>), the number 1-8 

means the quadrant of the vector as shown in Fig. 2 (c). The modulus of the vector is 

confirmed by Eq. (1):
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where r is the radius of the circular cross-section of fiber. θ is the angle between the 

vector OP and z direction. There are four extra points for each center point Oi, [P2 (Oi), 

P4 (Oi), P5 (Oi), P7 (Oi)] or [P1 (Oi), P3 (Oi), P6 (Oi), P8 (Oi),]. For an arbitrary point P′ 

shown in Fig. 2 (c), another point P″ defined by center point O2 can be found. The 

relationship between P′ and P″ must meet the conditions: the angle between vector P′P″ 

and XY plane must be less than 5°. Under that condition, P″ should be the nearest point 

from P′. In this way, a piece of fiber between O1 and O2 can be represented by three 

line segments, namely O1P′, P′P″ and P″O2 as shown in Fig. 2 (c). The length of this 

piece of fiber is defined as L. The equivalent length L is defined as follow:

(2)1 1 2 2L= O P sin P P O P sin       



where θ1 is the angle between the vector O1P′ and z direction. θ2 is the angle between 

the vector O2P″ and z direction. Controlling the volume of three-dimensional space V, 

the total length of the fibers ΣL will be obtained. The fiber parts out of the boundary 

are trimmed. We can calculate the current relative density ρr as follow:

(3)
2

r
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where V is the volume of the confined space. If the value of ρr is given, the model can 

be generated as shown in Fig. 2 (a) (b). If the value is smaller or larger than the demand, 

the number of the center point O should be added or reduced, respectively. 

Fig. 1. The topology of MFSSs with 20% relative density and in 28µm fiber diameter in SEM (a) 

(b) and the simplification of the joint in red circle (b) (c) (d).



Fig. 2. Schematic of idealized stochastic network model. (a) model with 35% relative density; (b) 

model with 20% relative density; (c) simplified bonding point, coordinate system and quadrant.

Another kind of model is developed based on the μ-CT technology and 3D 

reconstruction method. MFSSs are scanned by a synchrotron radiation-based μ-CT with 

the resolution of 0.8μm and energy resolution of 5×10-3 in Shanghai Synchrotron 

Radiation Facility. The monochromator works at the photon energy range of 8-72.5keV. 

The voxel size is 3.25μm. By choosing an appropriate field, a model is reconstructed in 

this field by using MIMICS (kind of commercial software). At the same time the 

convergence and the calculation cost are taken into consideration. Discrete voxels will 

be removed with the usage of region growing and the cuspidal points on the fiber 

surface will be eliminated by smoothing. The 3D volume rendering model and final 

finite model are shown in Fig. 3.



 

             

Fig. 3. The volume rendering model (a) and the finite model (b).

Numerical simulation is conducted by using software LS-DYNA. The impact load is 

applied by using rigidwall with a certain speed. For the 3D reconstructed model, the 

mesh type of the model is hexahedral mesh. For the idealized model, beam element is 

adopted due to the precision and the computing cost in numerical simulation. Free 

boundary condition and the general contact (a type of keywords) are used. Plastic 

kinematic (PK) model [22] is adopted and strain rate is accounted for using the Cowper 

and Symonds model [23]. The material parameters and the values of the variables of 

PK model are listed below:

Table 1. Material parameters and the variables of PK model. SI-unit system (kg-m-s)

Density Young’s 

modulus

Poisson’s 

ratio

Yield stress Strain rate 

parameter C

Strain rate 

parameter P

7.93*103 210 0.3 170 2 9

Because the grid size in CT reconstructed model depends on the voxel size 

(3.25μm*3.25μm*1μm), the SI-unit system is converted from kg-m-s to kt-μm-s in the 

numerical simulations. The side length of 8 nodes regular hexahedral constant stress 

solid element is 6.5μm. The beam elements use Belytschko-Schwer full cross-section 

integration, and 4*4 Gauss quadrature is used. The cross-section type is tubular. 

Considering the rate-dependent yield stress, the Cowper and Symonds model scales the 

yield stress with the factor:



(4)
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P and C are the parameters of the scale factor given in Eq. 4. The parameters at strain 

rates 1/s and 10/s used to fit yield stress-strain rate curve are obtained from a research 

on the flow stress of AISI 316L at high strain rates [24].

3. Mechanical testing
3.1 Specimens

The specimens used in this paper are cut from several large pieces of MFSSs. Due to 

the local heterogeneity caused by production process, the stochastic distribution of 

fibers can’t assure that the relative densities everywhere are same. The relative densities 

of specimens are not equal to each other, but the deviation is usually smaller than 2%. 

Thus, some specimens are collected in a group with the deviation of ±1% for the sake 

of analysis. There are five groups of specimens in fiber diameter (28μm) with different 

relative densities, namely, 20%±1%, 24%±1%, 26%±1%, 31%±1% and 37%±1% 

tested in the study. These five groups will be directly called 20%, 24%, 26%, 31% and 

37% for simplicity in the following sections. Additional specimens in fiber diameter 

(8μm) with a relative density 41% and specimens in fiber diameter (12µm) with a 

relative density 25% are also used, because the effect of the fiber diameter on the 

dynamic mechanical behavior of MFSSs is not concerned in this paper. The specimens 

are cut into cylinder with the diameter of 10mm and the length of 10mm by wire-cutting 

electrical discharge machine as shown in Fig. 4.



Fig. 4. The cylindrical specimen and its longitudinal section.

3.2 Experiments
WDW-300 electronic universal testing machine has been used to conduct uniaxial 

quasi-static compression tests on the specimens with relative densities 37% and 41% in 

fiber diameters (28µm and 8µm), respectively. The compressive process is controlled 

by displacement and the strain rate is set as 10-3/s. Loading direction is the out-plane 

direction as mentioned above. The nominal stress is the ratio of the reaction force to the 

initial area of the cross-section of the specimen, and the nominal strain is defined as the 

ratio of the displacement of crosshead to the initial height of the specimen. The dynamic 

load tests are performed with the usage of SHPB system as shown in Fig. 5. The length, 

the diameter and the Young’s modulus of the steel Hopkinson Bar are 1m, 13mm and 

200Gpa, respectively. The speed of the stress wave in both steel incident and 

transmission bars is 5050m/s. The length of the striker bar is 400mm. Dynamic strain 

measurement equipment is used to capture the signals from the resistance strain gauge 

on the incident bar and the signals from the semiconductor strain gauge on the 

transmission bar. The sampling frequency is 2.5MHz. The original data are processed 

by two-wave method with the usage of a program in MATLAB. Because for MFSSs 

the amplitudes of the incident wave and the reflected wave are similar with each other, 

so it would be better to use the signal from the semiconductor to determine the stress. 

The nominal stress and the nominal strain are calculated with the usage of the reflected 



wave signal and the transmitted wave signal. The averaged curve of three or four 

replicate tests is adopted in this paper. It is important to note that here the nominal strain 

is only a macroscopic average value. 

Fig. 5. The schematic of the split Hopkinson pressure bar system.

Table 2. Specimens for experiments.
Fiber 
diameter

Relative 
density

Quasi-static 
0.001/s

1100/s 1500/s 2000/s

20% √ √ - -
24% √ √ - √
26% √ √ - -
31% √ √ - -

28µm

37% √ √ √ -
8µm 41% √ √ √ -
12µm 25% - √ (DIC) - -

“√” means the test has been done; “-” means these is no test for this item. “DIC” means the data of 

this item are analyzed by using Digital Image Correlation (DIC) technique.

4. Results and Discussion
4.1 Strain rate effect and Energy absorption property

The stress-strain curve directly output from MATLAB as shown in Fig. 6 must be 

processed further. Smoothing the piece of curve around the yield point weaken the 

effect of fluctuation, and the intersection of the smoothed line and the rising edge is 

defined as the yield point. The rising edge can’t represent the elastic part in the stress-

strain curve obtained from SHPB system, so it is cut off. Under the loading of 400mm 

striker bar, the strain can reach about 0.15. The energy absorption efficiency is 



calculated by Eq. 5 [25], where εm and σm are the maximum strain corresponding to the 

calculation interval and the stress at this strain, respectively.

Fig. 6. The choice of yield point σy and the processing of the curve.
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The effect of the relative density at a high strain rate and the effect of the strain rate 

on the yield strength are studied. The energy absorption efficiency under each condition 

is also analyzed accordingly. The experimental results show that the yield strength of 

MFSSs and the strain hardening rate increase with the increase of the relative densities. 

This increase is not linear especially for the relative densities varying from 20% to 24% 

and 31% to 37%. As it can be seen in Fig. 7 (a), the relative density is still a major 

influence factor for the mechanical behavior of MFSSs. Generally speaking, the energy 

absorption efficiency decreases slightly with increasing the relative densities as shown 

in Fig. 7 (b).

In Fig. 7 (c) (e), the yield strength increases with the increase of the strain rates. The 

raw material 316L stainless steel has the same strain rate effect. At the same time, there 

is no obvious transverse expansion under dynamic compression, until the strain reaches 

0.3 as shown in Fig. 8. Fig. 7 (d) (f) show that the strain rates have no obvious influence 



on the energy absorption efficiency. In a word, larger relative density and higher strain 

rate loading will enhance the yield stress of MFSSs, but they exert no obvious effect on 

the energy absorption efficiency of MFSSs.

Fig. 7. Stress-strain curves and energy absorption efficiency η-strain curves: a. comparison among 

the stress-strain curves with different relative densities at strain rate 1100/s; b. the energy absorption 

efficiency corresponding to a; c. comparison among the stress-strain curves at different strain rates 

with fiber diameter 28µm and relative density 37%; d. the energy absorption efficiency 



corresponding to c; e. comparison among the stress-strain curves at different strain rates with fiber 

diameter 8µm and relative density 41%; f. the energy absorption efficiency corresponding to e.

Fig. 8. The specimens from left to right are corresponding to untested, 7.35m/s striker speed, 

12.85m/s striker speed, 18.23m/s striker speed and quasi-static loading.

4.2 Comparison between experimental and numerical results

Numerical results show almost the same trend compared with experimental results: 

the yield strength increases with the increase of the relative densities and strain rates. 

As it can be seen in Fig. 9(a), the numerical predictions from the idealized model agree 

well with the experimental results for MFSSs with lower relative densities and there is 

a discrepancy of 5MPa between the numerical predictions and the experimental results 

for MFSSs with higher relative densities. This phenomenon can be attributed to the 

differences between the modeling method of the idealized model and the internal 

morphology of MFSSs with high relative density. The modeling method is based on the 

simplified internal morphology of MFSSs with low relative density for example 20%. 

The majority of bonding point are formed by two fibers, but in MFSSs with high 

relative density for example 37%, bonding points locate next to each other and many 

bonding points come together forming a big rigid structure. Thus, the rigid structure 



has higher strength than the idealized structure. That is why there is a discrepancy 

between numerical predictions and experimental results for high relative density. The 

comparison of these two types of morphology can be seen in Fig. A attached in the 

Appendix A. In addition, the yield strength and the strain hardening rate of numerical 

results are lower than those of the experimental results, because the bonding points are 

directly replaced by four bending beams in the idealized model. The deformation of the 

fiber around the bonding point, which is equivalent to the bending of a cantilever, is 

harder than the bending of a curved beam. The strain rate effect of MFSSs is also 

simulated with the usage of FEM model generated by 3D reconstruction technique and 

the idealized model as shown in Fig. 9(b). Both of these two models can predict the 

yield strength of MFSSs accurately. The results of FEM model agree better with the 

experimental results compared with the idealized model, because all microstructures 

and internal morphology are taken into consideration in 3D reconstruction. In the 

simulating process, it can be found that only some small regions of 3D model deform 

when the stress reaches the yield strength (red fields in Fig. 10). In contrast to this state, 

the densification stage almost begins when most of parts deform as shown in Fig. 10. 

No matter in which stage there is even no stress in some parts of the fibers (blue fields), 

which means that not all of the fibers in MFSSs contribute to the load bearing.

Fig. 9. Comparison between measured and simulated results: a. specimens and models with different 

relative densities at strain rate 1100/s; b. specimens and models at different strain rates with relative 

density 24%.



Fig. 10. Different von mises stress distributions (MPa) of FEM model in different stages.

4.3 Compatibility conditions of geometrical characteristics

According to the above-mentioned results, an assumption is proposed reasonably that 

the topological structure of MFSSs changes with the relative density. To verify this 

assumption and to study the relation between the microstructures and the yielding 

behavior of MFSSs under static and dynamic compressive load, MFSSs network is 

regularized in an idealized lapping network. With the help of this model, the 

compatibility conditions of the geometrical characteristics and the dependency between 

the geometrical characteristics and the yield strength of MFSSs are explored, 

respectively.

The arrangement mode of the fibers in the idealized lapping network shown in Fig. 

11 is similar with a braided structure: the fibers in the adjacent layers are staggered in 

in-plane direction. These fibers are not woven together. They “expand” in the out-plane 

direction on the contrary. The azimuth of the fibers is simplified into 0º and 90º in the 

lapping network. Assuming that the height and the width of a part in the model are H 

and D, respectively. The number of the fibers in the layer with the width of D is n. The 

lapping network mainly refers to the geometrical characteristics θ,  and k. θ is the l

average pitch angle of the fibers. The geometrical characteristic  represents the l

ratio of the total projected length of the fibers per layer to the width of the corresponding 

layer. k is a coefficient characterizing the settlement or the warping of the fibers at the 

bonding point as shown in Fig. 12. The coefficient k is defined as follows:

(6)OOk
d






where d is the diameter of the fiber.  is the vertical distance between the projection OO

of a horizontal center line O and the projection of an extended line. When a fiber settles 

at a bonding point, the value of k is less than 1. When a fiber warps, the value of k is 

greater than 1.

Fig. 11. The four views of the idealized lapping network: on the top left, top right, left below and 

right below are front view, left elevation, top view and 3D view, respectively.

Fig. 12. The settlement (a: k<1) or the warping (b: k>1) of fiber at the bonding point.

Hence, some geometrical relationships can be built based on this model:
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where l′ is the length of a fiber segment between two neighboring bonding points. 

Coefficient m is the number of the layers in out-plane direction. Coefficients l and Vl 

are the length and the volume of a single fiber and A is the area of the cross-section of 

the fiber. As one expression of the coefficient k, Eq. 11 is derived from Eq.10, which is 

the expression for the relative density of the model.

The value range of the pitch angle θ is also analyzed based on the CT images. On the 

one hand, as shown in Fig. 13 (a), the pitch angle θ mainly varies from 5º to 15º. On 

the other hand, with analyzing the area ratios of the cross-section of the fibers to the 

area of the cut-layer, a conclusion will be given that the area ratio at each cut-layer 

should be approximately equal to the relative density of the whole specimen. Actually, 

for an ideal stochastic structure, the relative density of each lamina should be equal to 

the relative density of the whole structure. Considering the heterogeneity of the material 

in reality, the relative density of each lamina varies over around the relative density of 

the specimen, which has been validated in Fig. 13 (b). For five arbitrary cut-layers, the 

relative densities of these five laminas given by MIMICS are 18.5%, 18.2%, 18%, 17.5% 

and 18.8%, respectively. The relative density of this specimen is 17.7%. When the 

width of the lamina is small enough, the fibers in the lamina are right circle cylinders 

or oblique circle cylinders. Because these cylinders have the same height, the relative 

density of the lamina is equal to the area ratio of the cross-section of the fibers to the 

area of the cut-layer. Therefore, the area ratio at each cut-layer is approximately equal 

to the relative density of the whole specimen. For the lapping network, the value of the 



area ratios of the cut-layers should be Eq.11 (the normal direction of the cut-layer is not 

parallel and perpendicular to the extension direction of fibers).

Fig. 13. The CT analysis results of MFSSs sample with the relative density of 17.7%: a. the pitch 

angles of fibers in MFSSs; b. the area ratios of fibers cross-sectional area to the area of cut-layer at 

the five sections.

Under compressive load, the bending deformation of the fibers plays an important 

role in the deformation of MFSSs. There should be a connection between the yield 

strength of the whole structure and the yielding of the fibers. From MFSSs to the 

lapping network, an assumption is introduced that all fibers deform and yield when the 



structure deforms and yields, though it has been proved to be unreal based on the 

simulation results. According to the stress-strain curves of MFSSs, the deformation 

mode of the fibers should be bending dominant deformation (mode 2) in Fig. 14 (b), 

but not buckling (mode 1) in Fig. 14 (a). Buckling will result in a jump of the stress at 

yielding point, which is nonexistent in the stress-strain curves of MFSSs. Thus, by 

considering the bending of the fiber, the free-body diagram is shown in Fig. 14 (c). F 

is the component force of the total force applied on the top surface of the structure. l” 

is half of l’. Fj is the reaction force from the symmetric part of the fiber. M is the bending 

moment at the bonding point. Because the numerical results mentioned above show that 

the structure has no obvious deformation when MFSSs yield, it can be reasonably 

assumed that the structure also has no obvious deformation when MFSSs yield in the 

experiments. In the lapping network, the structure yields when there is only a small 

increment of the vertical displacement of the fiber end at the slide bearing as shown in 

Fig. 14 (3). Based on the static balance condition and the deformation compatibility 

condition, Eq. 12 is obtained for the rectangular cross-section. Rewriting the Eq. 12, 

another expression of the coefficient k is given in Eq. 13. For the circular cross-section 

Eq. 14 is derived. The expression of K is given in Eq. 15. The detailed deducing is 

presented in Appendix B.

Fig. 14. The deformation mode and the free-body diagram of fibers under compressive load in the 

model. F is the component force of the total force applied on the top surface of the structure. l″ is 

half of l′. Fj is the reaction force from the symmetric part of the fiber. M is the bending moment at 

the bonding point.
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Based on the aforementioned discussion on the value range of the pitch angle θ, the 

solution curves are shown at the range from 5º to 15º. In terms of different relative 

densities, the solution curves corresponding to the cross-section type 1 and cross-

section type 2 are very close to each other as shown in Fig. 15 (c). It should be noted 

that there are two lines in the solution domain. Only line 1 is the solution and line 2 is 

the intersecting line of a singular face of Eq. 13 and the solution face of Eq. 11 as shown 

in Fig. 15 (a). When the compatibility conditions of the geometrical characteristics are 

fixed, the coefficient k and nd/D are approximately two topological invariants as shown 

in Fig. 15 (d) and (e). It means that the state of the fiber at the bonding point and the 

density of the fibers per layer are determined. The two lines only fluctuate within a 

small range with the changes of the pitch angle, which indicates that when the pitch 

angle is small, the mechanical behavior of MFSSs is mainly dominated by the two 

topological invariants. The density of the fibers per layer is mainly dependent on the 

lay-up technology. The state of the fiber at bonding points depends on the method of 

the relative density control during processing. 



Fig. 15. The solution of the Eq. 11, Eq. 13 and Eq. 14. a. The solution of the Eq. 11 and Eq. 13. b. 

The solution of the Eq. 11 and Eq. 14. c. Comparison between the solutions considering two cross-

section types. Figures d, e and f are the three views of figure a.



Fig. 16. The compatibility conditions of the geometrical characteristics of the lapping networks with 

relative densities: 0.24, 0.26, 0.31 and 0.37. Figures b, c and d are the three views of figure a.

For MFSSs with different relative densities, the compatibility condition of the 

geometrical characteristics changes with increasing the relative density. The 

coefficients k and nd/D of MFSSs with larger relative density is larger than that with 

lower relative density as shown in Fig. 16 (c). In addition, k becomes more and more 

insensitive to θ with the increase of the relative densities. In contrast to this, nd/D is not 

associated with θ. In fact, both of k and θ have effect on the relative density of the 

material, when the relative density is fixed. There will be a relation between k and θ, 

which has been shown in Fig. 16 (b) and explained by Eq. 11. By fitting the available 

results in Fig. 16 (c), the predicted value of the invariants k and nd/D can be obtained. 

Furthermore, the yield strength of MFSSs with other relative density will be calculated 

by solving Eq. 12. For example, fixing the value of θ as 10º, the available results of the 



relative densities 0.2, 0.26 and 0.37 are used to fit the relation between the value of the 

relative density and the parameter nd/D as shown in the lower right corner of Fig. 16 

(c). The equation of the fitting line is:

(16)1.621 0.059r
nd
D

 

The value of k for the relative density 0.31 is 0.4435. The yield stress for the relative 

density 0.31 can be obtained by substituting the values of nd/D and k into Eq.12. If the 

value of θ is unfixed, the value range of the yield stress for the relative density 0.31 is:

(17)0.3111.38MPa 14.74MPaMFSS 

Actually, the experimental result of the yield stress of the MFSSs with relative density 

0.31 is 13.7MPa. The error is smaller than 15%.

The strain of MFSSs measured in the experiments is actually the strain of the whole 

structure. It is assumed that for the loose structure, the strain rate effect of MFSSs 

depends on the strain rate effect of the raw material 316L stainless steel. The strain of 

the structure mainly derives from the bending deflection at the fiber ends. The strain of 

the raw material is mainly the normal strain caused by the axial force in the fibers and 

the bending normal stress. The ratio of the strain rate of the fibers to that of the whole 

structure under the same compressive load is derived as follows:

(18)
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The relation between the strain rate effect of MFSSs and the strain rate effect of the 

raw material has been given in Eq. 20. The yield strengths of MFSSs under compressive 



load at different strain rates are listed in Tab. 3. The scale factors of the yield strength 

corresponding to different strain rates are shown in Fig. 17. The scale factor is the ratio 

of the flow stress at a high strain rate to the quasi-static flow stress. Theoretical scale 

factor is derived based on the plastic kinematic model’s factor, which scales the yield 

strength at a high strain rate. The theoretical results agree well with the experimental 

results for the MFSSs with the relative densities under 0.26, so the assumption that the 

strain rate effect of MFSSs depends on the strain rate effect of the raw material 316L 

stainless steel is validated. It can be observed in Fig.17 that the current theoretical 

model can effectively predict the strain rate effect of MFSSs with small relative 

densities.

Table 3. The yield strength of MFSSs with different relative densities at elevated strain rates
Relative density 0.001/s (MPa) 1100/s (MPa) 1500/s (MPa) 2000/s (MPa)
0.2 2.5 7.5 - -
0.24 4 9.5 - 12.7
0.26 6 14 - -
0.31 13.7 20 - -
0.37 21 35 52 -

Fig. 17. The comparison between experimental and theoretical scale factors.



In summary, the regularization of MFSSs is effective in terms of the characterization 

of the compatibility condition of the geometrical characteristics and the prediction of 

the yield strength of MFSSs at different strain rates.

4.4 Analysis of strain field

At the strain rate of 1100/s, notable inertial effect can be observed from DIC in the 

specimen in Fig. 18. The values in the strain field vary from layer to layer regularly 

along the loading direction. The camera type is FASTCAM SA5 model 1000K-M1 and 

the record rate (fps) is 50000. The stress wave propagates in the specimen from the left 

interface and reflects at the right interface. In Fig. 18 (a), after the stress wave 

propagated in the specimen, the deformation of the regions near the incident bar occurs 

earlier than that of the regions near the transmission bar. It can be explained that the 

strain of the point 1 is larger than that of the point 2 marked by a red circle. In Fig. 18 

(b), the stress wave reflects at the interface between the specimen and the transmission 

bar as a compressive wave. The strain of the point 2 becomes larger than that of the 

point 1 reversely. When the reflected wave reaches the left interface, the primary 

loading ends. Meanwhile, the speed of the specimen is approximately 0 and there is 

nearly no stress in the specimen, because the specimen is far softer than bar. That is 

why there is a plateau stage after No. 72 image. Choosing the sampling point far from 

the left interface, more data will be provided in the curve partly shown in Fig. 19. 



Fig. 18. The DIC results of specimen in SHPB test, in the picture the incident bar is on the left: a. 

No. 63 image, this state is marked in figure c with a red circle, the right figure presents strain versus 

number of pictures; b. No. 72 image, the stress wave reflects at the right interface.

Fig. 19. Compared with the Fig. 18 more data will be obtained when the sampling point is far from 

incident bar. 

The strain plateau of the right point is lower than that of the left point in Fig. 18 or 

Fig. 19, which means that the absolute strain value of the right point is higher than that 

of the left point. Furthermore, the absolute stress value of the part far from the loading 

end is higher than that of the part near the loading end, when the primary loading ends. 

The deformation occurs mainly at the part far from the loading end. To explain this 



phenomena, the propagation process of the stress wave in the material will be studied. 

Firstly, based on the above-mentioned results, MFSSs can be reasonably assumed as a 

kind of elastic-plastic material with a decreasing strain hardening rate. The stress-strain 

relationship of the material satisfies the following inequality:

 (21)
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Under a step load, the stress wave in MFSSs is a weak discontinuity wave. Let the 

wave propagate from x=0 rightwards and reflect at two rigid walls. The x-t graph of 

this weak discontinuity wave gives the distribution characteristics of the physical 

quantities v, σ, ε. These physical quantities without regard to energy on both sides of 

the characteristic line presented in Fig. 20 (a) meet the conservation conditions:
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Eq. 22 is the formula for the weak discontinuity wave front.

(23)
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Eq. 23 is the formula for the strong discontinuity wave front, where C is the speed of 

stress wave. is MFSSs density. “-” corresponds to the right-traveling wave and “+” 0

corresponds to the left-traveling wave. 

Based on the stress wave theory, the regions separated by heavy lines can be divided 

into three types: (0, 2, 9), (1, 5, 6, 10, 13) and (3, 4, 7, 8, 11, 12, 14). 0, 2, 9 are regions 

with constant value and 1, 5, 6, 10, 13 are regions with simple waves, in which the value 

of the physical quantity increases or decreases monotonically along the across 

characteristic line direction. 3, 4, 7, 8, 11, 12, 14 are regions consisting of Picard mixed 

problem regions (4, 7, 11, 12) and Darboux boundary value problem regions (3, 8, 14). 

The numerical solution of these two problem regions has been explored on the 

propagation of plastic waves in tension specimens of finite length [26]. As shown on 

the right side of Fig. 20 (b) (c) (d), three typical states can be found at the points of time 

t1, t2 and t3, respectively. These three states are correspond to the three states captured 

by DIC processing shown on the left side of Fig. 20 (b) (c) (d), respectively. At t1 the 

strain field of the material can be divided into 2, 1, 0 three regions. The strain in region 



0 is constant 0. In region 1, the strain decreases monotonically along the propagation 

direction, and in region 2, it is constant. The DIC results show that the strain on the left 

part corresponding to region 2 is not a constant, because the left sampling point is not 

completely on the load end and the speed of the last plastic wave is much slower than 

that of the elastic wave. In the sampling time, the plastic wave front has not arrived at 

the sampling point. In fact, in consideration of the effect of the plastic waves, the 

increment of the strain is larger than 3.1%, which can be verified by the first equation 

in Eq. 22. The two probable speeds of the elastic wave in MFSSs are measured by the 

delay of the signal of the transmitted wave relative to the signal of the reflected wave 

and calculated by the following equation:

(24)0
0

EC 

where C0 is the elastic wave speed. E is the Young modulus of MFSSs.  is the 0

density of MFSSs. The unloading wave doesn’t appear in Fig. 20 (a), because the 

duration of elastic disturbance is 160µs (800mm/5000m/s) and this time point is too 

late to be included in Fig. 20 (a). 800mm is twice the length of the striker bar. 5000m/s 

is the stress wave speed in steel SHPB. The disturbance velocity at the load end is 12m/s. 

At time t2, the strain field can be divided into 2, 5, 3 and 4 corresponding to Fig. 20 (c). 

For the state shown in Fig. 20 (d), t3 falls in between I consisting of 11, 8, 6, 9 and II 

consisting of 7, 8, 6, 4. The values (-21.6% and -23.1%) of the strain at both side of the 

strain field are very close, so the stress values at both side of the sampling area are 

nearly same. Because the primary loading ends around t3, the stress concentration will 

occur at the place, where ε is equal to -24.6% as shown in Fig. 20 (d). Generally 

speaking, the distribution of the strain in the experiments agrees with the theoretical 

solution.



Fig. 20. The schematic propagation of a weak discontinuity wave: a. the x-t graph of the weak 

discontinuity wave propagating from x=0. Green region consists of three constant stress regions. 

Blue region consists of five simple wave regions. Yellow region consists of seven complex wave 

regions. Figures b, c and d present the ε-x graphs of the stress wave in specimen (left) and 

theoretically (right) at the timings t1, t2 and t3, respectively.

The deformation mode observed in Fig. 18 is not a shock wave mode [27], because 

the MFSSs doesn’t collapse layer-by-layer apparently. At the loading speed of 12m/s, 

the area of the stress concentration locates at the part far from the load end (called lower 

speed mode), but it can be also assumed that the deformation mode will change with 

increasing the loading speed. When the loading speed is higher than a speed (the critical 

speed), MFSSs will deform in shock wave mode. To prove this presumption, a power-

law hardening (PLH) idealized model [27] is adopted to fit the constitutive behavior of 

MFSSs. Based on PLH model, several plastic wave fronts are reasonably simplified as 

a single first-order singular surface. Then, there are only two strong discontinuity wave 

fronts propagating in MFSSs. The state parameters before elastic wave front (v0, σ0, ε0), 

after elastic wave front (v′, σ′, ε′) and after plastic wave front (v1, σ1, ε1) are defined in 

Appendix C. Variables v, σ, ε are the particle velocity, the stress and the strain, 

respectively. The values of v0, σ0 and ε0 are equal to 0. Taking the conservation 



condition of the mass and moment into consideration, the relations among these three 

sets of variables are achieved:
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where C1 is the speed of plastic wave front. Then the relations can be derived:
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Because in the region between the elastic wave front and the plastic wave front, stress 

σ′ is the yield strength σy, strain ε′ is the strain corresponding to the yield strength εe, 

so:

(29)1 e p   

(30)2
0y e v   

(31)   2
1 0 1y p v v      

where εp is the plastic strain. A PLH model considering a regulation term is employed:

(32) 1
q

p y p pj x      

where j, x and q are the first order strength index, high order strength index and strain 

hardening index, respectively. Variables j, x and q can be obtained by fitting the results 

of quasi-static experiments as shown in Fig. 21. Substituting Eq. 32 into Eq. 31, the 

relation between plastic strain and particle speed can be derived as:

(33)
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When strain ε1 reaches the densification strain εd, the speed increment is treated as the 

critical speed vc [27, 28]. Here, taking the elasticity modulus of MFSSs as the standard, 

when the hardening modulus is equal to the elasticity modulus, it can be thought of as 

the initial point of densification. Namely:
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where Ee and Ey are the elasticity modulus and the hardening modulus, respectively. By 

solving the Eq. 34 and Eq. 29, εd=0.41 is obtained. Substituting εp=0.36 into Eq. 33, the 

critical speed can be derived as:

(35)55m/scv v 

The value of v′ can be obtained from Eq. 27: v′=15m/s, so the critical speed is 70m/s.

Fig. 21. Due to the existence of the regulation term, fitting curve agrees well with the quasi-static 
test results. For the stress- strain curve of MFSSs in 12µm fiber diameter and 25% relative density, 
εe is 5%.

Two different deformation modes of MFSSs at three loading speeds of 12m/s, 60m/s 

and 75m/s are shown in Fig. 22. At the speed of 12m/s, the stress concentration locates 

at the lower half of the FE model, which has been explained above. At the speed of 

60m/s, the mode is a transition stage (a state falls in between the mode at a low speed 

like 12m/s and the mode at the high speed over 70m/s). There are two stress 

concentration zones at these two places. At the speed of 75m/s, the deformation 

accompanies with the stress wave. There is only one apparent stress concentration zone 

at the load end, while the stress concentration caused by the superposition of the stress 

waves occurs later and is not remarkable. Thus, with the increase of the loading speed, 



the deformation mode of MFSSs will change. When the loading speed surpasses 70m/s, 

MFSSs will deform layer by layer, which demonstrate that the theoretical critical speed 

is reliable.

Fig. 22. The deformation modes of MFSSs bearing the load at speed of 12m/s, 60m/s and 75m/s, 

respectively. The FE model is 1340µm high. The area of stress concentration is shown in Von Mises 

effective stress distribution (MPa).

5. Conclusion
The compressive mechanical behaviors of MFSSs at different strain rates are 

investigated and the influence of the relative density and strain rate on the mechanical 

property of MFSSs is examined. Based on experimental results, FEM model generated 

by 3D reconstruction technique and an idealized model are proposed to describe the 

mechanical performance of MFSSs. An idealized lapping network is introduced to 

study the topological invariants of MFSSs and to predict the compressive yield strength 

of MFSSs at different strain rates. The propagation of stress wave in MFSSs is explored 



and a critical speed for shock wave mode is derived. Some conclusions are drawn as 

follows:

(1) The yield strength of MFSSs increases with the increase of the relative densities and 

loading strain rates.

(2) Both the randomly generated idealized model and FEM model generated by 3D 

reconstruction technique are practical in simulating the mechanical response of MFSSs.

(3) The strain rate effect and the yield strength of MFSSs depend on the topological 

invariants of MFSSs’ structure. The yield strength of MFSSs with different relative 

densities can be precisely predicted by the proposed lapping network.

(4) There are two speed-dependent deformation modes of MFSSs: lower speed mode 

and shock wave mode.

6. Appendix A

Fig. A. Comparison between the internal morphology of MFSSs with 37% relative density and 20% 

relative density.

Appendix B
F is the component force of the total force applied on the top surface of the structure. 

l″ is half of l′. Fj is the reaction force from the symmetric part of the fiber. M is the 

bending moment at the bonding point. The expression of F is Eq.1. When F is applied, 

the displacement of fiber end along F is a composition of the deflection of fiber end 

(Eq. 3) and the reduced length of fiber (Eq. 4). The deformation compatibility condition 



is given in Eq. 5.

Fig. B. The deformation mode and the free-body diagram of fibers under compressive load in the 

model. 
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The relation between F and Fj can be obtained by substituting Eq. 3 and Eq. 4 into 

Eq. 5. The expression is Eq. 6. The coefficient of F is represented by K for simplicity. 
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Substituting Eq. 8 and Eq. 2 into Eq. 6 the expression of K can be written as Eq. 9:
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The expression of the bending moment M is Eq. 10. 

(10) cos sinjM F F l   



Two fiber cross-section types at bonding point are considered. It is assumed that the 

fiber cross-section at bonding point is pressed or melts approximately into a rectangle 

(length b and width k×d, k: see Fig. 12) during processing. This is one shape type. 

Another one is the original circular cross-section. The inertia moments of these two 

cross-section types are expressed in Eq. 12 and Eq. 13. 
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The maximum normal stress in fiber is derived as Eq. 14. 
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When the structure yields, the nominal stress of the structure is and the yMFSS

maximum normal stress in fiber reaches , which has been expressed in Eq. 15 and 316y L

Eq. 16.
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Then for cross-section type 1 the Eq. 14 can be rewritten as Eq. 17 or Eq. 18. For cross-

section type 2 it can be written as Eq. 19.
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The compatibility conditions of geometrical characteristics will be obtained by solving 

two simultaneous equations Eq. 18 and Eq. 20 or Eq. 19 and Eq. 20. Solutions in 

different conditions have been plotted in Fig. 15 and Fig. 16. The solution of Eq. 18 

and Eq. 20 will be discussed in the text.

Appendix C
In Fig. C A and B are elastic wave front and plastic wave front, respectively. A 

corresponds to the characteristic line e and B corresponds to the characteristic line p as 

shown in Fig. C (c).

Fig. C. Two strong discontinuity wave front propagate in material: a. physical quantities on each 

side of the stress wave front; b. the t-v graph of step load; c. the x-t graph of the stress waves; d. 

PLH model is a constitutive model with increasing strain hardening rate in plastic range, so its stress 

wave front is a single first-order singular surface.
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