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Published: 26 April 2017 . Inthis work we demonstrate the existence of orbital angular momentum (OAM) bright and dark
. supermodes in a three-evanescently coupled cylindrical waveguides system. Bright and dark
supermodes are characterized by their coupling and decoupling from one of the waveguides,
. respectively. In addition, we demonstrate that complex couplings between modes of different
. waveguides appear naturally due to the characteristic spiral phase-front of OAM modes in two-
dimensional configurations where the waveguides are arranged forming a triangle. Finally, by adding
dissipation to the waveguide uncoupled to the dark supermode, we are able to filter this supermode
out, allowing for the design of OAM mode cloners and inverters.

. Integrated optical devices are named to revolutionize data transfer technologies and computing platforms due
© to the high speed and quality of light-based communications'. Optical waveguides are the key elements in pho-
© tonic integrated circuits due to their feasible integration with additional electronic circuits. On the one hand,
- devices based on planar optical waveguides such as couplers, Mach-Zehnder interferometers, power splitters,
optical modulators, wavelength demultiplexers and frequency filters have already been demonstrated*®. On the
. other hand, during the last decade there has been a significant interest in the use of multicore fibers to increase
- the channel capacity in optical communications through space-division multiplexing®-'. In this case, the aim is
. to have a bundle of single mode or multimode optical fibers each of which carrying independent information
. integrated within a single cable. Multimode optical fibers offer the additional functionality of allowing complex
structured light modes, such as light modes carrying orbital angular momentum (OAM).
: Light beams with OAM typically possess a phase singularity in their wavefront manifested as a null intensity
. point preserved upon propagation in free-space or in cylindrically symmetric waveguides'>'®. Although different
. light modes with well-defined amount of OAM have been reported, Laguerre-Gauss (LG) beams are the para-
: digm ones'. LG beams form a complete set of spatial modes that are solutions of the paraxial wave equation. They
. are described by Laguerre polynomials L, where p is the number of radial nodes and ! is the azimuthal index. In
. particular, they are characterized by an azimuthal term in their phase with the form exp(il¢), where l indicates the
- amount of OAM carried per photon. Other well-known examples of light beams carrying quantized OAM per
. photon are Bessel beams!®, also having the characteristic azimuthal phase exp(il®). Bessel beams are especially
. interesting since they are the fundamental family of optical modes in cylindrical waveguides®®. At variance with
: polarization -only allowing for the transmission of, at most, two orthogonally polarized signals without crosstalk
at a single wavelength-, OAM modes have the advantage that the dimensionality of the Hilbert space formed by
OAM modes can be arbitrarily increased as one increases the number of light modes with different azimuthal
indices that propagate within the same waveguide, see refs 15, 16, 19-21 and references therein. The possibility of
using light beams carrying OAM adds more degrees of freedom to the control of light beams in integrated optical
devices. Since most applications of integrated optical devices take profit from the evanescent field of optical wave-
guides to couple two or more of these using photon tunneling, the additional degrees of freedom offered by OAM
. optical modes provide an alternative tool to control photon tunneling in coupled waveguides. To date, coupled
: waveguides carrying OAM modes have been investigated in a series of works??-%. In ref. 24, it is shown that, in a
. system of two coupled waveguides, the injected light modes possessing both spin angular momentum (SAM) and
: OAM can tunnel to the adjacent waveguide, excite modes with opposite SAM and OAM, and that this effect could
© be useful for the design of couplers of optical vortices. In a similar way, in ref. 23 it is investigated the propagation
of higher-order modes in two weakly coupled fibers. In both cases, the spin-orbit interaction -originated by a
difference between the propagation constants of two orthogonally linearly polarized supermodes- is reported to
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Figure 1. (a) System of three identical waveguides of radius 4 and refractive index n, in an isosceles triangular
configuration embedded in a medium of refractive index n,. L, C, and R account for the left, central and right
waveguides, respectively. The inset depicts the radial intensity profile of the allowed optical modes (blue solid
curve) with one unit of OAM per photon propagating along the step-index waveguides colored in yellow and
delimited by the purple-dashed curve. (b) Schematic representation of the couplings between waveguides’
modes in the basis left-center-right (LCR, top) and in the basis bright-center-dark (BCD, bottom). In the basis
LCR,|L+) and |R+) modes are only coupled to the central waveguide since left and right waveguides are
assumed to be far enough to neglect its direct coupling. On the other hand, in the basis BCD, bright supermodes
|B+) and dark supermodes | D+ ) are strongly coupled and completely decoupled to the waveguide C,
respectively.

have a crucial role in the dynamics of the system. Note, however, that for weakly coupled optical waveguides with
a small contrast between the indices of refraction of core and cladding, one can apply the paraxial limit and
neglect the spin-orbit coupling.

In this work, we investigate the propagation of OAM modes in a system of three cylindrical waveguides
arranged in a triangular configuration. In particular, we show that photon tunneling amplitudes between OAM
modes of adjacent waveguides that have opposite topological charge are, in general, complex. For the particular
case of the in-line and the right triangle configurations, we demonstrate the existence of bright and dark super-
modes in the system, which are characterized by their coupling and decoupling from the central waveguide,
respectively. Thus, we discuss that any of these two configurations can be used to implement an OAM cloner and
an OAM inverter by simply adding dissipation in the central waveguide while taking advantage of the projection
of the input state onto the dark supermode when it propagates through the system.

Results

OAM dark supermodes in coupled waveguides. The geometry of the optical system we consider is
depicted in Fig. 1(a). We consider three identical evanescently coupled step-index cylindrical waveguides of
radius a and refractive index n, embedded in a medium of refractive index n,. We fix d,,,, as the distance between
the waveguides m and n where m, n={L, C, R}, account for the left, central, and right waveguides, respectively.
The three waveguides support OAM modes, and are arranged in an isosceles triangular configuration, i.e.,
d;c = dcg(=d). Optical modes in step-index cylindrical waveguides have the form*

U,y (Foo G 2) = @y (2) 14y (r,,) € O 90 g1niz, (1)

CJ(kyr,,) ifr, <a
ul(rm) = .
CK/(ar,,) ifr, > a, )
where ¢, is a free phase parameter defining the origin of the phase, J; is the Bessel function of the first kind and
order I, K; is the modified Bessel function of the second kind and order I, k% = n12k02 — ﬁmlz, where (3, is the
propagation constant of the mode ! in the waveguide m, a* = ﬁmlz —m Zkoz, andk, = i—’r is the wave-number in
vacuum. C, and C, are constants satisfying continuity at r =g and f Ui (7 s &) \2 dSin = P,, where P, is the
power of the input beam propagating through the waveguide m and dS,, = r,,dr,,d¢,,. To simplify the formalism,
we will assume (i) homogeneously linearly polarized light modes; (ii) a small contrast between the indices of
refraction of core and cladding for all waveguides; and (iii) weakly evanescently coupled waveguides. In this
paraxial regime, one can apply the coupled-mode equations to describe the dynamics of the OAM modes and
neglect the spin-orbit coupling?>?+%7.
In general, optical coupling between adjacent waveguides depends both on the form of the optical modes
and on the geometry of the waveguides. For the case here considered, the coupling coefficients for two-coupled
step-index waveguides m and n carrying gh and hi OAM per photon (with g, h = {+, —}), respectively, reads*:
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with u,,(r) accounting for the radial part of the mode propagating in the waveguide m. While for an isolated
two-coupled waveguide system the origin of the phase can be set to ¢, =0, in a system of three-coupled wave-
guides in a triangular configuration this is only allowed for one of the two waveguides pairs. For the system under
investigation, we choose the origin of the phase in the direction of LC. Additionally, for all the considered config-
urations d; is large enough compared to d; = d¢y such that the direct coupling between the waveguides L and
R can be neglected. Light propagation in our system can be described through coupled-mode equations®*. These
equations govern the evolution along the propagation direction of the field amplitudes, a,,,, which correspond to
the gh OAM mode propagating through the optical waveguide m:

iiamg(z) = anﬁganh(z) with m,n=L,C,R and g, h = &,
dZ nh (4)

where “rﬁg are the elements of the mode-coupling matrix (M) of the system. According to Eqs (1)-(3) and by
choosing the origin of the phase in the direction of LC, the coupling coefficients satisfy the following

relationships:
kit =k = kot =Ko =k for n=L R, m=C, (5)
Ky = R = ey = ke = Ry, (©)
chg* = rp = n(}};* = ki = Kye' (7)
KOE = Ky (®)

where , £, K, € R and 6 is the angle between the LC and RC axes, see Fig. 1. Under these conditions, the
mode-coupling matrix M becomes

kg 0 K Ky 0 0
0 Ky Ky Ky 0 0
K1 Ky Ky 0 Ky /@267"20
M= Ky 5, O P
0 0 &K /@267"26 Ko 0
0 0 mzeiw Ky 0 Kq 9)

expressed in the basis {|L+), [L—), |C+), |C—), |R+), |[R—)}, in what follows being denoted as LCR basis. For
simplicity, we use here the standard Dirac notation of quantum mechanics, i.e., (r,,, ¢, |m, g) = Umg(rm, Op)-
Note that as the considered light modes of the individual waveguides have all the same spatial profile, the ele-
ments of the diagonal are all the same. As a consequence, these common elements of the diagonal can be factor-
ized giving rise to a global phase into the dynamics. Eqs (5)-(9) show that one can easily obtain complex coupling
amplitudes between light modes of adjacent waveguides possessing opposite topological charge by simply chang-
ing the geometric arrangement of the three-coupled cylindrical waveguides. Worth to highlight here, these com-
plex couplings may open the way to simulate artificial gauge fields and involved solid-state Hamiltonians?.

The dynamics of our system given by Eq. (4) can be described in different bases. The most natural is to use the
basis LCR, for which there is a direct correspondence between the elements of the basis and the localized OAM
modes. However, one can also define a symmetric-center-antisymmetric (SCA) basis, where the symmetric (S)
and antisymmetric (A) supermodes are defined as

1
|S+) = ﬁ(\Lﬂ:) + [R+)), (10)

1
Ax) = —(|L£) — |RL)).
A%) = = (1L£) — [R£) -
Note that all along the article, we mean by supermodes those modes that extend over the full system and are
not localized in a single waveguide. For § = ; and =, i.e, for the right triangle configuration and for the

in-line configuration, one can define the bright-central-dark (BCD) basis, where the bright (B) and dark (D)
supermodes read

(RSE) + Ky ATF)) = —— [ (L) + [RE)) + wy(|LF) — [RF))],

B+ =
| >0=§ 2k

(12)

e
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Figure 2. Intensity dynamics of the three evanescently coupled cylindrical waveguides system. Intensity
evolution along the z direction for the|L+) (red-solid curve), |L—) (orange-dashed curve),|C+) (black-solid
curve),|C—) (gray-dashed curve),|R+) (blue-solid curve), and |[R—) (turquoise-dashed curve) OAM modes
when |B+) (first column),| B—) (second column), and |D+) (third column) are injected to the system. (a):
Without absorption along the waveguide C. (b): With a power absorption coefficient y=250m™"! for the
waveguide C. Parameters used in the simulations: A=1.55 um, n, =1.52, n,=1.51,a=10 um, d=2.4q,

Kk, =362m}, and k,=318m™..

D), 5 = mlS) — RIAT)) = ——[aLE) + [RE)) — m(ILF) — |RF)], .
L ol . -
BE),_, = (154 £157) = Z(L+) £ L) + [R+) = [R-)) »
_ -t - -
DH),_, = —=(44)  |4=) = (L+) £ L) = [R+) F [R-)), 5

withx = |k, + k,%. For 6 = 7/2,{|B+), |C+), |D+)}and {|B—), |C—), |D—)} are two uncoupled subspaces
of the full Hilbert space, while for # = 7 one can define the two following uncoupled subspaces
{[B+), [Cg), [D+)}and {|B=), [C,), [D=)} with|Cg) = —(|C+) + [C—))and|Cy) = -(|C+) — |C-)). In
both cases, (C+|D+) = (B+|D+) = 0and (B+|C+) = 0. Therefore, the bright (dark) supermodes are charac-
terized by their coupling (decoupling) with the central waveguide, as sketched in Fig. 1(b), in a similar way that
bright (dark) states are coupled (uncoupled) to an intermediate state in three-level atomic systems in quantum
optics®*. Note that bright supermodes are not eigenmodes of the full system while dark supermodes are. In what
follows, we will use the BCD basis to understand the dynamics of OAM modes propagating in the three-coupled
waveguides system.

Dynamics of OAM supermodes in the presence of dissipation. We focus on the case 0=, i.e., the
in-line configuration. However, note that since our approach is based on the use of bright and dark supermodes,
the forthcoming results are also found in the right triangular configuration. Figure 2(a) shows plots of the evolu-
tion along the z axis of the OAM modes intensities according to our six-state model when injecting a bright and
a dark supermode given by Eqs (14) and (15) into the three-waveguide system, i.e., for a;_ (0) = 1 (left column),
ag_(0) = 1(central column), and aj,, (0) = 1(right column; analogous results are obtained for a;,_(0) = 1). The
first row corresponds to the intensity evolution of |L+) (a; +\2, red solid line) and |L—) (| aL_\Z, orange dashed
line); the second row corresponds to |C+) (Jac_ [*, black solid line) and [C—) (ac_[, gray dashed line); and the
third row corresponds to|R+) |ay +|2, blue solid line) and|R—) (ja R_\Z, turquoise dashed line) OAM modes. Bright
supermodes are strongly coupled to the central waveguide, in particular the supermode|B+), as it can be clearly
seen from the fast intensity oscillations. In contrast, dark supermodes are completely decoupled from the central
waveguide. Note also that the fast (slow) spatial oscillation frequency when the input mode is the bright super-
mode |B+) (|B—)) is given by the coupling constant between states |B+) and |C,) (B—) and |C ,)), which for the
in-line configuration is ﬁ(nl + K,) (—\/7(|H,1 — K,|)), see Eqs (34-37) in the Methods section. We also note
that, for the separation between the center of the waveguides that we consider here, d = 2.4a, we have obtained
that ko =40413 m™!, which is much larger than x, =362m™! and x, =318 m . Thus, we are well within the weak
coupling regime for which the couple-mode equations are valid.

Now, we will consider that the central waveguide absorbs light by replacing the corresponding two equations
for the ac, and a._ amplitudes in Eq. (4) by:
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Figure 3. Examples of OAM modes engineering in an in-line three-coupled waveguide system assisted by
dissipation in the central waveguide. (a) Illustration of an OAM cloner of the |R+) mode to the waveguide L,
and (b) the corresponding intensity evolution along the z direction of |[L+) (red-solid curve), |L—) (orange-
dashed curve),|C+) (black-solid curve),|C—) (gray-dashed curve),|R+) (blue-solid curve), and [R—)
(turquoise-dashed curve) OAM modes. (c) Illustration of an OAM switcher of the [R+) mode to the |[R—) mode
and (d) the corresponding intensity evolution along the z direction. Same parameters as in Fig. 2 were used,
together with an absorption coefficient y=250m™! at the waveguide C.

d

i;acg (z) = %ﬁé’ghanh(z) — i%acg(z), .
where n =L, C, R, g, h= 4, and y is the power absorption coefficient. Figure 2(b) shows plots of the evolution
along the z axis of the OAM modes intensities by numerical integration of the coupled-mode equations of the
six-state model when injecting bright and dark supermodes into the three-waveguide system with the absorption
coefficient y=250m ' in the waveguide C. As it can be appreciated, the presence of absorption makes the dynam-
ics of the system particularly interesting since the supermodes |B+) are completely absorbed after a certain prop-
agation distance and only the supermodes|D+) are transmitted loseless through the system.

Discussion

To show the suitability of dissipation to control the dynamics of OAM supermodes in coupled waveguides sys-
tems, in what follows we show how to implement a mode cloner and a mode inverter in an in-line configuration
(0 =) with absorption at the central waveguide. The absorption of supermodes|B=) can be used to engineer the
outcoming OAM modes at the waveguides L and R. For instance, from Eqs (14) and (15), one can write that
2|R+) = |B+) + |B—) — |D+) — |D—). Since we have shown that|B+) supermodes are absorbed by the wave-
guide C and that|D+) supermodes are completely decoupled from it, by injecting |R+) the output beam after a
certain propagation distance becomes —(|D+) + |D—)) = 2(|R+) — |L+)). Therefore, one obtains with a 50%
efficiency the superposition state|[R+) — |L+), which means that the input state can be cloned at waveguide L, as
sketched in Fig. 3(a). The device here discussed can also be envisaged as a robust coherent beam spliter with 50%
efficiency. Figure 3(b) shows plots of the axial evolution of the OAM modes intensities in an OAM cloning process
when|R+) is injected. As it can be observed, the intensities of the output modes emerging from waveguides R and
L are identical after some propagation distance. Similar results are obtained for other input states, i.e., for an input
state of the form |m=), the outcome |n+) — |m=)is expected, wherem, n = {L, R} and m = n. Note that it is not
possible to efficiently split an OAM mode between two-evanescent parallel coupled waveguides. When two wave-
guides are directly coupled, the input OAM mode in one of the fibers couples with the OAM modes of the adja-
cent fiber that possess the same but also opposite topological charge. Thus, the dynamics becomes very involved
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and at all propagation distances the state of the system is a superposition of all OAM modes with positive and
negative topological charges.

Furthermore, the coupling between |B+) supermodes with the absorbing central waveguide leads to a coun-
terintuitive result: states|R+) + |L+)are completely dissipated when propagating through the system, since they
have null projection with the dark supermodes. As a consequence, input states with the form
|m=£) + |mF) + |nt), which have 0f OAM at the waveguide m and =i OAM at the waveguide 1, emerge as
|mF) — |nF)from the system, wherem, n = {L, R} withm = n. Thus, one can induce net OAM at the waveguide
m and control its sign by appropriately choosing the input state at the waveguide n, and vice versa. An alternative
interpretation is that this configuration can be used to invert the sign of the OAM state at the waveguide n by
injecting a state with null OAM at the waveguide m. To better visualize this concept, in Fig. 3(c) we show the case
|L+) 4+ |L—) + |R+) — |L—) — |R—), where the blue and red spirals indicate light modes carrying &/ OAM
per photon, respectively. In Fig. 3(d) we plot the evolution along the z axis of the OAM mode intensities when
|L+) + |L—) + |R+) is injected (y = 250 m ™ lat the waveguide C). As it can be observed, after some propagation
distance, only the dark supermode contribution of the input state, proportional to|D+) + |[D—) = |[L—) — |R—)
survives, which corresponds to a coherent superposition of two modes propagating in waveguides L and R with
—h OAM each.

We have further investigated the role of the dissipation on the dynamics of the propagating modes. Our calcu-
lations reveal that for high values of the absorption coefficient at the waveguide C, i.e., for v > &, k,, the wave-
guides R and L become completely decoupled from waveguide C. This scenario resembles the quantum Zeno
effect associated to the dynamical inhibition of the population excitation for a coherently driven atomic system
under continuous observation of its fluorescence®*2. From numerical simulations with the parameters of the
system here investigated, we have checked that Zeno-like regimes only appear for v>10%#;,.

Conclusions

In summary, in this work we have demonstrated the existence of OAM bright and dark optical supermodes in
three-evanescently coupled step-index cylindrical waveguides. Bright and dark supermodes are characterized
by their coupling and decoupling from the central waveguide of the system, respectively. Under this scenario,
we have shown that the output optical modes from the waveguides can be engineered by adding dissipation to
the central waveguide, which makes the system absorb the bright supermodes when they propagate through the
system. In particular, we have proposed the use of the bright and dark OAM supermodes for cloning of the input
OAM mode into another waveguide and also for inverting, i.e. changing the sign of the OAM mode propagating
along one of the waveguides. In addition to the possibility of controlling OAM modes in coupled waveguides, we
recall the interest of our approach due to the natural appearance of complex couplings depending on the angle
between waveguides in a triangular configuration. This method introduces a new degree of freedom to control
phases in photonic quantum simulators®>**. Although we have restricted our analysis to a basic geometry based
on three-coupled waveguides, the here shown results could be applied to waveguides arrays having in-line or
right triangle three-coupled waveguides as unit cells to provide novel alternatives in the field of space-division
multiplexing with multicore fibers. Finally, it would also be interesting to extend our previous study to physical
scenarios where the spin-orbit coupling plays a significant role and find out whether bright and dark states are
also present there.

Methods
Coupling coefficients in the symmetric-center-antisymmetric basis. The SCA basis formed by
symmetric (S), central (C), and antisymmetric (A) supermodes, is defined by states |C+) and:

1

|S£) = ﬁ(\Lj:) + |RE)), 17)
=L _

[4%) = 75 (L) — [Rb)). (18)

By taking into account the form of the OAM modes allowed in step-index cylindrical waveguides, it is
straightforward to obtain the coupling coefficients between |S+£),|A+), and |C£):

h
Ii',ch =0 for g, t =1{S, A}; g h=4, (19)
Ker = 2Ry, (20)
cF 1 +i20
K = —hK,(1 +e ,
S+ ﬁ 2( ) (21)
Fai =0, (22)
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CF¥ _ L :Ei29)

K, =
‘At ﬁ

where k, and &, are given by Eqs (5) and (6), respectively.

Ky(1 —e

>

(23)

Coupling coefficients in the bright-center-dark basis. We define two BCD bases from the symmetric
and antisymmetric supermodes defined above for the a) right triangular and b) in-line configurations.

(a) Right triangle configuration. By defining

1
P) = = (ulS) + m,JAT), o

1
(G = —(r[S2) — wlAT)), 03

where k = \x + 1, the coupling coefficients between |F+), |G+), and |C+) can be obtained from
Eqs (19)-(23):

qut;:() for g, t ={F, G}; g h=4, (26)

1 3 ;
”Fcf _ ;ﬁ,ﬁz + %(1 — eHi20y|

2 @7)

KK i
”Fcf _ M ;(1 + e%ze)’ (28)
KK i
kSE = JIE; (1 + e, (29)
L) Fi20
K =—=(1+e .
o= 2/~c( ) (30)

Note that, for § = =, k$if = H(?:;F = 0, which means that supermodes |G+) become completely decoupled

from waveguide C and we recover expressions (13) for the dark supermodes and (12) for the bright ones.

(b) In-line configuration. ~Analogously, we define:

= 1
F+) = —(|S+) £ [S—)),
) = =(4) = [5-)) o
~ 1
G2) = = (1a+) £ a-)) )
with couplings
KJCE =0 for g, t=1{B,, D,}; g h=4=, (33)
o CF — &(1 + ¥ 4
F+ 2 D (34)
kCE— 1 &(l—l—e“”)—n i
F+ > 1 (35)
ct _ Ky Fi20
kpp = =0 +e"7), (36)
kSE = ﬁ(l + £Fi2d
o 2 ’ (37)

In this case, decoupling between the waveguide C and supermodes G+ is obtained for = recovering expres-
sions (14) and (15) for the bright and dark supermodes, respectively.
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Parameters used in the numerical simulations of the coupled-mode equations.  All numerical
simulations have been carried out using the following parameters: wavelength A = 1.55 um,n; = 1.52,n, = 1.51,
radius of the waveguides a = 10 ym, distances between waveguides d, ; = dp- = d = 2.4a. With these parame-
ters, the coupling coeflicients «, and , given by Eqs (5)-(6) are: K, =362m™!, and k, =318 m~". The absorption
coefficient of the central waveguide is y=250m™".
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