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ABSTRACT
Entanglement is an invaluable resource to various quantum communication, metrology, and computing processes. In particular,
spatial entanglement has become topical, owing to its wider Hilbert space that allows photons to carry more information. How-
ever, spatial entanglement is susceptible to decay in the presence of external perturbations such as atmospheric turbulence. Here
we show theoretically and experimentally that in a weak turbulence regime, maximally entangled states can be distilled through
quantum interference. We generated entangled photons by spontaneous parametric down-conversion, with one photon in the
entangled pairs being sent through a turbulent channel. We recombined the paths of the two photons at a beam-splitter in a
Hong-Ou-Mandel interference setup and measured in coincidence, using spatial filters, the spatial correlations between photons
in the output ports of the beam-splitter. We performed a state tomography and show that, from an ensemble of pure states with
very low levels of entanglement, we distil entangled states with fidelities F ≥ 0.90 with respect to the singlet Bell state.

© 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5079970

I. INTRODUCTION

Generating, manipulating, and sharing quantum states
with maximal levels of entanglement are crucial steps to
realising quantum processes such as quantum key distribu-
tion, teleportation, metrology, and computation.1–11 In this
quest, realising entanglement in different degrees of free-
dom has opened avenues beyond the two-level quantum
bit (qubit). Spatial modes, particularly those carrying orbital
angular momentum (OAM), allow one to exploit the spatial
properties of photons to realise high-dimensional entangle-
ment.12–15 However, correlations between entangled spatial
modes are adversely affected by external factors such as
atmospheric turbulence.16–22 These perturbations reduce the
degree of entanglement and, consequently, the fidelity of the
quantum process implemented. This constitutes a major hin-
drance in processes where maximally entangled states are
required. Methods to mitigate the effects of turbulence on

spatial modes have been proposed, with some notable ones
including increasing the separation in mode space to reduce
cross talk23 and performing a coordinate transformation on
one of the entangled photons to cancel out antisymmetric
contributions of the turbulence.24

Through entanglement concentration or distillation, one
can sift, from an ensemble, a fraction of states with a higher
degree of entanglement.25–27 In the special case of pure states,
entanglement distillation can be realised in two ways. The
first is through Procrustean filtering, where local operations
on the entangled pair are performed in order to control
the probability amplitudes of the post-selected states. Nat-
urally, this requires prior knowledge of the quantum states
before filtering. First demonstrated with polarisation states,28
this technique has been extended to spatial modes in higher
dimensions.15 The second method is the Schmidt projection
and, unlike the first, can be applied to an unknown quan-
tum state. Although efficient for large ensembles of entangled
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pairs, this scheme is impractical as it requires collective mea-
surements to be performed on the ensemble.25 Alternative
schemes to realise the Schmidt projection have been proposed
to circumvent the requirement for collective measurements,
many of which involve ancillary photons (pairs).29–33

In the present work, we address the issue of entangle-
ment distillation on an ensemble of OAM entangled pho-
tons generated by spontaneous parametric down-conversion
(SPDC) and perturbed by a one-sided weak turbulent channel.
One of the photons in the entangled pair propagates through
the turbulence, leading to a unitary scattering in a higher
dimensional OAM space. As a result of post-selection on a par-
ticular OAM subspace, one measures a decay of the degree of
entanglement despite the unitary nature of the channel oper-
ator. To distil entanglement, we interfere the non-maximally
entangled photons in a Hong-Ou-Mandel (HOM) configura-
tion.34,35 It has been shown that the HOM interference can
be exploited to implement a filter for Bell states according to
their intrinsic symmetry.36–38 By performing a state tomogra-
phy of the quantum states after implementing the HOM fil-
ter, we obtained distilled entangled singlet states with fidelity
F ≥ 0.90, up from as low as F = 0.03.

II. THEORY
Consider the OAM entangled two-photon state ���Ψ

−
`

〉
expressed as follows:

���Ψ
±
`

〉
=

1
√

2
( |`〉A |−`〉B ± |−`〉A |`〉B), (1)

where the subscripts A and B label each of the photons in the
entangled pair carrying `~ quanta of OAM. Photon A is allowed
to propagate through a turbulent channel that is unitary,

causing a scattering of OAM states,

|`〉
turbulence
−−−−−−−−−→

∑
`′

c`−`′ ��`′
〉
, (2)

where
∑
` ′ |c`−`′ |2 = 1. While the scattering certainly leads

to the formation of higher-dimensional correlations, we will
restrict the problem to a qubit subspace by projecting on the
initial OAM state space; that is, we will consider the terms with
`′ = ±` in Eq. (2). The perturbed qubit state after turbulence
then becomes

|Ψ` 〉 =
1
√

2

(
c0 |`〉A |−`〉B − c0 |−`〉A |`〉B

+ c2` |−`〉A |−`〉B − c−2` |`〉A |`〉B

)
. (3)

It is useful at this point to express |Ψ` 〉 in the Bell basis.
This can be done by realising that the last two terms in Eq. (3)
correspond to a state on a two-photon OAM Bloch sphere,39
where the poles are the Bell states ���Φ

+
`

〉
and ���Φ

−
`

〉
, expressed as

follows:
���Φ
±
`

〉
=

1
√

2
( |−`〉A |−`〉B ± |`〉A |`〉B). (4)

One then rewrites Eq. (3), the Bell basis, as follows:

|Ψ` 〉 = c0
���Ψ
−
`

〉
+ c+

2`
���Φ

+
`

〉
+ c−2`

���Φ
−
`

〉
, (5)

where c±2` =
〈
Φ±` |Ψ`

〉
.

After the turbulent channel, the photons enter a Hong-
Ou-Mandel filter, as shown in Fig. 1(a). The aim of this filter
is to distil the singlet state ���Ψ

−
`

〉
from the perturbed state

|Ψ` 〉. The layout of the filter is shown as the inset in Fig. 1(a)
and consists of two mirrors and a 50:50 beam-splitter (BS).

FIG. 1. Experimental setup for entanglement distillation. (a) By pumping a 3-mm thick, non-linear type-I BBO crystal with a 355 nm laser, we produced, through SPDC, pairs
of entangled photons with wavelength 710 nm. The photons are sent down two paths, one containing a delay line and another with two Dove prisms (DP) to manipulate the
SPDC state symmetry. A turbulence phase plate (TPP) in path A perturbs the state before the photon paths are recombined at a 50:50 beam-splitter (BS). Lenses L1 and L2
with focal lengths f1 = 100 mm and f2 = 750 mm, respectively, relay the plane of the BBO crystal onto the spatial light modulator (SLM). The two photons are probed using
digital holograms encoded on the SLM, passed through 10 nm bandpass filters (F), and then coupled to single mode fibres (SMF). (b) shows the range of phase fluctuations
across the turbulence phase plate.
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A general entangled state |Ψ〉 = ( |`1〉A |−`2〉B ± |−`1〉A |`2〉B)/
√

2 is
transformed by the HOM filter as follows:

|Ψ〉
HOM filter
−−−−−−−−−→

1

2
√

2

(
i |`1〉

1 |−`2〉
1 + i |`1〉

2 |−`2〉
2 + |`1〉

1 |−`2〉
2

− |`1〉
2 |−`2〉

1
)
±

1

2
√

2

(
i |−`1〉

1 |`2〉
1 + i |−`1〉

2 |`2〉
2

− |−`1〉
1 |`2〉

2 + |−`1〉
2 |`2〉

1
)
, (6)

where the superscripts 1 and 2 label the output ports of the
beam-splitter. One can then show that the filter transforms
the states in Eq. (5) as follows:

���Ψ
−
`

〉 HOM filter
−−−−−−−−−→

���Ψ
−
`

〉1,2
, (7)

���Φ
±
`

〉 HOM filter
−−−−−−−−−→

i
2

(���Φ
±
`

〉1,1
+ ���Φ

±
`

〉2,2
)
. (8)

Note that the antisymmetric singlet state ���Ψ
−
`

〉
exhibits anti-

bunching; no two photons are in the same output port. For
the two symmetric states, however, photons bunch and exit
in the same port of the beam-splitter. Therefore, conditioning
the photon detection on coincidence between the two output
ports automatically discards the contribution of symmetric
states in Eq. (5), leading to the following distillation result:

|Ψ` 〉
HOM filter
−−−−−−−−−→ c0

���Ψ
−
`

〉1,2
. (9)

In this manner, noise arising from turbulence is converted
to losses, with the probability |c0 |

2 representing the frac-
tion of singlets distilled. This fraction naturally depends on
the strength of turbulence: with increasing turbulence, |c0 |

decays to 0. Given that only anti-symmetric states exhibit
anti-bunching after the HOM filter, the choice of the initial
singlet state is logical and necessary, that is, because all sym-
metric states produce no coincidence signal after the HOM fil-
ter.38 Note that the above treatment would also be valid in the
case of two photons going through two turbulence screens.
This is because given a weak turbulence operator M̂i acting on
photon i we have, within a given OAM subspace,

M̂A ⊗ M̂B
���Ψ
−
`

〉
→ c̃0

���Ψ
−
`

〉
+ (· · · )symmetric. (10)

However, one should expect the fraction of distilled states to
be even lower than in the case of one photon going through
turbulence, with |c0 | ≥ |c̃0 |.

III. EXPERIMENTAL REALISATION
We experimentally demonstrated our distillation scheme

using the setup in Fig. 1(a). Pairs of entangled photons were
produced through SPDC. We pumped a 3-mm type-I BBO
crystal with a 355 nm laser at 350 mW average power and 80
MHz repetition rate, producing the symmetric SPDC state,

|Ψ〉SPDC = α0 |0〉A |0〉B +
∑
`>0

α`
���Ψ

+
`

〉
AB

, (11)

where ���Ψ
+
`

〉
AB
= ( |`〉A |−`〉B + |−`〉A |`〉B)/

√
2. Using a pair of

Dove prisms (DP) in the path of photon A, we controlled the

symmetry of OAM subspaces by inducing an OAM-dependent
phase in the SPDC state: |`〉 → exp(2i`θ) |`〉, where θ is the
angle between the two Dove prisms:

���Ψ
+
`

〉 DPs
−−−→

exp(2i`θ) |`〉 |−`〉 + exp(−2i`θ) |−`〉 |`〉
√

2
. (12)

For θ = (2n + 1)π/4` with n ∈ N, one achieves the conver-
sion to anti-symmetric state in all the OAM subspaces. We set
θ = π/4 and obtained, up to a global phase, the following
selection rules:

���Ψ
+
`

〉 θ=π/4
−−−−−→




���Ψ
−
`

〉
for odd `,

���Ψ
+
`

〉
for even `.

(13)

Photon A then propagates through turbulence. We con-
sidered a turbulent channel with weak scintillation such that
atmospheric perturbations can be summed to a unitary trans-
formation, i.e., a single turbulence phase screen,16 and thus
does not lead to a decay in purity. In our case, the tur-
bulence phase screen was modelled based on Kolmogorov’s
theory and printed on a glass plate with different zones of
average phase fluctuations, as shown in Fig. 1(b). In the path
of photon B, we placed a delay line, consisting of a Dove
prism mounted on a piezo-controlled stage, to adjust the
delay in arrival time of the two photons at the BS in the
HOM filter. Photons exiting the HOM filter were then anal-
ysed using spatial filters encoded on a spatial light modu-
lator (SLM), coupled to single-mode fibres and measured in
coincidence.

Initially, we calibrated the HOM filter by scanning for
the characteristic dip of coincidence counts in HOM interfer-
ence. The aim is to demonstrate the efficacy of the distillation
scheme by performing a quantum state tomography at points
of zero and maximum visibility of the HOM dip; at zero visibil-
ity, the HOM filter is in the “OFF” state (out of the HOM inter-
ference region), while at maximum visibility, it is in the “ON”
state (lowest point in the HOM interference region). Using the
digital holograms encoded on the SLM, we post-selected the `
= 0 subspace (symmetric state) from the SPDC state and show
the quantum interference signal in Fig. 2(a) in the presence and
absence of turbulence. The visibility, V, was computed from
the coincidence counts inside (Cin) and outside the dip (Cout)
as follows:

Vdip =
Cout − Cin

Cout + Cin
. (14)

We obtained, respectively, a visibility of 84.4% and 75.7% for
the dip without and with turbulence. The decay in visibility
that we measured can be attributed to the decay in signal-
to-noise ratio resulting from turbulence-induced intermodal
scattering that reduces the coincidence rates. We will show
further that this does affect the distillation of singlet Bell
states.

We extended the measurement of the HOM interference
trace to the ` = ±1 subspace, where the SPDC state has been
made antisymmetric. This is done by projecting the photon
pair on conjugate OAM states. Due to the anti-bunching effect
after the HOM filter, one would expect a HOM peak rather
than a dip. This is because events with two-photons in one
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FIG. 2. Hong-Ou-Mandel interference signal for (anti)symmetric states. Delaying
one photon with respect to the other leads to (a) a dip and (b) a peak in coincidence
counts for the symmetric (` = 0) and antisymmetric ` = ±1 states, respectively. In
the presence of turbulence, the visibility of the HOM interference decays in both
subspaces, together with the coincidence counts.

output port of the BS are in theory non-existent when the
filter is in the ON state. Indeed we measured, as shown in
Fig. 2(b), HOM peaks without and with turbulence with visi-
bilities of 73.7% and 60.4%, respectively. In this case, the cal-
culation of visibility was done differently and we will argue the
formula we used.

The standard formula in Eq. (14) is adequate for fringes
with an ideal minimum of zero; under this condition, the visi-
bility is equal to unity. This is indeed the case for the HOM dip.
Due to the bunching effect with the HOM filter ON, symmet-
ric states attain, in principle, a minimum of zero coincidence

counts. Therefore the visibility of the dip can be computed
as in Eq. (14). For antisymmetric states, coincidence counts
should, in theory, increase two-fold when the HOM filter is in
the ON state, with no zero minimum. Under Eq. (14), this would
lead to negative visibility values with absolute maximum less
than unity. Rather, we choose to express the visibility of the
HOM peak as follows:

Vpeak =
Cout − (2Cout − Cin)
Cout + (2Cout − Cin)

=
−Cout + Cin

3Cout − Cin
. (15)

This way of computing the visibility effectively inverts the
HOM trace about the minimum (HOM filter OFF), turning
the HOM peak into a HOM dip with zero absolute minimum,
whose visibility can be calculated as in Eq. (14). Assume a
minimum of 1 for the HOM peak signal (Cout = 1). Switching
the HOM filter to the ON state leads to a maximum coinci-
dence signal of 2 (Cin = 2), resulting in a maximum visibility of
Vpeak = 1.

Having established the reference point for the HOM filter
(determination of the dip/peak position), we demonstrated
the effectiveness of the distillation process by performing a
quantum state tomography of the two-photon state with the
HOM filter OFF/ON. Figure 3(a) graphically depicts the joint
projective measurements performed within the ` = ±1 OAM
subspace to realise an over-complete quantum state tomog-
raphy40 with the HOM filter in the OFF state. We selected
6 different locations on the surface of the turbulence plate
to implement our distillation scheme. The choice of location
was solely guided by our need to cover a range of turbu-
lence conditions. With the HOM filter still in the OFF state,
we performed a tomography of the two-photon state at the
six different locations, as shown in Fig. 3(b). As expected, the
measurement outcomes wildly deviate in the presence of tur-
bulence. We then repeated the measurement with the HOM
filter in the ON state. Observe that with respect to the refer-
ence shown in Fig. 3(c), the tomographic measurements at the
previous 6 locations [Fig. 3(d)] are qualitatively similar, indicat-
ing that the HOM filter is indeed distilling maximally entangled
states.

To each of these tomographic measurements, we can
attach a quantitative measure to numerically demonstrate the
efficacy of the HOM filter. Our figure of merit here is the
fidelity, F, of the reconstructed two-photon density matrix
ρ, with respect to the maximally entangled singlet state ρT
=

���Ψ
−
`

〉〈
Ψ−`

���,

F = tr
(√
√
ρTρ
√
ρT

)2
=

〈
Ψ
−
`

���ρ
���Ψ
−
`

〉
. (16)

For each of the reference measurements in Figs. 3(a) and 3(c),
the measured fidelity was in excess of 99%.

When post-selecting the antisymmetric space ` = ±1, we
show that with the HOM filter OFF, the fidelity with respect
to the maximally entangled singlet state decays, as shown in
Fig. 4(a), from 0.90 down to 0.095. However, with the HOM
filter ON, the fidelity remains constant with F > 0.85 and con-
sistently above the results with the filter OFF. We performed
a similar set of measurements with the next antisymmetric
subspace ` = ±3. States within this subspace are more resilient

APL Photon. 4, 016103 (2019); doi: 10.1063/1.5079970 4, 016103-4

© Author(s) 2019

https://scitation.org/journal/app


APL Photonics ARTICLE scitation.org/journal/app

FIG. 3. Quantum state tomography of two-photon states with the HOM filter OFF/ON. (a) shows the normalised tomographic measurement performed with the HOM filter
OFF in the absence of turbulence. (b) We introduced the turbulence plate in the path of photon A and show the effect of turbulence on the state tomography measurement
outcomes. We repeated the measurements, this time with the HOM filter ON (c) in the absence of turbulence and (d) for the same locations across the turbulence plate.

to turbulence due to their larger separation in OAM space.23
Using the same locations as before yielded relatively high
fidelities without any significant spread. Therefore we chose
another set of locations across the turbulence phase plate
(TPP) and compared the results with the HOM filter OFF and
ON, as shown in Fig. 4(b). Similar to the previous case, with
the HOM filter OFF, we measured a decay of fidelity from 0.95
down to 0.032. When switching the filter to the ON state, the
fidelity remained consistently high for the various locations,
with F > 0.90.

The distillation scheme we have demonstrated enables
current and future quantum technologies. Turbulence makes

it impractical to employ spatial modes for long distance quan-
tum communication, with the measurement fidelity decay-
ing with increasing turbulence. Our scheme enables one to
recover, with high fidelity, information that would have oth-
erwise been lost. The resilience of our scheme to a range
of turbulence would enable the distribution of photon pairs
over significant distances through turbulence. This could be
envisaged in a network configuration, where photon pairs
are prepared at location A and sent to a remote location B.
Upon arrival at location B, photon pairs in the singlet states
are distilled, before partaking in other quantum processes
that include quantum computation and communication.
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FIG. 4. Distillation of singlet states. With the HOM filter in the OFF state (out-
side the dip), the fidelity of the measured state with respect to the singlet Bell
state decays with increasing perturbations of the turbulence phase plate. Switch-
ing the filter to the ON state results in the distillation of states with high-fidelity with
respect to the singlet Bell state. This is shown within the (a) ` = ±1 and (b) ` = ±3
subspaces.

Furthermore, high-fidelity entangled states are critical
resources to build a quantum repeater, a fundamental build-
ing block of quantum networks.9 Our distillation scheme can
be readily implemented with current technologies.

IV. CONCLUSION
We have demonstrated an entanglement distillation

scheme based on quantum interference of two entangled

photons. The distillation process is realised by using a
Hong-Ou-Mandel filter that causes symmetric and antisym-
metric Bell states to respectively bunch and anti-bunch upon
exiting the filter through a 50:50 beam-splitter. By condition-
ing the detection system on coincidence between the out-
put ports of the HOM filter, we have shown theoretically
and experimentally the distillation of antisymmetric singlet
states. The entanglement concentration process was tested
for a coherent superposition of symmetric and antisymmetric
states, produced by perturbing a singlet state with a one-sided
weak turbulent channel. We have illustrated our distillation
scheme by filtering OAM singlets carrying ` = ±~ and ` = ±3~
quanta of OAM from an ensemble of non-maximally entan-
gled pure states. When compared to a singlet Bell state, we
have experimentally demonstrated the distillation of states
with average fidelity higher than 90% from an ensemble with
average fidelity as low as 3%. The states distilled can reliably
be used further in other quantum processes.
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